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We investigate the inertial migration of slender, axisymmetric, neutrally buoyant filaments
in planar Poiseuille flow over a wide range of channel Reynolds numbers (Re. €
[0.5, 2000]). Filaments exhibit complex oscillatory trajectories during tumbling, with
the lateral migration velocity strongly coupled to their orientation. Using a singular
perturbation approach, we derive a quasi-analytical expression for the migration velocity
that captures both instantaneous and period-averaged behaviour. Finite-size effects are in-
corporated through solid-phase inertia and the influence of fluid inertia on the orientation
dynamics. To validate the theory, we develop a fully resolved numerical framework based
on the lattice Boltzmann and immersed boundary methods. The theoretical predictions
show good agreement with simulation results over a wide range of Reynolds numbers
and confinement ratios. Our model outperforms previous theories by providing improved
agreement in predicting equilibrium positions across the investigated range of Re,
particularly at high values. Notably, it captures the inward migration trend toward the
channel centreline at high Re. and reveals a new dynamics, including the cessation and
resumption of tumbling under strong inertial effects. These findings provide a robust
foundation for understanding filament migration and guiding inertial microfluidic design.

Key words: flow-structure interactions, suspensions

1. Introduction

The shape of suspended particles plays a critical role in determining their transport and
equilibrium behaviour in fluid flows. Unlike idealised spherical particles, many naturally
occurring or engineered particles are elongated or filamentous, with one dimension
significantly larger than the others. The inertial migration of such non-spherical particles
in bounded flows is of particular interest due to its implications for biological cell sorting,
industrial filtration and fibre processing.
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Recent advances in microfluidic inertial focusing have demonstrated the potential for
shape-based particle separation. Experiments have successfully sorted microorganisms
such as Euglena gracilis with dynamically varying aspect ratios (Li et al. 2017), isolated
sperm cells from complex mixtures (Son et al. 2017) and separated chromosomal subtypes
based on filament length (Feng et al. 2020). These techniques offer rapid processing
and label-free operation, outperforming traditional approaches such as hydrodynamic
filtration and fluorescence-based sorting. In industrial settings, inertial separation is also
being explored for applications such as pulp fibre fractionation (Lundell, Soderberg &
Alfredsson 2011). However, despite these advances, the physical mechanisms that govern
shape-based migration — particularly for slender filaments — remain poorly understood.

The inertial migration of spherical particles has been extensively studied since the
pioneering work of Segré and Silberberg (Segré & Silberberg 1962a,b), who discovered
that rigid spheres in pipe flow migrate toward a stable annular position located between
the wall and the centreline, now known as the Segré—Silberberg annulus. At high channel
Reynolds numbers (Re, > 700), experimental evidence (Matas, Morris & Guazzelli 2004)
suggests the emergence of a secondary inner equilibrium near the centreline, which
remains unexplained by classical point-particle models.

Significant theoretical progress has been made in understanding the Segré—Silberberg
annulus. Saffman (1965) used regular perturbation theory based on a point-force model
to derive the shear-gradient lift force acting on rigid spheres in unbounded shear flow.
Building on this, Ho & Leal (1974) provided the first analytical solution for inertial
migration of spherical particles in plane Poiseuille flow at low Reynolds numbers
(Re; < 1). Schonberg & Hinch (1989) extended the analysis to moderate Re (Re, < 150),
showing that equilibrium positions shift monotonically toward the wall as Re. increases,
consistent with experimental results.

Further developments incorporated additional physical effects. Hogg (1994) included
buoyancy to study non-neutrally buoyant particles in both horizontal and vertical channels.
Asmolov (1999) introduced an orthonormalisation method (Godunov 1961; Conte 1966) to
overcome high-wavenumber numerical instabilities, enabling computation of inertial lift
forces at Re. up to 3000, approaching the laminar—turbulent transition threshold (Avila,
Barkley & Hof 2023). These results confirmed that, for spherical particles, the unique
equilibrium position shifts monotonically toward the wall with increasing Re.. However,
they did not explain the experimentally observed inner equilibrium annulus at Re, = 700
(Matas et al. 2004).

Matas, Morris & Guazzelli (2009) further refined the theoretical framework by deriving
analytical solutions for spherical particles in cylindrical geometries. Although these results
introduced minor quantitative corrections compared with planar Poiseuille flow, they
still failed to account for the inner annulus. Additionally, Matas’s work showed that the
hydrodynamic entrance length scales as O (Rec_o'm), significantly longer than previously
estimated O (Re;l), highlighting the practical challenges of experimental validation at
moderate to high Re.

While these point-particle theories capture key trends, they fail to explain the origin
of the inner annulus, prompting more recent work to consider finite-size effects. Chen,
Lin & Hu (2021) used numerical simulations to show that, for 0.125 < d,/H < 0.3, where
H represents the channel height, the radial position of finite-sized spheres decreases
approximately linearly with particle diameter, d,. Asmolov er al. (2018) examined
how wall-induced slip velocity affects lateral migration of finite spheres at Re. < 20.
More recently, Anand & Subramanian (2024) incorporated particle volume effects
into the generalised reciprocal theorem, predicting the emergence of inner equilibrium
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positions consistent with experimental trends. Nevertheless, such models remain limited
in validation, particularly for small particles where long entrance lengths challenge both
simulations and experiments (Segre & Silberberg 1962b). As a result, the influence of
finite particle size on inertial migration remains an open question.

For spherical particles, the role of finite particle size in inertial migration has been
investigated under confined geometrical constraints. Hood, Lee & Roper (2015) examined
the inertial migration of rigid spheres in square duct flows, showing a power-law
dependence of inertial lift on particle size. Harding, Stokes & Bertozzi (2019) studied
inertial lift in curved ducts, highlighting the influence of curvature and confinement on
particle focusing. While most such studies do not explore Reynolds number effects in
detail, Nakagawa et al. (2015) demonstrated in square duct flows that equilibrium positions
shift significantly with increasing Reynolds number, with face-centred positions remaining
stable while corner-centred positions become unstable beyond a critical threshold.

For non-spherical particles, the inertial migration dynamics differs fundamentally from
spheres due to coupling between orientation and lateral motion. The notion of ‘shape’
encompasses both the particle’s aspect ratio (dimensionless geometry) and its physical
size, typically characterised by the semi-major axis or maximum rotational diameter.
Experiments by Masaeli ef al. (2012) showed that ellipsoids of equal volume but varying
aspect ratios settle at different lateral positions, highlighting shape sensitivity. In contrast,
Hur et al. (2011) observed that equilibrium positions for diverse anisotropic particles
collapse when normalised by the maximum rotational diameter, suggesting that particle
size, not just shape, can dominate lateral migration.

These experimental studies also revealed that, like finite-sized spheres, finite-sized
non-spherical particles tend to migrate closer to the channel centreline than predicted
by point-particle theory. Moreover, the equilibrium position shifts monotonically toward
the centreline as the semi-major axis or rotational diameter increases (Masaeli et al.
2012). While numerous experimental and numerical studies have explored the effects of
particle shape, only recently did Anand & Subramanian (2023) develop the first theoretical
framework for ellipsoids using a Jeffery-period-averaged model in the limit of Re, < 1.
Their analysis suggested that the shape of the migration-velocity profile is determined
solely by Re., while the aspect ratio k =a/b modulates its magnitude, implying
equilibrium positions for ellipsoids are the same as for spheres and shift toward the wall
as Re. increases. Here, a denotes half the filament length, and b represents its radius.

However, numerical results contradict this prediction. Chen, Pan & Chang (2012)
reported that ellipsoids with « = 1.875 and 3.333 migrate toward the centreline, not the
wall, as Re. increases. Similarly, Xu et al. (2022) found that slender two-dimensional flaps
(k = 64) first move toward the wall at 1 < Re. < 10, then reverse toward the centreline
at 10 < Re, < 60. These trends directly oppose theoretical predictions and indicate that
the small-Re, assumption may be too restrictive to capture real behaviour at moderate
Reynolds numbers.

For slender filaments, theoretical constraints are even more severe, requiring
Repk/Ink <1 (Anand & Subramanian 2023). Achieving the necessary entrance length
- L,/H ~ O(Rec_l/l_3/c Ink) > Ok?1~"), with A=a/H characterises the relative
filament size, where a denotes half the filament length (see figure 1) — is particularly
challenging for large aspect ratios, making theoretical predictions difficult to test
numerically or experimentally. While Anand & Subramanian (2023) hypothesised that
finite-size effects may slow or arrest filament rotation, shifting equilibrium positions
toward the centreline beyond a critical Re), no theoretical, numerical or experimental
validation yet exists.
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Figure 1. (a) An elongated filament suspended in planar channel flow. The laboratory frame and the body-
fixed frame are denoted by O and O”, respectively. (b) A centroid-fixed translating frame, denoted by O’, is
defined with its origin at the geometric centre of the filament, while its axes remain aligned with the laboratory
coordinates.

Furthermore, current models typically neglect the effect of fluid inertia on the rotational
dynamics of filaments. This gap — namely, the lack of validated theory for finite-sized
slender filaments at moderate Reynolds numbers — motivates the present study.

This study addresses the inertial migration of finite-sized, slender filaments in planar
Poiseuille flow at moderate channel Reynolds numbers (0.5 < Re. < 2000). A theoretical
framework is developed that incorporates both solid-phase and fluid inertia, capturing
the coupling between filament orientation and lateral migration velocity. A quasi-
analytical expression is derived using singular perturbation techniques, accounting for
the instantaneous migration velocity throughout the tumbling cycle. To complement
the theory, fully resolved three-dimensional simulations are performed using the lattice
Boltzmann and immersed boundary methods (LBM-IBM). For the first time, the
lateral oscillations within a single tumbling cycle are explicitly analysed. The results
demonstrate that the theoretical predictions capture the correct trends observed in the
simulations, thereby offering new insight into the finite-size inertial dynamics of slender
filaments.

The remainder of this paper is organised as follows. Section 2.1 introduces the governing
equations and key dimensionless parameters. Section2.2 describes the numerical
framework and its validation. In § 3.1, building on the approach of Hogg (1994), we
develop a theoretical model for filament migration in plane channel flows using resistance
theory and singular perturbation methods. We begin by analysing migration behaviour in a
simplified case, a filament with fixed orientation, and then extend the analysis to the more
realistic scenario of a freely rotating filament in a channel, subject to zero external torque.
The model predictions are compared quantitatively with three-dimensional numerical
simulations, showing consistent trends despite noticeable discrepancies in magnitude.
Section 4 concludes with a summary and outlook.

2. Problem formation and methodology
2.1. Governing equations and dimensionless

As illustrated in figure 1(a) a rigid rod-like homogeneous filament with aspect ratio
k =a/b undergoes free motion within a plane channel of height H, and the centre
of mass (CoM) is located at a position Y (¢), whose components are (Y7, ¥3) in the
streamwise and wall-normal directions, respectively. Figure 1(b) shows a body-fitted
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coordinate system originating at the geometric centre of the filament. Let s = d/H denote
the non-dimensional position of the filament, where d is the vertical distance between the
filament’s CoM to the lower wall. The Newtonian fluid is governed by the incompressible
Navier—Stokes equations

12, 1/2 (0u _ 2
Ref Re, <¥+V-(u®u))——vp+v u, @1

V.u=0.

Here, u represents the fluid velocity field in the laboratory frame, while p denotes
the fluid pressure field. Equations (2.1) have been non-dimensionalised following the
convention established by Asmolov (1999) and Hood et al. (2015), using half the filament’s
length @, maximum undisturbed channel centre velocity U, . and characteristic viscosity
force F), = pnaU,,,, as the characteristic length, velocity and force, respectively. Here, u is
the dynamic viscosity of fluid, and a prime is used to represent dimensional velocities and
space coordinates. The relevant non-dimensional parameters are summarised as follows:
Res = U,,,.a*/Hv is the filament Reynolds number, defined using the mean shear rate in
the channel and the filament’s semi-major axis; Re, = U, H/v = Rey /A% is the channel
Reynolds number, based on the maximum centreline velocity and channel height; Reg =
Ga?/v is the shear Reynolds number, defined using the undisturbed local dimensional
shear rate G at the filament’s CoM and the filament’s semi-major axis a, v = /0
being the kinematic viscosity. The velocity field is subject to the following boundary
conditions:

u=us+wfAN(r—Y) ondVy,

u=0 0ns=0,/l_l,

u— u*> as |(r —Y)| — oo, (2.2)
27 Sty duy

nds =282
[y, e nes= 3G

The last condition in (2.2) represents Newton’s second law for the filament: neglecting
body forces such as gravity, the hydrodynamic surface stresses acting on the filament
balance its inertial response. Here, uy denotes the translational velocity of the filament’s
centre, @y represents its angular velocity, r the position in the laboratory coordinate
system, Vy the filament volume, u™ the undisturbed flow velocity and o the stress
tensor in the liquid phase. Unless otherwise specified, all filaments considered share an
aspect ratio ¥ = 64 and mass M = 0.01. The global Stokes number Sz, = (pr/p;)Rer =
(4/JT)MK2Ref characterises the solid-body inertia (Bagge et al. 2021), where pf and p;
denote the filament and fluid densities. Sedimentation due to gravity is neglected here,
corresponding either to microgravity conditions or to flow regimes in which inertial
migration overwhelms buoyancy. At sufficiently low channel velocities under normal
gravity, however, buoyancy may compete with inertial lift, which is an interesting direction
for future work.

2.2. Numerical methods and validation

We employ direct numerical simulations based on the LBM coupled with the IBM to study
filament migration. Details of the numerical algorithm and partial validation are provided
in Appendix A, with further validation available in prior studies (Xu et al. 2022; Lu &
Huang 2024).
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Figure 2. Evolution of the filament centroid position over time for different computational domain sizes
(streamwise, wall normal, spanwise, with H the channel height). At Re, =240 and 1 =1/8, the filament is
initially aligned with the flow direction and placed at Y3|,—o = 2.6, with its initial velocity equal to that of the
undisturbed flow.

The flow field is discretised on a uniform Cartesian grid with spacing Ax = 0.02.
For Re. <200, a computational domain of 6 H x H x 2H (streamwise, wall normal,
spanwise, with H the channel height) was verified to be sufficient to avoid spurious
filament—filament interactions due to periodicity (figure 2). At higher Reynolds numbers
(Re. €200, 2000]), longer-lived flow structures require an extended domain of 10H in
the streamwise direction to suppress artificial periodic interactions.

No-slip boundary conditions on the channel walls are implemented via the half-way
bounce-back scheme (Zou & He 1997), while the fluid-filament no-slip condition is
enforced using the IBM. To resolve fluid—structure interaction on the filament surface, 8
Lagrangian points are uniformly distributed in the circumferential direction and 128 along
the axial direction. Unless otherwise specified, all simulations use filaments with aspect
ratio ¥ = 64 and mass M = 0.01.

3. Results and discussion
3.1. Finite Re. model

A quasi-analytical solution for the regime Rey << O(1) and arbitrary Re. can be derived
using the method of asymptotic matching. Following the approach of Hogg (1994) and
Asmolov (1999), a Stokesian inner solution is constructed within the inertial screening

length, HRe, Y 2, to satisfy the boundary conditions on the filament surface. When Re, =
O(1), the inertial screening length becomes comparable to or smaller than the channel
height H, requiring an outer region where inertial effects are retained. The inner and outer
solutions are then matched asymptotically. In the outer region, inertial and viscous forces
are of comparable magnitude, and the solution satisfies the boundary conditions at the
channel walls and in the far field.

When the (2.1) and (2.2) are rewritten in a centroid-fixed translating frame (as shown in
figure 10) moving with the filament’s centre at uy

w0
Re’Rel/” (a—':’ + % +w-Vw —|—ﬁ-Vw+w-Vﬂ) =—V (p— p™) + V2w,
3.1)

where w represents the disturbance velocity caused by the presence and motion of the
filament, while # = (o + Br3 + yr32)e1 — uy denotes the undisturbed flow velocity in the
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body-fixed translating coordinate system and u; = «e; — uy represents the slip velocity.
Here, « =4s(1 — 5) denotes the undisturbed velocity at the CoM of the filament, 8 =
4(1 —2s)A is the local shear rate depending on position and y = —44? is a constant
characterising the shear gradient of the undisturbed flow. The disturbance velocity w
satisfy the following conditions:

V.-w=0,

w=wsAr—u, ondVy,,
w =0, r3=—/171s,/171(1—s),
w—0, |r]—> ZFoo,

(3.2)

(0 (w) +0 @) - nds = 2o
o(w o)) - = .
vy " A2 dr

We now examine the relative magnitudes of the terms in (3.1). In this case, the
disturbance flow scales as w~ B/r> + y/r3, while the slip velocity scales as uy ~ y
and we have undisturbed flow & ~ Br + yr2. Under finite Reg, the characteristic time for
filament tumbling exceeds the Jeffery period, i.e. Tge 2 Tjerr =27 Lk + k1) (Jeffery
1922; Rosén et al. 2016)

Jw  Ju _ —
ST~ BIP /P AT we Ve tE - Vwtw- Vi

~ B2+ By 1O+ T+ B 4 By [+ yB/r + v R

(3.3)

Following the analysis paradigm of Anand & Subramanian (2024), we multiply (3.1) by
the test function (~ (1/r)) associated with a forcelet and integrate over a control volume
with element dV = O (r2 dr). This integration yields the contribution of each term in (3.1)
to the lateral migration velocity, thereby quantifying their respective roles

Wi o~ B +y/r v TR -

Wit ~ B/ 4 By 1+ v/ + B Inr 4 Byr +yB/r+ 77 Inr.
Accounting for the finite filament size and the finite channel height, the radial coordinate
is restricted to r € [1, 17!

w  ~(BON) +In A 4y +yA DT,

temporal
wis) ~ B2+ By + v/ + FHOM) +1n A + pya +yB+ 12O +1n "),
(3.5)

The logarithmic contribution g In /l*ITR;1 arises from the

We first consider wt(:;g)oml.
matching region, whereas the term )/TR_e1 arises from the inner region. Neither of these
contributions generates any net lift upon period averaging. The occurrence of any net
period-averaged migration necessarily depends on the boundary conditions, and therefore
can only arise from the outer-region terms, /STR_E1 and y/l_ZTR_e]. Further asymptotic
(mig)

analysis with respect to A shows that the leading-order contribution to Wiemporal is
y/l_zTR_el. Here, the leading-order contribution of the temporal derivative term arises

entirely from u;. By performing the same analysis, we find that the dominant contributions
(ng)l are B2 and ByA~', which arise from the linear terms in the disturbance

to wspatia
1023 A44-7
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velocity w. Therefore, the condition under which the time-derivative term can be neglected
is simply

Ak > 1, (3.6)

which is readily satisfied for slender filaments in most cases. However, in certain extreme
situations — such as the case with 4 =1/32 shown in figure 9 — noticeable discrepancies
between the theoretical model and numerical simulations emerge when Ax = 2.

3.1.1. The inner solution

In the inner region, Rey is sufficiently small that the flow is governed by the Stokes
equations. Under this regime, a slender-body approximation known as resistive-force
theory (RFT) can be applied to compute the leading-order disturbance velocity induced
by the filament (Kim & Karrila 2013). The velocity difference between the filament and
the undisturbed background flow is decomposed into components parallel Au,,/(§) and
perpendicular Au (§) to the local filament axis. Here, & is the body-fixed coordinate
along the filament axis, as illustrated in figure 1(a). This decomposition forms the basis
for approximating the distributed hydrodynamic force acting on the filament

fr&) =—0Au; /&) — 2Au,§). (3.7

The anisotropic hydrodynamic resistance of the filament is captured by two coefficients,
M =Qru/(Inx) —1/2)), 13 = (4w u/(In(2x) + 1/2)), which differ by roughly a factor
of two for large aspect ratio x. The disturbance velocity in the inner region, at distances
not extremely close to the filament (|r| < O(a)) , can thus be expressed as a function of
the force monopole F and force dipole D exerted by the filament on the surrounding fluid

_ Fyi
ui(ry —u;(r)= agil(") +

D .
IR G ), (3.8)
8T

where  G;j = (1/r)d;; + (1/r3)x,~x]~, r=|x| is the Oseen tensor, and G;jx=
(1/r3)(—8,'jxk +8jkxi + 8ikxj) — (3/r5)xl-xjxk is the spatial derivative of the Oseen
tensor. Further details and explicit expressions for F and Dy are provided in Appendix B.
It is worth noting here that our analysis is restricted to filament motions confined to the
flow-shear plane, since fluid inertia tends to drive slender filaments, regardless of their
initial orientation, toward the degenerate Jeffery orbit characterised by an orbit constant
C = 00 (Subramanian & Koch 2005). As a result, Fy depends on uy, s and ¢, while Dy
additionally depends on the angular velocity wy.

3.1.2. The outer solution

If the inertial screening length of the filament is smaller than H, the viscous force term
and the advective terms due to undisturbed shear velocity in the outer region are matched.
By introducing a linear scaling

R=er. 3.9

Following Saffman’s (1965) approach, the matching conditions can be incorporated into
the momentum equation by introducing appropriate forcing terms. This leads to the

1023 A44-8
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governing equation for the outer solution region

IW AU _ _
Re,/*Re;’ (W + o W VW@ —Uy) YW +eW VT - U,
inertia 1
+ €U, - VW) =—€eVP + VW +e>Fr8(R) + €* Dy - VS(R). (3.10)
~——— ~———

inertia 2 viscous

Assuming that the convective term induced by the undisturbed flow (inertia 1) significantly
exceeds that arising from filament migration (inertia 2), the former must balance the
viscous term (viscous). This yields the primary perturbation parameter for the problem

e=Re,”. (3.11)
Therefore, the disturbance velocity field and pressure must satisfy
w=eW+o0(), p=e*P+o(e?. (3.12)

By performing a two-dimensional Fourier transform parallel to the upper and lower walls,
we obtain

W(kl’ ka2, R3) 1 /oo /oo W(R1, Ry, R3) —i (k1 R1+k2R7)
4 - dR, dR>.
{ P (k. k2, R3) } 472 )] | P(Ri,Ry, Ry [© 16452
(3.13)

If the transient effects are considered small, the first two terms in (3.10) can be neglected.
Similarly, applying a two-dimensional Fourier transform yields

LW =kP + (,3R3 - 4Re;”2R§) ik W+ (8 — 8Re;%R3)W3e1
+ #Reé(FfS(RQ + D -kT5(R3)), (3.14)
LP = —2iki (B — 8Re;%R3)W3 — #Reémf k" +k-Ds-k")S(R3),
and the boundary conditions of the upper and lower walls must still be satisfied

~ 1 1
W =0, R3=—Rels, Rel(l—ys). (3.15)

Here, k = (ky, k2, /0 R3) represents the wave vector. Note that k; and k, denote the
Fourier wavenumbers in the streamwise and spanwise directions, while the wall-normal
direction is left in physical space, so the third component remains as the differential
operator d/d R3. The governing equation can be formulated as the following fourth-order
ordinary differential equation for the Fourier transform of the lateral velocity:

1/2 2
- . 12y dé(R3) d“8(R3)
L2 — ik V1 L — ik 8Rey V2 W3 = ——<— | d©8(R3) + dV d® :
( ik V ik18Re; ") W3 12 (R3) + aRs + aR?
(3.16)
that satisfies the no-slip boundary condition at the wall
~  dW
W3 = d—Rz —0 on Ry=—Re?s, Rel*(1—s), (3.17)
where
d? 2 2_ 12,12
L:W—k, k* =kj + k3. (3.18)
: 1023 A44-9
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The delta function and its derivatives in the right end term can be written as jump
conditions

aW]_ ke
dR; |~ 4mx2 T
2wy | ReV?
=— d® (3.19)
2 2 9 .
|: dR3 ] 47
3 | T 2
dR3 ] 4

where [ f]= f(k1, 0", k3) — f(k1, 0™, k3) is the magnitude of the jump, and

Vi=Re*Us + BRy+ R.'*BR3, (3.20)
dO =k?Fp3 + ikik* Dy31,
dV =ikyFy —kiDs1y +k*D 33,
d® =ik Dy,
d® =k*Qik\Dy13+ Fy3+ikiDy3)). (3.21)

In the absence of gravity, the term Fy arises solely from the last term in (3.2),
representing the solid inertial force. Here, we neglect the contribution of Fy, as it is

significantly smaller than that of Dy in determining W3(mlg ) for slender bodies. The effect
of solid inertia will be considered later in (3.30). _

The wavenumber-dependent migration velocity W3(ky, k2, R3) is obtained by
numerically solving the governing (3.16) subject to the specified jump conditions (3.19).
However, conventional finite difference methods become unstable or inaccurate for Re, >
100, even with very fine integration step sizes. Previous studies have demonstrated the
robustness of orthogonalisation techniques (Asmolov 1999; Anand & Subramanian 2023)
in handling cases up to Re. =~ 3000. To further improve numerical stability and efficiency,
we adopt an adaptive implicit Runge—Kutta method based on the five-stage Lobatto ITICx
formula (Dekker 1984; Wanner & Hairer 1996). The complete algorithm is provided in
Appendix C. The corresponding lateral disturbance velocity at the filament centroid in
physical space is then recovered via inverse Fourier transform

. 27 oo
Wy =Re f / s
0 0

Here, Re[:] denotes the real part of a complex number. The integration in (3.22) is
performed numerically using Gauss—Legendre quadrature in the plane polar coordinates
(k, 0), rather than in the Cartesian coordinates (k1, k2), where 6 = arccos(k;/k). As noted
in Appendix D, for sufficiently large k, the solution to (3.16) exhibits exponential decay
away from the origin. By treating k~! as a perturbation parameter, the migration velocity
in the large-wavenumber limit can be obtained

kdkde |. (3.22)
R3—>0

3(Df13+5Dy31) cos2 0
327 2Re k3

Re[Ws (k,0,0)] = +O0K™ as k—oo.  (323)
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Figure 3. At Re. =40 and ¢ = 7 /4, the migration velocity of filament with a fixed inclination angle. Panels
(a), (b), (c) and (d) illustrate different segments of the same lift-force profile.

The final lateral migration velocity is composed of the numerical solution for k < K,
and the asymptotic solution for k > K,

. 2w Km
Wy = Re / / W3
0 0

where K, is a cutoff radius used to control the numerical accuracy of the computation. It
has been verified that, for the range of Reynolds numbers considered in this study, K, =
128 provides sufficient accuracy for s € [0.04, 0.96].

3(Df13+5Dy31)

k dk do
64w Re K2,

R3—>0

+0(K,%), (324

m

3.2. Simplification for fixed inclination angles

We begin by examining a simplified case in which the filament maintains a fixed
orientation (¢p = v /4) but is still free to translate within the channel. This set-up artificially
decouples translational and rotational dynamics by applying an external torque — an
approach that does not reflect typical flow conditions but serves as a useful idealisation.
Analysing this constrained scenario allows us to isolate the effect of unsteady angular
motion on lateral migration and provides valuable insights into the limitations of the
present theory.

Figure 3 compares the lateral migration velocity of a filament inclined at ¢ =7 /4,
obtained from the quasi-analytical solution of (3.16), with results from LBM simulations.
Both approaches exhibit a distinct ‘bathtub-shaped’ velocity profile: the migration velocity
is high near the walls (s = 0 to 0.1 and 0.9 to 1) and much lower in the central region of the
channel. This behaviour is clearly visible in the zoom-in view in figure 3(c). Notably, for
A=1/64, the LBM data near both the lower wall (s =0 to 0.2) and upper wall (s =0.8

1023 A44-11


https://doi.org/10.1017/jfm.2025.10877

https://doi.org/10.1017/jfm.2025.10877 Published online by Cambridge University Press

Y. Lu, J. Zhang and H. Huang

to 1) closely match the analytical prediction, providing a strong initial validation of the
theoretical model.

This bathtub-shaped profile differs markedly from the antisymmetric S-shaped
migration velocity typical of inertially migrating spherical particles (Anand &
Subramanian 2024). For spheres, symmetry in both geometry and flow leads to symmetric
inertial forces near the upper and lower walls, generally resulting in equal repulsive effects
from both boundaries. In contrast, inclined filaments break this symmetry. As shown in
figure 3(b), a filament tilted upward at ¢ = /4 experiences a positive (upward) migration
velocity near both the lower and upper walls. Since inertial forces align with the migration
direction, the filament is pushed away from the lower wall but pulled toward the upper
wall. Importantly, this force becomes stronger as the filament approaches either wall.
Consequently, the model predicts that a filament released near the upper wall may be
attracted toward it, potentially leading to wall contact.

While the theoretical and LBM results show good agreement near the walls in the
weakly confined case (1 = 1/64), near-wall data are unavailable for more strongly confined
cases with larger A. This is due to geometric constraints: the filament tip makes contact
with the wall, preventing reliable data collection in these regions. For instance, with
A=1/16 and ¢ = /4, the filament centre reaches s = 1 — A cos(r/4) = 0.912 just before
the tip touches the upper wall, so no LBM data are available for s > 0.912. Near-wall
dynamics such as lubrication forces and post-collision behaviours known as ‘pole vaulting’
may then arise (Dhanasekaran & Koch 2019; Teng et al. 2022; Wilkinson, Pradas &
Wilkinson 2023). Although these effects are intriguing, they lie beyond the scope of the
present study.

When the distance between the wall and the filament centroid becomes very small
(smaller than the inertial screening length) but before solid—solid contact occurs, the
singular perturbation method employed here ceases to be valid. In this regime, LBM
simulations indicate that, for a fixed inclination angle of ¢ = /4, the filament continues
to accelerate toward the upper wall until contact takes place. Once collision occurs, the
lateral migration velocity necessarily switches to zero or even negative values, depending
on frictional effects that lie beyond the scope of the present study. It should also be noted
that the interaction of a freely rotating filament with a single wall in linear shear flow has
been specifically analysed by Dhanasekaran & Koch (2019), who showed that when the
wall—centroid distance falls below the inertial screening length, the freely rotating filament
experiences a repulsive force from the wall.

In the central region of the channel, as shown in figure 3(c), both the theoretical model
and LBM simulations predict significantly lower migration velocities compared with the
near-wall regions. However, the predicted equilibrium positions differ. The theoretical
model suggests a stable equilibrium at the channel centre s = 0.5, as shown in figure 3(d),
while the LBM simulations indicate a stable position closer to the lower wall. For example,
at 1 =1/16, the equilibrium position is around s = 0.4. This discrepancy is discussed in
detail in Appendix E. In short, it is due to a limitation of the current theoretical model,
which considers only the effect of local shear rate. Since the shear rate vanishes at the
centreline, the model fails to capture the influence of the shear gradient, which remains
constant throughout the channel and becomes the dominant factor driving migration near
the centre.

To further explore the influence of inclination angle ¢ on migration behaviour, figure 4
presents theoretical predictions for 4 =1/64 at various angles. For ¢ = 17/18, four
equilibrium positions emerge: two stable equilibria at s =0.39 and s = 0.88, and two
unstable equilibria at s =0.50 and s =0.70 for Re, =40 (figure 4a). Results for higher
Reynolds numbers up to Re, = 1000 are shown in figure 4(b).

1023 A44-12


https://doi.org/10.1017/jfm.2025.10877

https://doi.org/10.1017/jfm.2025.10877 Published online by Cambridge University Press

Journal of Fluid Mechanics

@ ®
x10 L0 x10 ]
oy ¢=87/18 1 = el i'
0oy ¢="71/18 (! R PR !
4F 1i0) ¢=61/18 :! TR ]n
110y ¢="57/18 it K R 3
SRR 9 =4r/18 I 0514 W 2
i X ¢=371/18 ::l :} ‘\\\ W
Py X ———- $=27/18 j I 1 R i
B2 VNN ce--esmas R PP —
O i 0 "y ORI
a \ vy A | - S TsL vy
. \\ (¥ 'I ] | ~ 1
r AN 3\ 4 ! So_Mmp
b ~~~~~\.‘\\ "at;\__a’, ' + )
R eSS o - "
0 [ . ' 0.5} "
\
\\ ,’ [ : :
r -~ B "
Re, =40 [ Re,=1000 ¥
-2 TR R T T 1 T I L -1.0 I ET P P '
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
K s
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Figure 5. (a) Lateral disturbance velocity W;mig) and (b) streamwise disturbance velocitle('"ig) at Re, =24.

3.3. Case of torque-free dynamics

In this section, we examine the migration behaviour of a freely rotating filament in
a channel under zero external torque. Specifically, we compute the lateral disturbance

velocity W3(ng) in the ¢ — s plane under the torque-free condition 7y =0, using (3.24).
The detailed numerical procedure and parameter settings are provided in Appendix C,
with the resulting lateral migration-velocity profile shown in figure 5(a). If a dashed
line is drawn at ¢ = /4, the resulting cross-section resembles the profile in figure 3.
The velocity field in the ¢ — s plane is antisymmetric about both (¢, s) = (0, 0.5) and
(0.5, 0.5), remains relatively flat near the channel centre and increases sharply near the
walls.

Unlike isotropic spherical particles, the filament’s anisotropy and finite inertia induce
a coupling between the lateral migration velocity and the streamwise disturbance velocity
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Wl(ng ). Asin the previous subsection, the governing equation for the Fourier-transformed
streamwise disturbance velocity

~ ~ _ ~ _1 ~
LW, =ik P+ (,3R3 _4R; ‘/2R§) ik Wy + (,3 _8R, 2R3> A
~12

Re,. . 0
a2 (llef13+Df33@)3(R3), (3.25)

P W3
IRy OR?

— kzﬁ}g, — (,3R3 —4R¢_1/2R§> ikﬂx@

—1/2
Re. ik D D 9 8(R3) (3.26)
— —1 — — , .
47‘[2 AL 133 8R3 3

and the corresponding jump condition at the origin can be derived

B Re-\?
[(Wi]=-——5Ds (3.27)
~ ~1,2
dWl R c .
i kD s, 3.28
[ng] 5—ik1Dy13 (3.28)
Pl= Re“_m‘k Dfi3—D 3.29
[P]=- 177 1(Df13 — Dg3p). (3.29)

The numerical solution of the governing equation at Re. = 24 is shown in figure 5(b).
The results reveal that the streamwise disturbance velocity is strongly dependent on
the filament’s orientation p, underscoring the need for a detailed examination of the
filament’s orientational dynamics. In an unbounded linear shear Stokes flow, a slender
filament undergoes periodic tumbling motion along a Jeffery orbit (Jeffery 1922). The
orbit-averaged migration velocity of ellipsoidal particles with arbitrary aspect ratios has
been analysed in the work of Anand & Subramanian (2023). However, to the best of
our knowledge, the full-period oscillatory migration behaviour of a filament has not been
systematically studied, making it a central focus of this section.

Another key aspect explored here is the role of a small but finite shear Reynolds
number Reg, which introduces an O(Reg) correction to the rotational velocity ¢. This
correction alters the filament’s orientational dynamics and can significantly influence its
period-averaged lateral equilibrium position.

To capture both orientation and translation, we now formulate a coupled system of
differential equations. This system extends the classical equation for the azimuthal angle
used by Lundell & Carlsson (2010) and Bagge et al. (2021) for prolate spheroidal particles
by incorporating the following evolution of the filament’s centroid position in addition to
its angular dynamics:

Fp1—CiaW("™®e — Craw™® 3
Sel A I ‘ .
FPe) }(;3 =7 | Fr3— CznzWI('mg)e3 - C3,aW3(m”’)e3 . (3.30)
3(172sz + 2/12(1(]'5(60”)
The detailed expressions for the force Fy, torque Ty acting on the filament and the
coefficient C, are provided in Appendix B. Notably, the term ¢ in the system of
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equations represents a correction to the filament’s angular velocity arising from finite Reg
effects. For Reg = O(1) or smaller, an analytical expression for this correction has been
derived by Rosén et al. (2016), with a brief summary included in Appendix F.

Equation (3.30) is integrated using CVODE from the SUNDIALS suite, whose variable-
step, variable-order Backward Differentiation Formulas schemes are well suited to the
stiffness arising from the small filament mass M, efficiently resolving both weak-
force near-alignment phases and the sharp transients during tumbling. When taking the
limits Ref — 0 and St, — 0, the computed migration velocities reduce to the Jeffery-
orbit-averaged results obtained by Anand & Subramanian (2023), despite differences in
methodological approach. A key advantage of the present formulation is its ability to
capture the oscillatory motion of the filament’s centroid throughout an entire tumbling
period, providing richer dynamical insight beyond orbit-averaged quantities.

Figure 6(a) compares the lateral position of the filament’s CoM Y3, released at Y3|,—0 =
5.8 with an initial orientation of ¢ = /2, for A=1/16 and Re. = 24, as obtained from
both the numerical integration of (3.30) and LBM simulations. Although the trajectories
are not perfectly synchronised in time (with the LBM showing a slightly shorter tumbling
period than the analytical solution), both methods consistently capture the filament’s
complex oscillatory motion during half a tumbling cycle, characterised by two local
maxima and two local minima. Eventually, both approaches predict that the filament
enters a quasi-equilibrium tumbling state, characterised by sustained rotation and lateral
oscillation about a stable transverse position (not shown here). To better illustrate this
oscillatory behaviour, figure 6(f) plots Y3 as a function of the filament’s orientation
angle ¢. In this representation, the locations of the local maxima and minima predicted by
both methods are well aligned, highlighting their agreement in the angular dependence of
the lateral migration. )

Figure 6(b) shows the streamwise velocity Y; of the filament. For most of the tumbling
period, the velocity curve remains nearly flat, resembling a horizontal line. However, each
period features a distinct valley where the streamwise velocity drops sharply. These valleys
correspond to moments when the filament is oriented perpendicular to the flow, causing a
reduction in the centroid velocity. In contrast, the velocity reaches a local maximum when
the filament aligns with the flow direction — approaching the undisturbed fluid velocity at
its centroid. While this peak is relatively subtle, it is observable; for example, the LBM
result peaks around ¢ ~ 434, and the analytical prediction peaks near ¢ ~ 535.

Figure 6(c) shows the lateral (wall-normal) velocity of the filament’s centroid. When the
filament is approximately aligned with the flow direction, the transverse migration velocity
remains relatively small but persists over most of the tumbling period. In contrast, when
the filament becomes nearly perpendicular to the flow, the migration velocity exhibits a
sharp peak — brief but significantly larger in magnitude. Notably, the analytical solution
underestimates the peak velocity compared with the LBM simulation.

Figure 6(d) presents the evolution of the angular velocity. As expected from Jeffery’s
theory (Jeffery 1922), the angular velocity approaches minima when the filament aligns
with the flow and reaches a maximum when the filament is perpendicular to it.

The dependence of the lateral migration velocity on the filament’s orientation angle is
further illustrated in figure 6(e). For clarity, figure 6(e) shows only the trajectory of the
filament after it has reached its quasi-equilibrium position, represented as a limit cycle.
This plot confirms a strong angular dependence and reinforces the trend observed in panel
(c): the perturbation method systematically underpredicts the amplitude of the velocity.
Nevertheless, it accurately captures the locations of the extrema, with the two maxima
occurring at ¢ & 0.3507 and ¢ &~ 0.8247, and the two minima at ¢ ~0.0947 and ¢ =~
0.564r.
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Figure 6. Comparison between LBM numerical simulations (purple solid lines) and perturbation method
predictions (green solid lines) for a filament at Re. = 24: (a) lateral position of the filament’s CoM. Here,
the red annotation is used to highlight that the range of the horizontal axis differs from that in the other panels;
(b) streamwise velocity of the CoM; (c) lateral velocity of the CoM; (d) angular velocity in the vorticity plane;
(e) polar plot of the transverse migration velocity as a function of filament orientation. In this plot, the azimuthal
angle corresponds to the circumferential coordinate, the migration velocity Y3 is plotted along the radial axis
and the grey dashed circle indicates the zero-migration-velocity contour; (f) lateral position of the filament as
a function of its orientation angle.
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Figure 7. Same as figure 6, but for Re, = 800, 1 =1/16.

At a significantly higher Reynolds number (Re. =800), figure 7 shows the same
quantities. As seen in figures 7(a) and 7(f), a key difference emerges: after being released
at Y3|;—9 =7, the filament undergoes roughly 0.967 of rotation before halting. It then
maintains a nearly fixed inclination angle for a prolonged period while migrating laterally.
Rotation resumes only as the filament nears its equilibrium position. This behaviour results
from the non-uniform local Reynolds number Reg. A similar phenomenon was observed
by Aidun, Lu & Ding (1998), who found that filaments in uniform shear flow stop tumbling
at high Reg, then resume rotation as Reg decreases.

Compared with the low-Re, case in figure 6, discrepancies between the theoretical
predictions and LBM simulations are more pronounced at Re, = 800. This is due to
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Figure 8. The period-averaged migration velocity of the filament at Re. = 300.

the inertial screening length (HRe, 12 ~ 0.57a) becoming smaller than the length of
filament’s semi-major axis a, rendering both the singular perturbation method and RFT
invalid under these conditions.

Figure 8 shows the dependence of the period-averaged lateral migration velocity of a
filament under moderate Reynolds number (Re, = 300) and moderate channel confine-
ment (1= 1/16). The averaging operation is defined as {-)7 = (1/7) ft[+T(-), dt, where
T denotes the tumbling period. The vertical axis is non-dimensionalised using the scaling
k In(k), as proposed by (Anand & Subramanian 2023). The grey solid line represents
their analytical solution in the limit Rey — 0, while the purple circles and green solid line
correspond to results from our LBM simulations and theoretical model, respectively.

Overall, our theoretical predictions (green curve) show good qualitative consistency
with the LBM data (purple circles), particularly in identifying the equilibrium location
at s &~ 0.63. However, quantitative differences remain, especially at larger s, where the
predicted migration velocity departs from the simulation results. Compared with the model
of Anand & Subramanian (2023), our framework provides improved agreement near the
channel centre and correctly predicts the equilibrium closer to the centreline.

To better understand the differences, we note that near the channel centre (s — 0.5), the
shear Reynolds number Reg approaches zero, causing the inertial correction term ¢ (")
to vanish. This explains why the two asymptotic methods converge to the same limit, and
within this interval the LBM simulation results are also in reasonable agreement with the
perturbation theory. It should be emphasised, however, that a finite-size filament located
exactly at the centreline would not generally exhibit strictly zero migration: except for the
perfectly symmetric cases where the filament is aligned exactly parallel or perpendicular
to the flow, weak migration persists due to shear-gradient effects. Since the present
asymptotic model accounts only for the local velocity gradient at the filament centroid,
this shear-gradient contribution is not captured, and the prediction of vanishing migration
at the centreline should be interpreted within this limitation.

As s > 0.56, Reg grows and the correction term ¢©®”) can no longer be neglected,
leading to a substantial divergence between the two asymptotic approaches. The model of
Anand predicts a relatively flat and positive migration-velocity curve, reaching equilibrium
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Figure 9. The variation of the filament’s equilibrium position with Re, for different values of A is presented.

only at s = 0.87. By contrast, our model, which incorporates finite Reg corrections, is in
much closer agreement with the LBM simulations in the range s =0.56-0.79, and also
predicts an equilibrium position nearer to the simulation result (s & 0.63). With further
increase of s, in the near-wall region (s > 0.79), neither asymptotic model is able to capture
the trend observed in the LBM data, because the distance between the filament centre and
the wall becomes comparable to the filament half-length, and higher-order wall-induced
hydrodynamic interactions — beyond the scope of the present asymptotic treatments —
become dominant. A more refined theoretical framework would therefore be required to
resolve this near-wall regime.

Further analysis of the equilibrium position is provided in figure 9. Another important
implication of figure 8 is that previous theoretical approaches may have substantially
underestimated the period-averaged migration velocity of slender filaments. This, in turn,
could lead to an overestimation of the entrance length required for full lateral migration.

A major outcome of this study is the development of a physically grounded theoretical
framework that predicts the equilibrium position of a finite-sized filament undergoing
inertial migration. Unlike previous models, particularly Anand & Subramanian (2023),
which predict a monotonic shift toward the wall with increasing Reynolds number, our
theory captures a centre-directed migration at high Re., consistent with both current three-
dimensional (3-D) simulations and earlier experimental observations (Masaeli et al. 2012).

Figure 9 shows that the present theory predicts a non-monotonic dependence of the
quasi-equilibrium position on Re.: the position remains constant at low Re., slightly
shifts toward the wall and then migrates inward toward the centreline at higher Re.. The
turning point depends on the confinement ratio A; for example, the maximum occurs
near Re. ~ 20, 80 and 300 for A =1/8, 1/16 and 1/32, respectively. As A decreases, the
quasi-equilibrium position at any given Re. moves closer to the wall.

Our LBM simulations (solid markers) confirm the inward migration trend predicted
by theory for all A, although they do not show the intermediate maxima predicted by
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h h LBM LB
AM pI Re((,fo)[,, Asé;,)ap[ Rei.qu,) Ase(qq,f‘;{;
1/8 1/16 97 0.183 28 0.158
1/8 1/32 342 0.342 111 0.175
1/16 1/32 357 0.261 119 0.242

Table 1. The optimal Reynolds number Re. ,p; used to separate two filaments with different confinement
ratios AV and A®, and the corresponding maximal separation Aseq.

the model. Interestingly, the 2-D results by Xu ef al. (2022) (hollow markers) do exhibit
these maxima, particularly at A =1/8 and Re. ~ 5. This agreement with theory may be
coincidental, as their model represents an infinitely wide ribbon and lacks the 3-D effects
present in our system.

Discrepancies between the theory and 3-D simulations at A=1/8 and low Re. are
attributed to finite-size effects, which become more significant as the filament size
increases and reduce the accuracy of the stresslet approximation. Nonetheless, the
theoretical model performs well at smaller A, aligning closely with both 3-D and 2-D
numerical results.

These findings emphasise the limitations of the model by Anand & Subramanian
(2023), which assumes A4 — 0, effectively requiring an unrealistically long entrance length
Le/H > O(k?271). Our results show that, even at = 1/32, such long entrance lengths
are challenging to achieve in practical settings, and Anand’s theory begins to fail at Re. >
200. That said, as A decreases, our theoretical predictions approach Anand’s solution,
confirming it as a limiting case of our more general model.

The A-dependent, non-monotonic variation of the quasi-equilibrium position with
Reynolds number (figure 9) highlights the potential for sorting slender filaments based on
confinement ratio A. Specifically, when separating two filament populations with distinct
confinement ratios A and A® in the same channel, an optimal Reynolds number Re. ;)
exists that maximises their spatial separation Ase,.

Operating at Re. ,p, enhances sorting purity and reduces the necessary channel length,
thereby improving efficiency. This is summarised in table 1, where superscripts (th) and
(LBM) refer to predictions from theory and 3-D LBM simulations, respectively. Despite
some quantitative differences, both methods confirm the existence of an intermediate Re,
that optimises As.

For mixtures of spheres and slender filaments, maximum separation is achieved at
the highest laminar Re.. At high Re,, spheres migrate toward the wall, while filaments
shift toward the centreline, increasing As monotonically. This enables high-throughput,
high-purity sorting and shortens entrance lengths (Matas et al. 2004), making high-Re,
operation especially advantageous.

This study focuses on filaments with aspect ratio k = 64 due to field-of-view constraints.
A broader investigation across the (A, k) parameter space remains a valuable direction for
future research.

We believe that the tendency of highly slender filaments to migrate toward the
channel centreline at large Re. mainly originates from the corrections of Reg to the
filament rotational dynamics. This effect is negligible for nearly spherical particles,
where anisotropy is weak. However, when the focus is broadened to oblate particles with
k < 0.14, and even to infinitely thin disks as k — 0, similar effects to those described in
this study re-emerge.
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For oblate particles with 0.14 < k < 1, the log-rolling mode is the only stable orientation
at finite fluid inertia (Dabade, Marath & Subramanian 2016). Consequently, such particles
exhibit inertial migration characteristics similar to spheres, i.e. the equilibrium position
shifts monotonically toward the wall with increasing Re.. In contrast, for ¥ < 0.14, both
log rolling and tumbling become stable modes, and the selected mode depends on the
initial orientation of the particle relative to the shear direction. In the log-rolling mode, the
equilibrium position continues to move monotonically toward the wall as Re, increases.
By contrast, in the tumbling mode, finite Reg corrections to the rotational dynamics begin
to play a noticeable role, producing a tendency for the equilibrium position to shift toward
the channel centreline. This trend strengthens as k — 0.

Such behaviour suggests the possibility of orientation sorting of thin disks, determined
by their initial orientation relative to the shear. For a suspension composed of identically
sized thin disks, when passing through a laminar channel flow at sufficiently large Re..,
one could in principle infer the initial orientation distribution by statistically counting
particles arriving at the two distinct equilibrium positions. Overall, particle shape plays a
crucial role in determining equilibrium positions: when the aspect ratio is of order unity,
equilibrium shifts monotonically toward the wall; when the aspect ratio tends to infinity
(slender filaments) or to zero (thin disks in the tumbling mode), equilibrium tends instead
to approach the channel centreline as Re. increases.

4. Conclusions

This study presents a comprehensive investigation of the inertial migration of rigid
filaments in planar Poiseuille flow, combining a quasi-analytical model with fully resolved
3-D numerical simulations. Using a singular perturbation method, we derive a migration-
velocity expression that captures both instantaneous and period-averaged behaviour within
a tumbling cycle. The model accounts for finite-size effects through the solid-phase
inertia and a fluid-inertia-induced orientation dynamics. Complementing the theory, we
implement a LBM-IBM framework to resolve flow—structure interactions in detail.

We first examine the migration of a filament held at a fixed orientation (¢ = /4),
revealing a bathtub-shaped lateral migration-velocity profile. Both theory and simulations
agree well, with minor discrepancies near the channel centre due to omitted shear-gradient
effects in the theory. Unlike spherical particles, inclined filaments experience asymmetric
inertial forces, leading to orientation-dependent attraction or repulsion near walls and
multiple equilibrium positions.

To capture full dynamical behaviour, we develop a coupled system incorporating finite
Reg corrections to angular velocity. This model successfully predicts the filament’s
complete tumbling and migration cycle, including oscillatory features in lateral and
streamwise motion. At moderate Re. = 24, theory and simulation match closely. At higher
Re. =800, strong inertial effects cause temporary cessation of tumbling, followed by
resumed rotation as Reg decreases — behaviour captured for the first time. However, the
theory breaks down when Rey 2 O(1), where RFT becomes invalid.

Our extended model outperforms previous theories by predicting the period-averaged
migration velocity and quasi-equilibrium position with improved agreement over a wide
range of Reynolds numbers and confinement ratios. Unlike earlier models, which predict
near-wall equilibrium and monotonic wallward drift with increasing Re., our results show
a centre-directed migration trend — matching simulations and experimental data. This
highlights the importance of incorporating finite inertia and geometry into migration
models.
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Finally, we demonstrate that the quasi-equilibrium position strongly depends on the
confinement ratio A4 for Re. € [10, 300], offering potential for size-based sorting. Our
findings provide a foundational framework for understanding filament migration and
optimising microfluidic channel design for inertial focusing applications.
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Appendix A.

The incompressible Navier—Stokes equation is solved by the Multiple Relaxation Time
lattice Boltzann method (Kriiger et al. 2017). The evolution equation is

fi (x + e At 1+ AD — fix, ) =—MT'SM[ fi(x, 1) — (e, 0]ar+ FV At
(Al)
where f;(x, t) is the distribution function for velocity e; at position x and time ¢, Fi(”)
is the forcing term, M is the transformation matrix and S is the relaxation matrix. The
macroscopic variables can be calculated from

1
p=Zf,-, pu=Zeif,-+§fAt, p=cip. (A2)
1 1

In 3-D LBM simulations, a velocity model referred to as Dimensions 3 Quantities 19 is
adopted, characterised by 19 discrete velocities

(Oa Oa O)Ca a:o
e =1 (£1,0,0)c, (0, £1, 0)c, (0,0, £1)c, a=1-6 (A3)
(£1, £1, 0)c, (£1, 0, £1)c, (0, £1, £1)c, a=7—18,

and their corresponding weighting coefficients

1/3, a=0
we=1 1/18, a=1-6 (Ad)
1/36, a=7—18.

Here, ¢ represents the lattice velocity, while ¢y = ¢/+/3 denotes the lattice speed of sound.

The fluid—solid interaction is coupled through the IBM (Wu & Aidun 2010; Do-Quang
et al. 2014). In the IBM, the fluid force acting on the Lagrangian point, F/®) denoting the
forces calculated at these ghost points (the grey circles in figure 10). Here, r signifies the
position vector from the Lagrangian point to the respective ghost points, and |r| =¢€/2.
The external force and torque at the ith solid node (the yellow pentagrams in figure 10) is
given by

4
] (IB)
Fi=) F;".
j=1
A (A5)
Mf = Zrij X F;.IB) on 1i#1, (i)ymax.

j=I
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Figure 10. A segment of the filament mesh: grey circles indicate Immersed Boundary (IB) ghost points;
yellow pentagrams denote uniformly distributed solid nodes along the filament axis.

Subscript i represents the number of solid nodes uniformly distributed along the axis of
the filament, and subscript j represents the ghost point number. For example, r;; refers to
the vector that points from the ith solid node to its corresponding jth ghost point. Here

F l(.j]B) can be calculated by the penalty scheme (Goldstein, Handler & Sirovich 1993)

t
F? =a/0 [V/ (X, 0) = VS (X 0)]d' + B[V (X, ) = V(X D], (A6)

where o and B are parameters selected based on the previous studies (Xu et al. 2022).
Here, V¥ (X, t) =0X;;/0t is the velocity of the filament at the ghost points and V is
the fluid velocity at the position X;; obtained by interpolation. The interpolation can be
written as

Vf(Xl-j, 1) =/ v(x, )D(x — X;j)dx, (A7)

2

where D is the Dirac delta function and the subscript £2 denotes the whole computational
domain. Subsequently, the volume force on the Euler grid (the force acting on fluid points)
can be obtained

FO%x,1)=— / FUB (X, YD(x — X )ds. (A8)
avy

To avoid the issue of pseudo-oscillation associated with the weak fluid—structure
coupling problem, we have adopted a C? continuous delta function Yang et al. (2009)

2
3,7 _r I <0.5
Lo 8 32 4,
—|r
1t ,/—2+8|r|—4r2—garcsin(ﬁ(|r|—1)), 0.5<|r|< 1.5,
D(r) = 1 17 7 3| r?

lr| —2
Lo T 4t 6] — 452
6 64 4 87 16 \/ +16lr] —dr

1
+1¢ arcsin(v/2(|r| — 2)), 1
0 2.

(A9)
The persistent pseudo-oscillation problem, prevalent due to the small linear density ratio
of the filament, is thereby tackled. In order to obtain accurate and stable solutions, we
have introduced predictors to determine the provisional velocity and position of the fluid—
structure interface at each time step (Kim, Lee & Choi 2018).
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Figure 11. (@) Rigid filament tumbling in shear flow (plotted at equal time intervals), (b) tumbling period of a
rigid filament in shear flow.

To maintain the condition of zero torque at both ends of the filament, the torque at the
free end nodes should be setas M = — Z?:l rijx Fij on i=1, iy, (Banaei, Rosti &

Brandt 2020). Although torque is a small quantity (O (x~2)) for slender filaments, when
the filament is aligned with the flow direction, this torque becomes the sole driving factor
for filament rotation. Therefore, accurately assessing torque is crucial.

The motion of filament is governed by Newton’s laws and the Euler equations of
dynamics

duy
4 — Ff’
dr (A10)
doy
I— +wr X [I-wf]sz.

dr

Here, Fy and Ty represent the force and torque acting on the filament, respectively,
while U, and w, denote the translational velocity and angular velocity of the filament.
Additionally, M and [ are the filament’s mass and moment of inertia tensor, respectively.
Direct numerical solutions of the aforementioned Euler kinematic equations face
singularity issues. To overcome this, the quaternion method proposed in prior studies is
adopted (Qi & Luo 2003). To validate our numerical method, in a computational domain
that is sufficiently large, we simulated the cases of a rigid filament tumbling in shear
flow at Reg =0.1. In this case, the spatial resolution is also set at As =1/64, with a
time resolution of Ar =2 x 10™*. As shown in figure 11(a), the rigid filament is initially
aligned with the flow direction and subsequently undergoes periodic tumbling within the
velocity-gradient plane due to the fluid motion. Figure 11(b) shows that our results agree
well with the numerical, experimental and theoretical data (Trevelyan & Mason 1951; Cox
1971; Wu & Aidun 2010) for the non-dimensional tumbling period 7), as a function of r,.

Appendix B.

If the global self-hydrodynamic interactions are neglected and the shear Reynolds number
is much smaller than 1, the fluid force distribution acting on the filament at position & can
be calculated using the so-called RFT

fr&)=—1Au;/E) - LAu, (). (B1)
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Here, Au(§) =uys(§) —upg(§) represents the velocity difference between the filament
velocity at position § and the undisturbed background flow. The subscripts ;; and |
correspond to the components parallel and perpendicular to the filament axis within the
vorticity plane, respectively. Where

ubg(é)=4Um(d+€COS¢)(H—d—§COS¢)/H291, (B2)
and

up(§) = (us1 + P& cos pler + (uy2 — P& sin p)er. (B3)
Simple integration over the coordinate £ yields the expressions for the force monopole
a
Fr=| fr@a
= [C1(4Umd(H —d)/H?* —ugi)a— Coupra + C1%a3 cos? ¢} el (B4)
+ [C2(4Umd(H —d)/H? —uy1)a — Csu pra + C2%a3 cos’ ¢} e3,
and force dipole
Dy = z §Efr&)esds
~CIED (g C) 0 2L+ Cy) (BS)
0 0

0
2a3;in¢. (L sing — Cscosp) 0 M%w(,mg sin @ — Cs cos @)

’

with the associated coefficients summarised in table 2. By isolating the antisymmetric part
in (BS5), the torque acting on the filament can be obtained

243
3

Which provides a good approximation for ¢ # 0; however, when ¢ =0, the O(k~?)
distributed torque on the filament must be considered. Specifically, we replace the second
term on the right-hand side with the result from Chwang (1975)

- 20a° . 1287pe3aiUn(1 —2d)/H?(1 — €% sin” ¢)
f= - :
3 3 [—26 +(1+¢2) log(i# ]

T = (¢ — 4U,n(1 —2d)/H? cos® p)e,. (B6)

(B7)

e

Here, e = /1 — (k)2 denotes the eccentricity, and «, = 1.24 « /+/In k is the equivalent
aspect ratio (Cox 1971).

Appendix C.

The numerical solution of (3.16) is described in the Appendix of Asmolov (1999) and in
appendix D of Anand & Subramanian (2023). Here, we emphasise the use of an adaptive
Lobatto Runge—Kutta method for solving the boundary-value problem, which enhances
both efficiency and accuracy compared with previous approaches. This appendix provides
an outline of the algorithm framework and the error evaluation method. Additionally, all
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C; 2(A; sin? ¢ + A3 cos? ¢)
C (41 — A2) cos(2¢)
C3 2(A; cosz ¢ + Ay sin? d)
Cy 2C1Up (1 —2d)/H?
Cs 2C,U,, (1 —2d)/H?
Ai Qrw)/(n2k —1/2)
A (4w p)(In 2¢ + 1/2)

Table 2. Values of coefficient Cy, and A .

symbol definitions in this section follow the conventions established in Wanner & Hairer
(1996). The s-stage implicit Runge—Kutta method

N
gi=yo+hY ajf(xo+cih g;) i=1,....s
=1
gy 1)
yi=yo+hY bif (xo+cjh, gj),
j=1

where the coefficients a;; , b, ¢; characterising the five-stage Lobatto IIIC* method are
displayed below in the form of a table called a Butcher-tableau (Butcher 2016)

0 1 _1 2 _7 1

20 60 I 60 20
1_ /21| 1 29 47-15V21  203-30+21 3
2714 |20 130 315 1260 140
1 1 329+105/21 el 329-105v/21 3

2 20 2880 360 2830 160

(C2)

1y V21| 1 203430421 47+15/21 29 3
2T |20 1260 315 180 140
1 1 49 16 49 1

20 180 15 180 20

C 1 49 16 49 1
5=5 20 180 45 180 20

Whether the calculation converges with sufficient accuracy will be evaluated using
residuals (Russell & Christiansen 1978)

y<6) (xi+1/2) 2 6
r)=——_"TT (x — 1) + O(h°). (C3)

5!
j=1

In all the calculations involving (3.16) in this paper, it is required that the norm of all
components in residual vector be less than 107°. A knot selection scheme which the
residuals are evenly distributed on the knot has been implemented by requiring (Russell &
Christiansen 1978)

r(xiy12)hi = 26—5' {rg}c)il / 1_[ t — t] dt 1+ 0)). (C4)
Such a method can be interpreted as perturbed collocation methods (Ngrsett & Wanner

1981), and ¢; is the collocation points in [—1, 1].
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Figure 12. (@) Numerical solution of the migration velocity as a function of the number of grid points.
(b) Normalised grid-point distribution obtained using the implicit Runge—Kutta method. PDF is Probability
Density Function.

To assess the numerical efficiency of the implicit Runge—Kutta method, we compute the
migration velocity for Re =100, k, =50, k, =50, ¢ = pi/4 and s = 0.655. The results
are shown in figure 12(a). The grey line denotes the asymptotic prediction given by (3.23),
which approaches 3.00611914 x 10~

The orange triangles show results obtained using the orthonormalisation method
following Asmolov (1999): the fourth-order explicit Runge—Kutta scheme is applied
from both channel boundaries on a uniform grid, combined with Gram—Schmidt
orthonormalisation to suppress exponential growth of numerical errors. The yellow
squares correspond to the adaptive-step 5-stage Lobatto IIIC implicit Runge—Kutta
method. For Ng;z € [200, , 1.6 x 10°], both methods converge toward the same limiting
solution as the grid is refined; however, the orthonormalisation method requires roughly
three orders of magnitude more grid points to reach comparable accuracy.

We note that figure 12(a) compares the numerical results only against the asymptotic
prediction, which is not the exact analytical solution; at finite k, an O(k_l) relative error
remains. For example, at Ng g = 10%, the relative deviation of the implicit Runge—Kutta
result from the asymptotic prediction is already < 10~%, whereas the orthonormalisation
method still shows a visibly larger deviation even at Ngyig = 10°. This confirms that the
implicit Runge—Kutta method provides a substantially more efficient and robust means of
solving the stiff boundary-value problem.

The pronounced difference in computational efficiency arises because the orthogonal-
isation method transforms the boundary-value problem into two initial-value problems,
followed by the solution of a linear algebraic system, whereas the present implicit Runge—
Kutta method addresses the boundary-value problem directly and, by adopting an adaptive
step-size strategy, achieves a nearly uniform distribution of residuals over the grid points.
As shown in figure 12(b), this leads to a higher grid-point density near the jump condition,
while the mesh remains sparse in most other regions. By contrast, the orthogonalisation
method for comparison uses a uniform grid.

It should be noted that the total computation time of the implicit Runge—Kutta method
is sensitive to the choice of the initial guess. Specifically, we use a uniform grid with all
components initialised to zero, and convergence from such a rough initial guess typically
requires O (10%) function evaluations per grid point. Consequently, although the implicit
Runge—Kutta method requires far fewer grid points than the orthogonalisation method, the
overall computation time is reduced by only approximately one order of magnitude.
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Appendix D.

In this appendix, we derive the asymptotic solution of the governing equation in the limit
k — oo. The operational framework employed here is consistent with the fundamental
principles set out in appendix D of Hogg (1994). Let k1 =k cos 6 and k» = k sin 6, where
0 = arccos(k1/k). Equation (3.12), together with the no-slip boundary conditions at the
upper and lower walls, can then be written as

dW3 dWx

—2k? KW
dz4 dz? +
122 Ews . 124
—zkcosQ(yZ 4Re, Z) ﬁ_k W3 | —ikcosO8Re. '“W3 =0, (DI1)
~ AW 1
W3=d—Z3=o, Z=2z%,7" 7t -7 =RZ. (D2)

We introduce ¢ = 1/k as a small parameter and seek an asymptotic solution for WL in the
regime 0 < ¢ < 1. Next, we introduce a rescaled variable n = Z /¢ and set # () = W3(Z).
The equation to be solved can then be written as
d*w aew &
e 2—-> a2 + W =iccosO(yen —4Re. 17242 )( — 7/)—{— ig’cos O8Re, 2y
n n
(D3)
We propose the following asymptotic expansion:
W =Wo+eW +e W+ W5+ 0(). (D4)

We first examine the zeroth-order term, which must satisfy the governing equation together
with the jump condition at the origin

A Z N o
dn40_2d > +76=0. o
(A% Re'?
i == icosODyy3,
e Re=1/2
dn? ]:— 4;12 (—cos*0D 11 + Dy33), (D6)
[ | Re '
i == i cos6(2Df13+ Dy3i).

As the right-hand side of (4.7) is asymptotically smaller than the left-hand side by at
least O(g?), we may assume that solutions at each order of %, can be expressed as
linear combinations of exponential basis e*” and ne®™". It is noted that the exponentially

growing solutions contribute to the migration velocity only at order O(e_zni) becoming
s1gn1ﬁcant only when Z* = O (g), which corresponds to the case where the filament centre
is very close to one of the channel walls. Therefore, in the following discussion we retain
only the exponentially decaying basis

Wy =Aye"+ Byne', Wt =Ay. e+ By ne". (D7)
In this expression, the coefficients A;O = and B% are specified by enforcing the no-slip

condition at the origin, as well as at the upper and lower boundaries. We then obtain the
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Figure 13. Centreline lateral migration velocity w3|s=¢.5 of a filament inclined at ¢ = 7 /4 for various values
of A. (a) Red hollow markers indicate LBM simulation results, while grey dashed lines show corresponding
linear fits. (b)The coloured markers represent the LBM simulation results, while the grey solid line denotes a
quadratic fit to the data.

zeroth-order migration velocity

-1/2
- Re, .
%MZOZA%:WI COSQ(DfB —Df31). (D8)
It is found that the first-order contribution is purely imaginary. A straightforward repetition
of the preceding procedure yields

Wlln=0 :O,
=172
Waln=0 = 3267[2 i cos 9)/(0082 ODf11 — Dy33), (DY)
3Re ! 2
W3lp=0 = 32;2 cos“0(Df13+5Dy31).

Accordingly, the cumulative contribution to the migration velocity from the wavenumber
interval k € (K,,, 00) may be estimated as

. 2 %0 3(D 134+ 5D p31) cos2 @ 3(Df13+5Df31)
(farfield) _ f13 /31 _ f13 f31
p =k /o / 322 Reck> W = CrRek?

(D10)

K

Appendix E.

The theoretical model presented in this work predicts that the lateral migration velocity
vanishes when the filament centroid lies exactly on the channel centreline. However, as
shown in figure 3(c), the LBM results clearly demonstrate a non-zero migration velocity
at the centreline. Moreover, under the scaling € 3Re!/? used for the vertical axis in
figure 3(c), the centreline migration velocity appears to increase as A decreases.
Understanding this discrepancy between theory and simulation at this special location
helps clarify the limitations of the theoretical model. To better illustrate the trend, we
replot the LBM results in figure 13(a) using red hollow markers, along with a grey
dashed line representing a linear fit, which indicates a strict proportionality between 1/4
and —ws]| s—05€ Re'/?. This may lead to a misunderstanding: that a smaller A, which
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corresponds to a filament located further from both walls and experiencing a smaller shear
gradient, results in a larger migration velocity.

This apparent contradiction arises because both figures 3(c) and 13(a) adopt a vertical-
axis scaling € 3Re!/? based on the theoretical model, which accounts only for the
contribution from the local shear rate. It does not include the contribution from the
disturbance flow induced by the interaction between the filament and the shear gradient —
terms associated with quadratic part of the ambient flow. At the channel centreline, the
shear rate vanishes, while the shear gradient remains finite and constant, making the latter
the dominant contributor to the migration velocity at leading order.

To address this, we replot the relationship between A and ws|s—g.5 in figure 13(b). It
is found that, over a relatively wide range of Reynolds numbers Re. € [40, 1280], the
migration velocity is insensitive to Re.. A fitting analysis shows that all data points collapse
onto the grey dashed curve corresponding to the quadratic relation w3 |s—o.5 = —0.036.12.

These results highlight a primary limitation of the present theoretical model — namely,
its omission of the quadrupolar contribution arising from the interaction between the
filament and the secondary flow induced by the shear gradient.

Appendix F.

Einarsson et al. (2015) derived approximate angular equations for neutrally buoyant
ellipsoidal spheres (St = Reg) in unbounded shear flows

p=0%p+A[S®p—(p-S*®p) p]+B1(p-S*p)PLS®p

Fl
+ B2 (p+S*p) OFp + BsPLO®S® p + 4P STS®p. D

where A = (k2 — 1)/(/(2 4+ 1), and P, (x) =x — (p - x)p is an operator that projects
components in the p-direction. Here, S® = (A + AT)/2 and O™ = (A — AT)/2 denote
the symmetric and antisymmetric parts of the gradient tensor A;; = §;16 2, respectively.
The last four terms on the right-hand side include the coefficient 8, = Regb, to achieve
O(Reg) corrections, where (Rosén et al. 2015)

by = 7 n —197In2x + 92 Ink In 4k + 106 + 92(In 2)2
152Ink —3+1n4) 15k2(2Ink — 3 +1n4)?2 ’
by 1 L (k= 1+In2)@1n 2 —7)
5(2141’1/(—3-{-1114) 5k22Ink —3+1n4)2 ’ (F2)
by =— 52
4
by :W'

More simply, for a filament moving within the shear-gradient plane, the Reynolds number
correction to the azimuthal angle is given by

. R . 1
d)(wrr) _ ¢(Emarsson) _ ¢(Jeffery) — 3 [B1 cos 2¢ + B + B3] sin ¢ cos ¢. (F3)
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