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=] [pi:

@ Define verification
o ME¢
@ A method of define M and ¢: Logics

e Propositional logic
o Predicate logic
e Higher-order logic

EEAA:
@ A method of verification
o Rules of Natural Deduction
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Verifier Logic ([E]JH)

Ef: EM.: Verification in Logics
Most logics used in the design, specification and verification of computer
systems fundamentally deal with a satisfaction relation:

MEo

@ M is some sort of situation or model of a system

@ ¢ is a specification, a formula of that logic, expressing what should be
true in situation M.

@ At the heart of this set-up is that one can often specify and
implement algorithms for computing F.

o []: IMAG—EX M 0 ¢? &: Logics (BNER)
o [a]: WAz ¥ = FA algorithms? &: Rules
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B AITREESERE

(E) frRRiZE-HER- SXE
o HM F?ﬁzﬂﬂ’]"é‘ij‘] n, #UEFE%“%E’HE?% o(2m).

—kiZiE-ERE
o E/ALLAFER ﬁiﬁ%i
—KiZiE-mit &

EIE (Undecidability in First-order logic)

The decision problem of validity in predicate logic is undecidable: no
program exists which, given any ¢, decides whether E ¢.

SMERE: BEah? Bk, EXFHHrules, BIXRENE
SEAItEN: BEad ? FIREAEE, #SHRERERRR
TH: SNBaZ e R EER
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction

E [, EX: Semantic entailment relation

If, for all valuations in which all ¢1, ¢o, ..., ¢, evaluate to T, 1) evaluates
to T as well, we say that

¢17¢27~~7¢n':¢

holds and call E the semantic entailment relation.

B FRKBEFELS

iR A% New rules: a collection of proof rules in natural deduction.
o ANMEH Truth Tables i#{T3K &
o FENFH{EH proof rules
o {# ] proof rules F=4E£512 (BD ), BXX F, ]

¢17¢27---7¢n|_1/}
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

TE N : rules for conjunction: A7, Aej, Aey

1 pAq premise
2 r premise
3 q Nes 1
4 qnT Nt 3,2
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

TEMX.: rules for double negation: ——e, =—i

1 p premise
2 (g AT) premise
E == —=i 1
4 gnAT ——e 2
5 r Aeg 4
6 ~p AT Ai 3,5

E#B https://faculty.ustc.edu.cn/hu: R FEFS


https://faculty.ustc.edu.cn/huangwenchao

¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

TEN: rules for eliminating implication: — e

1 p—(q—r) premise
2 p—q premise
3 P premise
4 q—T —el,3
5 q —e 2,3
6 r ed,5
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S F #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

TE M. : rules for elminiating implication: modus tollens, MT
¢y
¢

{51: 1f Abraham Lincoln was Ethiopian, then he was African.

MT

@ Abraham Lincoln was not African; therefore he was not Ethiopian.

7E&: MT is not a primitive rule.

f5]: Prove that p — (¢ — r), p, —r F —q is valid

p—(g—r) premise
2 P premise
3 —-r premise
4 q—r —el,2
) —q MT 4,3

E#B https://faculty.ustc.edu.cn/hu: R FEFS


https://faculty.ustc.edu.cn/huangwenchao

¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

TE N : rule implies introduction: — ¢

¢
¥ .
— 0
o=
To prove ¢ — 1, make a temporary assumption of ¢ and then prove .
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

{51: Prove that -q¢ — —p F p — ——q is valid

1 —q — TP premise

2 p assumption
3 - -7 2

4 -—q MT 1.3

5

D— g —12—4
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

f5): Prove that pAq — rt p — (¢ — r) is valid

1 pPAqG—T premise

2 p assumption
3 q assumption
4 pPAq AN 2,3

) r —el,4

6 q—r —13—05

7 p—(qg—>r) —i2—6
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

f5): Prove that p — (¢ — r) F p A ¢ — r is valid

1 p— (¢ —r) premise

2 PAgq assumption
3 p Ney 2

4 q Nea 2

5 q—r Ne 1,3

6 r Ae 5.4

7 PAg—=T —12—6

p—=(qg—=r)d-pAg—r
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

TE M. : rules for disjunction: Viy, Vi, Ve

o] [
10) . Y . OV Y '
sve " gvg R x| | x
N — Ve
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

{51: Prove that p\V g F ¢V p is valid

1 pVq premise

2 p assumption

3 qVp  Vip 2

4 q assumption

b} qVp Vi 4

6 qgVp Vel,2—-3,4-5
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S F #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

EX.: Contradictions (Ffg)

Contradictions are expressions of the form ¢ A —¢ or =¢ A ¢, where ¢ is
any formula.

\

EIE

Any formula can be derived from a contradiction:

pA-pkgq

.

TE M rules for negation
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S F #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

TE N : rules for negation: Le, —e

1 —pVq premise

2 -p assumption | | ¢ assumption
3 p assumption || ||P assumption
4 1 —-e 3,2 q copy 2

) q led p—q —13—4
6 p—4q —13-—-5

7 p—q Vel,2—-6
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Proof rules

51): Prove that

p— q,p — —qF —pis valid

1 pP—4q premise
é 2 P — —q premise
g 3 b assumption
1 4 q —el,3
0 i 5 —q —~e2,3
© 6 1 —e 4,5
7 -p -1 3—06
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | From Primitive rules to Derived rules

{51]: Prove the derived rule

1 ¢ — 1)  premise
Derived rule: MT 2 - premise

3 10} assumption

4 ) —el,3

5 1 —e 4,2

6 0 -3 —95
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | From Primitive rules to Derived rules

{51]: Prove the derived rule

Derived rule: ——i 1 [0) premise
2 - assumption
3 1 —-e 1,2
4 —=Q -1 2—3
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | From Primitive rules to Derived rules

{51): Prove the derived rule
Derived rule: PBC

1 -¢ — 1 given
¢ 2 - assumption
. 3 1L —el,2
PBC 4 =0 =72~ 3
i o 5 ¢ ——e 4
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | From Primitive rules to Derived rules

{51]: Prove the derived rule

1 —(¢V —¢) assumption
2 1) assumption
: ‘ 3 ¢V - Vi 2
Derived rule: LEM 4 | e 3.1
LEM - - 2 —
pEva— 5 [0) 12—4
7 1 —e 6,1
8 —(pV-g) —il-T
9 PV g —-e 8
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Summary

The basic rules of natural deduction:

ntroduction elimination
A ¢ ¢Ai d)/\w/\el ¢/\¢/\e2
PNY ¢ (0
o |
\Y ¢ Vi L Vi VY 4 X Ve
ove vy T X
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Summary
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Summary

1
1 (no introduction rule for 1) Py le
_|_|¢
—— ¢ e

E#B https://faculty.ustc.edu.cn/hu: R FEFS


https://faculty.ustc.edu.cn/huangwenchao

¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Summary

Some useful derived rules:

—gb_}:ib ™% ﬁib i
—¢
1
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Summary

Provable equivalence:

“(pAq) ==qgVv-p —(pVeq) A--gA-p
p—q—qg—-p p—q=-pVg
pANg—pTdrv-r pAqg—r-d-p—(¢g—r).
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¥ E #A algorithms

1. Propositional Logic | Natural Deduction | Summary

EF: @8 F RBEXEDTS
R A% New rules: a collection of proof rules in natural deduction.
o FME M Truth Tables #4T3K R
o EMNF{EH proof rules
o {$ [ proof rules Fe4EZ51S (B ), BXX =, Bl

¢17¢27"'a¢n|_¢

FrHY )
O rules X%: #HERERTTFER FESHERER
o BAOTURMFMS, BiItEMEEREEL (WE 4 E)
O BRHIFTARIRWMBIZIER rule, —MMZESBMILIA rule?
o =,V,3 EHZITE(H rules (WT})
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¥ E #A algorithms

2. First-order Logic | Natural Deduction

EE 2: =V, 3 BEHFEITENR rules?
FRIR T iE:
QO MENX
o % Parse tree
o TEMX Free and bound variables
o TEM Substitution

Q i%it rules
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¥ E #A algorithms

2. First-order Logic | Natural Deduction | Preparation

(1) #J%E Parse tree
o f5il: Y ((P(z) — Q(x)) A S(x,y))
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¥ E #A algorithms

2. First-order Logic | Natural Deduction | Preparation

(2) EX Free and bound variables

TEMN: Free and bound variables

Let ¢ be a formula in predicate logic.

@ An occurrence of x in ¢ is free in
¢ if it is a leaf node in the parse
tree of ¢ such that there is no
path upwards from that node z to
a node Vz or Jdz.

@ Otherwise, that occurrence of z is
called bound.

v

bound bound free
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¥ E #A algorithms

2. First-order Logic | Natural Deduction | Preparation

(3) X Substitution

TE M Substitution

Given a variable =, a term ¢
and a formula ¢, define
¢[t/z] to be the formula
obtained by replacing each
free occurrence of variable x
in ¢ with ¢.

f51: x replaced by the term
f(z,y)
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¥ E #A algorithms

2. First-order Logic | Natural Deduction | Preparation

(3) X Substitution

Given a variable x, a term ¢
and a formula ¢, define
¢[t/z] to be the formula
obtained by replacing each
free occurrence of variable x
in ¢ with ¢.

f51: x replaced by the term
f(z,y)
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¥ E #A algorithms

2. First-order Logic | Natural Deduction | Proof rules

TEN: rules for equality: =i

ty =t2 Plt1/x]
t=t Plta/x]

{51: Prove the validity of the sequent:

z+l=14z,(z+1>1) > (z+1>0)F (1+2)>1— (14+z) >0

1 (x+1)=(1+u2) premise
2 (x+1>1)—(r+1>0) premise
3 l14+2z>1)—=>(14+2>0 =el,2
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2024-02-13

R 7mES5|

I—Slzﬁ E #A algorithms

First, let us state the proof rules for equality. Here equality does not mean
syntactic, or intensional, equality, but equality in terms of computation
results. In either of these senses, any term t has to be equal to itself. This
is expressed by the introduction rule for equality.

This rule is quite evidently sound, but it is not very useful on its own.
What we need is a principle that allows us to substitute equals for equals
repeatedly. For example, suppose that y(w + 2) equals yw + y2; then it
certainly must be the case that z > y(w + 2) implies z > yw + y2 and
vice versa. We may now express this substitution principle as the rule = e



¥ E #A algorithms

2. First-order Logic | Natural Deduction | Proof rules

TE N : rules for equality: =i, =¢

I ty =t Plt1/x]
t=t lt2/x]

1 t1 =19 premise
2 t1 =11 =3
3 to =11 =e 1, 2

E#B https://faculty.ustc.edu.cn/hu: R FEFS


https://faculty.ustc.edu.cn/huangwenchao

¥ E #A algorithms

2. First-order Logic | Natural Deduction | Proof rules

EX: rules for equality: =i,= e

t1 =ty ¢[t1/x]
b=t lt2/7]

1 to =13 premise
2 t1 = to premise
3 t1 =t3 =e 1’ 2
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R 7mES5|

I—Slzﬁ E #A algorithms

Our discussion of the rules =i and =e has shown that they force equality
to be reflexive, symmetric and transitive. These are minimal and necessary
requirements for any sane concept of (extensional) equality.



TEMX: rules for universal quantification: Vx e,V i

I S, B U SRR NC R

Va (P(z) — Q(z))  premise
Vo P(x premise
iy P(z0) = Q(z0) Vrel
P(zo) Vz e 2
Q(xo) —e3,4
z Q(x) Vzi3—5
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2024-02-13

XU TESSI

It says: If Vz ¢ is true, then you could replace the x in ¢ by any term ¢
(given, as usual, the side condition that ¢ be free for x in ¢) and conclude
that ¢[t/x] is true as well. The intuitive soundness of this rule is self-
evident.

The rule Vz 4 is a bit more complicated. It employs a proof box similar
to those we have already seen in natural deduction for propositional logic,
but this time the box is to stipulate the scope of the ‘dummy variable’ x0
rather than the scope of an assumption. The rule Vx i is written above.

It says: If, starting with a ‘fresh’ variable x(, you are able to prove
some formula ¢[zo/x] with zo in it, then (because xq is fresh) you can
derive Vx ¢. The important point is that xg is a new variable which doesn’
t occur anywhere outside its box; we think of it as an arbitrary term. Since
we assumed nothing about this zg, anything would work in its place; hence
the conclusion Vz ¢.



S F #A algorithms

2. First-order Logic | Natural Deduction | Proof rules

TEMX: rules for universal quantification: Vz e,V @

Zo
Vz e

dlzo/]

1 P(t) premise
2 Vz (P(z) - —Q(x))  premise
3 P(t) = —Q(t) Ve 2

4 —Q(t) —e3,1
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¥ E #A algorithms

2. First-order Logic | Natural Deduction | Proof rules

TE M : rules for existential quantification: 3z i, Je

de

f5l: Prove: Vx ¢ F 3z ¢

Vr ¢ premise
2 dlz/x]  Vzel
dx ¢ dx i 2

E#B https://faculty.ustc.edu.cn/hu: R FEFS


https://faculty.ustc.edu.cn/huangwenchao

TE N : rules for existential quantification: Jx 7, Jde

olt/a] To  ¢[zo/7]
dx ¢

dx 4 dx ¢

de

f5: Prove: Vx (P(x)

1 Vz (P(z) - Q(x))  premise

2 Jz P(x) premise

3 Zo P(x0) assumption
4 P(xz9) — Q(x0) Vz el

5 Q(xo) —e4,3

6 Jz Q(x) dx i b

7 Jz Q(x) Jre2,3—6
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¥ E #A algorithms

2. First-order Logic | Natural Deduction | Summary

ty =ty ¢[t1/x]

t=t Plt2/x]
T
Vr ¢ )
Vz e :
o[t/ olzo/a]
e Vo i
ro  Plwo/7]
q;[i/ z] A A ¢ X
Jde
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¥ E #A algorithms

2. First-order Logic | Natural Deduction | Summary

Quantifier equivalence

e Vandd
o —Vx ¢ - Iz —¢
o ~dx ¢ 4 Vz —¢
@ AandV
o Vz ¢ AVx ¢ 4F V(o A1)
o Vz ¢ VVz ¢ 4- V(o V1)
@ double V or 3

e VaVy ¢ 4 VyVzx ¢
o dzxdy ¢ A+ Jydx ¢

@ Assuming that x is not free in ¢
o Yz ¢ A -V (¢ A1)

Ve ¢ Vi -V (¢ V)

T gAY - 3z (pAY)

I $V -3z (6 V)

Vo — ¢) 4 — Yz ¢

(= ¢) v — I b

Jz(¢p — ) 4 Vo ¢ — ¢

V(o — ) 4F 3z ¢ —
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¥ E #A algorithms

2. First-order Logic | Natural Deduction | Summary

B]E: - RWE (calculus) FTiEFRAA 7

o [ 1: - F MEBEEREEHERE?
o Z&: EHYy, B Soundness and Completeness
o —MRIEHK: Foiff - o
o MAZEMIBIAZESHE

o [ERH 2:  KEFRIAITEME?
o % : [ F, BP The decision problem of validity in predicate logic is

undecidable.

o B 3: F IEERKMEREMEN F KT A?
o &: FHikEH

o [ 3.1: EMgItEE URAME?
o ITE, KBEEHERSEN
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fel

1. Prove the validity of the following sequents:

Q@ (pAg Ar,sAtEqgAs

Q@q¢—=rt(p—=qg = (@—r)

Q@Fgq—(p—(—(¢—0p))

QporgnrE(P—=gA(p—r)

Q@ pApkE—(r—=g)A(r—q)
2. Prove the validity of the following sequents in predicate logic, where P,
and @ have arity 1, and S has arity 0 (a ‘propositional atom’ ):

Q (S —>Qz) S — 3z Qz)

Q@ VzP(z) — St Jx(P(x) = 9)

Q Vz(P(x) ANQ(x)) FVaP(x) ANVzQ(x)
Q@ —Va—-P(z)F JzP(x)

@ Vaz—P(z)F —3JzP(x)
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