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êÆïÄé�¥, ~~I�ïÄ8Ü�5�, �8Ü��¿Ø´�á�, l�ê�*

:
ó, +38Üþ��^´ïÄ8Ü��Ì���ê�{.

·�Äk�Ñ½Â.

½Â2.1. � X ´8Ü, G �+. G 3 X þ��^ (action of G on the set X)´�N�

G×X → X, (g, x) 7→ g · x,

�÷v^�

(1) é?¿� x ∈ X, 1 · x = x.

(2) ((ÜÆ) é?¿ x ∈ X, g, h ∈ G,

g(hx) = (gh)x.

d�, ·�½¡ X � G-8 (G-set).

§2.1 é¡+

·�Äk±é¡+ (��+) Sn ��~f5�Ä�e+38Üþ��^. - Xn =

{1, . . . , n}, K Sn = SXn g,�^3 Xn þ.

§2.1.1 ��9ÙL«

é�� σ ∈ Sn, ·���¡�±^ü1ª5L« σ, =

σ =

(
1 2 · · · n

σ(1) σ(2) · · · σ(n)

)
. (2.1)

,��¡, ·��±^,	�«�ª5L« σ:

½Â2.2. � k 6 n, {a1, . . . , ak} ⊆ Xn, e��σ÷vµ

• σ(a1) = a2, σ(a2) = a3, . . . , σ(ak) = a1;

• éu i ∈ Xn \ {a1, . . . , ak}, σ(i) = i.

K�� σ ¡��� k Ó� (k-cycle)"d�P σ = (a1a2 · · · ak).
AO/, 2 Ó��¡�é� (transposition).

5P. (1) ?Û��1 Ó�Ñ´ð���, =Sn ¥�ü � 1.

(2) k Ó� (a1a2 · · · ak) = (a2 · · · aka1) = · · · = (aka1a2 · · · ak−1).

(3) éuk Ó� σ = (a1a2 · · · ak), ea ∈ Xn ÷vσ(a) 6= a, K

σ = (a σ(a) σ2(a) · · ·σk−1(a)).
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½Â2.3. XJ {a1, . . . , ak} ∩ {b1, . . . , bj} = ∅, ¡Ó� (a1a2 · · · ak) � (b1b2 · · · bj) Ø��
(disjoint).

½n2.4. (1) ü�Ø��Ó�7��, = στ = τσ éØ��Ó� σ, τ ð¤á.

(2)?¿�� σ ∈ Sn þ���üüØ��Ó��¦È,�3ØOk�gS¿�Ø1Ó

���¹e�ª��.

y². (1) � σ = (i1 i2 · · · ik), τ = (j1 j2 · · · jl), K

στ(i1) = σ(i1) = i2 = τσ(i1)

· · ·

στ(ik) = σ(ik) = i1 = τσ(ik)

στ(j1) = σ(j2) = j2 = τσ(j1)

· · ·

στ(jl) = σ(j1) = j1 = τσ(jl)

στ(α) = α = τσ(α),∀α /∈ {i1, . . . , ik, j1, . . . , jl}

�στ = τσ.

(2) éu�½�σ ∈ Sn, ·�3Xn = {1, 2, . . . , n} þ½Â'X ∼ Xe:

a ∼ b ⇔ �3k ∈ Z, ¦�σk(a) = b.

N´�y, ∼ ´���d'X, l
p�Ñ©
:

{1, 2, . . . , n} =
⊔

1≤j≤s
Tj .

�kj = |Tj | �8Ü��. éu?¿a ∈ Tj , d�d½Â·�kσi(a) ∈ Tj , l
�3�

êi < j¦�σi(a) = σj(a), �Ò´σj−i(a) = a. -k�¦σk(a) = a�����ê. P

T ′j = {a, σ(a), σ2(a), . . . , σk−1(a)} ⊆ Tj .

,��¡, eb ∈ Tj , Kb = σl(a), dσk(a) = a = σ−k(a)á=kb ∈ T ′j . �

Tj = T ′j = {a, σ(a), σ2(a), . . . , σk−1(a)}, kj = k,

�Ò´, é?¿a ∈ Tj , kj ´¦�σk(a) = a�����ê. éuz�j, ·�½Âkj Ó

�σj = (a σ(a) σ2(a) · · · σkj−1(a)),Pτ = σ1σ2 · · ·σs.5¿�½Âm>�ù
Ó�üüØ�
�, l
���. é?¿b ∈ Xn = {1, 2, . . . , n} =

⊔
1≤j≤s Tj , Ø��b ∈ Tj . Ké?¿i 6= j,

σi(b) = b, l
τ(b) = σj(b) = σ(b). �k

σ = σ1σ2 · · ·σs. (2.2)
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�35�y.

�1 6= σ = τ1τ2 · · · τt, Ù¥τj´lj-Ó�(lj > 1) �üüØ�. éua, eτj(a) 6= a, dØ

��5�µéuj′ 6= j, τj′(a) = a, �τj = (a σ(a) · · · σlj−1(a)). XJa ∈ Tl, Kdþã?

Øτj = σl. ��5�y.

~2.5. éu σ =

(
1 2 3 4 5 6

6 4 2 3 5 1

)
, K σ = (1 6)(2 4 3)(5) = (1 6)(2 4 3) = (2 4 3)(1 6).

~2.6. éu��n, é¡+ Sn �±Xe�[�Ñ.

(1) éu n = 2, S2 = {1, (12)}.
(2) éu n = 3, S3 = {1, (12), (13), (23), (123), (132)}.
(3) éu n = 4, K

S4 = {1, (12), (13), (14), (23), (24), (34),

(123), (132), (124), (142), (134), (143), (234), (243),

(1234), (1243), (1324), (1342), (1423), (1432),

(12)(34), (13)(24), (14)(23)}.

du k Ó� (i1 · · · ik)¥=����3Ä Ø´���,òi1, · · · ik ùk �:�^��

gSþ!��3�¨þ,Kk Ó��±w�´ò�¨^��=Ä�Ý 2π/k,Ù_�Ò´_

�¨=Ä�Ó�Ý. =k

Ún2.7. X σ = (i1 · · · ik) � k Ó�, K σ ��� k, � σ−1 = (ik ik−1 · · · i1).

½Â2.8. � σ ∈ Sn. ��� σ ��Ø�Ó�¦È�, ek Ó���ê� λk (�k = 1,

�λ1�{1, · · · , n}¥�σ�½����ê), K¡ σ �. (type) � 1λ12λ2 · · ·nλn .

d.�½Â, �ê λ1, . . . , λn ≥ 0, ÷v�§

n∑
i=1

iλi = n. (2.3)

¤±Sn ¥���.��ê=�÷v (2.3) ��K�ê| λ1, . . . , λn ��ê. 3|ÜêÆ

¥, ù��ê|¡���ê n ���©
 (partition). n �©
�ê~^p(n) L«, ¼

ên 7→ p(n) ¡�©
¼ê.

~2.9. dp(2) = 2, p(3) = 3, p(4) = 5 �é¡+ S2, S3 ÚS4 ¥���.©Ok2, 3 Ú5 «,

ù�~ 2.6 ��.

·K2.10. �� σ� σ′�.�Ó��=� σ� σ′3 Sn¥�Ý,=�3 τ ∈ Sn, σ′ = τστ−1.

�é¡+Sn ¥�Ýa��ê�un�©
�êp(n).
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y². � σ = (i1 · · · ik)(j1 · · · jl) · · · , ��O�kτστ−1
(
τ(is)

)
= τ(is+1), l


τστ−1 = (τ(i1) · · · τ(ik))(τ(j1) · · · τ(jl)) · · · ,

§�.� σ ��.

�L5, X σ = (i1 · · · ik)(j1 · · · jl) · · · , σ′ = (i′1 · · · i′k)(j′1 · · · j′l) · · · . -

τ =

(
i1 · · · ik j1 · · · jl · · ·
i′1 · · · i′k j′1 · · · j′l · · ·

)

K

τ−1 =

(
i′1 · · · i′k j′1 · · · j′l · · ·
i1 · · · ik j1 · · · jl · · ·

)

�k τστ−1 = σ′, = σ � σ′ �Ý.

§2.1.2 Û���ó��

·K2.11. (1) ?Ûk Ó�þ���k − 1 �é��¦È.

(2) Sn dé�)¤. ���/, Sn �dé� (12), (13), . . . , (1n) )¤.

y². (1) ù´du(i1 · · · ik) = (i1ik)(i1ik−1)(i1i2).

(2) duz���Ñ´Ó��¦È, �d(1), Sn dé�)¤. duéz�é�

(ij) = (1i)(1j)(1i) = (1j)(1i)(1j),

�Sn �dé� (12), (13), . . . , (1n) )¤.

� f = f(x1, . . . , xn) ´ Zn � Z � n Cþ¼ê, éu σ ∈ Sn ½Â

σ(f)(x1, . . . , xn) = f(xσ(1), . . . , xσ(n)). (2.4)

� σ(f) �´ Zn � Z þ� n Cþ¼ê.

~2.12. � n = 3, σ = (123), f(x1, x2, x3) = x2
3 − x1, K

σ(f)(x1, x2, x3) = x2
1 − x2.

Ún2.13. ·�k

(1) X σ = 1, K σ(f) = f .

(2) X σ, τ ∈ Sn, K στ(f) = σ(τ(f)).

(3) X f, g � n Cþ¼ê, c ��~ê, K

σ(f + g) = σ(f) + σ(g), σ(cf) = cσ(f), σ(fg) = σ(f)σ(g).
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y². (1), (3) 3�Öö.

(2) ��¡,

στ(f)(x1, . . . , xn) = f(xστ(1), . . . , xστ(n)).

,��¡, dτ(f)(x) = f(xτ(1), . . . , xτ(n)) �

σ(τ(f))(x) = f(xσ(τ(1)), . . . , xσ(τ(n))) = f(xστ(1), . . . , xστ(n)).

� στ(f) = σ(τ(f)).

½n2.14. �3���+Ó� ε : Sn → {±1}, ¦�é¤ké� τ k

ε(τ) = −1.

y². - ∆(x1, . . . , xn) =
∏

1≤i<j≤n
(xi − xj). d���½Â, éσ ∈ Sn, ´�kσ(∆) = ±∆, �

Ò´σ(∆)/∆ ∈ {±1}. -ε(σ) , σ(∆)/∆. é?¿σ, τ ∈ Sn,

ε(στ) =
(στ)(∆)

∆
=
σ(τ(∆))

∆
=
σ(ε(τ)∆)

∆
=
ε(τ)σ(∆)

∆
= ε(σ)ε(τ).

� ε �+Ó�.

éuσ = (1k), ²O�=�

σ∆ = −∆,

�Ò´ε(1k) = −1. l
é�(ij) = (1i)(1j)(1i) kε(ij) = (−1)3 = −1.

��5w,, Ï�¤k��þdé�)¤.

d½n�, �����¤é�¦È�, é��ê�Ûó5ØC. ·�kXe½Â.

½Â2.15. XJ�� σ �óê�é��¦È,¡ σ �ó�� (even permutation). XJ σ �

Ûê�é��¦È, ¡ σ �Û�� (odd permutation).

e¡·K�Ñ��Ûó5���{ü�½:

·K2.16. XJ�� σ ∈ Sn�.�1λ12λ2 · · ·nλn , Kσ �Ûó5�
n∑
i=1

λi(i − 1) �Ûó5�

�.

y². duz�k Ó�þ´k − 1 �é��¦È, l
σ�±�¤
n∑
k=1

λk(k − 1)�Ó��¦

È.
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§2.1.3 ��+

½Â2.17. Sn ¥¤kó���¤�f+, = ker ε, ¡� n ���+ (alternating group), P

� An.

d���Ûó5?Ø=�, An ´ Sn ��5f+, �Xn ≥ 2, An ���
n!

2
. ¯¢

þ, n ≥ 2�w,k(12) /∈ An. é?¿σ /∈ An�Ò´σ´��Û��, Ñk(12)σ ∈ An, �Ò

´σ ∈ (12)An, l
kSn = An t (12)An.

½Â2.18. vk�²��5f+��²�+¡�ü+ (simple group). �Ò´`,XJ+G 6=
{1}, ¿�Ø�f+{1}ÚG	vkO��5f+, KG ¡�ü+.

~2.19. �{ü�ü+´�ê�+. ¯¢þ, �ê�+´=k�C��ü+. X G 6= {1}
´C��+, 1 6= g ∈ G. � g ��� n 
 p ´ n ��Ïf, K 〈gn/p〉 ´ G � p ��5

f+(C��+�¤kf+Ñ´�5f+). �¦ G �ü+, K7kg ∈ 〈gn/p〉 = G, �Ò

´n = p, ¿�G = 〈gn/p〉 = 〈g〉�p�Ì�+.

�!�{SNò�åuy²eãÍ¶½n:

½n2.20. An(n > 5) ´ü+.

5P. A2 = {1}, A3 ���3, w,´ü+. � A4 Ø´ü+, ¯¢þKleino�+

K4 = {1, (12)(34), (13)(24), (14)(23)}C S4,

g,�´ A4 ��5f+.

Galois|^½n 2.20y²
Êg±þõ�ªvk¦�úª,ù´+Ø�)�I�.·

�ò318Ù�ã Galois �Í¶(J.

Ún2.21. An d 3 Ó�)¤.

y². duAn¥���Ñ´ó��,¿�ó��Ñ�±�¤óê�é��¦È,l
·�

�I�y²?Ûü�é��¦È�±d3Ó�)¤=�.

¯¢þ, ·�k

(ij)(rs) =


1 X (ij) = (rs),

(jsi) X j = r, i 6= s,

(ris)(ijr) X {i, j} ∩ {r, s} = ∅.

�Ún�y.

Ún2.22. XJ n > 5, Kéu 3 Ó� (ijk) Ú (i′j′k′), �3 γ ∈ An, ¦�

γ(ijk)γ−1 = (i′j′k′).
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y². d·K 2.10, �3 γ ∈ Sn, ¦�

γ(ijk)γ−1 = (i′j′k′).

XJ γ ´ó��, Úng,¤á; XJ γ ´Û��, dun ≥ 5, ·�� r, s 6= i′, j′, k′, K

(rs)γ ∈ An, � (rs)γ(ijk)γ−1(rs)−1 = (rs)(i′j′k′)(rs) = (i′j′k′).

½n 2.20 �y². � {1} 6= N C An. ·��y² N = An. d�5f+½Â�, X x ∈ N ,

g ∈ An, K gxg−1 ∈ N , �dÚn 2.21 ÚÚn 2.22. ·��Iy² N ¥�¹�� 3 Ó�.

� 1 6= σ ∈ N ,� σ �± Xn ¥¦�Uõ���ØÄ.·�y² σ �õCÄn���,

�σ�±w�S3¥�ó��, =� 3 Ó�.

5¿� σ ��CÄn���, ·��Iy²XJ σ CÄ�L
n���, K�3

σ′ ∈ N CÄ���ê' σ �. P σ �Ø��Ó��È,���Ó�3�>. ·�òÀ�T

�� τ ∈ An, '� N ¥#�� τστ−1σ−1 � σ. (duN CAn, kτστ−1 ∈ N , qkσ−1 ∈ N ,

�τστ−1σ−1 ∈ N¤á.)

(i) XJσTÐCÄ4���, q´ó��, �σ = (a1a2)(a3a4). - τ = (a3a4a5), K

τστ−1σ−1 = (a3a5a4) ∈ N.

(ii) XJσ ��CÄ 5 ���, ·��Äσ ¥��Ó�(��>�Ó�)��Ý.

• e��Ó��Ý��´5, σ = (a1a2a3a4a5 · · · )σ1. - τ = (a2a3a4), K

τστ−1σ−1 = (a2a3a5) ∈ N.

• e��Ó��Ý�4, σ = (a1a2a3a4)σ1. - τ = (a2a3a4), K

τστ−1σ−1 = (a1a2a3) ∈ N.

• e��Ó��Ý�3, Kσ = (a1a2a3)(a4a5a6)σ1½(a1a2a3)(a4a5)(a6a7)σ1§��CÄ6�

��. -τ = (a2a3a4), Kok

τστ−1σ−1 = (a1a4a2a3a5) ∈ N,

��õCÄ 5 ���.

• e��Ó��Ý�2, Kσ = (a1a2)(a3a4)(a5a6)σ1. -τ = (a2a3a4), Kk

τστ−1σ−1 = (a1a4)(a2a3) ∈ N,

�CÄ 4 ���.

nþ¤ã, ½n�y.
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ü+ÒX�ê¥��ê, ´+�ïÓÄ¬. éuü+, AO´k�ü+�ïÄ, 3þ

�­VÊ�c��l�c�´êÆïÄ���9:. Cz¶+ØÆ[uL
500õ�Ïr

©Ùþ��Ø©,�ª3�­VÐ¤õò¤kk�ü+?1
©a,ùÒ´Í¶�k�ü

+©a½n (Classification Theorem of the finite simple groups). §(¡¤k�k�ü+�

koa:

(1) �ê�Ì�+;

(2) ��+An (n ≥ 5);

(3) o.ü+(simple groups of Lie type);

(4) 26 �Ñ3ü+(sporadic simple groups).

k�ü+©a½n�y²´+ØïÄ���p¸, ù�½n�2�A^�êÆïÄ��

��¡.

S K

SK2.1.1. r�� σ = (456)(567)(761) �¤Ø��Ó��È.

SK2.1.2. ��y²�� (123)(45) � (241)(35) �Ý.

SK2.1.3. ?Ø��

σ =

(
1 2 · · · n

n n− 1 · · · 1

)

�Ûó5.

SK2.1.4. �������u§�Ó�L«¥��Ó���Ý���ú�ê.

SK2.1.5. y² Sn ¥.� 1λ12λ2 · · ·nλn ����k n!/
n∏
i=1

λi!i
λi �. ddy²

∑
λi>0

λ1+2λ2+···+nλn=n

1
n∏
i=1

λi!iλi
= 1.

SK2.1.6. Á(½ Sn(n > 2) ��Ü�5f+.

SK2.1.7. �� σ ���ê n(σ) ½Â�8Ü{(i, j) | σ(i) > σ(j) � i < j} ��.

(1) y² n(σ) =
n∑
i=1

∣∣∣{j | σ(j) > i � j < σ−1(i)}
∣∣∣.

(2) y²�� σ �±�� n(σ) �é��¦È. ����Ûó5Ú§���ê�Ûó

5�Ó.



§2.2 +38Üþ��^ 47

SK2.1.8. (1) Áy A5 ¥���.� 15, 22 · 11, 31 · 12 Ú 51.

(2) y² A5 ¥.� 22 · 11 ����Ý, .� 3 · 12 �����Ý.

(3) Á¦ A5 ¥.� 51 �����Ýa.

(4) ddy² A5 ´ü+.

SK2.1.9. Áy: � n ≥ 3�, Z(Sn) = 1.

SK2.1.10. Áy A4 vk 6 �f+.

SK2.1.11. ÁO�:

(1) S6 ¥ 2 ����ê.

(2) A8 ¥�������ê.

SK2.1.12. O� Sn ¥¦?¿�IÑCÄ�����ê.

SK2.1.13. y²�n ≥ 2 �, An ´ Sn ����ê� 2 �f+.

SK2.1.14. � n > 2 �, (12) Ú (123 · · ·n) ´ Sn ��|)¤�.

§2.2 +38Üþ��^

§2.2.1 ;��­½f+

·�2£��e+38Üþ��^�½Â.

½Â2.23. � X ´8Ü, G �+. G 3 X þ��^´�N�

G×X → X, (g, x) 7→ g · x,

�÷v^�

(1) é?¿� x ∈ X, 1 · x = x.

(2) ((ÜÆ) é?¿ x ∈ X, g, h ∈ G,

g(hx) = (gh)x.

d�, ·�½¡ X � G-8.

½Â2.24. XJ X � G-8, x ∈ X. K

Ox = Gx = {gx | g ∈ G} ⊆ X (2.5)

¡� x ¤3�;� (orbit). XJ�3 x ∈ X ¦� Ox = X, ¡ G 3 X þ��^�[

(transitive).
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5P. duG´+, Ù¥?Û��Ñk_, ¿�+�^÷v(Ü5±91 · x = x�� X þ

ØÓ�;�Ø��, � X ´ G �^e¤k;��Ø�¿. dd·��±½Â X þ��

d'X

x ∼ y XJ�3 g ∈ G, y = gx, = y ∈ Ox.

- {Ox | x ∈ I} � X þ¤k;��¤�8Ü, K

X =
⊔
x∈I

Ox. (2.6)

½Â2.25. � X � G-8, x ∈ X. ½Â

Gx = {g ∈ G | gx = x}, (2.7)

= G ¥¤k3 x þ�^²�����8Ü, N´�y Gx ´ G �f+. Gx ¡� x �­

½f+ (stabilizer).

~2.26. � H �þ�²¡ {z ∈ C | im z > 0}. K+ G = SL2(R) �^3 H þ: éu

γ =
(
a b
c d

)
∈ G, -

γz =
az + b

cz + d
. (2.8)

d�^¡�©ª�5C� ½Möbius C�.

dO�´� i �­½f+´ SO2(R). éuz = x+ yi ∈ H, -

γ =
1
√
y

(
1 −x
0 y

)
,

Kγz = i. � G 3 H þ��^´�[�.

~2.27. � M ´²¡þfN$Ä�¤�+. ·�d)ÛAÛ� M ´d²£!̂ =���

)¤. XJ3²¡þïá�IX, K M ¥�����±XdLÑ(
x

y

)
7−→

(
cos θ − sin θ

± sin θ ± cos θ

)(
x

y

)
+

(
x0

y0

)
.

AO/, ^=�

ρθ :

(
x

y

)
7−→

(
cos θ − sin θ

sin θ cos θ

)(
x

y

)
; (2.9)

²£�

τP :

(
x

y

)
7−→

(
x

y

)
+

(
x0

y0

)
, Ù¥ P = (x0, y0); (2.10)

���

r :

(
x

y

)
7−→

(
x

−y

)
. (2.11)



§2.2 +38Üþ��^ 49

K M �^3²¡þ�:8þ, ²¡þ���8þ, Ú²¡þ�n�/8þ.

XJ X ´²¡þ�:8, K M 3 X þ��^´�[�, ��: O �­½f+´

MO = O2(R), =��+.

~2.28. � H 6 G, � G/H = {aH | a ∈ G} ´ G 'u H ���8�8Ü, K

G×G/H → G/H, (g, aH) 7→ gaH

´ G3 G/Hþ��¦�^,·�¡� G'uH��p�L« (left induced representation).

N´wÑ G 3 G/H þ��^´�[�, �éu�8 H ∈ G/H, ­½f+

GH = {g ∈ G | g ·H = 1 ·H} = {g ∈ G | g ∈ H} = H ≤ G.

±9é?¿a ∈ G, k

GaH = {g ∈ G | g · aH = 1 · aH} = {g ∈ G | a−1ga ∈ H} = aHa−1 ≤ G.

~2.29. � G = R, X � R þëY¼ê�8Ü. éu f ∈ X, a ∈ R, ½Â

(a ◦ f)(x) = f(x+ a).

K\{+ R �^3ëY¼ê8Üþ. 5¿�:

(1) f �­½f+ Gf = R ��=� f ´~�¼ê.

(2) f �­½f+ Gf = tZ (t > 0) ��=� f �äk���±Ï t �ëY±Ï¼ê.

·K2.30. � X ´ G-8, x ∈ X, Ox ´ x ¤3�;�, ­½f+ Gx � G �f+, P

�H = Gx. K�3g,�V�

ϕ : G/H → Ox, aH 7→ ax.

dN�� G ��^�U(compatible), =éu g ∈ G, ϕ(gaH) = gϕ(aH).

y². Äk, XJ aH = bH, K b = ah, bx = ahx = ax, �Ò´

ϕ(aH) = ax = bx = ϕ(bH),

� ϕ�½Â� a�À�Ã'(well-defined). ,d½Â, ϕ� G�U.Ùg,XJ ax = bx,K

x = a−1ax = a−1bx, ¤± a−1b ∈ Gx = H, = aH = bH, � ϕ ´ü�. qdu ϕ w,´÷

�, � ϕ ´V�.

íØ2.31 (Oêúª). � X � G-8.

(1) XJ x ∈ X, K |Ox| = (G : Gx).

(2) XJX �k�8, K

|X| =
∑
x∈I
|Ox| =

∑
x∈I

(G : Gx). (2.12)
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y². d·K 2.30, |Ox| = |G/Gx| = (G : Gx), �(1)¤á. (2) d(1) 9(2.6) =�.

·K2.32. � X � G-8, x ∈ X,x′ = ax ∈ Ox, K

(1) {g ∈ G | gx = x′} = aGx.

(2) Gx′ = aGxa
−1 = {g ∈ G | g = aha−1, h ∈ Gx}.

y². (1) 5¿� gx = x′ = ax ��=� a−1gx = x, = a−1g ∈ Gx, �ó� g ∈ aGx.

(2) gx′ = x′ = gax = ax, ½= a−1gax = x, ½= a−1ga ∈ Gx, �ó�g ∈ aGxa−1.

~2.33. 3~ 2.27 ¥, éu²¡þ�?¿�: P , ­½f+

MP = τP O2(R) τ−1
P = τP O2(R) τ−P .

~2.34. ·�2g`²�¡N+ Dn ��� 2n. ¯¢þ, Dn 3� n >/� n �º:þ�

�^�[,��½,�º:���TÐ�ü�:ü �Ú÷Ldº:Úé¡¥%����

��. PX�� n >/� n �º:, G = Dn, Kk

|X| = |Ox| = (G : Gx),

Ù¥|Gx| = 2, |X| = n, Ïd|Dn| = |G| = 2n.

§2.2.2 G 38Ü X þ��^� G �+ SX �+Ó��'X

� X ´ G-8, éu g ∈ G,

ρg : X −→ X, x 7−→ gx

´ X �V�, ¯¢þ ρg−1 ´ ρg �_. � ρ ∈ SX (X �é¡+). dd, ·�kN�

ρ : G −→ SX , g 7−→ ρg, (2.13)

¿�d (gh)(x) = g(h(x)), ·�k ρgh(x) = ρg ◦ ρh(x), �Ò´ρgh = ρgρh(x), � ρ �+Ó�.

·�¡ ρ �+�^p��Ó� ½ö` ρ � G���L«.

�L5, �½+Ó� ρ : G → SX , Ké g ∈ G, x ∈ X, - gx = ρ(g)x, K·�½Â
+

G 3 X þ��^.

·�5?Ø�e ρ �Ø. XJ ρg = 1, Kéu¤k� x ∈ X, gx = x, = g ∈ Gx, ¤±

ker ρ =
⋂
x∈X

Gx. (2.14)

dÓ�Ä�½n, ·���üÓ�

ρ̄ : G
/ ⋂
x∈X

Gx −→ SX . (2.15)
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~2.35. � H ´ G �f+, G/H � H ���88Ü, K G 3 H þ��p�L«�p�

N��

ρ : G −→ SG/H ,

ÙØ� ker ρ =
⋂
g∈G

GgH =
⋂
g∈G

g(GH)g−1 =
⋂
g∈G

gHg−1.

·K2.36. GL2(F2) ∼= S3.

y². -�þ�m V = F2
2 = {ae1 + be2, | a, b ∈ F2} = {0, e1, e2, e1 + e2}, K���_�


A ∈ GL2(F2) ÏLv 7→ Av �^3 V þ, ���^3 X = V \ {0} þ, dd·�kÓ�

ρ : GL2(F2) −→ SX ∼= S3.

XJ ρA = 1, K Ae1 = e1, Ae2 = e2, � A = I2, ¤± ρ ´üÓ�. du |GL2(F2)| =

(22 − 20)(22 − 21) = 6, ¿�|S3| = 3! = 6, � ρ ´Ó�.

S K

SK2.2.1. �+ G 38Ü Σ þ��^´D4�, N ´ G ��5f+, K Σ 3 N �^e

�z�;�kÓ�õ���.

SK2.2.2. �X ´R þ¤k¼ê�8Ü. �y

a ◦ f(x) = f(ax) (a ∈ R×)

�Ñ¦{+R× 3X þ��^, ¿(½¤k­½f+�R×+ �¼êf .

SK2.2.3. 8Ü A ⊆ Rn �é¡+´�ò A N�g��¤kfNC����+.

(1) ¦��/, Ø��/	���/, Ø��/	�!/, ��é¡+.

(2) ¦�o¡N, �á�N, �l¡N, ���¡N, ���¡N�é¡+�kõ��

�? ùÊ�é¡+�¥´ÄkÓ��?

SK2.2.4. �+ G �^38ÜΣ þ. - t L« Σ 3 G �^e�;��ê. é?¿ g ∈ G,

-f(g) L« Σ 3 g �^e�ØÄ:�ê. Áy∑
g∈G

f(g) = t|G|.

ùÒ´`, G �z���3 Σ þ��^²þ¦� t ���ØÄ.

SK2.2.5. ~ 2.26p�
 SL2(Z)3 Hþ��^. =
:�­½f+�²�?�kA�ù

��;�?
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SK2.2.6. �+ H �^3+ N þ, �z��� g ∈ H p�
 N þ�+Ó�, =k+Ó

� ϕ(g) : H → Aut(N). -8Ü G = N ×H, ½Â$�

(x1, y1)(x2, y2) = (x1 · ϕ(y1)(x2), y1y2).

(1) y² G 3d$�e¤�+, ¡� N Ú H ���È (semidirect product), P�

G = N oH.

(2) N Ó�u G ����5f+, H Ó�u G ���f+. dd`²þã½Â�d

u

N CG, H 6 G, G = NH, N ∩H = {1},

d� H 3 N þ��^�SgÓ�.

(3) y² G/N ∼= H.

(4) y² Sn = An o 〈(12)〉, Ù¥ n > 3.

SK2.2.7. �o¡N� 4 �º:^ 4 «ôÚ/Ú, ¦ý�ØÓ�/Ú��Y�ê.

§2.3 +3g�þ��^

§2.3.1 �¦�^

� G �+, K+�¦{g,p� G 3g�þ��^

G×G→ G, (g, x) 7→ gx, (2.16)

d�^¡��¦�^ (action by left multiplication). ddp�Ó� ρ : G → SG. duéu

x ∈ G, gx = x ��=� g = 1, � Gx = {1}, ρ �üÓ�. dd, ·�k

½n2.37 (Caylay). z�k�+þ´é¡+�f+. XJ G ��� n, K G ´ Sn �f+.

5P. du n! �X n �O�
×�O�, ù�½n3¢S¥��^¿Ø�.

·K2.38. � G ��� 2n, Ù¥ n �Ûê, K G k�ê� 2 �f+, �n ≥ 3� G Ø´ü

+.

y². �Ä G ��¦L« ρ : G ↪→ S2n, du´+��¦�^, l
éu?¿1 6= g ∈ G, é

A���ρg ∈ S2n ÑCÄ
¤k2n���(ρg(x) 6= x), �Ò´ρg¥Ø�31Ó�. y3·�

�±ò G À� S2n �f+, =ò ρg � g À�Ó���. - H = G ∩A2n, K

G/(G ∩A2n) ∼= (G ·A2n)/A2n,

l
k

(G : H) =
(

(G ·A2n) : A2n

)
6 (S2n : A2n) = 2.
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·��y² (G : H) = 2, = G ¥�3Û��.

¯¢þ,duóê�+ G¥÷v x2 = 1����óê(Ø÷v�ª���y�y−1¤é

Ñy), � G ¥�3 2 �� g. l
ρg�S2n¥�2��, dþã?Ø��ρgCÄ
¤k2n�

��, 
��ê�2�U�n�Ø��é��¦È, 
n�Ûê, �ρg ∈ ρ(G)�Û��.

� H 6 G, (G : H) = 2. éu?¿ g /∈ H, K G = H
⊔
Hg = H

⊔
gH, ¤± Hg = gH;


éug ∈ H, okHg = H = gH, ¤±H � G ��5f+. � n ≥ 3� G Ø´ü+.

~2.39. dþã·Ká=��: 150 = 2 · 75�+Ø´ü+.

§2.3.2 �Ý�^

+ég���^¥, �k¿Â��^´�Ý�^ (action by conjugation), =N�

G×G→ G, (g, x) 7→ gxg−1. (2.17)

N´�yþã�^�(´+��^. éu x ∈ G, ·�P

• Z(x) = Gx = {g ∈ G | gxg−1 = x} = {g ∈ G | gx = xg},

• Cx = Ox = {x′ ∈ G | x′ = gxg−1}.

f+ Z(x)´ G¥¤k�x�������8Ü,¡� x�¥%zf (centralizer),8ÜCx

= x ¤3��Ýa (conjugate class).

d�� x �¥%zf�½Â, �±½Â G �?¿f8 T �¥%zf

ZG(T ) =
⋂
x∈T

Z(x) = {g ∈ G | gx = xg, é?¿ x ∈ T ¤á}.

AO/, éu+ G �¥% Z(G) k

Z(G) = ZG(G) =
⋂
x∈G

Z(x) = {g ∈ G | gx = xg, é?¿ x ∈ G ¤á}. (2.18)

2dª (2.14), §Ò´�Ý�^¤p��Ó� π : G→ SG �Ø kerπ.

díØ 2.31 �Oêúª, ·�k

·K2.40. � G �k�+, K

(1) |G| = |Ox| · |Gx| = |Cx| · |Z(x)|.
(2) a�§ (class equation) ¤á:

|G| =
∑

G ¥�Ýa

|Cx| = |Z(G)|+
∑
|Cx|6=1

|Cx|. (2.19)

y². �I�y²a�§�1���ª. ù´du��

x ∈ Z(G)⇐⇒ gxg−1 = x, ∀ g ∈ G⇐⇒ {x} = Cx,

½½ Z(x) = G.
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·�e¡�Ña�§��
A^.

½Â2.41. XJk�+ G ��´�ê p ���(|G| = pr, r ≥ 1), K¡ G � p + (p-group).

·K2.42. p +�¥%�²�, =|Z(G)| > 1.

y². da�§

pr = |G| = |Z(G)|+
∑
|Cx|6=1

|Cx|.

q|Cx| · |Z(x)| = |G| = pr, l
Cx = pkx . e|Cx| > 1, Kkp
∣∣|Cx|, �p¦Ø

∑
|Cx|6=1

|Cx|. da�

§á=k p �Ø |Z(G)| ≥ 1, ¤± Z(G) �²�.

Ón, dúª (2.12), �±y² (3�öS):

·K2.43. � G � p +, X ´k� G-8, � p - |X|, K�3 x ∈ X, é¤k g ∈ G, gx = x,

= X ¥�3 G �^e�ØÄ:.

y². ���ÄíØ 2.31 Oêúª(2.12).

·K2.44. p2 �+ G 7�C��+.

y². - Z � G �¥%. (�y{)� Z 6= G, d·K 2.42, Z �²�, � |Z| = p. - x ∈ G
� x /∈ Z, K Z ⊆ Z(x) � x ∈ Z(x), �f+Z(x)�� |Z(x)| > p. ¤± Z(x) = G, ·���

x ∈ Z, gñ. u´b�Ø¤á, ¤± Z = G, = G �C��+.

·K2.45. p2 �+½�Ì�+, ½�ü� p �Ì�+�¦È.

y². XJ G¥�¹ p2 ��,K G�T��)¤�p2�Ì�+. ÄK G¥¤k�ü �

��þ� p. - 1 6= x ∈ G, � y ∈ G\〈x〉. K 〈x〉 ∩ 〈y〉 = {1}. �ÄN�

ϕ : Z/pZ× Z/pZ→ G, (m,n) 7→ xmyn.

duG´C��+,·�N´�y ϕ�Ó�. XJϕ(m,n) = 1,K xm = y−n ∈ 〈x〉∩〈y〉 = {1},
� m = n = 0, ¤± ϕ �üÓ�. du |Z/pZ× Z/pZ| = p2 = |G|, ¤± ϕ �Ó�.

§2.3.3 G 3f+ H þ��Ý�^

� H � G �f+. - XH = {gHg−1 | g ∈ G}, = XH �¤k� H �Ý�+�8Ü.

5¿�

XH = {H} ��=� H CG. (2.20)

G 3 XH þ��Ý�^�

G×XH −→ XH

(g, aHa−1) 7−→ gaHa−1g−1 = (ga)H(ga)−1.

·�N´�y, G 3 XH þ��^�[.
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½Â2.46. H 'u G ��5zf (normalizer)�

NG(H) = {g ∈ G | gHg−1 = H}, (2.21)

=� H 3�Ý�^e�­½f+. AO/, H CNG(H).

dOêúª (2.12), ·�k

|G| = |NG(H)| · |XH |,

�dúª (2.20)k

NG(H) = G ��=� H CG. (2.22)

- πH : G→ SXH � G 3 XH þ��Ý�^p��Ó�, K

kerπH =
⋂
a∈G

GaHa−1 =
⋂
a∈G

a(GH)a−1 =
⋂
a∈G

aNG(H)a−1. (2.23)

~2.47. XJ (G : N) = p, � p � |G| ����Ïf, K N CG.

y². �Ä G 3 N ���8L«, ·���+Ó�

ρN : G −→ SG/N ∼= Sp.

ÙØ ker ρN =
⋂
a∈G

a−1Na C N . Äk, dÓ�Ä�½n, G/ ker ρN � Sp �f+, � (G :

ker ρN ) ´ p ! �Ïf. �q�(G : ker ρN ) ≥ p�?¿�Ïf, KÄkq�|G|��Ïf, l


kq ≥ p. qq´p !�Ïf§�q ≤ p. á=kpr = (G : ker ρN )�p ! �Ïf. l
r = 1¿

�(G : ker ρN ) = p. d� N = ker ρN CG.

S K

SK2.3.1. (½ GL2(F5) ¥

(
1 0

0 2

)
��Ýa��.

SK2.3.2. � p ´�ê, G ´ p �����+. Áy G f+¥��5f+��ê�½´

p ��ê.

SK2.3.3. - G ´ü+, XJ�3 G �ýf+ H ¦� [G : H] 6 4, K |G| 6 3.

SK2.3.4. � H ´Ã�+ G �k��êýf+, K G �½¹k��k��ê�ý�5

f+.

SK2.3.5. y²GLn(R) �þn�Ý
�¤�f+�en�Ý
�¤�f+�Ý.
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SK2.3.6. y²·K 2.43.

SK2.3.7. ���5+ GLn(C) Ø¹k�êk��ýf+.

SK2.3.8. - G ´�ê� 2nm �+, Ù¥ m ´Ûê. XJ G ¹k�� 2n ����, K

G ¹k���ê� 2n ��5f+.

SK2.3.9. òSn À� GLn(R) ���Ý
�¤�f+. (½ Sn 3 GLn(R)¥��5zf.

SK2.3.10. ¦é¡+ S3 �gÓ�+ Aut(S3).

SK2.3.11. � α ´k�+ G �gÓ�. e α rz���ÑC�§3 G ¥��Ý��,

=é?¿ g ∈ G, g Ú α(g) �Ý, K α ����ÏfÑ´ |G| �Ïf.

SK2.3.12. � p ´ |G| ����Ïf. e p �f+ ACG, K A 6 Z(G).

SK2.3.13. Á¦¥%zf:

(1) +S4 ¥��(12)(34);

(2) +Sn ¥��(123 · · ·n).

SK2.3.14. Á¦��� p3 �+��Ýa�ê±9z��Ýa���ê.

SK2.3.15. - G = GLn(C), T = Tn(C) � G ¥é����� 1 �þn�
�¤�f+.

(½ NG(T ), ZG(T ) Ú T �¥% Z(T ).

SK2.3.16. � N CG, M ´ G�f+� N ≤M ,K NG(M)/N = NG(M),ùp G = G/N ,

M = M/N .

SK2.3.17. Áyk�+ G ���ýf+��Ü�Ýf+ØUCX��+ G. (ØéÃ

�+´Ä¤á?

SK2.3.18. � K´+ G��� 2��5f+, �� G = G/K. � C ´ G����Ýa.

� S´ C 3 G ¥�_�. y²e�ü«�/��7¤á:

(1) S = C ´üÕ���Ýa� |C| = 2|C|"
(2) S = C1

⋃
C2 dü��Ýa|¤� |C1| = |C2| = |C|"

SK2.3.19. (1)e G/Z(G)´Ì�+,y² G�C��+,����k�+ G�¥% Z(G)

��ê > 4.

(2) XJ G � n �k�+, t � G ¥�Ýa��ê, c = t
n . y² c = 1 ½ö c 6 5

8 .

§2.4 ÜÛ½n9ÙA^

�!ò?Øk�+Ø¥�Ì����½n: ÜÛ½n.
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§2.4.1 ÜÛ½n

� G� n�k�+. � p� n����Ïf,P n = prm,Ù¥ p� mp�.·�¡

pr � n � p Ü©, m � n �� p Ü©. ��g,�¯K´, G ¥´Ä¹k p ��? �?

�Ú/, G ¥´Ä�3 pr �f+?

½Â2.48. �� pr �f+¡� G � ÜÛp-f+ (Sylow p-subgroup).

½n2.49 (ÜÛ1�½n). G ¥�3ÜÛp-f+.

y². � X � G ¥¤k pr �f8�¤�x, =

X = {U ⊆ G
∣∣ |U | = pr}.

K

N = |X| =
(
mpr

pr

)
=
mpr · (mpr − 1) · · · (mpr − pr + 1)

1 · 2 · · · pr
,

�Ò´

N · 1 · 2 · · · (pr − 2)(pr − 1) = m · (mpr − 1) · · · (mpr − (pr − 1)),

du i � mpr − i(1 6 i 6 pr − 1) � p �Ø�gê��, '�þªüà�êp�Ïf�êá

=k (p,N) = 1.

�Ä G 3 X þ��¦�^, du p - N , dOêúª, �7�3��;�, §���p

p�.Ø�� U ∈ X¤3�;�OU �� |OU |� pp�.d­½f+½Â, U =
⋃
x∈U

GU x,�

Ò´U´G�f+ GU ��
m�8�¿,l
´�
m�8�Ã�¿,� |GU |´ |U | = pr

�Ïf, � |GU | �´p���. dúª (2.12),

n = m · pr = |G| = |GU | · |OU | = pk · |OU |,

du |OU | � p p�, � |GU | = pr, ¤± GU ´ G �ÜÛ p-f+.

½n2.50 (ÜÛ1�½n). � K � G�f+,� p�Ø K ��, H ´ G���ÜÛ p-f

+. K�3 H ′ = gHg−1 ¦� H ′ ∩K ´ K �ÜÛf+.

y². ·��� G3 X = G/H = {gH | g ∈ G}þ��p��^�[,�éu x = aH ∈ X,

§�­½f+´ aHa−1.

ò G3 X þ��^��� K 3 X þ��^. du |X| = m�pp�,��3X¥�

��x = aHéA� K-;� Ox, ¦�|Ox| � p p�, d�

Kx = Gx ∩K = aHa−1 ∩K ≤ aHa−1,

l
�A�­½f+Kx��� p ��g. du |Ox| · |Kx| = |K|±9 |Ox| � p p�, l


Kx ��TÐ� |K| � p Ü©, = Kx = aHa−1 ∩K ´ K �ÜÛp-f+.
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dÜÛ1�½n, ·�k

íØ2.51. (1) XJ K 6 G ´ p +, K K ´ G �,�ÜÛ p-f+ H �f+.

(2) ¤k G �ÜÛp-f+�Ý.

y². (1) du K ´ p +, Ïd K �ÜÛ p f+´g�, � H ′ ∩K = K, = K 6 H ′.

(2) � H,H1 � G �ü�ÜÛp-f+. dÜÛ1�½n, �3 H ′ = gHg−1 ¦� H ′ ∩
H1 = H1, �du |H1| = |H| = |H ′| = pr, ·�k H1 = H ′ = gHg−1, §� H �Ý.

½n2.52 (ÜÛ1n½n). -H ´G �ÜÛp-f+, XH = {aHa−1 | a ∈ G}, �P

N(p) = |XH | = G �ÜÛ p f+��ê. (2.24)

KN(p)
∣∣m ¿� N(p) ≡ 1 mod p.

y². dþãíØ·��� G 3 XH þ��Ý�^�[(OH = XH), q

GH = {g ∈ G | gHg−1 = H} = NG(H),

� N(p) = (G : N), Ù¥ N = NG(H).

�ÄG�f+H3XHþ��Ý�^, ò XH ©)� H �^�;�:

XH =
⊔
i∈I

OHi =⇒ N(p) = |XH | =
∑
i∈I
|OHi |.

(1) XJ|OHi | = 1, =OHi = {Hi}, KhHih
−1 = Hié¤kh ∈ H¤á, � H 6 NG(Hi), d

uH´G�ÜÛf+, l
�´G�f+NH(Hi)�ÜÛpf+. ,��¡, d�5zf

�½ÂkHiCNG(Hi),2díØ2.51��G�ÜÛpf+Hi´ NG(Hi)���ÜÛ p-f

+, � H = Hi. ù`²=�¹�����;��k OH = {H}.

(2) XJ|OHi | > 1, d|OHi | · |NG(Hi) ∩H| = |H| = pr, �p
∣∣ |OHi |. l


N(p) = |XH | =
∑
i∈I
|OHi | = |OH |+

∑
i∈I,Hi 6=H

|OHi | = 1 +
∑

i∈I,|OHi |>1

|OHi |,

�N(p) ≡ 1 mod p. y3d(N(p), p) = 1±9N(p)
∣∣|G| = m · prá=kN(p)

∣∣m.

aqÜÛ½n�y², ���/, ·��±y²£3�öS¤µ

½n2.53. �pk
∣∣|G|§Ù¥p��ê. K G ¥�3 pk �f+, �Ù�ê� p { 1.

þ¡�ÜÛ1�, 1�, 1n½n~~nÜ�Xe½n:

½n2.54 (ÜÛ½n). � G �k�+, Ù�� prm, Ù¥ (m, p) = 1, K

(1) G ¥�3ÜÛp-f+, =�� pr �f+.

(2) ¤k G ¥�ÜÛp-f+�Ý.

(3) G �ÜÛp-f+�ê N(p) ≡ 1 mod p � N(p) | m.
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5P. XJN(p) = 1, KG���ÜÛp-f+´G��5f+.

´��F ·ÜÛ(Ludwig Sylow, 1832c12�12F¨1918c9�7F,ã 2.1)

´é%êÆ[,�Ïú?p¥êÆ��. 1862c3�pd0SZæ�Æ(yc

dº�Æ) ���ù�, �Ç³Û�nØ�, ¦JÑ�¯K�ª��¦uy

ÜÛf+ÚÜÛ½n, ÜÛ½n31872cuL. ÜÛ�s
8c�mÚ¢4

d · o(Sophus Lie, o+o�ê�uyö) �å?6C���êÆ�8.

ã 2.1: ÜÛ�

§2.4.2 ÜÛ½n�A^

ÜÛ½n3ïÄk�+�(�¥åX'��^. e¡·�Þ~`²§��
A^.

~2.55. ·�2gy²150 �+G Ø´ü+. ¯¢þ, � H � G ���ÜÛ5-f+, =�

�25�f+, K G 3 H ���8�^p�Ó�

ρ : G −→ SG/H ∼= S6.

Äkk,

ker ρ =
⋂
a∈G

GaH =
⋂
a∈G

aGHa
−1 =

⋂
a∈G

aHa−1 ≤ H.

,��¡§XJker ρ = {1},KG ∼= ρ(G) ≤ S6. �du |G| = 150 - 6!,� ρ(G)Ø´S6�f+,

={1} 6= ker ρ ≤ H, Ïd ker ρ � G ��²��5f+.
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·K2.56. � p, q ��ê, K

(1) pq �+Ø´ü+.

(2) p2q �+�Ø´ü+.

y². du�ê�g+k�²�¥%, �p2Úp3�+þØ´ü+. Ø�b� p 6= q.

(1) Ø�� p < q, Kd N(q)
∣∣p (�N(q) = 1 ½ p) � N(q) ≡ 1 (mod q) k N(q) = 1, =

ÜÛq-f+´ G ��5f+.

(2) XJ p > q, KÓþín N(p) = 1, G Ø´ü+. XJ p < q, K N(p) = 1 ½ q �

N(q) = 1 ½ p2(du p 6≡ 1 mod q, N(q) Ø�U�up). XJ N(q) = p2, K G ¥k p2 � q

�Ì�+, qü�ØÓ�q�+��´{1}, l
G � q ���ê� p2(q − 1). dd� G ¥

p �g��õk p2q − p2(q − 1) = p2 �, �Ò´G¥�õ��p2�+, dÜÛ½n�G¥T

Ðk��p2�+, =N(p) = 1.

5P. Í¶�Burnside½n=´`éu p, q �ØÓ�ê, a, b ≥ 1,K paqb �+ÑØ´ü+.

Butnside½n´k�+L«Ø�Í¶(J, �î8��ÿ�k¦^X{+Ø�{�y².

½n2.57. ��k��C��ü+ G Ó�u A5, =

(1) XJ |G| < 60, G Ø´�C��ü+.

(2) XJ |G| = 60 � G �ü+, K G ∼= A5.

y². (1) ·�®�{1}Ø´ü+, ¿�µ

(i) �ê�+þ´Ì�+(íØ 1.62);

|G| = 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59;

(ii) 2m (m ≥ 2 �Ûê) �+Ø´ü+(·K 2.38);

|G| = 6, 10, 14, 18, 22, 26, 30, 34, 38, 42, 46, 50, 54, 58;

(iii) �ê�g(gê> 2)�+Ø´ü+(·K 2.42);

|G| = 4, 8, 9, 16, 25, 27, 32, 49;

(iv) pq, p2q �+(p, q �Ø�Ó��ê) Ø´ü+(·K 2.56);

|G| = 6, 10, 12, 14, 15, 18, 20, 21, 22, 26, 28, 33, 34, 35, 38, 39, 44, 45, 46, 50, 51, 52, 55, 57, 58.

��I�Ä n = |G| = 24, 36, 40, 48, 56.

(a) n = 24 = 23 · 3, (½n = 48 = 24 · 3), � H � G �ÜÛ2-f+. G 3 G/H þ��p

�L«p�Ó� ρ : G −→ SG/H ∼= S3. du ker ρ ≤ H, � n > 6 = |S3|, � ker ρ 6= {1} ´ G

�ý�5f+, �G �ü.
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(b) n = 36 = 32 · 4,aqu(a)�G�ÜÛ3-f+H. G3 G/H þ��p�L«p�Ó

� ρ : G −→ SG/H ∼= S4. du ker ρ ≤ H, � n = 36 > 24 = |S4|, � ker ρ 6= {1} ´ G �ý�

5f+, �G �ü.

(c) n = 40, K N(5)
∣∣8 � N(5) ≡ 1 (mod 5), ·�k N(5) = 1.

(d) n = 56 = 7×8, N(7) = 1½ 8. XJ N(7) = 8,K G¥ 7���k 8×(7−1) = 48�,

Ù§����k 8�, KG�õ��8�f+, � N(2) = 1, G Ø´ü+.

(2)·�y3b� |G| = 60 = 22 · 3 · 5� G�ü+. Äk·���N(2), N(3)ÚN(5)Ñ

Ø�u1. ·�©nÚ5y²G ∼= A5.

(a)Äkäó G ¥vk�ê 6 4 �ýf+. ¯¢þ, XJ [G : H] = m ≤ 4, KG 3 H

���8þ�L«p��²�Ó� ρ : G → Sm. XJ 1 < m 6 4, K|G| = 60 > 24 ≥ m! =

|Sm|, l
{1} 6= ker ρ ≤ H �G ��²��5f+.

(b) ·�äó G ¥k�ê� 5 �f+ H, = |H| = 12. ¯¢þ, �Ä G �ÜÛ2-f+,

eN´G���ÜÛ2-f+, KkN(2) = (G : NG(N)), d(a)�N(2) 6= 2, �N(2) = 5 ½15.

XJ N(2) = 5, K�� H �ÜÛ2-f+N��5zfNG(N).

XJ N(2) = 15. du N(5)
∣∣12, N(5) ≡ 1 (mod 5), �kN(5) = 6. d(a)�N(3) 6= 4, �

N(3)
∣∣20,N(3) ≡ 1 (mod 3),�kN(3) = 10.l
G¥ 5��Ú 3��k 6·(5−1)+10·(3−1) =

24 + 20 = 44 ���. G�15�ÜÛ2-f+(4�f+)�¤k���U3�{60 − 44 = 16�

��¥, �7�3 G �ÜÛ2-f+ P1, P2, §����²�, �Ò´���2�f+. PP1

�P2 ���K = {1, x}, §�)¤�+�H. du P1, P2 þ�C��+, x�P1
⋃
P2¥¤k

�����, �x�P1 �P2 )¤�f+H¥¤k�����, =kH ≤ ZG(x). qdGü+

��ZG(x) 6= G (G�¥%´²��). duHkf+P1ÚP2¿�P1
⋃
P2 ⊆ H, á=k

4
∣∣|H|, |H|∣∣|G| = 60, 6 ≤ |H| < 60

� H ���U´ 12 ½ 20, �d(a)� H �U´ 12 �+.

(c) �Ä G 312�f+ H ���8þ�L«, Kk�²�Ó� ρ : G→ S5, � ker ρ =

{1}, =ρ �üÓ�. ÏdG Ó�u S5 ��� 60 �f+ M , M3S5�ê�2���5f+.

d��+Sn¥��Ûó�½Â�M¥��k���ó��, � {1} 6= M ∩ A5 C A5. d

uA5´ü+� M = A5.

S K

SK2.4.1. e p ´ |G| ��Ïf, K+ G 7k p ���.

SK2.4.2. �Ñ GLn(Fp) ���ÜÛp-f+, ¿¦Ñ GLn(Fp) ¥ÜÛ p f+��ê.

SK2.4.3. y²½n2.53.
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SK2.4.4. � G ´ n �+, p ´ n ��Ïf. y²�§ xp = 1 3+ G ¥�)��ê´ p

��ê.

SK2.4.5. y² 6 ��C��+�k S3.

SK2.4.6. y² 148, 200, 224 �+Ø´ü+.

SK2.4.7. ¦é¡+ S4 �gÓ�+ Aut(S4).

SK2.4.8. � N ´k�+ G ��5f+. XJ p Ú |G/N | p�, K N �¹ G �¤kÜ

Ûp-f+.

SK2.4.9. � G ´k�+, N ´ G ��5f+, P ´ G ���ÜÛp-f+. y²:

(1) N ∩ P ´ N �ÜÛp-f+;

(2) PN/N ´ G/N �ÜÛp-f+;

(3) NG(P )N/N ∼= NG/N (PN/N).

SK2.4.10. - P1, . . . , PN ´k�+ G ��ÜÜÛp-f+. XJé?¿ i 6= j, ok

|Pi : Pi ∩ Pj | > pr,

K N ≡ 1(mod pr).

SK2.4.11. y²: e G ��� n = pea, Ù¥ 1 ≤ a < p, � e ≥ 1, K G �½ký�5f

+.

SK2.4.12. - G´8Ü Σþ�é¡+, P ´ G�ÜÛp-f+, a ∈ Σ. XJ pm �Ø |Ga|,
K pm �Ø |Pa|.

SK2.4.13. - G ´8Ü Σ þ�é¡+. é?¿ a ∈ Σ, � P ´­½f+ Ga �ÜÛp-f

+, ∆´;� Ga3 P �^e��ÜØÄ:�8Ü.y² NG(P )3 ∆þ��^´D4�.

SK2.4.14. �+ G ´ 24 �+�Ù¥%²�, y² G Ó�u S4.

SK2.4.15. � P ´ G �ÜÛp-f+� NG(P ) ´ G ��5f+. y² P ´ G ��5f

+.

§2.5 gd+�+�Ly

§2.5.1 gd+

� S �?¿8Ü"·�Ï"d S 5)¤��+ F (S). éu8ÜS, ½Â8ÜS−1 =

{x−1
∣∣x ∈ S}, Ù¥��vk¢S¿Â, �´��ÚS�m�3��N��8Ü.
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Äk, ·�5wdi1)¤i�L§: ò�Gi1Gå5, Ò�¤
��i"Xda

',�±@� F̃ (S)´d S
⋃
S−1 ¥�����i1)¤�i��N,ÄkF"3 F̃ (S)þ

½Â�
$�:

(i) F̃ (S)þ���$�"XJ w1 = x1 · · ·xn, w2 = y1 · · · ym,KT$�´ò w1 � w2 G

éå5, ��

w1 · w2 = x1 · · ·xny1 · · · ym.

w,��$�÷v(ÜÆ.

(ii) F̃ (S) ¥�ü �"§�?Ûi w Géå5�´ w, �±@�§Ò /́�i”"

d(i)-(ii), ·��±-

F̃ (S) = {1} ∪ {x1x2 · · ·xn | xi ∈ S ∪ S−1, 1 6 i 6 n} (2.25)

Ù¥1Ò´ü �.

5P. ��8ÜF̃ (S)¥���vk?Û'X. 3F̃ (S)¥, éw = x1 · · ·xn/ª½Âw−1 =

x−1
n · · ·x−1

1 . Ù¥exi = y−1 ∈ S−1K½Âx−1
i = y.

½Â2.58. éuw, u ∈ F̃ (S), ¡w�u�d£P�w ∼ u¤XJÏLk�geãC��±

lw��u½ölu��wµ

(1) �\xx−1 ½öx−1x (x ∈ S)¶

(2) í�£��¤xx−1 ½öx−1x (x ∈ S)"

w,(1)Ú(2)´p_�L§§l
þã'X´F̃ (S)i�m��d'X"-F̃ (S)/ ∼´
�A�da�8Ü§Pw ∈ F̃ (S)¤3��da�[w]§=

[w] = {u ∈ F̃ (S) |w ∼ u}.

Äk�d'Xk±e5�µ

·K2.59. ew ∼ w′§¿�u ∼ u′§Kwu ∼ w′u′"

y². d�d�½Â·�kµwu ∼ w′u ∼ w′u′"

·�3F (S)þ½Â¦{µéu[w], [u] ∈ F (S)§-[w] · [u] , [wu]"dþã·K§·��

�¦{´well-defined£Ú�da��L�À�Ã'¤§¿�k

[w][1] = [w] = [1][w], [w][w−1] = [1] = [w−1][w], ([w][u])[v] = [w]([u][v]).

�Ò´F (S)3þã¦{e�¤+§¡�8ÜS)¤�gd+"

½Â2.60. i w ¡�{zi(½¡Q�i),XJ w ¥vk/X a−1a(a ∈ S ∪S−1)�iG"
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Äk§iw ∈ F̃ (S)§éi��Ý?18B§ÏLþ¡�d½Â�(2)òwC¤�Ý�á

�i§��ØU��§l
��[w]�½¹k{zi"AO/§·�k

·K2.61. éw ∈ F̃ (S), [w]¹k����{zi"

y². -R´F̃ (S)¥¤k{zi|¤�8Ü"e¡·�5½Â+F (S)3Rþ��^§Äk

½ÂF̃ (S)3Rþ��^§éux ∈ S ∪ S−1§½Âfx : R −→ RXe

fx(x1x2 · · ·xn) =

xx1 · · ·xn, ex 6= x−1
1 ,

x2x3 · · ·xn, ex = x−1
1 .

AO/§·�kfx−1 ◦ fx = idR = f1§l
N�fx ∈ SR§�Ò´Rþ�����"éw =

x1 · · ·xn ∈ F̃ (S)§-

fw , fx1 ◦ fx2 ◦ · · · ◦ fxn ∈ SR.

d½Â·�kµew ∼ u§Kfw = fu"l
�±½Âf : F (S) −→ SR§[w] 7→ fw§¿�f´+

Ó�"

XJw ∼ u¿�þ�{zi§K[w] = [u]§�kfw = f([w]) = f([u]) = fu"XJ{z

iw = x1x2 · · ·xn§Kfw = fx1 ◦ fx2 ◦ · · · ◦ fxn§l


fw(1) = fx1 ◦ · · · ◦ fxn(1) = fx1 ◦ · · · ◦ fxn−1(xn) = · · · = x1 · · ·xn−1xn = w.

aq�§éu·�kfu(1) = u"l
w = fw(1) = fu(1) = u"

y3·��±­#Xe½Âgd+µ

½Â2.62. +

F (S) = {1} ∪ {x1x2 · · ·xn | xi ∈ S ∪ S−1} (2.26)

¡�d S )¤�gd+ (free group), Ù¦{�i�Gé, �ü�i����=�§�k

�Ó�{z/ª(��=�¦��d). XJ S k�, ¡ F (S) �k�)¤gd+ (finitely

generated free group).

5P. duþã½Â¥����ÓuF̃ (S)þ��d§l
ü«½Â´�d�.

~X S = {a}, K F (S) = 〈a〉 = {an | n ∈ Z} �Ã�Ì�+. XJ |S| > 2, F (S) �Ã�

�C��+.

½n2.63 (gd+��5�). � G�+, S �8Ü, f : S → G�8Üm�N�,K f �±

��*¿�+Ó� ϕ : F (S)→ G; �ó�, =�3���+Ó� ϕ : F (S)→ G, ¦�ãL

S

i !!

f // G

F (S)

ϕ

<<

��, ùpi : S → F (S) �g,��¹N�.
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y². w,ϕ(1) = 1G. é w = a1 · · · an, ai ∈ S ∪ S−1, �I½Â

ϕ(a1 · · · an) = ϕ(a1) · · ·ϕ(an)

�·�ATk

ϕ(ai) =

f(ai), e ai ∈ S,

f(x)−1, e ai = x−1 ∈ S−1.

K ϕ ����òÿ f �+Ó�"duϕ(x)ϕ(x−1) = 1G§ÏdF (S)¥���i½Â��´

���"

3½n 2.63�^�¥� S ⊆ G, f´i\N�, XJ S )¤ G, K ϕ : F (S) → G ´+

�÷Ó�, = G � F (S) �û+. AO/

(1) � S = G, ·��� G ´gd+�û+.

(2) XJ S k�, = G �k�)¤+, K G ´k�)¤gd+�û+.

nþ¤ã, ·�k½n

½n2.64. z�+Ñ´gd+�û+, z�k�)¤+Ñ´k�)¤gd+�û+.

§2.5.2 +�Ly

� G �+, �â½n 2.64, �38Ü S ⊆ G ¦� G ´gd+ F (S) �û+, = G =

F (S)/N . XJ G ´k�)¤�, ·��±b� S �k�8.

½Â2.65. XJ G = F (S)/N , K G �Ly (presentation)P�

〈S | r = 1, Ù¥ r ∈ N〉.

NÒ´F (S)¥�
i�8Ü§�5Sp���vk'X£gd�¤§éur ∈ N§r = 1§Ò

´Sp���k
�å§�Kù
�å'X§�±n)�û+p���'F (S)�
éõ§

äNw�¡�~fn)"AO/,XJ R = {r1, · · · , rn} ⊆ N ��¹ R����5f+�

N£�Ò´r1, · · · , rn)¤��5f+§=�¹ù
���5f+��¤, K G �Ly�

G = 〈S | r1 = r2 = · · · = rn = 1〉.

S ¥���¡� G �)¤� (generator), N ¥���(½ R ¥���)�¤)¤��)¤

'X (relation).

5P. S ⊆ G§KdS)¤�G��5f+´

{(g1x1g
−1
1 )(g2x2g

−1
2 ) · · · (gnxng−1

n ) |xi ∈ S ∪ S−1, gi ∈ G, n ∈ Z≥0}.

~2.66. Ì�+ Z/nZ ∼= 〈a〉/〈an〉, l
�±Ly� 〈a | an = 1〉.
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~2.67. �¡N+ Dn �Ly. Äk�¡N+k)¤� σ(^=), τ(��),Ù¥ σn = τ2 = 1

� (στ)2 = 1. - S = {σ, τ}, K S ↪→ Dn p� F (S) → Dn �÷Ó� ϕ. - N = kerϕ, K·

�k σn, τ2, (στ)2 ∈ N . - K ´d σn, τ2, (στ)2 )¤��5f+, K K ⊆ N , =k

F (S)/K � F (S)/N � Dn.

,��¡, F (S)/K ¥���þ��� σiτ j(0 6 i 6 n−1, 0 6 j 6 1)�/ª,� |F (S)/K| 6
2n, ¤±·�7k K = N , u´

Dn = 〈σ, τ | σn = τ2 = (στ)2 = 1〉.

dc¡�?ØF (S)¥�z���Ñ�±�¤��{zi�/ª§XJ2Ü¿Óa�§K

k

w = xm1
1 xm2

2 · · ·x
mr
r , Ù¥xi ∈ S, mi ∈ Z \ {0} ¿�xi 6= xi+1.

þãL�¡��K/ª"l
F (σ, τ)¥�����/ª�µ

τ j0σi1τ j1σi2τ j2 · · ·σirτ jrσi0

Ù¥ik, jk´�"�ê§1 ≤ k ≤ r§
i0Új0�±�?¿�ê"?
·��±?Ø'XKé

��/ª�K�"

·�e¡5?Ø+ G �� f+.

½Â2.68. �G�+. éu a, b ∈ G, a� b�� f (commutator) [a, b]½Â� aba−1b−1. d

G ¥¤k� f)¤�f+¡� G �� f+ (commutator subgroup), P� G′ = [G,G].

·K2.69. (1) G′ ´ G ��5f+, G/G′ �C��+.

(2) � A �C��+, ϕ : G→ A �Ó�, K kerϕ ⊇ G′, � ϕ p�Ó�

ϕ : G/G′ → A, ϕ(g) = ϕ(g).

�Ò´`, G�C��+�?ÛÓ�þÏLg,ûN�π : G→ G/G′ ©).

5P. d·K�� G/G′ ´ G ���C��û+.

y². (1) ·�k

g[a, b]g−1 = gaba−1b−1g−1 =
(
(ga)b(a−1g−1)b−1

)
(bgb−1g−1) = [ga, b][b, g],

� G′ CG. d a b a−1 b−1 = 1, � a b = b a, = G/G′ ´C��+.

(2) d ϕ �Ó��

ϕ([a, b]) = ϕ(a)ϕ(b)ϕ(a)−1ϕ(b)−1 = 1,

� [a, b] ∈ kerϕ, l
G′ C kerϕ, ¤±·�k

ϕ : G→ G/G′ → G/ kerϕ→ A,

��p�Ó� ϕ : G/G′ → A.
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·K2.70. � ϕ : F (S)→ G �÷Ó�. K ϕ p�÷Ó�

ϕ : F (S)/F (S)′ → G/G′, ϕ(g) = ϕ(g).

�ó�, ·�k��ãL

F (S)

π

��

ϕ // G

π

��
F (S)/F (S)′

ϕ // G/G′.

y². ·�k÷Ó�

ϕ̃ : F (S)→ G→ G/G′, ϕ̃(g) = ϕ(g).

d·K 2.69(2) , p�
÷Ó�

ϕ : F (S)/F (S)′ → G/G′, ϕ(g) = ϕ(g).

d·K 2.70 ��, XJ G �Ly�

G = 〈S | r1 = r2 = · · · = rn = 1〉,

KG/G′ �Ly�

G/G′ = 〈S | r1 = r2 = · · · = rn = 1, xy = yx, é?¿� x, y ∈ S〉.

AO/, F (S)/F (S)′ �Ly�

F (S)/F (S)′ = 〈S | xy = yx, é?¿� x, y ∈ S〉.

·�ò3e!�[?Ød+.

S K

SK2.5.1. y²½Ä½: ü�)¤��gd+Ó�uü�Ã�Ì�+�È.

SK2.5.2. � F ´ x, y )¤�gd+.

(1) y²ü��� u = x2 Ú v = y3 )¤ F ���f+, §Ó�u u, v þ�gd+.

(2)y²n��� u = x2, v = y2 Ú z = xy )¤ F ���f+,§Ó�u u, v, z þ�

gd+.

SK2.5.3. e n ��Ûê,¦y: D2n
∼= Dn × Z/2Z.

SK2.5.4. e n ≥ 3, An × Z/2Z � Sn ´ÄÓ�?
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SK2.5.5. � G = G1 × · · · ×Gn, H � G�f+. ¯ H ´Ä�½/X H = H1 × · · · ×Hn,

Ù¥ Hi 6 Gi, 1 6 i 6 n.

SK2.5.6. � G1 Ú G2 ´ü����ü+. y² G1 ×G2 ��²��5f+�k G1 Ú

G2.

SK2.5.7. y² 5 · 7 · 13 �+�½´Ì�+.

SK2.5.8. (1) ¦Ñ��é¡+.

(2) ¦Ñ¥�é¡+.

(3) Á¦Ñ�ÎN�é¡+.

SK2.5.9. �½ü�Y²²¡, 3º¡kn�:, §�3.¡k�ÝK. rº¡�n�:

�.¡��ÝK©O^n�Ø���-fë�å5, �z�-f�ü²¡�m�z��

Y²¡TÐ���g, ù��n�-f¡��� 3- Gf. �½ü� 3-Gf a, b, ò b �3

a e¡ë�å5����#�Gf, ¡� a Ú b �¦{. Áy²¤k� 3-Gf�¤��

+, ¿(½§�Ly.

SK2.5.10. � G d n ���)¤, 
 G �f+ A äkk��ê. ¦y: A �±d

2n(G : A) ���)¤.

SK2.5.11. - G = G1 ×G2 × · · · ×Gn, �é?¿ i 6= j, |Gi| Ú |Gj | p�. y² G �?¿

f+ H Ñ´§�f+ H ∩Gi (i = 1, 2, · · · , n) ��È.

§2.6 k�)¤C��+�(�

§2.6.1 k�)¤gdC��+

½Â2.71. éu8Ü S, +

Z(S) = F (S)/F (S)′ = 〈S | xy = yx, x, y ∈ S〉 (2.27)

¡�d S )¤�gdC��+ (free abelian group).

XJ S �k�8, ¡ Z(S) �k�)¤gdC��+ (finitely generated free abelian

group).

½Â2.72. � S �8Ü, �Ú (direct sum)
⊕
x∈S

Z ½Â�

⊕
x∈S

Z = {a = (ax)x∈S | ax ∈ Z��kk�� ax 6= 0}.

d½Â�
⊕
x∈S

Z 3\{¿Âe�¤C��+, �� S �k�8�,
⊕
x∈S

Z ∼= Z|S|.
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½n2.73. (1) Z(S) ∼=
⊕
x∈S

Z.

(2) XJ m 6= n, K Zm � Zn ØÓ�.

y². -

f : S −→
⊕
x∈S

Z, x 7−→ f(x) = (ax,y)y∈S

�N�, Ù¥ ax,x = 1 � ax,y = 0 XJ x 6= y (�Ò´x� �´1Ù¦ �´0���,

d
⊕
x∈S

Z½Â��ù
��)¤��+
⊕
x∈S

Z). dgd+��5�(½n 2.63), f �±��*

¿�÷Ó�

ϕ : F (S) −→
⊕
x∈S

Z.

2du
⊕
x∈S

Z ´C��+, d·K 2.69, ·���÷Ó�

ϕ : Z(S) = F (S)/F (S)′ −→
⊕
x∈S

Z.

2d Z(S) �½Â, ?Û Z(S) ¥����±�¤ xα1
1 · · ·xαnn �/ª, Ù¥ αi ∈ Z, xi üü

ØÓ, �

ϕ(xα1
1 · · ·x

αn
n ) = α1f(x1) + · · ·+ αnf(xn).

df(x)�½Â� ϕ(xα1
1 · · ·xαnn ) = 0 �du α1 = · · · = αn = 0, = xα1

1 · · ·xαnn = 1, � ϕ �ü

Ó�, ¤±

ϕ : Z(S)
∼−→
⊕
x∈S

Z.

(2) XJ m 6= n, �kÓ� τ : Zm → Zn, K τ((kZ)m) = (kZ)n é¤k k > 2 ¤á,

(τ(kx) = τ(x+ · · ·+ x) = τ(x) + · · ·+ τ(x) = kτ(x)) � τ p�Ó�

Zm/(kZ)m
∼−→ Zn/(kZ)n.

�þª�>���ê�u km, m>���ê�u kn, gñ!

d½n 2.73, á�

íØ2.74. k�)¤gdC��+ Z(S)Ó�u Z|S|,�3Ó�¿Âe, Z(S)d |S|��(
½.

½Â2.75. k�)¤gdC��+ G = Z(S) �� (rank) ½Â�|S|, P� rank G.

XJ�3G �f8ÜB, ¦�G ∼= Z(B), K¡B � G ��|Ä (basis).

5P. d½Âá�S ´Z(S) �Ä. ,��¡, eG�k�)¤C��+, Kd½n 2.73,

�GØÓ�Ä¤¹����ê��¿��uk�)¤C��+G��.
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§2.6.2 k�)¤C��+�(�½n

·�b� G ´k�)¤C��+, P G �$��\{.

½n2.76. � G ´k�)¤gdC��+, H � G ��"f+, K H �´k�)¤g

dC��+, � rank(H) 6 rank(G). �äN/`, �3 G ��|Ä {x1, · · · , xn}, ��ê
r 6 n, ��ê d1 | d2 | · · · | dr, ¦� H ´± {d1x1, · · · , drxr} �Ä�gdC��+.

y². -8Ü

I = {s ∈ Z |�3G��|Äy1, · · · , yn, α ∈ H,α = sy1 + k2y2 + · · ·+ knyn}.

·�5¿�XJ H 6= 0, K I 6= 0 �

• XJ s ∈ I, m ∈ Z, Kmα ∈ H, �kms ∈ I. l
 I ¥k��ê.

• du {y2, y1, · · · , yn} �´�|Ä, � k2 ∈ I. Ón ki ∈ I.

dd, - d1 � I ¥����ê, K�3 α ∈ H, Ä {y1, y2, · · · , yn} ¦� α = d1y1 + k2y2 +

· · ·+ knyn. - ki = qid1 + ri (0 ≤ ri < d1), K

α = d1(y1 + q2y2 + · · ·+ qnyn) + r2y2 + · · ·+ rnyn.

du {y1 + q2y2 + · · · + qnyn, y2, · · · , yn} �´�|Ä, � ri ∈ I. d d1 ���5� ri =

0. =�3 α ∈ H, Ä {x1, y2, · · · , yn} ¦� α = d1x1. �½d x1, éu G �?Û�|

Ä{x1, x2, · · · , xn} 9��β ∈ H, P β = s1x1 + s2x2 + · · · + snxn, duβ + Zα ⊆ H, á=

kd1

∣∣ s1, �

β′ = d1x1 + s2x2 + · · ·+ snxn = β − (
s1

d1
− 1)α ∈ H,

dþãÓ�?Ø� d1 | si é¤k1 ≤ i ≤ n ¤á.

·�y3é G ���8B. XJ n = 1, ½nw,¤á. b�½né?¿� < n �

k�)¤gdC��+¤á, �rankG = n, {0} 6= H 6 G��þãd1Úx1, ¿�½G��|

Ä{x1, y2, · · · , yn}. - G1 = 〈y2, · · · , yn〉, ·�äó

H = 〈α〉 ⊕ (H ∩G1).

¯¢þ,du x1, y2, · · · , yn � G�Ä, 〈x1〉∩G1 = {0},� 〈α〉∩ (H ∩G1) = {0}.qe x ∈ H,

x = k1x1 + k2y2 + · · ·+ knyn,

du d1 | k1,�k1x1 ∈ 〈α〉 ⊆ H.l
k2y2 + · · ·+ knyn = x− k1x1 ∈ H,�x ∈ 〈α〉+ (H ∩G1),

äóy..

y3XJ G1 ∩H = {0}, K H = 〈d1x1〉, ½n¤á. XJG1 ∩H 6= {0}, K G1 ∩H ´
k�)¤gdC��+ G1 �f+. du rankG1 = n− 1, d8Bb�, �3 G1 ��|Ä

{x2, · · · , xn}, d2 | d3 | · · · | dr, ¦� G1 ∩H = 〈d2x2, · · · , drxr〉, K {x1, · · · , xn} � G ��|

Ä, ¦� {d1x1, · · · , drxr} � H �Ä, �d d1 �5�, d1 | d2, ½ny..
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½n2.77. k�)¤C��+ A þkXe(�

A ∼= Zr ⊕ Z/m1Z⊕ · · · ⊕ Z/msZ,

Ù¥ m1 | m2 | · · · | ms ���ê.

y². � F (S)→ A �÷Ó�, Ù¥ S �k�8. du A �C��+, ϕ p�÷Ó�

ϕ : Z(S) = F (S)/F (S)′ → A.

K kerϕ´ Z(S)�f+. d½n 2.76,�3 Z(S)��|Ä {x1, · · · , xn}9��ê m1 | m2 |
· · · | ms, ¦� {m1x1, · · · ,msxs} ´ kerϕ �Ä, �

A = Z(S)/ kerϕ = Zn−s ⊕ Z/m1Z⊕ · · · ⊕ Z/msZ.

½ny..

½Â2.78. � A ´k�)¤C��+, ½Â§�Ûf+ (torsion subgroup)

At = {a ∈ A | a��k�}. (2.28)

N´wÑ At �(´ A �f+, �éu+

Zr ⊕ Z/m1Z⊕ · · · ⊕ Z/msZ,

ÙÛf+� Z/m1Z⊕ · · · ⊕ Z/msZ = T , �k�+. ¯¢þ, �Ä��

(a1, a2, . . . , ar, b1, b2, . . . , bs) ∈ Zr ⊕ Z/m1Z⊕ · · · ⊕ Z/msZ,

Ò�±(½ÙÛf+. dþã½n, ·�k

íØ2.79. (1) A = At ⊕Af , Ù¥ Af ´k�)¤gdC��+.

(2) A ∼= B ��=� At ∼= Bt � rankAf = rankBf .

y². (1)� ϕ : A ∼= Zr ⊕ T,- Af = ϕ−1(Zr), At = ϕ−1(T ),K At � A�Ûf+,� Af �

�� r �gd+. duϕ´+Ó�, l
��(1)�¦��Ú©).

(2)� ϕ : A ∼= B,KdÛf+½Âkϕ(At) = Bt (k���N�k���)§�At ∼= Bt.

�k�+��|At| = |Bt| = k§KdA ∼= B��kA ∼= kB§�Ò´kAf ∼= kBf§
éugd+

krank(kAf ) = rankAf§rank(kBf ) = rankBf , Ïd��rankAf = rankBf"·K�¿©5´

w,�"

5P. eC��+A,BkA ∼= B§
�C ≤ A, D ≤ B§÷vC ∼= D§�ØU��A/C ∼= B/D.

~XA = B = Z2 ⊕ Z4, -C = Z2 ⊕ {0} ∼= Z2§D = {0} ⊕ 2Z4
∼= Z2, �´

A/C ∼= Z4 � Z2 ⊕ Z2
∼= B/D.
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½n2.80. � A 6= {0} �k�C��+, K

(1) A ∼= Z/m1Z⊕ · · ·Z/msZ, ��ê 1 < m1

∣∣ · · · ∣∣ms d A ��(½.

(2) A ∼= Z/pα1
1 Z⊕· · ·Z/p

αt
t Z,Ù¥ p1, · · · , pt ��ê, αi ≥ 1,� pα1

1 , · · · , pαtt d A��(½.

y². du Ak�,K A = At vkÃ���,� Ak(1)�/ª,qd¥I�{½n,XJ

m = pα1
1 · · · pαss , K

Z/mZ ∼= Z/pα1
1 Z⊕ · · ·Z/p

αs
s Z.

� A k(2)�/ª. ·�I�y²��5.

Äk·�y²(2)���5. du A ´C��+, §�¤kf+Ñ´�5f+, l


é|A|�?¿�Ïfp, AÑk���ÜÛp-f+. ·�k

A =
⊕
p

Ap = Ap1 ⊕ · · · ⊕Apt

�/ª, Ù¥ Ap ´ A �Sylow p f+, dA��(½. �Ø�b� A ��´ p +, ·��

y²

A ∼= Z/pα1Z⊕ · · · ⊕ Z/pαrZ (1 ≤ α1 6 · · · 6 αr) (2.29)

��. XØ,, -

A ∼= Z/pβ1Z⊕ · · · ⊕ Z/pβr′Z (1 ≤ β1 6 · · · 6 βr′). (2.30)

�Ä A/pA, ª(2.29)`² |A/pA| = pr, ª(2.30)`² |A/pA| = pr
′
, � r = r′. (��±ér8

B�dpα1AÚpβ1A�ü«Ó�/ª§kα1 = β1§¿�d8B���e���§l
α1 =

β1Ñy�gê��Ó") ·�é k �8By² αk = βk. XJ α1 = β1, · · · , αk−1 = βk−1 �

αk < βk, Kdª(2.29), |pαkA/pαk+1A| 6 pr−k, �dª(2.30), |pαkA/pαk+1A| = pr−k+1, gñ.

� αk = βk, =(2.29)�(2.30)/G��, (2)���5y..

éu(1)���5, é?Û p, �Ä A �Sylow pf+. d(2)

Ap ∼= Z/pα1Z⊕ · · · ⊕ Z/pαrZ, α1 6 · · · 6 αr.

d(1)±9Sylow p f+��êk,

Ap = (Z/m1Z)p ⊕ · · · ⊕ (Z/msZ)p

du m1

∣∣m2

∣∣ · · · ∣∣ms, � (Z/mZ)p �Ì�+, �7k

(Z/msZ)p ∼= Z/pαrZ, (Z/ms−1Z)p ∼= Z/pαr−1Z, . . . .

�Ò´ms = pαrns, (ns, p) = 1. dd, ms,ms−1, · · · þ��(½.
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��±ky²(1)���5. ekA ∼= Z/n1Z⊕ · · ·Z/nsZ, ��ê 1 < n1

∣∣ · · · ∣∣nk. Äk§
éua, b ∈ Z, 'uÌ�+·�kXe(Jµ

a(Z/bZ) ∼= (a, b)Z/bZ ∼= Z/ b
(a,b)Z.

l
dmsA = 0, �±��ms(Z/niZ) = 0§�knk
∣∣ms. 
nkA = 0¦�ms

∣∣nk§l
kms =

nk",�2�Änk−1�ms−1©O�^�Aþ§Äk|ms−1A| = ms
ms−1

, 
Ó�k|ms−1A| ≥
nk

(nk,ms−1) = ms
ms−1

. ���ms−1(Z/nk−1Z) = 0§l
knk−1

∣∣ms−1. aqkms−1

∣∣nk−1§K

knk−1 = ms−1. ,�d|ms−2A| = ms−1

ms−2
· ms
ms−2

, ±9|ms−2A| ≥ nk−1

(nk−1,ms−2)
nk

(nk,ms−2)§�

�ms−2

∣∣nk−2, ... �gaí§kms−i = nk−i, i = 0, 1, . . .. ,	du|A| = m1m2 · · ·ms =

n1n2 · · ·nk§l
��k = s§¿�mi = ni§1 ≤ i ≤ s.

½Â2.81. þã½n¥ {pα1
1 , · · · , pαtt } ¡� A �Ð�Ïf|, Ù¥��¡�Ð�Ïf (ele-

mentary divisors); {m1, · · · ,ms} ¡� A �ØCÏf|, Ù¥��¡�ØCÏf (invariant

factors).

·��±nÜþã½n��

½n2.82 (k�)¤C��+�(�½n). (1) � A �k�)¤C��+, K

A ∼= Zr ⊕ Z/m1Z⊕ · · ·Z/msZ ∼= Zr ⊕ Z/pα1
1 Z⊕ · · ·Z/p

αt
t Z

Ù¥

(i) r ¡� A ��, d A ��(½.

(ii) 1 < m1

∣∣m2

∣∣ · · · ∣∣ms d A ��(½.

(iii) {pα1
1 , · · · , pαtt } d A ��(½.

(2) k�)¤C��+ A � B Ó���=�Ù��Ó, �ÙÐ�Ïf½ØCÏf��Ó.

~2.83. ·�5?Ø�e8 �+G �(�.

(1)C��+. d�Ð�Ïf�Uk3«�¹: {8}, {2, 4}Ú{2, 2, 2},��k3«8�C

��+: Z/8Z, Z/4Z⊕ Z/2Z ÚZ/2Z⊕ Z/2Z⊕ Z/2Z.

(2) �C��+. XJG¥k8 ��, KG ´Ì�+; XJÙ�����1 Ú2, KG �

C��+(Ún 1.66). ·��±b�x ´G ���4 ��, K(G : 〈x〉) = 2, 〈x〉 ´G ��5

f+(·K 2.38). -y ∈ G \ 〈x〉, KG = {xi, xiy
∣∣i = 0, 1, 2, 3}.

�Ä��y−1xy ∈ 〈x〉. du§�x Ó�, �y−1xy = x ½öx3. �dux �y Ø��,

�y−1xy = x3 = x−1. XJy ���2, K

G = 〈x, y
∣∣x4 = y2 = 1, yxy = x−1〉 ∼= D4.

XJy ���4, K(5¿�y2 ∈ 〈x〉¿��2��)

G = 〈x, y
∣∣x4 = 1, x2 = y2, y−1xy = x−1〉.
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·��Ä4�ê+

Q8 :=

{
±I2, ±

(
i 0

0 −i

)
, ±

(
0 1

−1 0

)
, ±

(
0 i

i 0

)}
. (2.31)

KG �Q8 ÏLN�x 7→
(
i 0
0 −i

)
, y 7→

(
0 1
−1 0

)
Ó�.

,	,´�Q8¥−I2´���2��§
D4¥§��x2ÚyÑ´2��§�ü�+ØÓ�.

nþ¤ã, 3Ó�¿Âe 8��C��+�kü�: D4 ÚQ8.

~2.84. 1500 �C��+ A �(�. d1500 = 22 × 3 × 53, §�Ð�Ïf|kXe�U:

{2, 2, 3, 5, 5, 5}, {2, 2, 3, 5, 25}, {2, 2, 3, 125}, {4, 3, 5, 5, 5}, {4, 3, 5, 25}, {4, 3, 125}, ��k8«
C��+(6 = P (2) · P (1) · P (3), ë�SK6.12), Ù�� 1500.

S K

SK2.6.1. ò 33 �+Ú 18 �+©a.

SK2.6.2. k�)¤C��+ G ´gdC��+��=� G �z��"��Ñ´Ã�

���.

SK2.6.3. (1) �knê¦{+ Q+ ´gdC��+, �Ü�ê´§��|Ä.

(2) Q+ Ø´k�)¤�.

SK2.6.4. Q Ø´gdC��+.

SK2.6.5. �k�C��+

A ∼= Z/pα1
1 Z⊕ · · · ⊕ Z/p

αs
s Z, (pi ��ê, αi ∈ Z+).

y²A �?Ûf+B þÓ�uZ/pβ11 Z⊕ · · · ⊕ Z/p
βs
s Z, Ù¥0 ≤ βi ≤ αi.

SK2.6.6. � G ´k�)¤�gdC��+, rank(G) = r. XJ g1, g2, · · · , gn ´ G ��

|)¤�,K n ≥ r.

SK2.6.7. � A�k�C��+,éu |A|�z��Ïf d, Aþk d�f+Ú d�û+.

SK2.6.8. � H ´k�C��+ A �f+, K�3 A �f+Ó�u A/H.

SK2.6.9. XJk�C��+ AØ´Ì�+,K�3�ê p¦� Akf+Ó�u (Z/pZ)2.

SK2.6.10. ¦Ñ Z/mZ⊕ Z/nZ �ØCÏfÚÐ�Ïf.

SK2.6.11. ¦Ñ Z/2Z⊕ Z/9Z⊕ Z/35Z �ØCÏfÚÐ�Ïf.
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SK2.6.12. � n ���ê, ¯kõ�� n �C��+?

SK2.6.13. � p ´���ê, ¯ Z/p2Z⊕ Z/p3Z kõ�� p2 �f+?

SK2.6.14. C× �z�k�f+Ñ´Ì�+. dd¦Ñ Z/nZ � C× �¤k+Ó�.

SK2.6.15. � G,A,B þ�k�C��+. XJ G⊕A ∼= G⊕B, y² A ∼= B.

SK2.6.16. �k�)¤C��+ G ��� 1, f : G → Z �÷Ó�, K G ∼= Z ⊕ ker f , =

ker f ´ G �Ûf+.

SK2.6.17. k�)¤gdC��+k�o���5�?

SK2.6.18. ò Fp þ� n ��þ�m Fnp ��\{+.

(1) Á¦ Fnp ¥ pn−1 �f+��ê.

(2) y² Fnp ¥ pk �f+��ê�u pn−k �f+��ê.

§2.7 ÜÛ½nY

½n2.85. �pr
∣∣|G|§Ù¥p��ê"±N (n)L«G¥n�f+��ê§KN (pr) ≡ 1(mod p)"

y². �|G| = prn"� X � G ¥¤k pr �f8�¤�x, =

X = {U ⊆ G | |U | = pr}.

K

N = |X| =
(
npr

pr

)
.

�Ä G 3 X þ��¦�^, l
k

X =
⋃
U∈I

OU , N = |X| =
∑
U∈I
|OU |, |OU | = (G : GU ).

duGUU = U§y3�ÄG�f+GU�¦�^3Uþ§d;�©)úª(2.6)§U =
⋃
x∈U

GU x

´ GU ��
m�8�¿, l
´f+GU��
�8�Ã�¿§� |GU |
∣∣|U | = pr ´ p �

��§�|GU | = prU§rU ≤ r"

(1). XJrU < r§K|OU | = (G : GU ) = npr−rU ≡ 0 (mod p)¶

(2). ÄKrU = r§K|OU | = n§l
k

N = |X| =
∑
U∈I
|OU | ≡

∑
|OU |=n

|OU | = n
∑
|OU |=n

1 (mod p).



76 1�Ù +38Üþ��^

y3·�5O�
∑

|OU |=n
1§=��n�;�OU��ê"du|OU | = n§l
k|GU | = pr =

|U |§·�á=��U�uGU��m�8§�Ò´U = GUgéu,�g ∈ G"y3·��

�G�pr�f+B = g−1GUg = g−1U ∈ OU§�Ò´XJ|OU | = nKOU¹kG���pr��

f+¶,	XJY ≤ G¿�kY ∈ OU = OB§�Ò´Y = g1Béu,�g1 ∈ G"duY´f

+B���8§q¹kü §g,kY = B¶��§eY´G���pr�f+§KGY = Y§

l
kOY = (G : GY ) = n"nþk§G�z�pr�f+þTÐ3����n�;��¥§�

Ò´k
∑

|OU |=n
1 = N (pr)"l


(
npr

pr

)
≡ nN (pr) (modnp).

ù�Ó{ªé?¿npr�+GÑ¤á§AO�G´Ì�+§KG�k��pr�f+§�\á

=k
(
npr

pr

)
≡ n (modnp)"2�£þª��n ≡ nN (pr) (modnp)§�Ò´N (pr) ≡ 1(mod p)"

dúª (2.12), |GU | · |OU | = |G|, du |GU | ´ p ��, |OU | � p p�, � |GU | = pr, ¤

± GU ´ G � ÜÛ p f+"

íØ2.86. �H´G�ÜÛ p-f+§¿�NG(H) ≤ A ≤ G§KNG(A) = A (=Ag�5)"

y². �gAg−1 = A�Ò´g ∈ NG(A)§l
gHg−1 ≤ gAg−1 = A"duH ≤ NG(H) ≤
A ≤ G§¿�H´G�ÜÛ p-f+§l
HÚgHg−1Ñ´A� p-f+"dÜÛ½n=��

3a ∈ A¦�agHg−1a−1 = H§�Ò´ag ∈ NG(H) ≤ A§u´g ∈ A"

íØ2.87. �M CG§H´M�ÜÛ p-f+§K

G = MNG(H).

y². é?¿�g ∈ G§dugMg−1 = M§l
gHg−1 ≤ gMg−1 = M"á=kHÚgHg−1Ñ

´M� p-f+"dÜÛ½n=��3k ∈ M¦�kgHg−1k−1 = H§�Ò´kg ∈ NG(H)§u

´g ∈MNG(H)"


