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§1.1 8ÜØý��£

§1.1.1 8Ü�½Â

·�Äk£��e8Ü�½Â.

ò�
ØÓ�é��3�å, =�8Ü (set), Ù¥�é�¡�8Ü��� (element).

3�Ö¥, ·�ò¦^��i1 A,B,C, . . . 5L«8Ü, ^��i1 a, b, c, . . . 5L«8

Ü¥���. P A ���8Ü. XJ a ´ A ¥���, K¡ a áu A, P� a ∈ A ½

A 3 a, ÄKP� a /∈ A. ·���±ò8Ü A L«� A = {a | a ∈ A}, Ù¥ a ∈ A

�±^ A ¥��÷v��Ó5��O, 'X`óê8Ü={a ��ê | a�2 �Ø}. 5¿
�8Ü¥��o´Ø­E�.

XJ8Ü A ¥�z����þ´8Ü B ¥��, K¡ A ´ B �f8 (subset), �ó

�, =e a ∈ A, K a ∈ B. d�·�P� A ⊆ B ½ B ⊇ A. �±^ã 1.1 5L« A ⊆ B.

ã 1.1: 8Ü��¹'X

XJ8Ü A ⊆ B � B ⊆ A,= a ∈ A��=� a ∈ B,¡ A� B ��,¿P� A = B.

XJ A ⊆ B � A 6= B, ·�¡ A � B �ýf8 (proper subset), P� A ⊂ B ½öA ( B.

Ø¹?Û���8Ü¡��8 (empty set), P� ∅. d½Â��, �8 ∅ ´?Û8Ü
�f8, �´?Û��8Ü�ýf8.

XJ8ÜA����êk�,¡A�k�8 (finite set),Ù���ê¡�8Ü�� (car-

dinality½order),P�|A|. ���êÃ��8Ü¡�Ã�8 (infinite set),§��½Â�∞.

§1.1.2 8Ü�Ä�$�

��5`, 8ÜkXe�o«Ä�$�.

(I) 8Ü�� � A,B �ü�8Ü, KA � B ��8 (intersection)�

A ∩B := {x | x ∈ A �x ∈ B}.

�±^ã 1.2 L«8Ü��. 3þª¥, PÒ:= L«�´òÙm>�8ÜP�A ∩B.

1



2 1�Ù +ØÄ:

ã 1.2: 8Ü�� ã 1.3: 8Ü�¿

���/, � I �8Ü, � I ¥z��� i éA8Ü Ai, K8Ü Ai(i ∈ I) ���⋂
i∈I

Ai := {x | x ∈ Ai,éz�i ∈ I¤á}.

(II) 8Ü�¿ �8Ü A,B Xþ¤«, KA � B �¿8 (union)�

A ∪B := {x | x ∈ A ½x ∈ B}.

�±^ã 1.3 L«8Ü�¿. ���/, 8Ü Ai(i ∈ I) �¿�⋃
i∈I

Ai := {x | x ∈ Ai, é,�i ∈ I ¤á}.

XJ Ai üüØ�(=�8��8), ·�¡
⋃
i∈I

Ai �Ø�¿(disjoint union), ¿P�
⊔
i∈I

Ai.

(III) 8Ü��8�Ö8 � A,B �,�½8Ü U �f8, KA é B �Ö8½�8

(complement)�

A−B = A\B := {x | x ∈ A �x /∈ B}.

§�^ã 1.4 L«. d�8½Â, ·�k

A = (A ∩B) t (A−B).

A 3 U ¥�Ö8�

Ac := {x ∈ U | x /∈ A}.

§�^ã 1.5 L«.

ã 1.4: 8Ü��8A−B ã 1.5: 8Ü�Ö8Ac
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d½Â��, XJA, B�k�8, K A ∪B,A ∩B þ�k�8, �

|A ∪B| = |A|+ |B| − |A ∩B|. (1.1)

ù´N½�n (inclusion-exclusion principle)�{ü/ª. �?�Ú/, ·�kN½�n�

��/ª:

·K1.1. � Ai, i = 1, · · · , n �,�½8ÜU �k�f8, K

|A1 ∪ · · · ∪An| =
n∑
j=1

(−1)j−1
∑

{i1,··· ,ij}⊆{1,··· ,n}

|Ai1 ∩ · · · ∩Aij |. (1.2)

·K1.2. � Ai (i ∈ I) �,�½8Ü U �f8, K⋂
i∈I

Aci =
(⋃
i∈I

Ai

)c
. (1.3)

Ï�/`, Ò´Ö8���u¿8�Ö.

y². ·�k

x ∈
⋂
i∈I

Aci ⇐⇒ x ∈ Aci é?¿i ∈ I ¤á

⇐⇒ x /∈ Ai é?¿i ∈ I ¤á

⇐⇒ x /∈
⋃
i∈I

Ai, = x ∈
(⋃
i∈I

Ai

)c
.

�ª�y.

(IV) 8Ü�(k�È 8Ü A � B �(k�È (Cartesian product)´d¤k��é

(a, b) (Ù¥ a ∈ A, b ∈ B) �¤�8Ü, =

A×B := {(a, b) | a ∈ A, b ∈ B}.

�?�Ú/, 8Üx Ai (i ∈ I) �(k�È�∏
i∈I

Ai := {(ai)i∈I | ai ∈ Ai}.

X¤k�Ai þ�A,·�Ï~^AI L«Ù(k�È.AO/,·�^An L«n�A�(k

�È.

5P. ·��±^��{ü~f5n)8Ü.

• �? ←→ 8Ü,

• �þ�Æ) ←→ ��,

• �þ���ÆS�| ←→ f8Ü,

• ¤kØë\TÆS�|�< ←→ Ö8,

• Æ��¤k�? ←→ 8Ü�¤�8x.
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§1.1.3 �
~^�8ÜPÒ

3�Ö¥, ·�ò²~¦^Xe8Ü:

• Z+: ��ê8Ü;

• N = Z+ ∪ {0}: g,ê8Ü;

• Z: �ê8Ü;

• Q: knê8Ü;

• R: ¢ê8Ü;

• C: Eê8Ü¶

• F [X]: F (F = Z,Q,R,C �) þ�(��) õ�ª�8Ü.

§1.1.4 N�, Ü¤ÆÚ(ÜÆ

� A,B �ü�8Ü.XJé A¥z��� a,þk���� b ∈ B ��éA,·�¡

déA� A � B �N� (map), P�

f : A→ B, a 7→ b = f(a).

k�ÿ, ·��P��

A
f−→ B.

8ÜA¡� f �½Â�, f(A) = {f(a) | a ∈ A} ⊆ B ¡�f ���½�8. b¡�a��,

a ¡�b �����.

�8ÜB ´ê(Xknê½ö¢ê) �8Ü�, N�f S.þ¡�¼ê (function).

XJé�� a1, a2 ∈ A, � f(a1) = f(a2) �, =k a1 = a2, ·�¡N� f �ü�

(injective); XJé?¿ b ∈ B, �3 a ∈ A, ¦� f(a) = b, ·�¡ f �÷� (surjective);

XJ f Q´ü�, q´÷�, ·�¡ f ���éA (one-to-one correspondence), ½V�

(bijective).

�f �g �8ÜA�B�ü�N�. XJéuA¥?¿��a,þkf(a) = g(a),K¡N

�f �g ��, P�f = g.

� f : A→ B, g : B → C �N�, KN�

g ◦ f : A→ C, a 7→ g(f(a))

¡� f � g �EÜN�(½¢EÜÆ, composition law).

·K1.3 ((ÜÆ). � f : A→ B, g : B → C �h : C → D �8Üm�N�, K

(h ◦ g) ◦ f = h ◦ (g ◦ f).
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½Â1.4. � S �8Ü. ·�¡N� f : S × S → S, (a, b) 7→ p � S þ�����$�

(binary operation).

5P. 3êÆA^¥, PÒ p = f(a, b) ¿Ø´��é{'�PÒ. ¢Sþ, ·�²~¦^

+,×, ∗, · �ÎÒ5L«��$�, =�� ��p = ab, a× b, a+ b, a ∗ b, a · b, ÃXda.

~1.5. \{, ~{Ú¦{´¢ê8Rþ���$�, Ø{´R× := R\{0} þ���$�.

~1.6. P ΣA �8Ü A �g��¤kN��8Ü, KN��EÜ�¤ ΣA þ���$�.

P SA �8Ü A �g��¤kV��¤�8Ü, KN��EÜ�¤ SA þ���$

�.

½Â1.7. 8Ü S þ���$�XJ÷v^�: é¤k a, b, c ∈ S,

(ab)c = a(bc), (1.4)

K¡T��$�÷v(ÜÆ (associative law). XJé?¿ a, b ∈ S,

ab = ba, (1.5)

K¡Ù÷v��Æ (commutative law).

5P. XJ��^f(a, b) L«��$�ab, K(1.4) =�ª

f(f(a, b), c) = f(a, f(b, c)),


(1.5) =�ª

f(a, b) = f(b, a).

dd�±wÑ¦^¦{PÒL«��$��{'5.

N´wÑ,þ¡~f¥���$�þ÷v(ÜÆ,�N��EÜ��¿Ø÷v��Æ.

¯¢þ, ·�kXeÄ�¯¢:

(ÜÆ´����5Æ.

3�Ö¥,·�òD��½8Ü��½ê�(÷v(ÜÆ)���$�,l
D�T8Ü+,

�½ö���ê(�.

§1.1.5 �d'X, �da�©


½Â1.8. 8Ü A¥���m�'X ∼¡��d'X (equivalence relation),´�eãn^

5�¤á:
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(1) (g�5) é¤k a ∈ A, a ∼ a.

(2) (é¡5) XJ a ∼ b, K b ∼ a.

(3) (D45) XJ a ∼ b � b ∼ c, K a ∼ c.

½Â1.9. 8Ü A ��§��
f8Ü�Ø�¿, ¡� A ���©
 (partition).

� ∼ ´ A þ����d'X. X a ∈ A, P [a] = {b ∈ A | b ∼ a}, = [a] � A ¥¤k

� a �d����¤�f8Ü, [a] ¡�a ¤3��da (equivalent class). K

[a] ∩ [b] =

[a] = [b], XJa ∼ b,

∅, XJa � b.

PA/∼ �A ¥¤k�da�¤�8Ü, =

A/∼ := {[a] | a ∈ A} (�K­E�).

�A �±��Ø�¿

A =
⊔

[a]∈A/∼

[a]. (1.6)

dd·��� A���©
. �L5,XJ A =
⊔
i∈I

Ai �A�©
,KéN´3 Aþ½Â

�d'X:

a ∼ b ��=� a, b áuÓ�� Ai.

�·�kXe(J

½n1.10. 8Ü A �©
�½Â3Aþ��d'X��éA.

~1.11. �ê8Ü Z�±©
�óê8ÜÚÛê8Ü�Ø�¿. ,��¡,3 Zþ�±½
Â�d'X: a ∼ b XJ a− b ´óê, Kóê8Ü´d�d'X¥ 0 ¤3��da, Ûê

8Ü� 1 ¤3��da.

� f : A → B �8Üm�N�. éu�� b ∈ B, -b ���8Ü f−1(b) = {a ∈ A |
f(a) = b}, K f−1(b) � A �f8. éuB ¥ØÓ���b Úb′, kf−1(b) ∩ f−1(b′) = ∅. ¿

�, f−1(b) = ∅ ��=� b /∈ f(A). �·���©


A =
⊔

b∈f(A)

f−1(b). (1.7)

·�¡8ÜA �ù�©
�N� f û½�©
. §û½��d'X=

a ∼ a′ ⇐⇒ f(a) = f(a′).
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~1.12. XJ∼ ´8ÜA þ��d'X, éug,N�

π : A→ A/∼, a 7→ [a],

�±wÑ, π ¤û½�©
=�d'X∼ ¤û½�©
.

~1.13. ½ÂN� f : Z→ {0, 1},Ù¥ f(2n) = 0, f(2n+ 1) = 1. KN� f û½��d'X

Ú©
=�~1.11 �Ñ��d'X´Ó��d'X.

~1.14. � f : R2 = R×R→ R�¢ê~{N� (x, y) 7→ x− y,K f−1(a)��� y = x− a.

¢²¡ R2 dN� f û½�©
=´²1��å y = x− a (a ∈ R) �Ø�¿.

§1.1.6 N�©)Ú��ãL

�f : X → Y Úg : X → Z ��½N�, XJ�3N�h : Z → Y , ¦�f = h ◦ g, ·�

¡f ÏLg ©) (factors through g). XJgdZ ²w�Ñ, k��¡f ÏLZ ©) (factors

through Z). ·�Ï~�±ÏLãL

X

g
  

f // Y

Z
h

??

5L«f ÏLg �©). ùp, lX ²LØÓ´��Y�N�: ²LY²´��N�f , ²

Lme,�mþ���EÜN�h ◦ g, ´Ó��N�. ·�òù��ãL¡���ãL

(commutative diagram).

��ãL�Vg�±�?�Úí2. �k��d8Ü��º:,8ÜmN���k�

>|¤�k�ã(ãL), ·�¡dk�ã���ãL, XJã¥?¿ü:m÷X�Þ��

�ØÓ´»���EÜN�´Ó�N�. ~X, ãL

X

g1
��

f1 // Y

g2
��

Z
f2 //W

XJ÷vf2 ◦ g1 = g2 ◦ f1, KdãL���ãL.

S K

SK1.1.1. �B, Ai(i ∈ I)þ´8ÜΩ�f8. Áy:

(1) B
⋂

(
⋃
i∈I

Ai) =
⋃
i∈I

(B
⋂
Ai);

(2) B
⋃

(
⋂
i∈I

Ai) =
⋂
i∈I

(B
⋃
Ai);
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(3) (
⋂
i∈I

Ai)
c =

⋃
i∈I

Aci .

SK1.1.2. éu?Û8ÜX, ·�^idX L«X �g��ð�N�. � f : A → B ´8Ü

m�N�, A ´��8Ü. Áy:

(1) f �ü���=��3 g : B → A, ¦� g ◦ f = idA;

(2) f �÷���=��3 h : B → A, ¦� f ◦ h = idB;

(3) f �V���=��3���g : B → A, ¦�f ◦ g = idB, g ◦ f = idA. ùp�g ¡�f

�_N�,Ï~P�f−1. y²V��_N��´V�,¿?Ø_N��N����8

Ü�m�'X.

SK1.1.3. XJ f : A → B, g : B → C þ´��éA, K g ◦ f : A → C �´��éA, �

(g ◦ f)−1 = f−1 ◦ g−1.

SK1.1.4. �P (A)´8Ü A��Üf8¤�¤�8x, M(A)�¤kA�8Ü{0, 1}�N
��¤�8Ü. Á�EP (A) �M(A) �V�. AO/, X A �k�8, Áy |P (A)| = 2|A|,

�ó�, n �8Ü�k 2n �f8.

SK1.1.5. � X ´Ã�8, Y ´X �k�f8. y²�3V�X − Y → X.

SK1.1.6. y²�d'X�n�^�´p�Õá�,�Ò´`,®�?¿ü�^�ØUí

Ñ1n�^�.

SK1.1.7. �8Ü A¥'X÷vé¡5ÚD45,�é A¥?¿��ÑÚ,��k'X,

y²d'X��d'X.

SK1.1.8. � A,B ´ü�k�8Ü.

(1) A � B �ØÓN��kõ��?

(2) A þØÓ���$��kõ��?

SK1.1.9. y²N½�n(·K 1.1).

§1.2 +�Ä�VgÚ~f

§1.2.1 +�½ÂÚ~f

·�Äk�Ñ+�½Â.

½Â1.15. 8Ü G 9Ùþ���$� · ¡�+ (group), XJ§�÷veãn^ún:

(1) (ÜÆ¤á, =é�� a, b, c ∈ G, (a · b) · c = a · (b · c).
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(2) �3ü � (identity element) 1 = 1G, =é?¿ a ∈ G,

a · 1 = 1 · a = a.

ü ��¡�N�.

(3) G þz��� a þk_� (inverse), =�3�� a−1 ∈ G ¦�

a · a−1 = a−1 · a = 1.

¡��$� · �+�¦{ (multiplication).

5P. (1) S.þ, ·�~~�Ñ¦{$�, ¡ G �+, �P a · b � ab.

(2)XJ (G, · )=÷v(ÜÆ,·�¡���+ (semigroup);XJ (G, · )÷v(ÜÆ
��3ü �, ·�¡��¹N�+ (monoid).

�Ö¥�é��Ì, l+Ø�½Âm©, �k����£, ��Ö��

��ÙGaloisnØ,ÑlØm200cc�)�{IUâêÆ[D�pdA ·³
Û�(Évariste Galois§1811c10�25F—1832c5�31F, ã 1.6) ���ó�.

³Û�3Ø�21��)·p�êÆ3e
�)���¢�. ¦ïá
Ä�

�êü�Ä�nØ: +ØÚ±¦·¶�Galois nØ. ¦�ØAnØ´���

êÚêØïÄ�Ä�|Î, ´êÆr�Ä�z�I�. 3�Ö, ·�ò¦^

¦�ó�,y²��ng�§�ª)Ø�3,¿£��;AÛü�JK,=¦

^�ºÚ�5n�©�Ú�E�õ>/¯K. ³Û��ó�3)cØ�­

<«@,��1843câd4��(Joseph Liouville)u�¿(@,�n�u1846

c3¦M��,�Journal de Mathématiques Pures et Appliquées Ñ�.

ã 1.6: ³Û��

~1.16. d+�½Â, + G �½�¹ü � 1G. ,��¡, =dü ��¤�8Ü{1} 3
¦{$�1 · 1 = 1 e÷v+�n�ún, Ïd§�¤+. ù´�{ü�+.
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·K1.17. � G �+, Keã5�¤á:

(1) G ¥���_���, =��a�_a−1´��(½�.

(2) ��Æ¤á, =: XJ ab = ac, K b = c; XJ ba = ca, K b = c.

y². (1) XJ b, c � a ∈ G �_�, K

b = b · 1 = b(ac) = (ba)c = 1 · c = c.

(2) XJ ab = ac, K a−1(ab) = a−1(ac), d(ÜÆ=� b = c.

½Â1.18. ���êk��+¡�k�+ (finite group), Ù���ê¡�§�� (order).

���êÃ��+¡�Ã�+(infinite group), Ù�P�∞.

½Â1.19. XJ+ G þ�¦{$�÷v��Æ, ·�¡ G �C��+ (abelian group), ½

¡���+ (commutative group). ·�~~^\{ + 5L«C��+ G ���$�, ¿

òÙþ�ü �P� 0 ½ 0G, P a �_�� −a.

19­V20c��êÆU�, V(ð�, � ´³Û�, ,	� Ò´é

%êÆ[Z�d · C��(Niels Abel§1802c8�5F—1829c4�6F). C�

�Ú³Û�Ñ´3cV����ÿ�Ñ
êÆ¤þK����ó�, qÓ

�·åõs,=c@². C��±y²Êg�§��ª)�Ø�U5Úéý

�¼êØ�ïÄ
ª¶. du¦uy�§�(³Û�)+���5�±íÑ

¦�úª��35, {IêÆ[Camille Jordan (e�IO.�uyö)ò�

�+·¶�C��+. �VgC��,é%�?l2003cåm©�uC��

ø, ù´�8êÆ.��pJ���. ã 1.7 �é%�?1978cu1±C�

����µ�500�K�¦.

ã 1.7: é%�¦þ�C���

·�Äk�ÑC��+��
~f.

~1.20. (1) 8ÜZ, Q, R, C 3\{$�e�¤Ã�C��+, 0 �Ù\{ü �.
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(2)8ÜQ× = Q− {0}, R× = R− {0}, C× = C− {0}3¦{$�e�¤C��+, 1�

Ù¦{ü �.

~1.21. �ê8 Z � n ��{a8Ü {0̄ = 0 mod n, 1̄, · · · , n− 1} �¤\{C��+, ·

�P�� Z/nZ. 8�XØAO`², 3 Z/nZ ¥, ·�ò£Ø¯, ò ā ��P�a.

AO/, XJ n = p ´�ê, P Fp = Z/pZ, K Fp ´\{C��+. Ó�, F×p =

(Fp − {0},×) ´¦{C��+, ù´Ï��â�ê�Ó{nØ, XJ a 6≡ 0 mod p, K�3

b ∈ Z, ¦� ab ≡ 1 mod p.

5P. 3þãü�~f¥, ·�¢Sþ�Ñ
��A�~�~f: knê� Q, ¢ê� R,

Eê� C Úk�� Fp. §���Ó:Ñ´: ��´\{C��+, 
Ù¥�"�8Üq

�¤¦{C��+, 
�\{Ú¦{÷v©�Æ, = (a+ b)c = ac+ bc éÙ¥?Û 3 ��

� a, b, cþ¤á. ù
�Ó:ò�¤��½Â,·�ò3�Ö���[�ã. 3d�c,·

�J���=´�þã 4 �~f.

~1.22. - ζn = exp(2πi
n ) = cos 2π

n + i sin 2π
n , K8Ü µn = {1, ζn, . . . , ζn−1

n } ´dEê� C þ
¤k n gü ��¤�8Ü. 3Eê¦{¿Âe, µn ´¦{C��+, ¡� n gü �

+ (group of roots of unity).

���/, ü � S1 = {z ∈ C | |z| = 1} ´Ã�¦{C��+.

·�25w���+�~f.

~1.23 (���5+). � V ´� F þ� n��5�m, Ù¥F = Q,R,C½ Fp. d�5�
ê��, �½ V þ��|Ä, K V þ�5C�d§3ù|Äe�n ��
��(½. P

Mn(F ) = {Fþn��
},

GLn(F ) = {Fþn��_�
}.

K Mn(F ) 3Ý
\{¿Âe´C��+, 3¦{¿Âe´¹N�+, �Ø´+. GLn(F )

3Ý
¦{¿Âe�¤+,·�¡��F þ�n����5+ (general linear group). XJ

n = 1, K GLn(F ) = F×, = F �¦{+, §´��C��+; XJ n > 1, K GLn(F ) Ø´

��+. 8�XJØrN� F , ·�Pn ����5+� GLn.

~1.24 (�o¡N�^=C�+). �Ä¤k�±o¡NABCD ØC�^=C�£7,�

��^=¶^=¤, ùpkn«�¹.

1. kü�º:ØÄ, K¤3>ØÄ�¶§�eü�:�Ø�UÄ, ��ð�C�.

2. k�=k��º:ØÄ£ë�ã1.8¤. Ø��A:ØÄ,K¶LA�BCD¤3¡ØÄ§

�¶R�T²¡§l
�n�/ BCD �¥% O �ØÄ. ±AO �¶�^=C�ÏL

^= 2π
3 ½

4π
3 ò B,C,D ^=� C,D,B ½ D,B,C, �kü�C�. e�Ä���/,

òº: A CÄ, K��� 4× 2 = 8 «^=C�.
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3. ¤kº:ÑÄ(ë�ã1.9). e A ^=� B, K¶3C§DÚAB�¥:û½�²¡þ

£=R�AB¤§� B ØU^=� C ½ D£ÄKeB^=�CK¶�3A§DÚBC�¥

:û½�²¡þ§ü�²¡��LD§l
DØÄ¤= B 7,^=� A. Ïd C ^=

� D, D ^=� C. = AB ¥: M � CD ¥: N ë�����±ØÄ. ù���¹

�k 3 «.

e±C�EÜ��¦{, ù12«�o¡^=C���N�¤�o¡N�^=C�+,

ð�C��Ùü �. �±�y1�aC�Ú1naC��EÜØ��,��o¡N�^

=C�+´12 ��C��+.

A

C

D

O

B

ã 1.8: Tk��ØÄ:��/

A

C

D B

ã 1.9: ¤kº:ÑÄ��/

~1.25. ���/, � S ´��fN, =Ø�Ø Ú.��ÔN. �± S ØC�$Ä�¤

��+, ¡� S �fN$Ä+. ��
ó§Ø´C��+.

~1.26 (é¡+). � A ���8Ü. P A �g��N�8Ü� MA. A �g����é

A¡� A��� (permutation). PA�¤k��8Ü� SA. K MA 3N�EÜ��¦{

¿Âe´¹N�+�Ø´+, 
 SA ´+, Ùü ��ð�N�, ·�¡ SA � A �é¡

+ (symmetric group) ½��+ (permutation group).

AO/,� A = {1, 2, . . . , n},P SA = Sn,K Sn � {1, . . . , n}¤k���¤�8Ü.·

��� Sn ¥¹k n! ���. XJ n = 2, K S2 = {id, τ}, Ù¥ τ(1) = 2, τ(2) = 1. N´�

y S2 �C��+. � n > 3 �, Sn Ø´��+.

~1.27. ·�5O��ek�� Fpþ�n����5+ GLn(Fp) ��.

XJ A = (aij) ∈ GLn(Fp), Pαi = (aij)
n
j=1 �A �1i�1�þ. K α1 6= 0 kpn − 1 «

ÀJ�ª; α2 Ø3α1 )¤�1� Fp �þ�m¥, kpn − p «ÀJ�ª; Óné 2 6 i 6 n,

αi Ø3dα1, · · · , αi−1 )¤�i − 1 � Fp �þ�m¥, kpn − pi−1 «ÀJ�ª. �A �k

(pn−1)(pn−p) · · · (pn−pn−1)�UÀJ.� GLn(Fp)´k�+,�� (pn−1)(pn−p) · · · (pn−
pn−1).

§1.2.2 f+Ú+��È

k
+�VgÚ~f, ·�F"
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(1) ïÄ+�(�,

(2) �E�õ�+�~f.

ù�ÿ, I�f+��È�Vg.

½Â1.28. � G �+. XJ H ´ G �f8, �é G �¦{$��¤+, K¡ H ´ G �

f+ (subgroup), P� H 6 G. XJ H 6= G, ¡ H � G �ýf+ (proper subgroup), P�

H < G.

~1.29. é?¿+ G, {1} Ú G þ´ G �f+, ¡� G �²�f+ (trivial subgroup).

~1.30. \{+nZ ´ Z �f+. ¦{+µn Ú S1 ´ C× �f+. {±1} ´ R× �f+.

d½Â��, ��y H � G �f+, �I�yXen:, =

(1) 1 ∈ H.

(2) XJ a ∈ H, K a−1 ∈ H.

(3) XJ a, b ∈ H, K ab ∈ H.

·K1.31. ��f8Ü H ´+ G �f+��=�é?¿ a, b ∈ H, ab−1 ∈ H.

y². XJ H 6 G, a, b ∈ H, K b−1 ∈ H, ab−1 ∈ H. �L5, � a ∈ H, K 1 = aa−1 ∈ H. é

?¿a ∈ H, du1, a ∈ H, K a−1 = 1 · a−1 ∈ H. ��§é?¿ a, b ∈ H, kb−1 ∈ H, l


ab = a(b−1)−1 ∈ H. �H ´G �f+.

~1.32. -H =

{(
1 a

0 1

)∣∣∣∣∣ a ∈ R
}

, KH ´���5+GL2(R) �f+. ù´Ï�

(
1 a

0 1

)
·

(
1 b

0 1

)−1

=

(
1 a− b
0 1

)
.

~1.33 (�¡N+). � P ´� n >/ (n > 3), �± P ØC�¤kf5C�kü«: ^=

Ú��, Xã 1.10 ¤«.

(a) ^= (b) ��

ã 1.10: �5>/�^=Ú��
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P Dn �¤k^=Ú��3EÜ¿Âe�¤�+, K Dn �� n >/�é¡+, ¡�

�¡N+ (dihedral group). Dn�¤k���): ð�C�, n−1�^=, n���,��2n

�+.

du�±�n >/ØC�z�f5C�d§�n �º:�����(½, � �¡N

+Dn ´Sn �f+.

5P. �¡N+3ØÓ©z¥�P� Dn½ D2n. S.þ,AÛÆ[U�^ Dn(rN�õ>

/�>ê)5L«§, 
�êÆ[KU�^ D2n (rN�õ>/é¡+��)5L«§. 3

�Ö¥·�æ^AÛÆ[�PÒ.

½Â1.34. � G1, G2 �+, K G1 � G2 (��8Ü�) �(k�È G = G1 ×G2 3¦{$

�

(g1, g2) · (h1, h2) = (g1h1, g2h2)

e�¤+: §�ü �´ 1G = (1G1 , 1G2),�� (g1, g2)�_´ (g−1
1 , g−1

2 ). + G¡� G1 �

G2 ��È , ½ö¡�§��(k�È.

5P. (1) d½Âá�+��È���u+���¦È.

(2) XJ H1 Ú H2 ©O´ G1 Ú G2 �f+, K H1 ×H2 ´ G1 ×G2 �f+. AO/,

G1 ×G2 kf+ {1G1} ×G2 Ú G1 × {1G2}.

§1.2.3 GLn �f+: ;.+

3êÆïÄ¥, �­���a+´���5+ GLn �f+, ¡�;.+ (classical

group). 'u;.+�ïÄÚA^0BuêÆïÄ���Æ�©|. du���5+5

gu�5�ê,�5�ê�£3ïÄ;.+��ÿåX�©­���^. ·�e¡0�A

a;.+.

(I) AÏ�5+

� F ��, K F þ1�ª� 1 � n ��
8Ü

SLn(F ) = {A ∈ GLn(F ) | detA = 1} (1.8)

�¤ GLn(F ) ���f+, ¡� F þ� n �AÏ�5+ (special linear group). ,	, ·�

-

(i) Tn(F ) �é����� 1 � n �þn�
;

(ii) Diagn(F ) � n ��_é�
8Ü;

(iii) Bn(F ) � n ��_þn�
8Ü.

K§�þ� GLn(F ) �f+, � Tn(F ) 6 SLn(F ), Diagn(F ) 6 Bn(F ).

3 2�AÏ�5+ SL2(R)¥,¤k�XêÝ
�¤f+ SL2(Z),= Z þ� 2 �AÏ

�5+. aq/, � N ��u 1 ���ê. ·�E,�±3Xê3 Z/NZ þ� 2 �Ý
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þ½Â1�ª, Ù¥1�ª� 1 �Ý
�8Ü

SL2(Z/NZ) =
{(

a b
c d

) ∣∣∣ a, b, c, d ∈ Z/NZ, ad− bc = 1
}

(1.9)

±Ý
¦{��¦{, Ò�¤ Z/NZ þ� 2 �AÏ�5+. Ón, ��ê 2 �¤���

n �, ·�Ò�� Z þÚZ/NZ þ� n �AÏ�5+.

(II) ��+�AÏ��+

3 Rn þ�½IOSÈ
〈X,Y 〉 = XTY,

Ù¥ TL«=�, K Rn ¤�îAp��m. �
 A ¡����
(orthogonal matrix) ½

��
, ´� A �± Rn þ�IOSÈØC, =é?¿ X,Y ∈ Rn,

〈AX,AY 〉 = XTATAY = XTY,

½=

ATA = AAT = I. (1.10)

dd·���: (i) ü Ý
´��
; (ii) ��
�¦È´��
; (iii) ��
�_�´

��
. Ïd¤k���
�8Ü

On(R) := {A ∈ GLn(R) | ATA = ATA = I} (1.11)

�¤��+, = R þ� n ���+ (orthogonal group). ���/, � Q � n �¢�m V

þ�òzé¡V�5.. d.5½n, �3 V þ�|Ä¦� Q dXe/ª�Ñ:

Q(u, v) = XT
(
Ip
−Iq

)
Y (p+ q = n),

Ù¥ X,Y ��þ u, v 3dÄe��I. ¤k�±V�5. Q ØC��_�
�8Ü

Op,q(R) :=
{
A ∈ GLn(R) | AT

(
Ip
−Iq

)
A =

(
Ip
−Iq

)}
(1.12)

��¤+, ¡�2Â��+ (generalized orthogonal group). ·�¡

SOn(R) := On(R) ∩ SLn(R), (1.13)

SOp,q(R) := Op,q(R) ∩ SLn(R) (1.14)

�AÏ��+ (special orthogonal group) Ú2ÂAÏ��+ (generalized special orthogonal

group).

~1.35. � n = 2 �, ·�k

SO2(R) =

{(
cos θ − sin θ

sin θ cos θ

) ∣∣∣ θ ∈ R} ,
O2(R) =

{(
cos θ − sin θ

± sin θ ± cos θ

) ∣∣∣ θ ∈ R} .
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�?�Ú/, é���� F , � Q ��F þ n ��5�m V þ��òzé¡V�5

., ·��±aq½Â F þ�±V�5. Q ØC���+ÚAÏ��+.

(III) j+ÚAÏj+

� V ´ n�E�5�m, Q´ V þ�òzHermiteV�5.,K�3 V ��|Ä,¦

� Q 3dÄe�L«Xe:

Q(u, v) = Q(X,Y ) = X
T
Y.

�
 A ¡�j
 (unitary matrix) ´�§�± Q ØC, = A ÷v

A
T
A = AA

T
= I. (1.15)

dd·���: (i)ü Ý
´j
; (ii)j
�¦È´j
; (iii)j
�_�´j
. Ïd

U(n) := {A | ATA = AA
T

= I} (1.16)

´ GLn(C) ���f+, ¡�j+ (unitary group). §�f+

SU(n) = U(n) ∩ SLn(C), (1.17)

¡�AÏj+ (special unitary group).

~1.36. � n = 1 �, U(1) = S1 = {z ∈ C | |z| = 1}, SU(1) = {1}.

� n = 2 �,

SU(2) =
{(

α β
−β̄ ᾱ

)
| α, β ∈ C, |α|2 + |β|2 = 1

}
.

(IV) "+

� V ´¢�5�m, Q(x, y) ´ V þ��òz�é¡V�5.. d Q ��òz5, ·

�� dimV = 2n �óê, ��3 V ��|Ä¦�

Q(u, v) = XT
(

0 In
−In 0

)
Y,

Ù¥ X,Y � u, v 3Äe��I. ¤k�± Q ØC��
�8Ü, =�+

Sp2n(R) =
{
A | AT

(
0 In
−In 0

)
A =

(
0 In
−In 0

)}
, (1.18)

¡�"+ (symplectic group).

5P. XJ A ∈ Sp2n(R), �±y² detA = 1, �vkAÏ"+�`{.
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§1.2.4 +�Ó��Ó�

ïÄ+�5�,lØmïÄ+�Ù§+�'X,ù
'XXÓïÄ8Üm�'X��,

´d+�m�N�5û½�. �7L5¿�, +Ø=´8Ü, §þ¡k¦{$�, �+�

+�m�N�AT�±¦{$�. ·�kXe�½Â.

½Â1.37. � G1 � G2 �+, N� f : G1 → G2 ¡�+Ó� (homomorphism) ´�é?¿

g, h ∈ G1,

f(gh) = f(g)f(h).

(5¿�þª�> g · h ´+ G1 ¥�¦{$�, m> f(g) · f(h) ´ G2 ¥�¦{$�.)

X f ��8ÜN��ü�,¡ f �üÓ� (monomorphism). X f �÷�(epimorphism),

¡ f �÷Ó�. X f �V�, K¡ f �Ó� (isomorphism), P� f : G1
∼= G2.

·K1.38. �f : G1 → G2 �+Ó�, K

(1) +Ó�o´òü N�ü , =f(1G1) = 1G2 .

(2) +Ó�o´ò_�N�_�, =éug ∈ G1, f(g−1) = f(g)−1.

y². df(1G1) = f(1G1 · 1G1) = f(1G1) · f(1G1), 2d��Æ=�(1).

eg ∈ G1, K

f(g) · f(g−1) = f(g · g−1) = f(1G1) = 1G2 ,

� f(g−1) = f(g)−1, (2) �y.

·�5w�
+Ó�ÚÓ��~f.

~1.39. XJH ´G �f+, K�¹N�i : H → G, h 7→ h �+Ó�, �´üÓ�.

~1.40. 1�ªN� det : GLn(F )→ F×, A 7→ detA ´+�÷Ó�.

~1.41. ·�½Â ϕ : Z/nZ→ µn, m̄ = m mod n 7→ ζmn , K ϕ ´+Ó�.

~1.42. éu σ ∈ Sn, ·�½Â Aσ ∈ GLn Xe

Aσ


x1

x2

...

xn

 =


xσ−1(1)

xσ−1(2)

...

xσ−1(n)

 ,

K Aσ = (aij) � (0, 1) Ý
, �

aij =

{
1 ej = σ−1(i),

0 eØ,.

N� σ 7→ Aσ � Sn � GLn �üÓ�. dd·��±Àé¡+ Sn ����5+ GLn �

f+, Aσ �¡���Ý
.
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~1.43. j+S1 = U(1) ÚAÏ��+ SO2(R) Ó�, Ó�N��

e2πiθ 7−→

(
cos θ − sin θ

sin θ cos θ

)
.

~1.44. �R×+ �¤k�¢ê�¤�¦{+, K�ê¼ê

exp : R→ R×+, x 7→ ex

´+Ó�. Ù_�éê¼ê

log = ln : R×+ → R, y 7→ ln y.

3+ØïÄ¥, ²~òÓ�À��Ó, ½ö`3Ó�¿Âe��. ,��¡, �¬ï

ÄÓ�+�m�±�Eõ�«Ó�. ·�k

½Â1.45. + G �g��Ó�¡� G �gÓ� (automorphism).

·K1.46. (1) + G �¤kgÓ�3EÜN���¦{¿Âe�¤+, ¡� G �gÓ�

+, P� AutG.

(2) X ϕ : G → H �+ G �+ H �Ó�. K G � H �¤kÓ��8Ü ϕAutG =

{ϕ ◦ f | f ∈ AutG}.

y². (1) �I�y+�½Â3ún=�, 
ù
Ñ´w,�.

(2) Äk, ϕ ◦ f : G
f→ G

ϕ→ H � G � H �Ó�. ,��¡, X ϕ′ � G → H �Ó�,

K ϕ−1 ◦ ϕ′ : G→ H → G � G �gÓ�. � ϕ′ = ϕ ◦ (ϕ−1 ◦ ϕ′) ∈ ϕAutG.

S K

SK1.2.1. - A´?¿��8Ü, G´+, Map(A,G)´ A� G�¤kN��8Ü,é?

¿ü�N� f, g ∈ Map(A,G),½Â¦È fg´ù��N�: é?¿ α ∈ A, fg(α) = f(α)g(α).

Áy Map(A,G) ´+.

SK1.2.2. �A �8Ü, P (A) �A �f8�¤�8Üx. 3P (A) þ½Â��$�Xe:

X4Y = (X ∩ Y c) ∪ (Xc ∩ Y ).

y²3d$�eP (A) �¤��+, �z�f8�_=g�.

SK1.2.3. l²¡�g��N�XJ�±²¡þ?Ûü:�ål,K¡��åN�. y²

�åN�Ñ´V�, �¤k�åN�3¼êEÜ¿Âe�¤+.

SK1.2.4. �G ´+, x, y ∈ G. y²: (x−1)−1 = x � (xy)−1 = y−1x−1.
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SK1.2.5. �äe¡=
2 ��
8Ü3Ý
¦{¿Âe�¤+:

(1)
(
a b
b c

)
, ac 6= b2.

(2) ( a bc a ) , a2 6= bc.

(3)
(
a b
0 c

)
, ac 6= 0.

(4)
(
a b
c d

)
, a, b, c, d ∈ Z, ad 6= bc.

SK1.2.6. y²8Ü
⋃
n≥1 µn 3Eê¦{¿Âe�¤+.

SK1.2.7. XJ A ´+ G �f+, B ´+ H �f+, y²A × B ´G ×H �f+. Þ~

`²Ø´¤k Z× Z �f+Ñ´Xd���.

SK1.2.8. � (G, ·) ´+. y² Gop = (G, ◦), a ◦ b = b · a ´+, ¡� G ��+.

SK1.2.9. � G ´¹N�+, y² G ¥��_�8Ü G× �¤+.

SK1.2.10. - G´ n�k�+, a1, a2, . . . , an ´+ G�?¿ n���,Ø�½üüØÓ.

Áy: �3�ê p Ú q, 1 6 p 6 q 6 n, ¦�

apap+1 · · · aq = 1.

SK1.2.11. � A, B, H ´+ G �f+, � H ⊆ A ∪B. y² H ⊆ A ½ö H ⊆ B.

SK1.2.12. 3óê�+ G ¥, �§ x2 = 1 okóê�).

SK1.2.13. (1) �y SLn(F ), Tn(F ), Diagn(F ), Bn(F ) þ� GLn(F ) �f+, � Tn(F ) 6

SLn(F ), Diagn(F ) 6 Bn(F ).

(2) �y On(R), Op,q(R), Sp2n(R) þ� GLn(R) �f+.

(3) �y U(n) ´ GLn(C) �f+.

SK1.2.14. Áy+ G �?¿õ�f+��E´ G �f+.

SK1.2.15. � AÚ B ©O´+ G�ü�f+. Áy: A∪B ´ G�f+��=� A 6 B

½ B 6 A. |^ù�¯¢y²: + G ØUL�ü�ýf+�¿.

SK1.2.16. � A,B ´+ G �ü�f+. Áy AB ´ G �f+��=� AB = BA.

SK1.2.17. � AÚ B ´k�+ G�ü���f8. e |A|+ |B| > |G|,y² G = AB. A

O/, XJ S ´ G ���f8, |S| > |G|/2. y²é?¿ g ∈ G, �3 a, b ∈ S ¦� g = ab.

SK1.2.18. (1) (½ Z �¤kf+.

(2) (½ Z/nZ �¤kf+, Ù¥ n ∈ N, n > 2 .

SK1.2.19. y²: N� f : G→ G, a 7→ a−1 ´ G �gÓ���=� G ´C��+.
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SK1.2.20. � G1, G2, G3 �+, y²:

(1) G1 ×G2
∼= G2 ×G1;

(2) (G1 ×G2)×G3
∼= G1 × (G2 ×G3).

SK1.2.21. ée¡z��/, (½ G ´ÄÓ�u H Ú K �È.

(1) G = R×, H = {±1}, K = R×+.

(2) G = Bn(F ), H = Diagn(F ), K = Tn(F ).

(3) G = C×, H = S1, K = R×+.

SK1.2.22. y²knê\{+ Q Ú¦{+ Q× ØÓ�.

SK1.2.23. (1) - G ´¢êé (a, b), a 6= 0 �8Ü. 3 G þ½Â

(a, b)(c, d) = (ac, ad+ b).

Áy G ´+.

(2) y² G Ó�u GL2(R) �f+

H =
{(

a b
1

)
| a ∈ R×, b ∈ R

}
SK1.2.24. + G �gÓ� α ¡�vkØÄ:, ´�é G �?¿�� g 6= 1, α(g) 6= g. X

Jk�+ G äk��vkØÄ:�gÓ� α � α2 = 1, y² G �½´Ûê�C��+.

§1.3 f+��8©)

3þ�!·��Ñ
f+�½Â9�
äN~f. 3�!, ·�b� G �?¿(Ä

�)+, ·�5ïÄ§�f+�§g��'X.

§1.3.1 �����Ì�+

½Â1.47. � G´+, g ´ G¥���,d g )¤�f+´��¹ g ���f+. ·�^

〈g〉5L«§. Ó�,X S ⊆ G� G�f8Ü,Kd S ¥��)¤�f+¡� S )¤�f

+, P� 〈S〉.

·�Äk?Ø 〈g〉 ¥���, d+�ún, §7�¹

(i) gk = g · · · g, k � g �¦.

(ii) ü �1 = g0.

(iii) g−k = g−1 · · · g−1, k � g−1 �¦.

,��¡, d(i),(ii),(iii)¥�¤k���¤�8Ü�(´ G �f+. �

〈g〉 = {gk | k ∈ Z}, d? gk �U�Ó.
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½Â1.48. + G ¥�� g ��´�÷v gk = 1 �����ê, d�¡ g � k �k��.

Xù�� k Ø�3, ¡ g ���Ã¡�, d�¡ g �Ã���.

Ún1.49. (1) X g � k �k��, K gn = 1 ��=� n ≡ 0 mod k, gi = gj ��=�

i ≡ j mod k. d�, g )¤�f+ 〈g〉 = {1, g, . . . , gk−1} ´k �k�+.

(2) X g �Ã��, Kéu?¿�êi 6= j, þk gi 6= gj .

y². (1) X g � k �k��, � n = kq + r, 0 ≤ r < k. X r 6= 0, K gr 6= 1. �

gn = gkq+r = (gk)q · gr = gr 6= 1.

X r = 0, K gn = gkq = 1. nþ=y²
 gn = 1 ��=� n ≡ 0 mod k. du gi = gj �

�=� gi−j = 1, ���du i ≡ j mod k. dué?¿ n, n = kq + r, gn = gr, 
1, g, · · · ,
gk−1 üüØÓ, � 〈g〉 = {gn | n ∈ Z} = {1, g, . . . , gk−1}.

(2) � g �Ã����, gi = gj ⇐⇒ gi−j = 1⇔ i− j = 0, = i = j.

½Â1.50. X G = 〈S〉, ¡ G d S )¤. d�X S �k�8, ¡ G �k�)¤+ (finitely

generated). AO/,X Gd���� g )¤,¡ G�Ì�+ (cyclic group), g � G���

)¤� (generator).

d½Â�Ì�+7´C��+. �?�Ú/, ·�k

½n1.51. � G �Ì�+.

(1) X G �k�+, Ù�� n, K G ∼= Z/nZ.

(2) X G �Ã�+, K G ∼= Z.

y². � g � G �)¤�. ½Â

ϕ : Z→ G, k 7→ gk.

´� ϕ �÷Ó�.

� G �Ã�+�, dÚn 1.49, X i 6= j, K gi 6= gj , � ϕ �üÓ�. Ïd ϕ �Ó�.

� G � n �k�+�, ϕ p�Ó� Z/nZ → G, k mod n 7→ gk. dÚn 1.49, dÓ�

Qüq÷, ��Ó�.

½n1.52. � G �Ì�+, g � G �)¤�, K

(1) X G �Ã�+, K G �)¤�� g ½ g−1.

(2) X G � n �k�+, K G �)¤�8Ü�

{gk | 0 ≤ k < n, (k, n) = 1}.

(3) G �gÓ�+

AutG ∼=

Z/2Z, X G �Ã�+;

(Z/nZ)×, X G � n �k�+,
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� G �z�gÓ�ò)¤�N�)¤�.

y². (1)Ú(2): ��h = ga ´ G �)¤���=� g = hb é,� b ∈ Z ¤á. � gab = g.

X G�Ã�+,K ab = 1,� a = ±1,= h = g ½ g−1. XJ G��� n,K ab ≡ 1 mod n,

¤± (a, n) = 1.

(3): X f : G → G �gÓ�, g �)¤�, K G = {f(gk) = f(g)k | k ∈ Z}, � f(g) �

´G �)¤�. ·�½ÂN� ϕ Xe:

(i) X G �Ã�+,

ϕ : AutG→ {±1}, f 7→

1, X f(g) = g;

−1, X f(g) = g−1.

(ii) X G ���n,

ϕ : AutG→ (Z/nZ)×, f 7→ a mod n X f(g) = ga.

K ϕ Qüq÷, � ϕ(f1f2) = ϕ(f1) · ϕ(f2), = ϕ �+Ó�.

±e·�� G ´ n �Ì�+. �½§���)¤� g. Kéu?Û�� a ∈ G, �3

�ê k ¦� a = gk, �¤k÷v^�� k �¤� n ���Ó{a. ·�½Â

logg : G→ Z/nZ, a 7→ k, (1.19)

ù´Ì�+�m�Ó�, =k

logg 1 = 0, logg(ab) = logg a+ logg b. (1.20)

·�¡ k = logg a � a 'u g �lÑéê (discrete logarithm). êÆ3&ES�+��A

^¥�­����Ø%¯KÒ´

¯K1.53 (lÑéê¯K). ®�Ì�+ G��Ú)¤� g. é�� a ∈ G,XÛ¦ a'u g

�lÑéê?

·K1.54. �G �n �Ì�+, g ´G ���)¤�, a ∈ G. K�§xk = a 3G ¥k)�

�=�d = (k, n) | logg a. ��d^�¤á�, �§�kd �).

y². �x = gy. K�§xk = a k)�du�3y, ¦�gky = glogg a, =ky ≡ logg a mod n

k). �â�êÓ{nØ=�, �§xk = a 3G ¥k)��=�d = (k, n) | logg a.

�d | logg a �. Ó{�§ky ≡ logg a mod n �)�y ≡ logg a

d c mod n
d , Ù¥c �k

d �
n
d

�_, �xk = a kd �)gy, Ù¥y =
c logg a+in

d (0 ≤ i < d).
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§1.3.2 �8Ú�8©)

� H ´+ G �f+.

½Â1.55. éu a ∈ G, 8Ü aH = {ah | h ∈ H} ¡� G 'u H ���8 (left coset),

Ha = {ha | h ∈ H} ¡� G 'u H �m�8 (right coset).

Ún1.56. �8 aH � bH �oØ�, �o­Ü, � aH = bH ��=� b−1a ∈ H (½

a−1b ∈ H). Ón Ha � Hb �oØ�, �o­Ü, � Ha = Hb ��=� ab−1 ½ ba−1 ∈ H.

y². X aH ∩ bH 6= ∅. - ah1 = bh2, K b−1a = h2h
−1
1 ∈ H. d�

ah = ah1(h−1
1 h) = bh2(h−1

1 h) ∈ bH,

bh = bh2(h−1
2 h) = ah1(h−1

2 h) ∈ aH,

� aH = bH. ,	, eb−1a ∈ HKé?¿h ∈ Hkah = b(b−1a)h ∈ bH, �Ò´aH ⊆ bH. a

qkbH ⊆ aH. l
b−1a ∈ H =⇒ aH = bH. Ón��m�8�/.

dÚn 1.56,� {aiH | i ∈ I}� G'u H �¤k��8�¤�8Ü,=aiH L¤kG

'uH ���8, �üüØ�. K

G =
⊔
i∈I

aiH (1.21)

� G ���©
.

½Â1.57. 8Ü {ai | i ∈ I} ¡� G �����8�L�X (left coset representatives).

Ón,X {Hbj | j ∈ J}� G'u H �¤km�8�¤�8Ü,K {bj | j ∈ J}¡� G

���m�8�L�X(right coset representatives). 5¿�, {bj | j ∈ J} �m�8�L�
X��=�

G =
⊔
j∈J

Hbj (1.22)

� G �©
.

Ún1.58. XJ {ai | i ∈ I} ´ G 'u H �m(�)�8�L�X, K {a−1
i | i ∈ I} ´ G '

u H ��(m)�8�L�X.AO/,X G'u H ��½m�8�L�Xk�,K�!m

�8�L�Xþk�, ��ê�Ó.

y². Ï���8Ü

(aH)−1 = {(ah)−1 | h ∈ H} = {h−1a−1 | h ∈ H} = Ha−1.

�Ún�y.
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½Â1.59. + G 'uf+ H ��ê (index), P�(G : H), ´� G 'u H ��8�L�

��ê. X�8�L��êÃ�, ·�5½ (G : H) �u ∞.

½n1.60 (.�KF½n). X G �k�+, K

|G| = |H| · (G : H) (1.23)

5P. XJ5½ ∞ ·��ê =∞ ·∞ =∞, K G �Ã�+�(1.23)�¤á.

y². d(1.21), ·�k

|G| =
∑
i∈I
|aiH| =

∑
i∈I
|H| = |H| · |I| = |H| · (G : H).

½n�y.

�ÙÅ-´´ · .�KF(Joseph-Louis Lagrange§ 1736c1�25 F

¨1813c4�10F) ´{I7¿�|¾êÆ[ÚU©Æ[, 3êÆ, ÔnÚ

U©�õ�+��Ñ
­��z,¦�¤Ò�)·�Ù���È©.�K

F¥�½n. 3©Ù Réflexions sur la résolution algébrique des équations¥,

.�KF`²XJò n �õ�ª� n �Cþ^¤k n! ����^, ��

�õ�ª�êo´ n!�Ïf. ù�ê¢SþÒ´õ�ª�­½f+ H 3

é¡+ Sn ��ê,=�8©)��ê. ùÒ´.�KF½n�å
. Nã

1.11´nikp�(Pantheon) ¥.�KF2.

ã 1.11: .�KF�2

.�KF½n´+Ø¥1��­�½n, §kéõ­�íØ.

íØ1.61. � G �k�+, x ∈ G, K x|G| = 1, =�� x ��o´+ G ���Ïf.

y². ù´du��x ���uf+〈x〉 ��.
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íØ1.62. �ê�+þ´Ì�+.

y². � g 6= 1, g ∈ G, K g ��7� p. � G = {1, g, . . . , gp−1} ∼= Z/pZ.

íØ1.63 (¤ê�½n). � p ´�ê, Ké¤k� p p���ê a,

ap−1 ≡ 1 mod p.

y². ù´du a ∈ F×p ���Ø+F×p �� p− 1.

�D� · � · ¤ê(Pierre de Fermat, 1601c8�17F— 1665 c1�12F),

´�����{êÆ[,¦éêØ,�È©,)ÛAÛÚVÇØ�ïáÑ�Ñ

R��z. 3êØþ¤ê�½n¯¤±�,�¤ê�½nKk�õ¢SA^.

^+Ø�*:
ó, ¤ê�½n9Ùí2/ªî.½nÑ´.�KF½n

�íØ.3¤ê�2
(ã 1.12)þ,�XXe©i: “3d?u1665c1�13F

S:
�D� · � · ¤ê, Edit½Æ¬Æ
Ú#ÑêÆ[, Ï¦�½n an +

bn 6= cn (n > 2) 
ª¶u­. ”

ã 1.12: ¤ê�2


íØ1.64. � G� n�Ì�+,Kén��Ïfd, G¥k�� d�f+ {1, x
n
d , . . . , x

n
d

(d−1)},
Ù¥ x � G �)¤�. df+�´Ì�+.
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y². Äk´�y {1, x
n
d , . . . , x

n
d

(d−1)}´ G� d�Ì�f+. ,��¡,� H ´G� d�

f+, y ∈ H. P y = xa, du y ��ê�Ø d, � yd = xad = 1. ¤± ad = kn, y = x
n
d
k.

íØ1.65. éu?¿��ê n, ke�ð�ª:

n =
∑

1≤d|n

ϕ(d). (1.24)

y². ·�é n �Ì�+G���U�©a, éun�Ïfd, ·���`²�� d ���

�ê�ϕ(d). d����½Â��?Ûd��Ñ)¤��d�Ì�+, �Ò´Td���á

uG�,�d�f+, 2dþãíØ��Ì�+G¥k���d�f+
��Ì�+, l


+G¥d����ê���d�Ì�+¥d����ê, �Ò´d�Ì�+)¤���ê, T

Ð�ϕ(d). � n =
∑

d|n ϕ(d).

�|�d ·�4Ï(Felix Klein, 1849c4�25F– 1925c6�22F,ã 1.13)

±¡E
xÉ�3­.êÆ�Ú£/ 
ª¶u­, ¦òxÉ��Æï�

¤�19­V"�þ�­V30c�­.êÆ�¥%. �ÈT�¦, ¦1872cu

L�O�=�j+(Erlangen Program) éuêÆïÄ�K�cÙ��, Ù¥

�4ÏmM5�g�´: AÛÆ©ad§�C�+û½. ld±�é¡+

�g�r?AÛÚÔnïÄ�c÷. ��`²�´, 100c�+�êÆïÄ

c÷�K=[j+(Langlands Program) �lØm�4Ï�
\4éu�¼

êÚgÅ¼ê�mM5ó�.

ã 1.13: �4Ï�
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Ún1.66. XJ+ G ¥?Û�� x ��� 1 ½ö 2, K G �C��+.

y². du x ��� 1 ½ 2, K x = x−1, �é a, b ∈ G,

ab = a−1b−1 = (ba)−1 = ba,

Ïd G �C��+.

~1.67. ·�5?Ø�e 4�+ G��¹. XJ G¥�¹ 4��,K7�Ì�+. ÄK§

�����þ´ 1½ö 2,�§´C��+,�7� {1, a, b, ab}�/ª,Ù¥ a2 = b2 = 1�

ab = ba. K G� Z/2Z×Z/2ZÏLN� a 7→ (1, 0), b 7→ (0, 1)Ó�. ·�P Z/2Z×Z/2Z =

K2, ¡� Klein +.

½n1.68. �C��+����ê� 6.

y². XJ G��� 2, 3, 5,=��ê,�díØ 1.62, G�C��+. X G��´4,þ¡

~f`² G �C��+. ·��� S3 ��� 6 �§Ø´C��+. nþ¤ã,�C��

+����ê� 6.

duLagrange ½n�´ G 'u H ��8©)���íØ, ��¦^�8©)úª

G =
⊔
i∈I

giH, (1.25)

·�k�?�Ú�A^.

½n1.69. �+ K 6 H 6 G, � (G : K) k�, K

(G : K) = (G : H) · (H : K).

5P. Lagrange ½n, =�þã½n3 K = {1}, G �k�+�AÏ�/.

y². �G 'uH ±9H 'uK ���8©)©O�

G =
⊔
i∈I

giH, H =
⊔
j∈J

hjK.

K

G =
⋃

(i,j)∈I×J

gihjK.

�?�Ú,XJ gihjK = gi′hj′K,K giH ∩ gi′H 6= ∅,¤± i = i′,� hjK = hj′K,¤± j = j′.

=

G =
⊔

(i,j)∈I×J

gihjK,

�Ø�¿, � {gihj : i ∈ I, j ∈ J} � G 'u K ���8�L�X, ¤±

(G : K) = (G : H) · (H : K).

½n�y.
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½n1.70. � G �k�+, H � K � G �f+, K

(1) |H| · |K| = |HK| · |H ∩K|.
(2) (G : H ∩ K) 6 (G : H)(G : K), ��Ò¤á��=�HK = G. XJ (G : H) �

(G : K) p�, K�Ò¤á.

y². Äkb�(1)¤á5y²(2). 5¿�(2) ¥�Ø�ª�du |H ∩K| · |G| ≥ |H| · |K|.
du |HK| ≤ |G|, d(1), Ø�ªáy, ��Ò¤á��=� |HK| = |G|, = HK = G. du

(G : H) � (G : K) þ´ (G : H ∩K) �Ïf, XJ§�p�, K�Ò7¤á.

éu(1), � H ∩ K = L, - {xi | i = 1, · · · ,m} � H 'u L ���8�L�X,

{yj | j = 1, · · · , n} � K 'u L �m�8�L�X, K

HK =

(
m⋃
i=1

xiL

)
·

(
n⋃
j=1

Lyj

)
=
⋃
i,j

xiLyj .

·��Iy²þã�8üüØ�=�. XJx, x′ ∈ {x1, . . . , xm}±9y, y′ ∈ {y1, . . . , yn},
kxLy ∩ x′Ly′ 6= ∅, K�3 α, β ∈ L, (x′)−1xα = βy′y−1, � (x′)−1x ∈ K � y′y−1 ∈ H.

l


K 3 (x′)−1xα = βy′y−1 ∈ H.

Ïd (x′)−1x ∈ L � y′y−1 ∈ L, d�8�L�X=� x = x′ � y = y′.

S K

SK1.3.1. �

A =

(
0 −1

1 0

)
, B =

(
0 1

−1 −1

)
.

Á¦A, B, AB ÚBA 3GL2(R) ¥��.

SK1.3.2. y²+¥��a ��≤ 2 ��=�a = a−1.

SK1.3.3. �a, b´+G�ü���, a��´7�a3b = ba3. y²ab = ba.

SK1.3.4. �x 3+¥��´n, ¦xk (k ∈ Z) ��.

SK1.3.5. (1) �G ´k�C��+. y²:∏
g∈G

g =
∏
a∈G
a2=1

a.

(2) y²Wilson½n: Xp ´�ê, K(p− 1)! ≡ −1 mod p.
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SK1.3.6. y² f = 1
x , g = x−1

x )¤��¼ê+, Ü¤{K´¼ê�Ü¤, §Ó�u�¡

N+ D3.

SK1.3.7. (1) S1 �?¿k��f+þ�Ì�+.

(2) Q Ø´Ì�+, �§�?¿k�)¤f+Ñ´Ì�+.

(3)∗ � p ´���ê,

G = {x ∈ C |�3 n ∈ N ¦� xp
n

= 1}

�?¿ýf+Ñ´k��Ì�+.

SK1.3.8. � a Ú b ´+ G ���, �ê©O´ n Ú m, (n,m) = 1 � ab = ba. Áy 〈ab〉
´ G � mn �Ì�f+.

SK1.3.9. �p �Û�ê, X ´n ��Xê�
. XJI + pX ∈ SLn(Z) ��k�, y

²X = 0.

SK1.3.10. �g1, g2 ´+G ���§H1, H2 ´G �f+. y²e�ü^��d:

(1) g1H1 ⊆ g2H2;

(2) H1 ⊆ H2 �g−1
2 g1 ∈ H2.

SK1.3.11. � G ´ n �k�+. eé n �z�Ïf m, G ¥�õ�k�� m �f+,

K G ´Ì�+.

SK1.3.12. Þ��Ã�+�~f, §�?¿�êØ� 1 �f+Ñkk��ê.

SK1.3.13. (1)�G´C��+, H ´G¥¤kk�����¤�8Ü.y²H ´G�f

+.

(2)∗ Þ~`²þã(Øéu��+Ø�(.

SK1.3.14. (1) � G ´Ûê�C��+. y²d ϕ(x) = x2 ½Â�N� ϕ : G → G ´�

�gÓ�.

(2)∗ í2(1)�(J.

SK1.3.15. �G ´C��+, α ∈ Aut(G) � α2 = 1. -

G1 = {g ∈ G | α(g) = g}, G−1 = {g ∈ G | α(g) = g−1}.

(1) XJG ´Ûê�k�+, y²: G = G1G−1 � G1 ∩G−1 = 1.

(2)� G÷vé?¿ g ∈ G,�3��� h ∈ G¦� h2 = g,K(1)¥(ØE,¤á. d

dy²:

(i) ?Û F þ�Ý
�±�¤é¡
Ú�é¡
�Ú, Ù¥ F = Q,R,C.

(ii) ?Û¼ê f : R→ R �±�¤Û¼êÚó¼ê�Ú.



30 1�Ù +ØÄ:

SK1.3.16. (1) ¦knê\{+ Q �gÓ�+ Aut(Q).

(2) ¦�ê\{+ Z �gÓ�+ Aut(Z).

(3) O� Klein +�gÓ�+.

(4) ¦�"knê¦{+ Q× �gÓ�+ Aut(Q×).

SK1.3.17. £�e�¯K:

(1) �p´�ê, p���+´Ä�½¹kp��?

(2) 35�+´Ä�½Ó�¹k5�Ú7���?

(3) ek�+ G¹k 10 �� x Ú 6�� y, @o+ G ��AT÷v�o^�?

SK1.3.18. XJH �K ´G�f+��p�, y²H ∩K = 1.

SK1.3.19. � Rm � m�¢�þ�m, A´?¿ n×m¢Ý
, W = {X ∈ Rm | AX = 0}.
y²�5�§ AX = B �)�m½ö´�8, ½ö´\{+ Rm'uW��8.

SK1.3.20. � H Ú K ©O´k�+ G�ü�f+, HgK = {hgk | h ∈ H, k ∈ K}. Áy:

|HgK| = |H| · |K : g−1Hg ∩K|.

SK1.3.21. � a, b ´+ G �?¿ü���. Áy: a Ú a−1, ab Ú ba k�Ó��.

SK1.3.22. � f : G→ H ´+Ó�. XJ g´ G�k���, K f(g)���Øg ��.

SK1.3.23. � A´+ G�äkk��ê�f+. Áy: �3 G��|�� g1, . . . , gn,§

�Q�±�� A 3 G ¥�m�8�L�X, q�±�� A 3 G ¥���8�L�X.

SK1.3.24. (1) y² SLn(R) d1�aÐ�Ý
 I + aEij(i 6= j) )¤, Ù¥ Eij �1 (i, j)

�� 1, Ù¦�� 0.

(2) y² GLn(R) d1�aÚ1naÐ�Ý
 I + aEii (a 6= −1) )¤.

(3)∗ y² SL2(Z) �±d S =
(

0 −1
1 0

)
Ú T = ( 1 1

0 1 ) )¤.

SK1.3.25. éuk�+G, �d(G) ´�����ês ¦�é?¿g ∈ G, gs = 1. y²:

(1) d(G) ´|G| �Ïf. §�uG ¥¤k������ú�ê.

(2) XJG ´C��+, KG ¥�3����d(G).

(3) k�C��+G �Ì�+��=�d(G) = |G|.

§1.4 �5f+�û+

·�3þ!½Â
+ G 'uÙf+ H ���8©)

G =
⊔
i∈I

giH =
⋃
g∈G

gH.

P G/H = {giH | i ∈ I} � G �¤k��8�¤�8Üa.
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£Á3�5�ê¥, XJ W ´�5�m V �f�m, Kû�m V/W ��8Ü=

V/W = {v +W | v ∈ V }.

§Äk´\{f+ W 'u+ V��8a, 3Ùþ¡·�½Â\{Úê¦, l
���5

�m�(�. 5¿�§þ¡�\{Úê¦´U«
�5�mV �\{Úê¦, �ó�, ;

�ûN� π : V → V/W , v 7→ v̄ = v +W ´÷��5N�.

g,, ·�F" G/HX V/W ��, äkû+(�, Ù¦{U
U« G �¦{. Äu

d, ·�I�é?¿ a, b ∈ G, ½Â¦{

aHbH = abH.


d�38Ü¿Âþ,

aHbH = {ah1bh2 | h1, h2 ∈ H},

�é h1, h2 ∈ H, I�3 h ∈ H, ¦� ah1bh2 = abh, = h1b = b(hh−1
2 ), l
Hb ⊆ bH. ¤±,

�¦ G/H þkg,�¦{(�, ·�I�Xe^�:

é?¿ b ∈ G, k Hb = bH ½�d^� b−1Hb = H ¤á.

½Â1.71. �G ´+, x ∈ G. é?¿ g ∈ G, gxg−1 ¡� x ��Ý�, ½ö¡x �x′ = gxg−1

�Ý (conjugate).

½Â1.72. f+ N ¡� G��5f+ (normal subgroup),´�é¤k g ∈ Gk g−1Ng = N .

d�P N CG.

d½ÂN´�y�Ý'X´�d'X, �f+ N ´ G ��5f+��=� N ¥?

¿���¤k�Ý�Ñ3 N ¥, = N ´G ¥�
�Ýa �¿.

~1.73. (1)XJG´C��+,Kgxg−1 = xé¤kg ∈ G¤á,�x´§¤3�Ýa��

���, ÏdG �?Ûf+Ñ´�5f+.

(2) �?�Ú`, éu?¿+G, ��x ¤3�Ýa�k������=�§� G ¥

¤k��Ñ��. ¤kù
���¤�8Ü´G ��5f+( ë�1.4.4), ¡�G �¥%

(center), P�Z(G).

Z(G) = {x ∈ G
∣∣xg = gxé?¿g ∈ G¤á.}

·�5w���~���5f+�~f.

½Â1.74. � ϕ : G→ H ´+Ó�.

(1) N� ϕ �Ø (kernel)�

kerϕ , {g ∈ G | ϕ(g) = 1} = ϕ−1(1H) ⊆ G.

(2) N� ϕ �� (image)�

imϕ , {h ∈ H |�3g ∈ G,ϕ(g) = h} = ϕ(G) ⊆ H.
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·K1.75. � ϕ : G→ H ´+Ó�, K kerϕ ´ G ��5f+, 
imϕ ´ H �f+.

y². d ϕ(g1g2) = ϕ(g1)ϕ(g2), ·�k

ϕ(1) = 1, ϕ(g)−1 = ϕ(g−1)

� a, b ∈ kerϕ, K

ϕ(ab−1) = ϕ(a)ϕ(b)−1 = 1,

� ab−1 ∈ kerϕ, =kerϕ ´ G �f+.

� g ∈ G, a ∈ kerϕ, K

ϕ(g−1ag) = ϕ(g)−1ϕ(a)ϕ(g) = ϕ(g)−1ϕ(g) = 1,

¤± g−1ag ∈ kerϕ, �

g−1(kerϕ)g ⊆ kerϕ,

kerϕ ⊆ g(kerϕ)g−1.

dg�?¿5(�g−1)á=k g−1(kerϕ)g = kerϕ, ¤± kerϕ ´ G ��5f+.

XJ h1, h2 ∈ imϕ, - ϕ(g1) = h1, ϕ(g2) = h2, K

ϕ(g1g
−1
2 ) = ϕ(g1)ϕ(g2)−1 = h1h

−1
2 ,

¤± h1h
−1
2 ∈ imϕ, � imϕ ´ H �f+.

~1.76. 1�ªN� det : GLn(C)→ C× �Ø´ SLn(C),� SLn(C)´ GLn(C)��5f+.

y3� N CG, K G 'u N ��(m)�8�

G/N = {aN | a ∈ G} = {Na | a ∈ G},

�

aNbN = a(bN)N = abN.

P a = aN, ½Â¦{

a · b = ab.

dþã?Ø, G/N ¤���+, ¡� G 'u N �û+ (quotient group). �±���yû

+�¦{��L�À��'µeaN = a1N , bN = b1N , Ka−1a1, b
−1b1 ∈ N . �k

(ab)−1(a1b1) = b−1a−1a1b1 = b−1(a−1a1)b · (b−1b1) ∈ N,

�Ò´kaNbN = (ab)N = (a1b1)N = a1Nb1N .

P

π : G→ G/N, a 7→ a = aN,

K π ´+�÷Ó�, � kerπ = N. �·�kXe­�5P:
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5P. XJ N ´ G ��5f+, K�3+Ó� ϕ, ¦� N = kerϕ; ��, XJ N ´+ G

�,�+�+Ó� ϕ�Ø,K N ´ G��5f+. ·�~~|^d�5�5ÏéÚ�½

+ G ��5f+.

~1.77. (1) d�5�ê��, �¤kn��_Ý
Ñ���Ý
´êþÝ
 xIn (x ∈ F ),

dd�� {xIn | x ∈ F×} ´���5+ GLn(F ) �¥%, §éA�û+P� PGLn(F ), ¡

��K���5+.

(2) SL2(Z) 'uÙ¥%{±I2} �û+P�PSL2(Z), =Z þ� 2 ��KAÏ�5+. d

+´��êÆïÄ¥�Í¶�+��, �¡��+ (modular group).

y3·�?Ø+Ø¥�­�½n:

½n1.78 (Ó�Ä�½n). � ϕ : G→ H �+�Ó�, K ϕ p��Ó�

ϕ : G/ kerϕ→ imϕ

ϕ(g) = ϕ(g)

�+Ó�. �ó�, Ó�ϕ �±©)�ϕ = i ◦ ϕ ◦ π, Ù¥π : G → G/ kerϕ �g,÷Ó�,

i : imϕ→ H �g,üÓ�, ϕ �Ó�.

5P. Ó�Ä�½nq¡�1�Ó�½n.

y². (i)·�Äky² ϕ´ûÐ½Â�,=§�½Â� g�À�Ã'.¯¢þ,e g kerϕ =

g′ kerϕ, K g′ = ga, a ∈ kerϕ, ¤± ϕ(g′) = ϕ(ga) = ϕ(g).

(ii) ϕ ´Ó�. XJ g1, g2 ∈ G/ kerϕ, K

ϕ(g1g2) = ϕ(g1g2) = ϕ(g1)ϕ(g2) = ϕ(g1)ϕ(g2).

(iii) ϕ ´üÓ�. XJ ϕ(g1) = ϕ(g2), Kk ϕ(g1) = ϕ(g2), � ϕ(g−1
1 g2) = 1, �Ò

´g−1
1 g2 ∈ kerϕ, = g2 = g1.

(iv) ϕ ´÷Ó�´w,�.

d(i)-(iv), ½n�y.

íØ1.79. �ϕ : G→ H �+Ó�, K

(1) ϕ ´üÓ���=� kerϕ = {1}.
(2) ϕ ´÷Ó���=� imϕ = H.

~1.80. (1) N� R → S1, x 7→ e2πix �Ø´ Z, 
�Ò´ S1, �dÓ�Ä�½n��+Ó

� R/Z ∼= S1.

(2) éu� F , 1�ªN�p�Ó� GLn(F )/SLn(F ) ∼= F×.
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~1.81. (1) +Ó� ϕ : SL2(Z)→ SL2(Z/NZ),(
a b

c d

)
7→

(
a mod N b mod N

c mod N d mod N

)

�÷Ó�, ÙØ�

Γ(N) =
{(

a b
c d

)
∈ SL2(Z)

∣∣∣ a ≡ d ≡ 1 mod N, b ≡ c ≡ 0 mod N
}
, (1.26)

¡�ÌÓ{f+ (principal congruence subgroup). 'uÓ�ϕ÷�±UXeg´y²: �(
x̄ ȳ

z̄ w̄

)
∈ SL2(Z/NZ), x, y, z, w ∈ Z. PA =

(
x y

z w

)
∈ GL2(Z).

ÄkdÝ
�£�3�
X,Y ∈ SL2(Z)¦�XAY = diag(x0, w0).l
kx0w0 ≡ 1(mod N).

y3k (
w0 1

w0 − 1 1

)(
x0 0

0 w0

)(
1 −w0

0 1

)
=

(
x0w0 w0(1− x0w0)

x0(w0 − 1) w0(x0 + 1− x0w0)

)
.

-

B = X−1

(
1 −1

1− w0 w0

)(
1 0

x0(w0 − 1) 1

)(
1 w0

0 1

)
Y −1,

KB ∈ SL2(Z), duϕ´+Ó�, kϕ(B) =

(
x̄ ȳ

z̄ w̄

)
. dÓ�Ä�½n, Γ(N) ´SL2(Z) ��

5f+, �

SL2(Z)/Γ(N) ∼= SL2(Z/NZ).

(2)�N > 2. �Ä+Ó�τ : Γ(N)→ SL2(Z)→ PSL2(Z). Kker τ = Γ(N)∩{±I2} = {I2},
�τ ´üÓ�. dd·��±òÌÓ{f+ Γ(N) À��+PSL2(Z) �f+.

dÓ�Ä�½n, ·��±��+Ø¥éõ­��(J.

½n1.82 (1�Ó�½n). XJ N CG,H 6 G, K

(H ∩N)CH, N CNH 6 G

�

NH/N ∼= H/H ∩N.

y². du N CG, Kéu a1h1, a2h2 ∈ NH, Ù¥a1, a2 ∈ N , h1, h2 ∈ H,

a1h1(a2h2)−1 = a1h1h
−1
2 a−1

2 =
(
a1(h1h

−1
2 )a−1

2 (h1h
−1
2 )−1

)
h1h

−1
2 ∈ NH,
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� NH 6 G, � N CNH.

y3·�½ÂÓ�

ϕ : H → NH/N, h 7→ h = hN = Nh,

g, ϕ �÷Ó�, �

kerϕ = {h ∈ H | ϕ(h) = 1} = {h ∈ H | h ∈ N} = H ∩N.

dÓ�Ä�½n

(H ∩N)CH

�

NH/N ∼= H/H ∩N.

½ny..

5P. þã½n¥, N Ú H �^��±�f�: N Ú H þ� G �f+� H ≤ NG(N) =

{g ∈ G | gNg−1 = N}. ¯¢þ^NG(N)�OG=�.

½n1.83 (1nÓ�½n). XJ N CG,M CG � N 6M , K

G/M ∼=
G/N

M/N
.

y². Äk½ÂÓ�

ϕ : G/N → G/M, gN 7→ gM.

d N 6M � ϕ ´ûÐ½Â�÷Ó�, �

kerϕ = {gN | gM = M} = {gN | g ∈M} = M/N,

dÓ�Ä�½n,

G/M ∼=
G/N

M/N
.

½ny..

½n1.84 (éA½n, ½¡1oÓ�½n). � N ´ G ��5f+. PM � G ¥�¹ N

�¤kf+�8Ü, M0 � G = G/N �¤kf+8Ü, =

M = {M | N 6M 6 G},

M0 = {X | X 6 G = G/N}.

KN� α : M → M0, M 7→ M = M/N ���éA, �déA÷ve�^�: éu¤

kM1, M2 ∈M,
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(1) M1 ≤M2 ��=�M1 ≤M2;

(2) XJM1 ≤M2, K(M2 : M1) = (M2 : M1);

(3) 〈M1,M2〉 = 〈M1,M2〉;
(4) M1 ∩M2 = M1 ∩M2;

(5) M CG ��=�M CG.

y². Äk,XJ N CG,Ké¤k N 6M 6 G, N CM ,� M/N ´ G/N �f+,= α´

½ÂÐ�.

éu X ∈ M0, �Ò´X = {aiN | i ∈ I}, P β(X) = {g ∈ G | gN ∈ X}, K β(N) ⊇ N .

éu?¿g, h ∈ β(X), �du X �+, ÏdkgN, hN, h−1N = (hN)−1 ∈ X. �kgh−1N =

(gN)(h−1N) ∈ X, i.e., gh−1 ∈ β(X), =β(X) �´+, � β ´M0 � M �N�.

�y²α���éA, �Iu�

αβ(X) = X, βα(M) = M

=�, 
ù´�±���y�.

(1)-(5)�y²d α �½Âá�, 3�öS.

S K

SK1.4.1. - G = {(a, b) | a ∈ R×, b ∈ R}, ¦{½Â�

(a, b)(c, d) = (ac, ad+ b).

Áy: K = {(1, b) | b ∈ R} ´ G ��5f+� G/K ∼= R×.

SK1.4.2. y²1�ª���¢Ý
|¤� G = GLn(R) �f8 H �¤���5f+,

¿£ãû+G/H.

SK1.4.3. � G ´+, N ≤M CG.

(1) XJ N CG, K N CM ;

(2) XJ N CM , K N ´Ä�½´ G ��5f+?

SK1.4.4. Áy:

(1) + G�¥% Z(G) ´ G��5f+.

(2) + G��ê� 2�f+�½´ G��5f+.

SK1.4.5. y²�È+ G×G′�f8 G×1´��� GÓ���5f+,� G×G′/G×1 ∼=
G′.

SK1.4.6. e G/Z(G) ´Ì�+, K G ´C��+.
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SK1.4.7. � Gi (1 ≤ i ≤ n) �+, K

(1) Z(G1 ×G2 × · · · ×Gn) = Z(G1)× Z(G2)× · · · × Z(Gn);

(2) G1 ×G2 × · · · ×Gn �C��+��=�z� Gi þ�C��+.

SK1.4.8. � G �+.

(1) éu x ∈ G, y²N� σx : g 7→ xgx−1 ´ G �gÓ�. σx ¡�SgÓ� (inner

automorphism).

(2) - I(G) L«¤k σx : x ∈ G |¤�8Ü. ÁyI(G) ´Aut(G) �f+. I(G) ¡�

SgÓ�+.

(3) y²I(G) ∼= G/Z(G).

SK1.4.9. Á¦+ GLn(R), O2(R), SO3(R), SU2(C) �¥%.

SK1.4.10. � f : G→ H ´+Ó�, M 6 G. Áy f−1(f(M)) = KM , ùp K = ker f .

SK1.4.11. � M,N � G ��5f+.

(1) e M ∩N = {1}, Ké?¿ a ∈M , b ∈ N , ab = ba.

(2) �?�Ú, XJMN = G, KG ∼= M ×N .

SK1.4.12. � N CG, g ´+ G �?¿����. XJ g ��Ú |G/N | p�, K g ∈ N .

SK1.4.13. y²�C��+�gÓ�+Ø´Ì�+.

SK1.4.14. � n �Ûê�, y² On(R) ∼= SOn(R)× Z/2Z.


