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In this paper an accurate axisymmetric lattice Boltzmann D2Q9 model is proposed to
simulate the steady and pulsatile flows in circular pipes. Present model is derived from an
incompressible D2Q9 model and some errors in a previous model [Halliday et al., Phys.
Rev. E 64, 011208 (2001)] are revised. In the previous model, some terms relative to the
radial velocity are missing and would lead to large error for constricted or expanded pipe
flows. Present model is validated by cases of laminar steady flow through constricted
tubes and 3D Womersley flow. Comparing with the previous model, our model is much
more accurate for steady flow in constricted circular pipes. For 3D Womersley flow, it
is also observed that the present model can reduce the compressibility effect in previous
model.

Keywords: Lattice Boltzmann method; axisymmetric; incompressible Navier—Stokes
equation; pipe.

1. Introduction

The lattice Boltzmann method (LBM) has been proposed as an alternative nu-
merical scheme for solving the incompressible Navier-Stokes (NS) equations.!:?
Among different lattice Boltzmann equation (LBE) models in application, the Lat-
tice Bhatnagar-Gross-Krook (LBGK) model is the simplest one because it only has
one scalar relaxation parameter and a simple equilibrium momentum distribution
function.? Here our axisymmetric LBM is derived from LBGK D2Q9 model.

It is sure that 3D LBM can directly handle the axisymmetric flow problems.
For the problems of 3D steady axisymmetric flows®>% or 3D axisymmetric unsteady

4—6

flow* in straight tube, most of previous studies* 6 recourse to the 3D LBGK model
and using the 3D cubic lattices with proper curvature wall boundary treatment
directly. That means a large mesh size and it is not so efficient to simulate an
axisymmetric flow problem in that way. To simulate the aixsymmetric flows more
efficiently, in 2001, Halliday et al.® proposed an axisymmetric D2Q9 model for the
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3D axisymmetric flow problems and it seems very successful for simulation steady
flow in straight tube. The main idea of the model is inserting several spatial and
velocity dependent “source” terms into the microscopic evaluation equation for
the lattice fluid’s momentum distribution.” Halliday et al.? claimed the adjusted
microscopic evaluation equation can recover the cylindrical polar coordinate form
of the continuity and Navier—Stokes equations.

However, we found that some important terms relative to the radial velocity are
missing in the axisymmetric D2Q9 model of Halliday et al.> Although the terms
would have very small effect on simulation the flows in straight pipe, missing the
terms would lead to large error for simulation the constricted or expanded pipe
flows.

On the other hand, as we all know, through the Chapman-Enskog procedure,?
a LBE can recover the incompressible Navier—Stokes equation successfully if the
density fluctuation can be neglected. However, the density may fluctuate to a great
extent in flows with large pressure gradient because the pressure and density vari-
ations satisfy the equation of states of an isothermal gas given by Ap = c2Ap,8
where ¢2 is a constant. In many previous studies,*® 10 the compressibility effect of
standard LBGK model has been highlighted.

Since Halliday et al.® derived the axisymmetric model from standard LBGK
D2Q9 model, the model’s compressibility effect would inherit from the standard
LBGK D2Q9 model. To derive a more accurate axisymmetric model, our derivation
would begin from the incompressible LBGK D2Q9 model proposed by He and Luo.?
The incompressible LBGK model was validated by steady plane Poiseuille flow and
the unsteady 2D Womersley flow. In their model, the compressibility effect of the
order O(Mz) is explicitly eliminated.’

To validate and evaluate the performance of our present model, steady flows
in axisymmetric constricted tubes are simulated. To investigate its compressibility
effect, 3D Womersley flow is also simulated. The 3D Womersley flow (pulsatile flow
in aixsymmetric pipe) is driven by periodic pressure gradient at the inlet of the
pipe.

In this paper, at the next part, derivation of our accurate axisymmetric model
is illustrated in detail. In the third part, the general implementation of the model
and boundary conditions are discussed. In the final part, we focus on two particular
problems. One is steady flows through constricted axisymmetric tubes. The other is
the pulsatile flows in a circular pipe with 120 < Re < 1200 (Reynolds number is
based on pipe’s diameter), Womersley number 3 < « < 9. The results are all
compared with the exact analytical solutions or that of Finite Volume Method.
The excellent agreements validate our model.

2. An Accurate Axisymmetric D2Q9 Model

We consider the problems of the laminar internal flow of an incompressible, isotropic
liquid in circular pipe with an axis in x direction. For the axisymmetric flow, the



An Azisymmetric Incompressible Lattice Boltzmann Model for Pipe Flow 647

azimuthal velocity ug and ¢ coordinate derivatives vanish from the incompressible
continuity and Navier—Stokes equations.!! The continuity equation (1) and Navier—
Stokes momentum equations (2) in the pseudo-Cartesian coordinates (x, r) are:!

OJug Uy
gvs _ _Or 1
g r’ (1)
2
Oua | Ouglla | Ualr 1 9p B V@ u; _ Z@ua B UTCSM, @)
ot Oz r po 0% 4 axﬂ r Or r

where ug (0 = z, r) is the two components of velocity. u, is the velocity ug or u,.
Zq, T3 IMEans & or r.

Here we would show how above equations can be recovered from our axisym-
metric D2Q9 model. To recover above equations, the Chapman-Enskog Expansion
is applied. Here an incompressible D2Q9 model is used to derive our axisymmetric
model. The 9 discrete velocities of D2Q9 model are as following,

(0,0) i=0

o = ([%}“[%D =hasd

\/§<cos {@Jrﬂ sin [@J&Dc i=506,78

where ¢ = 0, /8¢, and in our studies ¢ = 1. §, and §; are the lattice spacing and time
step size. The evaluation equation describing 2D flow in (z, r) pseudo-Cartesian
coordinates is illustrated as Eq. (4):

fi({E + cem&,r + ceir§t,t+ (St) — fi(.’L’77"7 t) = —1 [ffq(x,r, t) — fi({I?,’I", t)] + hi(x77"7 t)
T

where f;(x, r, t) is the distribution functions for particles with velocity e; at position
(x, r) and time ¢. 7 is the relax time constant. The relax time constant 7 and the
fluid viscosity v satisfies equation v = (27 — 1)d,./6. Equation (4) is similar to
the evaluation equation for D2Q9 model in 2D (z, y) Cartesian coordinates. The
difference is that a source term h; (z, r, t) was incorporated into the microscopic
evaluation equation. In Eq. (4), the equilibrium distribution f;® of incompressible
D2Q9 model? is defined by Eq. (5):

e;-u  (e;-u)? u?

eq D
(e, t) = wi— + w; — ~— 53
£ ) ‘2 o c2 2ct 2¢2

i=0,1,2,....8, (5

where ¢, = ¢/\/3, p is the pressure and pg is the density of fluid. In Eq. (5), for
D2Q9 model, wy = 4/9, w; = 1/9, (i = 1, 2, 3, 4), w; = 1/36, (i = 5, 6, 7, 8). It
is noticed that the main difference between above incompressible D2Q9 model and
the standard D2Q9 model is the form of Eq. (5).
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To derive our axisymmetric model, here we introduce the following expansions,®

o0

filx + eiw, 7+ e, t +1) = Z%D"fi(x,r,t), (6)

n=0

= +efV e+

Oy = €014 + 8282t + -

(95 = 6815

hi = gh(.l) 4+ gzh(?) 4+ .-
where ¢ = §; and D = (0 +€;303), § =, r and 4, rg means x or r. It is noticed
that in Eq. (7), there is no “equilibrium” h; term.

Retaining terms up to O(g?) in Egs. (6) and (7) and substituting into Eq. (4)
results in:

1
{[(681,5 + 628215) + 61‘/36815} + 5[(68” + 62(92t)2

+ 2(68115 + 62(9%)61'58(915 + (6158815)2] } (fi(o) + Efi(l) + €2fi(2))

1 (s}
= _;(fi(o) —feay €f¢(1) +€2fi(2)) +5h§1) + €2h§2) ' (8)

We can rewrite Eq. (8) in the consecutive order of the parameter ¢ as following
Egs. (9), (10) and (11) respectively.

(O = 59

O(gY%) : =0,
-
9)
1
O(e") : (014 + eiﬁalﬁ)fi(o) i ;fi(l) _ hl(1) —o,
(10)
! 1
(=) 82tfi(0) + (O + eiﬁalﬁ)fi(l) + §(alt + eiﬁalﬁ)zfi(()) + ;fi@) - hEQ) =0.
(11)
The distribution function f; is constrained by the following relationships:?
0P e 0
0 0
Z‘fl = é, ‘Zeio‘fi = Polq ,
. S (12)

8 8
SHm=0, Y ef™ =0form>0.
=0

i=0
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Note that F?"+1) =0 for n = 0,1,..., where E(™) are the tensors defined as
EM = Y 0 CalCa2 - €qn and

4
Z €ia€ig = 2003 ,

i=1
8
Z €iaip = 460(5 )
i=5
A (13)
Zemeiﬁemeic = 20a8y¢ s
i=1
8
D ciatigeintic = 4Bapc — 8apnc
i=5
where d,3 and d,3+¢ are the Kronecker tensors, and
Aapr¢ = Oapdy¢ + 0aydpc + dacdpy - (14)
With above properties of the tensor E(), we have:
8
> einein " = potiatis + poag | (15)
i=0
Z emeigeikfi(o) = pocg((Sjkéga + 65008k + 0800k )U; - (16)
2.1. Mass Conservation and hgl)
Summing on 4 in Eq. (10), we obtain at O(e)
p 1
o () + mdus = o0, (17)

K2

which motivates the following selection of hgl) when comparing with the target
dynamics [of Egs. (1) and (2)]. Rewriting Eq. (17) in a dimensionless form, we
can see that a condition of L, /(csT) < 1 should be satisfied to neglect the term
O11(p/c?),? where L, is the character length in x direction, T is the character time of
unsteady flow. That’s an additional limit of our derivation besides condition mach
number M < 1.

To recover the continuity Eq. (1), because ), w; = 1, the following selection of

hgl) is reasonable.?

_ WipoUy
o

h? = (18)

Then we proceed to O(g?) now. Summing on i in Eq. (11) gives
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Oat <Cs) + Z (01t + €i018) h( Zh@) =0. (19)

Since? 9ot (p/c?) = 0 and with our target dynamics in view, the remaining terms
in Eq. (19) should vanish. Hence, we obtain

Zhw = Z Ot + elgalg)h( )

()bl @

In the above process, we have used the results of > wje;3 = 0.

2.2. Momentum Conservation and hgz)

Multiplying Eq. (10) by €;, and summing on %, gives
pod1ttia + 01l = hVeia =0, (21)
where, Hgﬁ = Z?:o €inCip fi(o) is the zeroth-order momentum flux tensor. With
Hgﬁ given by Eq. (15), using Eq. (21) gives
001Uy = —8;31‘[25 = —903(pdrs + pougur) . (22)

Substituting Eq. (22) into Eq. (20), we have a condition on the h§2).

1
>0 = S 05(pdrs + poupuy) (23)

%

The error in previous model of Halliday et al.? partly lies in their opinion about
Eq. (21). It seems Halliday et al. simply regarded that terms poOi1uq +0158(Potats)
as the terms Dyuq = Orua +95(ugtia) +uqt, /. Unfortunately, that’s not true. The
term u,u, /r which did not consider in the model of Halliday et al.? plays important
role in simulation constricted pipe flows.

Multiplying Eq. (11) with e;, and summing over ¢ gives,

p0(92tua + (1 — —) 81 H(l

1 1 1 2
= —5 (8;” Z €mhl(- ) + 815 Zemewhg )> + Zhi )em , (24)

where, H( ) — =) . €€ f is the first-order momentum flux tensor. With the aid
of Egs. (10) and (16), we have:



An Azisymmetric Incompressible Lattice Boltzmann Model for Pipe Flow 651

I, = Z cincinl; ) = = 2 cincisDie;” +7 > cincigh;”

= —7 [Z 81tH((xoﬁ) —+ O <Z eiaeiﬂeikfi(()))

+ T Z ememhgl)

Ou,  Ou
= —7 [Z (9“1_[ ap + poC <5a58juj 8 + ﬁ)

For the first term in Eq. (25), using Egs. (17) and (21) and the additional
condition L;/(csT) < 1, it can also be rewritten as:

+ 7 Z ememhgl) . (25)

Z 81tHffﬁ) = 01¢(Pdap + potatp) = 0ag01tp + UsPoO1tta + Uapolitus
i

= —ugOr(potatir, + POra) — UaOk(pousur + pikg) (26)

In above Eq. (26), since >, 81tH£¥0g are of O(u?), it can be neglected.” Hence, using
Egs. (17) and (18), the second term in LHS of Eq. (24) can be written as:

(1 —~ —) 1T
) Ou, = Ou aplr
—r (1 - Z) Pocs [815 <5aﬁ‘9ﬂ'“j drp * ﬁ) o < i )]

= —Vpgalg(agua + (9au;3) . (27)
Substituting Eq. (27) into Eq. (24), we move the term —por0,(9sug) to the RHS

of Eq. (24). Rearranging the RHS of Eq. (24) and using results > w;e;g = 0 and
Y wieiatip = 2045 and Eq. (17), gives

1 5aﬁp0ur 2
RHS = 563815 (T) +,00V8a(a,(iuﬁ) + zl:hg )eia

(1 1)d ( 0“’“) +Zh(2 (28)

Hence, incorporating the Eqs. (21), (24) , (27) and (28), we get:

Ouq ~ Ougug dp R o POl (2)
po(at M TRl e = (1= )0 ( - >+Zh Cin. (29)

Comparing momentum Eq. (29) with Eq. (2), to recover the Navier—Stokes
momentum equations, Eq. (30) should be satisfied:

POy v 1 U Uy
(1 —7)0, ( 0 ) + Zh( Cia = - (&”ﬂOua - ;p0ur6ra) - L (30)

r
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Solving equation system of Egs. (23) and (30), we can obtain the expression of

hl(-Q) as following:

Wi
B = (51 10505 + pousuy)]
v 1 PoUgUreig
s [ (2) (9o — Lot ) us — (22281250)
—|—w[r ( poug rpou [3)65 .
Uy
—wi(1 - 7)dug (por )ew. (31)
It can also be rewritten as:
R, 3w; 3w;
t = w_ 87‘2 + Opugty + Oruruy | + “ V(aruz + arur)eiz - ﬂureir
Lo 2r L0 72

1 0
—3w; <uqu iz + weW) —wi(l—7) (—&;urem - u—;eir + T—ureir) .
r r r r r
(32)

The expression of hl(-l) (Eq. (18)), hl@) (Eq. (32)) are successfully derived and
the continuity equation (1) and Navier—Stokes equation (2) can be fully recovered.

In the model of Halliday et al.,> the mainly missing terms are relative to wu,..
Although these terms may only slightly affect results of straight pipe flow, without
these terms, the flows in constricted pipes can’t be simulated correctly.

3. Implementation of the Model and Boundary Condition
3.1. Implementation of the model

In numerical simulations, one must ensure that the Mach number is low and the
density fluctuation (Jp) is of order O(M?).? The additional limit L, /(c,T) < 1 is
illustrated in above derivation. In this part, we mainly discuss the how to perform
numerical simulation with such a model.

In our aixsymmetric D2Q9 model, f;(x,r,t) is the distribution function. The
macroscopic pressure p and momentum pou are defined as:

8 8
Zfi = %, Zfieia = pPolq - (33)
i=0 S i=0

The two main steps of Lattice BGK model are collision and streaming. In the
collision step, a group of calculations (34) and (35) are implemented:

fine:fi(xarvt)_fieq(xvrvt)7 (34)
e 1 ne
Fif(a,rt) = fS9a,r t) + (1 - ;> fre 4 6,h\ 4 520 (35)

where f;?is the equilibrium momentum distribution function which can be obtained
through Eq. (5). f*¢ is the non-equilibrium part of distribution function. hl(-l) and
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hEQ) are the “source” terms added into the collision step, which can calculated
through Egs. (18) and (32) respectively. For simplicity, in our study, d; = 6. f;" is
the post-collision distribution function.

In the streaming step, the new distribution function value obtained from (35)
would propagate to neighbour 8 lattices. That procedure can be represented by the
following Eq. (36).

filx 4 €0, 7 + €400, t + 6¢) = fi+ (z,7,t). (36)

For the velocity derivations in Eq. (32), the terms 0,u, + Oy, Oyt and Oru,
can all be obtained through Eq. (37) witha =z, f=r,a=f=z;a=F=7r
respectively:

8
1 (1)

a (e =—(1—-— i 1aCg

pov(Ogua + aug) < 27> ;:0 fi “€iacip

8
__ <1 _ 2i) Z:fﬁ 1 0. (37)

For the term 0,u, in Eq. (32), it equal to (O,uy + Opur) — Oyt Since (Opuy +
Ozu,) can be easily obtained by Eq. (37), only value of 0,u, is left unknown to
determine O,u,. Here we recourse to finite difference method to obtain d,u, at
lattice node (4, j), which can be calculated by Eq. (38):

((ur)it1,; — (ur)i-1,5)

The values of 9,1z + 0p s, Optiy, Orthy, Ortt, and dyu,. for the lattice nodes which
just on the wall boundary can also be calculated from Egs. (37) and (38). Obtaining
these values for lattice nodes on the periodic boundary is also easy. However, to
obtain these values for the nodes on the inlet/outlet pressure-specified boundary,
these values are extrapolated from those of the inner nodes.

3.2. Boundary condition

For wall boundary condition, it is well known that the most commonly applied
in LBM is bounce back model.* However, to treat the curvature wall boundary
in uniform suqare lattices, original bounce back model is not accurate enough for
curvature boundary. Here, the non-equilibrium distribution function extrapolation
method!? was applied for curvature wall boundary. In the method, the velocity on
“wall nodes” (lattice nodes outside and most near to physical boundary) is obtained
from extrapolation and p value obtained from the nearest “fluid node”( lattice
nodes inside physical boundary), hence the equilibrium distribution function for
“wall nodes” can be obtained through Eq. (5). With corresponding non-equilibrium
distribution function extrapolated from the “fluid nodes”, the collision step on “wall
nodes” can be fulfilled. This treatment is proved to be second order in space.'?
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For the inlet/outlet boundary conditions, the pressure or velocity boundary
condition treatments have been proposed by previous LBM studies.!®'4 Here the
scheme proposed by Guo, et al.'®> was adopt for its simplicity. To specify pressure
at inlet/outlet boundary, the corresponding velocity value in these boundaries was
extrapolated from the next inner nodes. Hence, the equilibrium part of distribution
function can be determined through above Eq. (5) and the non-equilibrium part
of distribution function can be obtained through extrapolation.'® So, the collision
step for boundary nodes can be implemented normally as inner nodes. Specifying
the velocity boundary condition is similar.

For 3D Womersley flow simulation, another scheme can implement the uniform
oscillatory pressure gradient except scheme of inlet/outlet pressure specify. That is
applying an equivalent oscillatory body force.'® To apply an equivalent body force,
the periodic boundary conditions are imposed at the open ends of the pipe and in
the collision step, after step (35) was implemented, a further post collision step is
necessary:

fﬁ'(xﬂgt):fﬁ'(nﬁt)—i—wiFa%, 1=1,2,...,8. (39)
S

Where F = (p* cos(wt), 0) is the body force. p* is the maximum amplitude of

the oscillatory pressure gradient.

4. Results and Discussion
4.1. Steady flow through constricted pipes

In our study, geometry of the constrictions is described by Cosine curve. The ge-
ometry of two stenoses is shown in Fig. 1. If 7y is the radius of the nonstenotic part
of the pipe, radius of the first stenose r(x) is given in function below.

(&) = o — Bro{l+ cgs[w:v/so]} (—Sy < x < Sp). (40)

Where g = D/2, 8 = 50 is severity of stenose and the axial length of the stenose
is 25p. To make flow fully developed and save grid nodes, length between the right
end and the stenose is S = 8D and S = 3D as illustrated in Fig. 1. In this part,
the steady flows through constricted tubes are studied.

S S,

— s

=g S

0 0 f

Fig. 1. Geometry of constricted tubes.
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In our simulations, the zero velocities are initialized everywhere. At the inlet
boundary, a fully developed parabolic velocity profile is specified. In the outlet
boundary, the outlet pressure was specified and du/dx = 0 was also imposed. In
our study, for defining steady state, our criterion is:

Z H\/[uI(xi,rj,t—I— 1) — ug (4,75, 1)]2 + [up (@i, rj, t + 1) — ur (24,75, 1))
i I3/ e (@i, rj, 6+ D)2 + [up (@i, 75,6+ 1)

<1079, (41)

where i, j are the lattice nodes index.

Firstly we simulated the case of Sy = D, Reynolds number defined as Re =
UoD/v, where Uy is central value of the inlet parabolic velocity. We also notice
that to calculate Formula (32), there is a singularity (r = 0) for lattices located in
the axis. To avoid the singularity, the axis should be located off lattices. Hence, for
simplicity, the axis is located in middle of two center horizontal lattice rows. In the
simulation totally N, x N, = 441 x 42 lattices (area: 4405, x 424,) was applied.
The diameter is D = 400,, where §, = 1. To validate our results, the same case
was also simulated by Finite Volume method (FVM) with very fine meshes.

In Fig. 2, the velocity profiles in positions x = 0, 0.5D, D and 2D are all
compared with that of FVM. Both the axial and radial velocity components agree
well with that of FVM. That validates our derived formulas. Since the axis locate off
lattices and r = 206,,, the nonstenotic wall is also located off lattices. From Fig. 2 we
can see that although there are no lattices locate at position (x/D,r/D) = (0,0.25),
the wall boundary condition can still ensure the zero velocity at that position.

A more serious constriction case are also studied, in the case So = D/2, Re = 10.
Comparison of the axial and radial velocity profiles in different position is illustrated
in Fig. 3. Our results are also in consistent with that of FVM. It seems that with
just 42 lattice represent nonstenotic diameter can also achieve accurate results.

— FVM x=0 ——FVM x=0
o _.FVMx=05D - FVM x=0.5D 03071 u/U

FVM x=1D —— FVM x=1D 0.25 - PPN
,,,,,,, FVM x=2D 020 ] RN
o LBMx=0 ’ b Y
LBM x=0.5D < LBMx=0.5D 0157/ y
v LBMx=1D 0104 7 \
X

LBM x=2D o b 4

Fig. 2. Velocity profiles in different position in case of Sg = D, Re = 10.
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07 —— FVM x=0
ull, ss] FVM x=D

FVM x=2D
LBM x=0
LBM x=D
LBM x=2D

—FVM x=0

FVM x=D

—FVM x=2D
o LBMx=0
4 LBMx=D
v LBMx=2D

0.2

0.1

0.0

1 7 T T T T 1
-0.5 2:04 -0.30 -0. 01 0 01 O 03 04 05

Y

;
% r/D
<.,
L2, 61
Aady N /
S n £
T 1 n £ 1
) 04 05 hY A
Y 0.5 * D ax® 02
1.0 J
Fig. 3. Velocity profiles in different position in case of So = D/2, Re = 10.
——FVM x=0 ——FVM x=0
fffff FVMx=0.5D  -----FVM x=0.5D 01594 /U
——FVM x=D —— FVM x=D I o
FVM x=2D - FVM x=2D AN
o LBMx=0 o LBMx=0 0104 SN
o LBMx=0.5D & LBM x=0.5D {1 %
v LBMx=D v LBMx=D 4 3
x  LBMx=2D x  LBM x=2D / \X
sxxrng X
a x * ok
nnn WX XXX B
r XX, Al T T T 5 T T T T A T Ll
05 0dRAQ3 02 QKX 01 02/ 03 04 05
\ /05 r/D
A\ /4
= Ll A\ /# )
4 05 X 2 -0.10
] r/D v ]
° 1.0 ¢ -0.15-

Fig. 4. Velocity profiles in different position in case of Sog = D, Re = 50.

In
larity. Through asymptotic analysis, we also observed that when the central lattice
nodes lie in the axis, using formulas below can also achieve correct results.

above case we obtained correct results using the method of avoiding singu-

2 2
h(2) _ (hz(',j)cen—i-l + hi(',j)cen—l)

_ Wi Po (ur)jcenJrl
- i,jcen 9

ey
i,jcen . ’
chen—i—l

Appling the Eq. (42) we obtain the results for case So = D, Re = 50. The
velocity profile comparison is illustrated in Fig. 4. It seems the results are also very
good.

Because previous model of Halliday, et al.? missing some important terms rel-
ative to radial velocities, it is observed neither the axial nor the radial velocity
profiles are correct. Figure 5 illustrated that problem. Form the figure we can see
that even very fine lattices N, x N, = 881 x 83 was applied, the model of Halliday,
et al.® can only give out poor results comparing with results of FVM. However, in
the circumstances of straight tube, u, is so small that the missing terms are almost

(42)
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—— FVM x=0 —— FVM x=0

————— FVM x=0.5D -----FVM x=0.5D 0.25+
-~ FVM x=1D FVM x=1D 0.20] PN
v LBMx=0 o LBM x=0. ] & “a\

& LBM x=0.5D s LBMx=05D 0154 & \
LBM x=1D : 1

04 05

r/'D

Fig. 5. Results obtained from model of Halliday et al.3 for case of Sog = D, Re = 10.

can be neglected. So Halliday, et al. also got valid result for straight circular tube.?
In the next part of our discussion, we can see the Halliday’s model can also give
out some accurate results for 3D Womersley flow which is unsteady flow through
straight tube.

4.2. Unsteady tube flow (3D Womersley flow)

The 3D Womersley Flow (pulsatile flow in aixsymmetric pipe) is driven by periodic
pressure gradient at the inlet of the pipe. In the following, p
amplitude of the sinusoidally varying pressure gradient.
dp
3 =
R is defined as the radius of the circular pipe. w is the angular frequency and v
is the kinetic viscosity of fluid. The Reynolds number is defined as Re = 2UsR/v,
Us is the velocity defined as:

* is the maximum

_p*eiwt ) (43)

p*a2 p*R2
- dwp B 4pv

; (44)

S

which is the velocity that would be observed at the centre of the tube if a con-
stant forcing term p* were applied in the limit of & — 0 (steady flow). The
Womersley number is defined as @ = Ry/w/v. The Strouhal number is defined
as St = R/(UsT'), where T is the sampling period.

The analytical solution for aixsymmetric pipe pulsatile flow? is:

w(r8) = Re { P’ ll_Jou/x/i(—am)r/R] } (15)

iwpo Jo[1/V2(—a +ia)]

where Jy is the zeroth order Bessel function of the first type.
All the simulations in this part began with an initial condition of zero velocity
every where, and an initial run of 107 steps.
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Fig. 6. Profiles of increasing (left) and decreasing (right) velocities along the diameter of a
tube for @ = 7.927, T = 1200, Re = 1200, 7 = 0.6, at ¢t = nT/16 (n = 0,...,15) Us = 1.0,
U (max~ 0.07).

It should be noticed that the maximum velocity Uyax appearing in tube axis
during a sampling period would be less than character velocity Uy for case a > 0.
For case a > 1, the Upax would be much less than Us. It seems when oscillatory
pressure gradient changes very fast and it is impossible for velocity field to reach
the fully developed velocity profile with maximum value Usg.

A typical Reynolds number in the abdominal aorta is 1250 and a typical Wom-
ersley number o = 8,* firstly simulation the case of Re = 1200, o = 7.93, T' = 1200,
7 = 0.6 was performed. N, x N,. = 81 x 41 and the corresponding Us = 1.0. The ex-
act analytical solutions of Eq. (43) were compared to numerically evaluated velocity
profiles along the diameter in Fig. 6. The velocity is normalized by Us. The r-axis
is nondimensionalized by dividing by the radius of the tube as indicated in Fig. 6.
Although in this case Us; = 1.0, the Upax observed in whole oscillatory period is
only about 0.063, M = 0.063v/3 ~ 0.109 < 1, which is consistent with the limit of
LBM. In all our cases, the additional limit L, /(csT) > 1 was also satisfied.

Then we’d like to discuss the spatial accuracy of our model through evaluate
the error between the numerical and analytical solution. In this study and above
cases, the oscillatory pressure is implemented by adding equivalent oscillatory body
force. A velocity error formula is introduced as (46). At each time step the error
can be defined as:

S Julr) — ua(r)]
R ST ES R (46)

Where wu(r;) is the numerical solution, wu,(r;) is the analytical velocity at r; in
middle pipe. The overall average error (£) is averaged over the period T'. For all the
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Fig. 7. Global error (£) as a function of the pipe diameter N, for o = 7.93 and o = 3.17.

cases in this part, the convergence criterion was set as following:

Yo luxt+T) — u(x,t)| <10 (47)
Yoy lulx,t+ 1)
where x is any lattice in computational domain. ¢ usually chosen as t =1 + nT.

Here in all of cases, the pipe length was chosen as 2N, , where N, is the number
of lattice nodes in the diameter (usually N, excludes the up and lower extra layers
outside the wall boundary). The global errors behavior for « = 7.93 and a = 3.17
was illustrated in Fig. 7. For a certain «, as [N, was increased o was kept constant
by varying the period T accordingly within the range 7' > 103. For above «, the
corresponding 7 was kept 0.6 and 1.0 respectively. In Fig. 7, the solid lines represent
the linear fits, and the slope of the lines are —1.89 (o = 7.93) and —2.02 (a = 3.17).
The figure demonstrates that, current LBGK model incorporating the extrapolation
wall boundary condition and the forcing term, is second order in space.

In last part we’d like to find some clues of compressibility effect through investi-
gating the velocity field error. Here to investigate the velocity field error, four cases
with o = 3.963, N, x N, = 41 x 41, T' = 4800 were simulated using both present
model and the Halliday’s model. The scheme of specifying inlet/outlet pressure
was chosen to implement pressure gradient. Table 1 shows the velocity field error
measured by 6 and (f). 0 at time ¢ is defined as:

g Dululrist) — vari, )
Ei ug (ri ) t) ,

where the summation is over the diameter in middle pipe and the overall average

(48)

error (f) is averaged over the period T. The 6,,x means the maximum value of 6
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Table 1. The error of velocity field in 3D Womersley flow.

Halliday’s model Present model
Cases Re px Mmax Omax ) (%) Omax (9) (%)
1 120 0.0001 0.054 0.00534 0.054 0.00481 0.042
2 240 0.0002 0.108 0.0131 0.172 0.0127 0.139
3 600 0.0005 0.272 0.0942 0.923 0.0557 0.730
4 1200 0.001 0.544 0.453 3.39 0.206 2.48

in a sampling period. In Table 1, the M,,x in tube axis for case 1 to 4 are 0.054,
0.108, 0.272 and 0.544, respectively.

Through comparison of the maximum particular velocity error and the overall
numerical average errors of two models in Table 1, we observed that as Mpyax
in tube axis increase, the corresponding errors of Halliday’s increases faster than
present incompressible model. The observation is consistent with conclusion got for
the standard and incompressible D2Q9 models.? Hence, comparing with Halliday’s
model, present model can eliminate the compressibility effect.

5. Conclusion

An accurate axisymmetric incompressible LBGK model was derived in this pa-
per by introducing an additional source term to an incompressible LBGK model.
With limit of mach number M <« 1 and L,/(c,T) < 1, this axisymmetric LBGK
model successfully recovered the Navier—Stokes equation in the cylindrical coordi-
nates through Chapman Enskog expansion. For the additional source term in our
model, most velocity gradient terms can be obtained from high order momentum
of distribution function, which is consistent with the philosophy of the LBM. The
axisymmetric incompressible LBGK model was successfully applied to simulate the
steady and unsteady axisymmetric flow in circular tubes.

For studies of steady flow through constricted tubes, because our model can
fully recover the continuity and Navier—Stokes equations, accurate results were ob-
tained. For studies of 3D Womersley flow, current LBGK model incorporating the
extrapolation boundary condition is of second order in space. Comparing with Hal-
liday’s axisymmetric model, it is observed that the present model can reduce the
compressibility effect.
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