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An optimization-free method based on an inverse problem of nonlinear equations is employed to design the binary
phase diffraction optical element (BPDOE) that could modulate the incident light of a high-numerical-aperture
(NA) objective lens so that the axisymmetric focal fields can be customized on demand. For example, a 43λ-long
optical longitudinally polarized needle with its lateral size beyond diffraction limit is reported by using a 27-belt
BPDOE, where the cost evaluated by the ratio of the belt number of BPDOE to the length of needle is record small
compared with other optimization algorithms. Moreover, another longitudinal field with multiple hotspots along
the propagation direction of light is also achieved with a 10-belt BPDOE. These achieved focal fields are veri-
fied doubly by using a finite-difference time-domain (FDTD) method, indicating the validity of Richards–Wolf
vector diffraction theory. This optimization-free approach makes the design of BPDOEs with numerous belts
viable to generate the expected focal fields, which might benefit various applications such as optical trapping,
super-resolution imaging, and lithography. ©2021Optical Society of America

https://doi.org/10.1364/AO.418415

1. INTRODUCTION

Achieving a focal spot with sub-diffraction size is always a
hotspot due to its critical role in applications, such as nano-
lithography, high-density data storage, super-resolution
imaging, and particle manipulation [1–3]. Particularly, a sub-
diffraction optical needle (SDON) is more important because
it can image three-dimensional nano-objects with an ultrahigh
resolution due to the good tolerance to the out-of-focus sample
[4]. The current methods to generate such a SDON are catego-
rized into three cases: planar diffractive lenses [4–9], reflective
mirrors [10,11] or axicons [12], and high-NA objective lenses
with the designed phase or amplitude elements [9–11,13–22].
The planar diffractive lenses with the axisymmetrically arranged
micro-/nanostructures realize the SDON by optimizing the
locations and optical responses (i.e., phase and amplitude
modulation) of structures. Because both functionalities of
optical focusing and the extended depth of focus are realized
simultaneously in a SDON, the planar diffractive lenses need a
large number of belt-like structures and thus increase the com-
plexity of the lens design. Although the planar diffractive lenses
can create long (tens of wavelengths) SDONs, the cost (evalu-
ated by the ratio of the belt number to the length of SDON) is

extremely high, such as 5.33 belts/λ [4,9] and 127.6 belts/λ
[23]. The reflective axicons and mirrors realize the SDONs
by making the reflected light overlain at the optical axis for
constructive interference. It imposes the rigorous requirement
on the curvature and precision of the reflective nonspherical
surfaces, which challenge the fabrication. Although the SDONs
created by using the reflective devices could have the length
from 1000λ [10] to 50, 000λ [12], their working distances are
quite limited for practical usage. Consequently, the SDONs
created in the reflective configuration are theoretically proposed
without any experimental proof.

In contrast, the third method by using the high-NA objective
lenses with additional amplitude or phase belts has been paid
more attention because only several belts are sufficient to create
the SDONs [13–21,24]. Since some structured light such as
tightly autofocusing beams [25], symmetric Airy beams [26]
and Bessel–Gauss beams [27,28] carry the intrinsic phase and
amplitude modulation, their tightly focused fields by a high-NA
objective could have a SDON directly without any phase or
amplitude elements. However, these reported SDONs have
the limited length around 10λ, which is insufficient to charac-
terize high-aspect-ratio objects in imaging and lithography. To
extend it, a thin annular of radially polarized Bessel–Gauss light
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created by the combination of axcion and simple lens is taken
as incident beam to create optical needles [11,22]. However,
the transverse full width at half-maximum (FWHM) of optical
needle is related to the longitudinal FWHM, resulting in the fact
that the transverse FWHM exceeds the diffraction limit with
small focusing angles. Up to now, a pure-phase element to create
high-efficiency ultralong SDONs has still been absent in the
configuration of the high-NA objective, because all the reported
methods to design the phase elements have limitations such as
the small number of belts or time-cost optimization algorithms.

To solve the problem, here we employ an optimization-free
method to design the belt-unlimited binary phase for creating
arbitrarily customized focal fields with circular symmetry such
as SDONs and optical multifocus chains. This optimization-
free approach converts the design of belts into the problem of
solving a nonlinear equation numerically by using advanced
Newton’s theory [29]. Benefitting from it, a 43λ-long SDON
is created by using a 27-belt pure-phase element, which thus
exhibits much smaller cost of only 0.628 belts/λ. This method
is extended to construct the multi-hotspot field near the focal
region, suggesting a universal platform to customize the focal
fields.

2. PRINCIPLE

As shown in Fig. 1(a), cylindrical vector (CV) beams [30] with
spatially variant states of polarization are the axially symmetric
beam solution of the full vector electromagnetic wave equa-
tion [31], which can be generated in different optical systems
[30,32,33]. Recently, the CV beams have attracted the great
attention due to their unique properties under high-numerical-
aperture (NA) focusing [30,34], excellent performance in
dark-field imaging [35], and unusual angular momentum
[36,37]. Particularly, the radially polarized [Fig. 1(b)] and
azimuthally polarized [Fig. 1(c)] light are the most important
to create the longitudinally and transversely polarized SODNs,
respectively.

The SODNs can carry the transverse or longitudinal polari-
zation, which depends on the polarization of incident light. The
transversely polarized SODNs are easily obtained by using the
incident light with linear or circular polarization, azimuthal
polarization with a helical phase [38,39], or hybridly polarized
vector optical field [40]. But the longitudinal SODNs can
only be generated by focusing the radially polarized light by a
high-NA lens while chain-like longitudinal field can also be
obtained by using radially polarized light [41]. A longitudinal
SODNs presents an axially (i.e., the propagation direction z)
oscillating dipole, which is usually used in particle acceleration

Fig. 1. Spatial distribution of instantaneous electric vector field for
CV beams. (a) Generalized CV beams. (b) Radially polarized beam.
(c) Azimuthally polarized beam.

Fig. 2. Schematic of focusing radially polarized light with a
high-NA lens and a binary-phase diffractive optical element.

[42], second-harmonic generation [43,44], Raman spectros-
copy [45], and high-resolution near-field optical microscopy
[46]. Without the loss of generality, we take the creation of
the longitudinal SODNs as an example to demonstrate the
optimization-free method. Figure 2 sketches the working prin-
ciple of focusing a radially polarized light by a high-NA objective
with a multi-belt phase element. According to Richards and
Wolf’s vector diffraction (RWVD) theory [30,31,47], the elec-
tric fields near the focus plane for a radially polarized incident
light can be described as

E r (r , z)= A
∫ θmax

0

√
cosθ sin (2θ) P (θ) J1(kr sinθ) e ikzcosθdθ,

(1)
and

E z(r , z)= 2i A
∫ θmax

0

√
cosθ sin2θ P (θ) J0(kr sinθ) e ikzcosθdθ,

(2)
where A is a constant, θ denotes the angle between the conver-
gent ray and optical axis, θmax = arcsin(N A/n), the numerical
aperture N A= 0.95, and the refraction index n = 1 in our
design, J0 and J1 denote the zero- and first-order Bessel func-
tions of the first kind, respectively. The apodization function
P (θ) describing the amplitude of the incident Bessel–Gaussian
beam [31] at its waist is given by

P (θ)= J1

[
2β0

sin(θ)

sin(θmax)

]
exp

[
−

(
β0

sin(θ)

sin(θmax)

)2
]
,

(3)
where β0 = 1 is the ratio of pupil radius and the beam waist
in our design. To customize the focal fields, a BPDOE con-
sisting of annulus belts with alternating phase of 0 and π

is located at the pupil plane of the high-NA objective, and
the radius of the outermost belt of BPDOE is same as RL of
the high-NA lens as shown in Fig. 1. Thus, the apodization
function P (θ) in Eqs. (1) and (2) is replaced by P (θ)T(θ),
where T(θ)= exp[iφ(θ)] is the transmission function of the
BPDOE. Due to the alternating phase (0 andπ ) of belts, T(θ) is
written as

T (θ)=
{

1, θn−1 < θ < θn

−1, θn−2 < θ < θn−1
. (4)

After replacing P (θ) with P (θ)T(θ) in Eqs. (1) and (2), the
on-axis field by setting r = 0 contains only the longitudinal
component and is expressed as
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U(z)=
N∑

n=1

(−1)n · 2i A
∫ θn

θn−1

P (θ) e ikzcos(θ) sin(θ) dθ

=

N∑
n=1

(−1)n · un (z) , (5)

which helps us to customize the axial intensity. The electric
field in Eq. (5) mainly depends on θn = arcsin(sinθmax Rn/RL)

and z, where Rn is the radius of the nth belt (see Fig. 1) and
sinθmax = 0.95 for the 0.95 NA objective lens. We define the
amplitude coefficient Cn = (−1)nun(0) that represents the
focal field contributed by the nth belt and the normalized
amplitude Dn = un(z)/un(0) [48]. Finally, we have the on-axis
electric field

U (z)=
N∑

n=1

Cn · Dn . (6)

To realize the intensity I= [I1, I2, . . . , Im]
T at the predefined

position z= [z1, z2, . . . , zm]
T (where the sign T means the

transpose of a matrix), we need to solve a nonlinear equation
[48]  D1 (z1) · · · Dn (z1)

...
. . .

...
D1 (zm) · · · Dn (zm)


C1

...
Cn

=
 I1

...
In

, (7)

which can be further simplified as

SC= I, (8)

where S is an m × n matrix with the element Smn = Dn(zm) and
C= [C1, C1, . . . ,Cn]

T . Generally, it is impossible to obtain
an analytical solution of the nonlinear equation like Eq. (8).
However, the numerical solution can be easily obtained by the
well-developed Newton’s theory, which is a powerful tool to
approach the exact solution without any search-based opti-
mization algorithm [29]. The detailed implementation of this
Newton’s theory in combination of the binary-element design
can be found in our previous works [48,49].

3. RESULTS

A. Sub-Diffraction Optical Needle

1. 24λ-LongSDONCreatedby 14-belt BPDOE

First, we design a 24λ-long SDON by using a 14-belt BPDOE,
which is exemplified here to show the validity of this approach.
The ideal axial intensity is 1 within the expected SDON and 0
beyond the SDON region. The total number of 1 and 0 should
be the same as the belt number, so that it yields the only physical
solution. A self-made program is carried out in the design that
begins with the initial value of 14 width-identical belts and the
expected axial intensity profiles. During this task, one round
running of program contains 500 iterations, which take only
∼30 min in a personal computer [CPU: Intel Core i5-7500
3.4 GHz; RAM: 32G]. Note that when the number of belts is
large, the time cost increases due to the increased complexity in
Eq. (8). For example, in another design with 27 belts (as shown

Fig. 3. SDON created by 14-belt BPDOE. (a) The structure dia-
gram of 14-belt BPDOE. The phase of the white and black area is 0 and
π , respectively. RL is the radius of the high-NA lens. (b) The intensity
profiles of total (upper), radial (middle), and longitudinal (lower)
components according to RWVD theory. (c) Simulated FWHM
(left) and intensity profiles (right) of the longitudinal needle. (d) The
intensity profiles of total (upper), radial (middle), and longitudinal
(lower) components according to FDTD simulation.

later), one-round running takes ∼3.5 h. After one-round run-
ning, the yielded parameters of belts are taken as the initial value
of belts for the next-round running; meanwhile, the positions
must be modified slightly according to the created intensity pro-
files so that these predefined locations are close to the physical
case. Three rounds are used in this case to finish the design of
the BPDOE as shown in Fig. 3(a). The detailed parameters of
this BPDOE are shown in Table 1. It creates a 24λ-long SDON,
whose simulated intensity profiles are provided in Fig. 3(b).
The lateral size evaluated by the full width at its half-maximum
(FWHM) of the longitudinal SDON calculated by using
RWVD theory is shown in Fig. 3(c). Although the SDON has
the lateral size varied along its propagation, the most value is
located between the super-oscillation criterion (0.358λ/NA
by FWHM) [4,5] and Rayleigh criterion (0.515λ/NA by
FWHM), presenting a sub-diffraction feature.

2. FDTDSimulation

To doubly check the created SDON, we utilize the finite-
difference time-domain (FDTD) method to calculate the
intensity profiles of SDON. To implement it, the electromag-
netic field at the z-cut plane [with an x − y range of 60λ× 60λ
(λ= 632.8 nm in our simulation)] of z=−15λ (i.e., 15λ
before the focal plane) is calculated by using the RWVD method
and then imported into FDTD as the light source. Then the
simulation range in the FDTD model is set to 76 µm along the
x and y directions [where the perfect match layers (PMLs) are
used to suppress the undesired reflection from the boundaries]
so that the imported light source can be completely included
in the simulation to avoid any numerical error. The simulation
range along the z direction with the 12-PML boundaries is set to
19 µm to match the length of the SDON. Due to the large sim-
ulation area, the required memory is 85GB, which is available
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Table 1. Parameters of the Designed BPDOE

n

Rn/RL (where RL is
the radius of the
high-NA lens)

10-belt BPDOE 1–10 0.0976, 0.2350,
0.2432, 0.4567,
0.6133, 0.7213,
0.7434, 0.8435,

0.8980, 1
14-belt BPDOE 1–10 0.0714, 0.1434,

0.2050, 0.3081,
0.3931, 0.4809,
0.5010, 0.5338,
0.6096, 0.6687

11–14 0.7296, 0.8038,
0.8827, 1

27-belt BPDOE 1–10 0.0369, 0.0750,
0.1100, 0.1451,
0.2022, 0.2023,
0.2865, 0.3036,
0.3254, 0.3611

11–20 0.4144, 0.4647,
0.5093, 0.5370,
0.5790, 0.6025,
0.6424, 0.6754,
0.7265, 0.7477

21–27 0.7819, 0.8011,
0.8549, 0.8792,

0.9169, 0.9761, 1

in our computer workstation [CPU: Intel Xeon E5-2687W v4
3.00 GHz;RAM: 256G].

The FDTD simulation results [see Fig. 3(d)] of the 24λ-
long SDON agree well with the results calculated by RWVD
theory. We also plot on-axis intensity profiles of the SDON
according to the RWVD theory and the FDTD simulation in
Fig. 3(c). It indicates the uniformity of 0.14 and 0.24 [evaluated
by (Ipeak − Ivalley)/(Ipeak + Ivalley), where Ipeak and Ivalley are the
maximum peak and minimum valley of the on-axis intensity
of the SDON, respectively]. Though the uniformity is worse
than that in Refs. [23,50], the optical system with BPDOE
and high-NA lens is more practical than that with parabolic
mirror [50]; meanwhile, the BPDOE with fewer belts is easier
to fabricate than a high-NA Fresnel zone plate [23]. Note that
their slight deviation might be caused by the limited-size light
source in FDTD and unavoidable simulation error due to the
mesh accuracy. In principle, this problem can be solved by using
the larger-size light source and the finer meshing grid; however,
it requires huge memory in computing.

3. 43λ-LongSDONCreatedby 27-belt BPDOE

We increase the number of belt up to 27 so that a 43λ-long
SDON can be achieved. The design process of the 27-belt
BPDOE is the same as that of 14-belt BPDOE. However, the
27-belt design takes more time and requires five rounds, where
every round takes around 3.5 h due to the large number of
belts. The designed BPDOE has the detailed parameters shown
in Table 1 and is sketched in Fig. 4(a). The yielded 43λ-long
SDON has the simulated intensity profiles as shown in Fig. 4(b).

Fig. 4. SDON by 27-belt BPDOE. (a)The structure diagram of
27-belt BPDOE, with partial enlarged view inserted at the upper-right
corner. The phase of white and black area is 0 and π , respectively. RL is
the radius of high-NA lens. (b) The intensity profiles of total (upper),
radial (middle), and longitudinal (lower) components according to
RWVD theory. (c) Simulated FWHM (left) and intensity profiles
(right) of the longitudinal needle.

The longitudinal field shows a needle-like distribution with the
small intensity variation caused by the constructive interference
from light passing through the numerous belts. In Fig. 4(c),
the on-axis intensity profile of the SDON indicates the uni-
formity of 0.21, which is worse than the SDON created by the
14-belt BPDOE. It unveils that modulating optical interference
is challenging when the sources involved in the interference
process are large. Such a long SDON is too large to carry out the
FDTD simulations. In addition, although our approach enables
one to achieve the arbitrarily long SDONs in theory, the other
performances such as the uniformity in intensity and the lateral
size cannot be maintained. It is also possible to use more belts to
create the longer SDONs, but the balance between the length
of SDON, uniformity, and computation time should be made.
Similarly for the uniformity, we can get more uniform SDONs
by enlarging the belts of BPDOE but the cost of the computa-
tion will increase significantly. Hence, the 27-belt BPDOE is
used here after a good balance.

The FWHM of the longitudinal SDON created by the
27-belt BPDOE with the RWVD theory is shown in Fig. 4(c).
Around the locations of z= 0 (focal plane) and z=±17λ, the
lateral size is above the Rayleigh criterion, which might originate
from the reconstructed focus with the imperfect constructive
interference that can be doubly observed from the radial com-
ponent in Fig. 4(b). Interestingly, the needle sizes approach the
super-oscillation criterion at the positions of z=±5.34λ and
±7λ, but they increase rapidly for any deviation of the axial
location. This phenomenon is caused by extremely small depth
of focus for a super-oscillatory spot [5]. The lateral sizes of all
the reported SDONs (including the ones generated by planar
diffractive lenses, reflective mirrors, and a high-NA objective
with complex-amplitude modulation) have not broken the
super-oscillation criterion of 0.358λ/NA (FWHM), which
might suggest a physical limitation to the lateral size of a SDON.
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Considering the long-distance propagation without any
divergence in this SDON, we calculate its Rayleigh range
zR = kω̃2

0/2= 0.6896λ, where the mean lateral size ω̃0 is
0.4685λ within the needle. It indicates that 43λ-long needle
has the diffraction-free propagation over a distance of 62.3zR ,
while a 24λ-long needle has only 32.7zR , which presents a
well-behaved diffraction-free property.

B. Focal Fields with Multiple Hotspots

To explore its capacity, we design the optical field with multi-
ple hotspots by setting a predefined on-axis intensity with the
alternative 1 and 0 at the locations of interest. The designed
results are provided in Fig. 5, which shows the creation of five
hotspots along the propagation by using a 10-belt BPDOE.
In this task, the one-round running of the program takes
∼ 11 min, and five rounds are also needed to finalize the
design. The dimensions of this 10-belt BPDOE are shown in
Table 1 and sketched in Fig. 5(a). The simulated intensity pro-
files reveal that every longitudinally polarized spot is uniform
and discrete, while the coexistence of the radial component
makes the total field behave like optical hollow cage as shown
in Fig. 5(b). Fortunately, the null on-axis intensity of the radial
component has no influence on the axial intensity of the total

Fig. 5. Multiple hotspots created by 10-belt BPDOE. (a) The struc-
ture diagram of the designed 10-belt BPDOE to create the hotspots.
The phase of white and black area is 0 and π , respectively. RL is the
radius of high-NA lens. (b) The simulated fields for total (upper),
radial (middle), and longitudinal (lower) components according to
RWVD theory. (c) The on-axis intensity distribution of multiple
hotspots according to RWVD theory (orange) and FDTD simulation
(green). (d) The simulated fields for total (upper), radial (middle), and
longitudinal (lower) components according to FDTD simulation.
(e) The lateral intensity of radial (blue solid curve), longitudinal (red
dashed curve), and total (dark solid curve) field for each focal spot. The
inserted numbers are the FWHMs of total (black) and longitudinal
(red) field components.

field as shown in Fig. 5(c), which indicates the uniformity
calculated by RWVD and FDTD is 0 and 0.12 [evaluated
by (Imaxpeak − Iminpeak)/(Imaxpeak + Iminpeak), where Imaxpeak

and Iminpeak are the maximum and minimum of the multiple
hotspots, respectively]. Similarly, we use the FDTD method to
check the simulated multiple hotspots. The simulated results in
FDTD have good agreement with the RWVD theory as illus-
trated in Figs. 5(c) and 5(d). However, the radial component
with the doughnut-shape cross section increases the lateral sizes
of all the hotspots as observed in Fig. 5(e). In comparison, the
longitudinal component yields the sub-diffraction hotspots,
each of which has the axial length of∼1.5λ (FWHM).

4. DISCUSSION

Although another method to reverse the radiation from a dipole
array [51] or uniform line source [52] can be used to create the
optical needles, the yielded elements must take the complex-
amplitude modulation, which increases the experimental
difficulty compared with the pure binary amplitude or phase
elements. Therefore, our optimization-free method has three-
fold advantages. First, it offers an easier way to customize the
required focal fields with the predefined intensity profiles at the
arbitrary locations, so a record-long SDON is achieved in com-
parison with other results in the same configuration. Second,
the designed pure-phase elements do not bring any energy loss
in principle, which thus allows high efficiency. In addition,
the BPDOE can be fabricated easily by using electron-beam
lithography (EBL) or focused ion beam (FIB) lithography due
to the only binary phase modulation. Third, it yields a physical
solution for a predefined intensity at a given position, which
helps us to find the low-cost design.

Although our optimization-free method is merely focused on
the on-axis intensity of the expected fields, the other parameters
such as the lateral size, Strehl ratio, and the sidebands of the
spot are also kept well. In fact, it is contributed to the way we
set the expected on-axis intensity. Namely, optical needle or
hotspots have the on-axis intensity of 1, while the on-axis inten-
sity beyond the region of interest is 0. Such an on-axis intensity
indicates that the constructive interference must happen at the
interested region (i.e., needles or hotspots), but the destructive
interference is needed at the zero on-axis intensity. Therefore,
the spot with constructive interference will definitely carry the
small lateral size, good Strehl ratio, and low sidebands.

Some other issues about the design of BPDOE are also
clarified. Firstly, one cannot obtain the exact solution of the
nonlinear Eq. (8), even using advanced Newton’s theory.
Within every iteration, the yielded solution is only the approxi-
mate solution, which depends tightly on the predefined on-axis
intensity profiles. Secondly, the solution provided by our
optimization-free method depends on the initial value. The
initial Rn (Rn = [

1
N ,

2
N , . . . ,

n
N , . . . , 1] · RL , where N in

number of total belts, n is the nth belt, and RL is the radius of
BPDOE) with equal interval is used in our design. Once the ini-
tial Rn changes, one will obtain the different solutions. But these
solutions have no big difference because all of them approach
the expected solution closely.
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5. CONCLUSION

In conclusion, we have proposed an optimization-free method
to design a BPDOE that is combined with a high-NA lens to
focus the radially polarized light for customization of optical
focal fields. The described inverse problem in terms of a non-
linear matrix equation enables the design of BPDOE without
traditional search-based optimization. The 43λ-long longitu-
dinally polarized needle without any divergence is created by
phase modulation of a 27-belt BPDOE. The trade-off among
the length, the uniformity, and lateral size of optical needle
should be made to obtain a physical solution for practical appli-
cations. The universality of this method is verified by designing
uniform sub-diffraction hotspots with a 10-belt BPDOE, which
might be applied in optical micro-manipulation, nano-imaging,
and lithography.
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