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本章内容

回顾:

Define verification
M ⊨ ϕ

A method of define M and ϕ: Logics
Propositional logic
Predicate logic
Higher-order logic

本章内容:
A method of verification

Rules of Natural Deduction
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Verifier —— Logic (回顾)

回顾: 定义: Verification in Logics
Most logics used in the design, specification and verification of computer
systems fundamentally deal with a satisfaction relation:

M ⊨ ϕ

M is some sort of situation or model of a system
ϕ is a specification, a formula of that logic, expressing what should be
true in situation M.
At the heart of this set-up is that one can often specify and
implement algorithms for computing ⊨.

下一个问题:
问: 如何统一化定义 M 和 ϕ? 答: Logics （已介绍）
问: 如何支持 ⊨ 和 algorithms? 答: Rules
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问题: 可计算性与复杂度

(回顾) 命题逻辑-真值表-复杂度?
若 M 原子命题的个数为 n, 判定所需时间为 O(2n).

一阶逻辑-复杂度?
至少不比命题逻辑简单

一阶逻辑-可计算性?

定理（Undecidability in First-order logic）
The decision problem of validity in predicate logic is undecidable: no
program exists which, given any ϕ, decides whether ⊨ ϕ.

针对复杂度：怎么办? 首先，定义新的rules, 即本章内容
针对可计算性: 怎么办？利用前述定理，推导出后续方法的极限
下面：先介绍命题逻辑的求解基础
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction

回顾, 定义: Semantic entailment relation
If, for all valuations in which all ϕ1, ϕ2, . . . , ϕn evaluate to T, ψ evaluates
to T as well, we say that

ϕ1, ϕ2, . . . , ϕn ⊨ ψ

holds and call ⊨ the semantic entailment relation.

问题: ⊨ 求解复杂度过高
解决方法: New rules: a collection of proof rules in natural deduction.
不使用 Truth Tables 进行求解
定义并使用 proof rules
使用 proof rules 产生结论 (即 ⊢), 取代 ⊨, 即

ϕ1, ϕ2, . . . , ϕn ⊢ ψ
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

定义: rules for conjunction: ∧i, ∧e1, ∧e2

ϕ ψ

ϕ ∧ ψ
∧ i

ϕ ∧ ψ

ϕ
∧ e1

ϕ ∧ ψ

ψ
∧ e2

例：Prove that p ∧ q, r ⊢ q ∧ r is valid
1 p ∧ q premise
2 r premise
3 q ∧e2 1
4 q ∧ r ∧i 3, 2
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

定义: rules for double negation: ¬¬e, ¬¬i

¬¬ϕ
ϕ

¬¬e ϕ

¬¬ϕ
¬¬i

例：Prove that p, ¬¬(q ∧ r) ⊢ ¬¬p ∧ r is valid
1 p premise
2 ¬¬(q ∧ r) premise
3 ¬¬p ¬¬i 1
4 q ∧ r ¬¬e 2
5 r ∧e2 4
6 ¬¬p ∧ r ∧i 3, 5
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

定义: rules for eliminating implication: → e

ϕ ϕ → ψ

ψ
→ e

例：Prove that p, p → q, p → (q → r) ⊢ r is valid
1 p → (q → r) premise
2 p → q premise
3 p premise
4 q → r → e 1, 3
5 q → e 2, 3
6 r e 4, 5
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

定义: rules for elminiating implication: modus tollens, MT
ϕ → ψ ¬ψ

¬ϕ
MT

例: If Abraham Lincoln was Ethiopian, then he was African.
Abraham Lincoln was not African; therefore he was not Ethiopian.

注意：MT is not a primitive rule.

例：Prove that p → (q → r), p, ¬r ⊢ ¬q is valid
1 p → (q → r) premise
2 p premise
3 ¬r premise
4 q → r → e 1, 2
5 ¬q MT 4, 3
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

定义: rule implies introduction: → i

ϕ
...
ψ

ϕ → ψ
→ i

To prove ϕ → ψ, make a temporary assumption of ϕ and then prove ψ.
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

例: Prove that ¬q → ¬p ⊢ p → ¬¬q is valid

1 ¬q → ¬p premise
2 p assumption
3 ¬¬p ¬¬i 2
4 ¬¬q MT 1, 3
5 p → ¬¬q → i 2 − 4
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

例: Prove that p ∧ q → r ⊢ p → (q → r) is valid

1 p ∧ q → r premise
2 p assumption
3 q assumption
4 p ∧ q ∧i 2, 3
5 r → e 1, 4
6 q → r → i 3 − 5
7 p → (q → r) → i 2 − 6
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

例: Prove that p → (q → r) ⊢ p ∧ q → r is valid

1 p → (q → r) premise
2 p ∧ q assumption
3 p ∧e1 2
4 q ∧e2 2
5 q → r ∧e 1, 3
6 r ∧e 5, 4
7 p ∧ q → r → i 2 − 6

注: ⊣⊢
p → (q → r) ⊣⊢ p ∧ q → r

黄文超 https://faculty.ustc.edu.cn/huangwenchao −→ 教学课程 −→ 形式化方法导引形式化方法导引 13 / 44

https://faculty.ustc.edu.cn/huangwenchao


支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

定义: rules for disjunction: ∨i1, ∨i2, ∨e

ϕ

ϕ ∨ ψ
∨ i1

ψ

ϕ ∨ ψ
∨ i2

ϕ ∨ ψ

ϕ
...
χ

ψ
...
χ

χ
→ ∨e
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

例: Prove that p ∨ q ⊢ q ∨ p is valid

1 p ∨ q premise
2 p assumption
3 q ∨ p ∨i2 2
4 q assumption
5 q ∨ p ∨i1 4
6 q ∨ p ∨e 1, 2 − 3, 4 − 5
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

定义: Contradictions (矛盾)
Contradictions are expressions of the form ϕ ∧ ¬ϕ or ¬ϕ ∧ ϕ, where ϕ is
any formula.

定理
Any formula can be derived from a contradiction:

p ∧ ¬p ⊢ q

定义: rules for negation: ⊥e, ¬e

⊥
ϕ

⊥e ϕ ¬ϕ
⊥

¬e
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

定义: rules for negation: ⊥e, ¬e

⊥
ϕ

⊥e ϕ ¬ϕ
⊥

¬e

例: Prove that ¬p ∨ q ⊢ p → q is valid
1 ¬p ∨ q premise
2 ¬p assumption q assumption
3 p assumption p assumption
4 ⊥ ¬e 3, 2 q copy 2
5 q ⊥e 4 p → q → i 3 − 4
6 p → q → i 3 − 5
7 p → q ∨e 1, 2 − 6
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Proof rules

定义: rule for negation: ¬i

ϕ
...
⊥

¬ϕ
¬i

例: Prove that
p → q, p → ¬q ⊢ ¬p is valid

1 p → q premise
2 p → ¬q premise
3 p assumption
4 q → e 1, 3
5 ¬q → e 2, 3
6 ⊥ ¬e 4, 5
7 ¬p ¬i 3 − 6
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | From Primitive rules to Derived rules

Derived rule: MT
ϕ → ψ ¬ψ

¬ϕ
MT

例: Prove the derived rule

1 ϕ → ψ premise
2 ¬ψ premise
3 ϕ assumption
4 ψ → e 1, 3
5 ⊥ ¬e 4, 2
6 ¬ϕ ¬i 3 − 5
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | From Primitive rules to Derived rules

Derived rule: ¬¬i

ϕ

¬¬ϕ
¬¬i

例: Prove the derived rule

1 ϕ premise
2 ¬ϕ assumption
3 ⊥ ¬e 1, 2
4 ¬¬ϕ ¬i 2 − 3
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | From Primitive rules to Derived rules

Derived rule: PBC

¬ϕ
...
⊥

ϕ
PBC

例: Prove the derived rule

1 ¬ϕ → ⊥ given
2 ¬ϕ assumption
3 ⊥ → e 1, 2
4 ¬¬ϕ ¬i 2 − 3
5 ϕ ¬¬e 4
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | From Primitive rules to Derived rules

Derived rule: LEM

ϕ ∨ ¬ϕ
LEM

例: Prove the derived rule

1 ¬(ϕ ∨ ¬ϕ) assumption
2 ϕ assumption
3 ϕ ∨ ¬ϕ ∨i1 2
4 ⊥ ¬e 3, 1
5 ¬ϕ ¬i 2 − 4
6 ϕ ∨ ¬ϕ ∨i2 5
7 ⊥ ¬e 6, 1
8 ¬¬(ϕ ∨ ¬ϕ) ¬i 1 − 7
9 ϕ ∨ ¬ϕ ¬¬e 8
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Summary

1.2 Natural deduction 27

The basic rules of natural deduction:
introduction elimination

∧ φ ψ

φ ∧ ψ ∧i
φ ∧ ψ
φ

∧e1
φ ∧ ψ
ψ

∧e2

∨ φ

φ ∨ ψ ∨i1
ψ

φ ∨ ψ ∨i2
φ ∨ ψ

φ
...
χ

ψ
...
χ

χ
∨e

→

φ
...
ψ

φ→ ψ
→i

φ φ→ ψ

ψ
→e

¬

φ
...
⊥

¬φ ¬i
φ ¬φ

⊥ ¬e

⊥ (no introduction rule for ⊥)
⊥
φ

⊥e

¬¬ ¬¬φ
φ

¬¬e

Some useful derived rules:
φ→ ψ ¬ψ

¬φ MT
φ

¬¬φ ¬¬i

¬φ
...
⊥

φ
PBC

φ ∨ ¬φ LEM

Figure 1.2. Natural deduction rules for propositional logic.
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支持 ⊨ 和 algorithms
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Summary
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Summary
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支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Summary

Provable equivalence:

1.2 Natural deduction 29

The proof rule ¬i is very similar to →i and has the same beneficial effect
on your proof attempt. It gives you an extra premise to work with and
simplifies your conclusion.

At any stage of a proof, several rules are likely to be applicable. Before
applying any of them, list the applicable ones and think about which one
is likely to improve the situation for your proof. You’ll find that →i and ¬i
most often improve it, so always use them whenever you can. There is no
easy recipe for when to use the other rules; often you have to make judicious
choices.

1.2.4 Provable equivalence

Definition 1.25 Let φ and ψ be formulas of propositional logic. We say
that φ and ψ are provably equivalent iff (we write ‘iff’ for ‘if, and only
if’ in the sequel) the sequents φ " ψ and ψ " φ are valid; that is, there
is a proof of ψ from φ and another one going the other way around.
As seen earlier, we denote that φ and ψ are provably equivalent by
φ #" ψ.

Note that, by Remark 1.12, we could just as well have defined φ #" ψ to
mean that the sequent " (φ→ ψ) ∧ (ψ → φ) is valid; it defines the same
concept. Examples of provably equivalent formulas are

¬(p ∧ q) #" ¬q ∨ ¬p ¬(p ∨ q) #" ¬q ∧ ¬p
p → q #" ¬q → ¬p p → q #" ¬p ∨ q
p ∧ q → p #" r ∨ ¬r p ∧ q → r #" p → (q → r).

The reader should prove all of these six equivalences in natural
deduction.

1.2.5 An aside: proof by contradiction

Sometimes we can’t prove something directly in the sense of taking apart
given assumptions and reasoning with their constituents in a constructive
way. Indeed, the proof system of natural deduction, summarised in Fig-
ure 1.2, specifically allows for indirect proofs that lack a constructive quality:
for example, the rule

¬φ
...
⊥

φ
PBC

黄文超 https://faculty.ustc.edu.cn/huangwenchao −→ 教学课程 −→ 形式化方法导引形式化方法导引 27 / 44

https://faculty.ustc.edu.cn/huangwenchao


支持 ⊨ 和 algorithms
1. Propositional Logic | Natural Deduction | Summary

回顾：问题: ⊨ 求解复杂度过高
解决方法: New rules: a collection of proof rules in natural deduction.
不使用 Truth Tables 进行求解
定义并使用 proof rules
使用 proof rules 产生结论 (即 ⊢), 取代 ⊨, 即

ϕ1, ϕ2, . . . , ϕn ⊢ ψ

新的问题:
1 rules 太多: 推演过于复杂, 符号也有冗余

减少冗余的符号，设计自动推演算法 (见第 4 章)
2 目前所给的是命题逻辑的 rule, 一阶逻辑会有哪些新的 rule?

=,∀,∃ 怎样设计它们的 rules (见下页)
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支持 ⊨ 和 algorithms
2. First-order Logic | Natural Deduction

问题 2: =,∀, ∃ 怎样设计它们的 rules?
解决方法:

1 预定义
构建 Parse tree
定义 Free and bound variables
定义 Substitution

2 设计 rules
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支持 ⊨ 和 algorithms
2. First-order Logic | Natural Deduction | Preparation

(1) 构建 Parse tree
例: ∀x ((P (x) → Q(x)) ∧ S(x, y))2.2 Predicate logic as a formal language 101

∀x

∧

→ S

P Q x y

x x

Figure 2.1. A parse tree of a predicate logic formula.

Convention 2.4 For convenience, we retain the usual binding priorities
agreed upon in Convention 1.3 and add that ∀y and ∃y bind like ¬. Thus,
the order is:

! ¬, ∀y and ∃y bind most tightly;! then ∨ and ∧;! then →, which is right-associative.

We also often omit brackets around quantifiers, provided that doing so in-
troduces no ambiguities.

Predicate logic formulas can be represented by parse trees. For example,
the parse tree in Figure 2.1 represents the formula ∀x ((P (x) → Q(x)) ∧
S(x, y)).

Example 2.5 Consider translating the sentence
Every son of my father is my brother.

into predicate logic. As before, the design choice is whether we represent
‘father’ as a predicate or as a function symbol.

1. As a predicate. We choose a constant m for ‘me’ or ‘I,’ so m is a term, and we
choose further {S, F,B} as the set of predicates with meanings
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支持 ⊨ 和 algorithms
2. First-order Logic | Natural Deduction | Preparation

(2) 定义 Free and bound variables

定义: Free and bound variables
Let ϕ be a formula in predicate logic.

An occurrence of x in ϕ is free in
ϕ if it is a leaf node in the parse
tree of ϕ such that there is no
path upwards from that node x to
a node ∀x or ∃x.
Otherwise, that occurrence of x is
called bound.

104 2 Predicate logic

→

∀x ∨

∧ ¬ Q

P Q P y

x x x

free

free

bound bound

Figure 2.2. A parse tree of a predicate logic formula illustrating free
and bound occurrences of variables.

quantifier for x; e.g. the scope of ∀x in ∀x (P (x) → ∃x Q(x)) is P (x). It is
quite possible, and common, that a variable is bound and free in a formula.
Consider the formula

(∀x (P (x) ∧ Q(x))) → (¬P (x) ∨ Q(y))

and its parse tree in Figure 2.2. The two x leaves in the subtree of ∀x are
bound since they are in the scope of ∀x, but the leaf x in the right subtree of
→ is free since it is not in the scope of any quantifier ∀x or ∃x. Note, however,
that a single leaf either is under the scope of a quantifier, or it isn’t. Hence
individual occurrences of variables are either free or bound, never both at
the same time.

2.2.4 Substitution

Variables are place holders so we must have some means of replacing them
with more concrete information. On the syntactic side, we often need to
replace a leaf node x by the parse tree of an entire term t. Recall from the
definition of formulas that any replacement of x may only be a term; it
could not be a predicate expression, or a more complex formula, for x serves
as a term to a predicate symbol one step higher up in the parse tree (see
Definition 2.1 and the grammar in (2.2)). In substituting t for x we have to
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(3) 定义 Substitution

定义 Substitution
Given a variable x, a term t
and a formula ϕ, define
ϕ[t/x] to be the formula
obtained by replacing each
free occurrence of variable x
in ϕ with t.

例: x replaced by the term
f(x, y)

104 2 Predicate logic

→

∀x ∨

∧ ¬ Q

P Q P y

x x x

free

free

bound bound

Figure 2.2. A parse tree of a predicate logic formula illustrating free
and bound occurrences of variables.

quantifier for x; e.g. the scope of ∀x in ∀x (P (x) → ∃x Q(x)) is P (x). It is
quite possible, and common, that a variable is bound and free in a formula.
Consider the formula

(∀x (P (x) ∧ Q(x))) → (¬P (x) ∨ Q(y))

and its parse tree in Figure 2.2. The two x leaves in the subtree of ∀x are
bound since they are in the scope of ∀x, but the leaf x in the right subtree of
→ is free since it is not in the scope of any quantifier ∀x or ∃x. Note, however,
that a single leaf either is under the scope of a quantifier, or it isn’t. Hence
individual occurrences of variables are either free or bound, never both at
the same time.

2.2.4 Substitution

Variables are place holders so we must have some means of replacing them
with more concrete information. On the syntactic side, we often need to
replace a leaf node x by the parse tree of an entire term t. Recall from the
definition of formulas that any replacement of x may only be a term; it
could not be a predicate expression, or a more complex formula, for x serves
as a term to a predicate symbol one step higher up in the parse tree (see
Definition 2.1 and the grammar in (2.2)). In substituting t for x we have to
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(3) 定义 Substitution

定义 Substitution
Given a variable x, a term t
and a formula ϕ, define
ϕ[t/x] to be the formula
obtained by replacing each
free occurrence of variable x
in ϕ with t.

例: x replaced by the term
f(x, y)

2.2 Predicate logic as a formal language 105

leave untouched the bound leaves x since they are in the scope of some ∃x
or ∀x, i.e. they stand for some unspecified or all values respectively.

Definition 2.7 Given a variable x, a term t and a formula φ we define φ[t/x]
to be the formula obtained by replacing each free occurrence of variable x
in φ with t.

Substitutions are easily understood by looking at some examples. Let f be a
function symbol with two arguments and φ the formula with the parse tree
in Figure 2.1. Then f(x, y) is a term and φ[f(x, y)/x] is just φ again. This
is true because all occurrences of x are bound in φ, so none of them gets
substituted.

Now consider φ to be the formula with the parse tree in Figure 2.2. Here
we have one free occurrence of x in φ, so we substitute the parse tree of
f(x, y) for that free leaf node x and obtain the parse tree in Figure 2.3.
Note that the bound x leaves are unaffected by this operation. You can see
that the process of substitution is straightforward, but requires that it be
applied only to the free occurrences of the variable to be substituted.

A word on notation: in writing φ[t/x], we really mean this to be the
formula obtained by performing the operation [t/x] on φ. Strictly speaking,
the chain of symbols φ[t/x] is not a logical formula, but its result will be a
formula, provided that φ was one in the first place.

x replaced by the term f(x, y)

x y

f

P

¬

∨

Q

y

→

∀x

∧

P Q

x x

Figure 2.3. A parse tree of a formula resulting from substitution.
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支持 ⊨ 和 algorithms
2. First-order Logic | Natural Deduction | Proof rules

定义: rules for equality: = i

t = t
= i

t1 = t2 ϕ[t1/x]
ϕ[t2/x]

= e

例: Prove the validity of the sequent:
x+1 = 1+x, (x+1 > 1) → (x+1 > 0) ⊢ (1+x) > 1 → (1+x) > 0

1 (x+ 1) = (1 + x) premise
2 (x+ 1 > 1) → (x+ 1 > 0) premise
3 (1 + x > 1) → (1 + x > 0) = e 1, 2
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定义: rules for equality: = i

t = t
= i

t1 = t2 ϕ[t1/x]
ϕ[t2/x]

= e

例: Prove the validity of the sequent:
x+1 = 1+x, (x+1 > 1) → (x+1 > 0) ⊢ (1+x) > 1 → (1+x) > 0

1 (x+ 1) = (1 + x) premise
2 (x+ 1 > 1) → (x+ 1 > 0) premise
3 (1 + x > 1) → (1 + x > 0) = e 1, 220
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支持 ⊨ 和 algorithms

First, let us state the proof rules for equality. Here equality does not mean
syntactic, or intensional, equality, but equality in terms of computation
results. In either of these senses, any term t has to be equal to itself. This
is expressed by the introduction rule for equality.
This rule is quite evidently sound, but it is not very useful on its own.
What we need is a principle that allows us to substitute equals for equals
repeatedly. For example, suppose that y(w + 2) equals yw + y2; then it
certainly must be the case that z ≥ y(w + 2) implies z ≥ yw + y2 and
vice versa. We may now express this substitution principle as the rule = e



支持 ⊨ 和 algorithms
2. First-order Logic | Natural Deduction | Proof rules

定义: rules for equality: = i, = e

t = t
= i

t1 = t2 ϕ[t1/x]
ϕ[t2/x]

= e

例: Prove (symmetric relation 对称性): t1 = t2 ⊢ t2 = t1

1 t1 = t2 premise
2 t1 = t1 = i

3 t2 = t1 = e 1, 2
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定义: rules for equality: = i, = e

t = t
= i

t1 = t2 ϕ[t1/x]
ϕ[t2/x]

= e

例: Prove (transive relation 传递性): t1 = t2, t2 = t3 ⊢ t1 = t3

1 t2 = t3 premise
2 t1 = t2 premise
3 t1 = t3 = e 1, 2
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定义: rules for equality: = i, = e

t = t
= i

t1 = t2 ϕ[t1/x]
ϕ[t2/x]

= e

例: Prove (transive relation 传递性): t1 = t2, t2 = t3 ⊢ t1 = t3

1 t2 = t3 premise
2 t1 = t2 premise
3 t1 = t3 = e 1, 220
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支持 ⊨ 和 algorithms

Our discussion of the rules =i and =e has shown that they force equality
to be reflexive, symmetric and transitive. These are minimal and necessary
requirements for any sane concept of (extensional) equality.



定义: rules for universal quantification: ∀x e, ∀x i

∀x ϕ
ϕ[t/x]

∀x e
x0

...
ϕ[x0/x]

∀x ϕ
∀x i

例: Prove: ∀x (P (x) → Q(x)), ∀x P (x) ⊢ ∀x Q(x)

1 ∀x (P (x) → Q(x)) premise
2 ∀x P (x) premise
3 x0 P (x0) → Q(x0) ∀x e 1
4 P (x0) ∀x e 2
5 Q(x0) → e 3, 4

6 ∀x Q(x) ∀x i 3 − 5
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定义: rules for universal quantification: ∀x e, ∀x i

∀x ϕ
ϕ[t/x]

∀x e
x0

...
ϕ[x0/x]

∀x ϕ
∀x i

例: Prove: ∀x (P (x) → Q(x)), ∀x P (x) ⊢ ∀x Q(x)

1 ∀x (P (x) → Q(x)) premise
2 ∀x P (x) premise
3 x0 P (x0) → Q(x0) ∀x e 1
4 P (x0) ∀x e 2
5 Q(x0) → e 3, 4

6 ∀x Q(x) ∀x i 3 − 5
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It says: If ∀x ϕ is true, then you could replace the x in ϕ by any term t
(given, as usual, the side condition that t be free for x in ϕ) and conclude
that ϕ[t/x] is true as well. The intuitive soundness of this rule is self-
evident.

The rule ∀x i is a bit more complicated. It employs a proof box similar
to those we have already seen in natural deduction for propositional logic,
but this time the box is to stipulate the scope of the‘dummy variable’x0
rather than the scope of an assumption. The rule ∀x i is written above.

It says: If, starting with a ‘fresh’variable x0, you are able to prove
some formula ϕ[x0/x] with x0 in it, then (because x0 is fresh) you can
derive ∀x ϕ. The important point is that x0 is a new variable which doesn’
t occur anywhere outside its box; we think of it as an arbitrary term. Since
we assumed nothing about this x0, anything would work in its place; hence
the conclusion ∀x ϕ.



支持 ⊨ 和 algorithms
2. First-order Logic | Natural Deduction | Proof rules

定义: rules for universal quantification: ∀x e, ∀x i

∀x ϕ
ϕ[t/x]

∀x e
x0

...
ϕ[x0/x]

∀x ϕ
∀x i

例: Prove: P (t), ∀x (P (x) → ¬Q(x)) ⊢ ¬Q(t)

1 P (t) premise
2 ∀x (P (x) → ¬Q(x)) premise
3 P (t) → ¬Q(t) ∀x e 2
4 ¬Q(t) → e 3, 1
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支持 ⊨ 和 algorithms
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定义: rules for existential quantification: ∃x i, ∃e

ϕ[t/x]
∃x ϕ

∃x i ∃x ϕ
x0 ϕ[x0/x]

...
χ

χ
∃e

例: Prove: ∀x ϕ ⊢ ∃x ϕ

1 ∀x ϕ premise
2 ϕ[x/x] ∀x e 1
3 ∃x ϕ ∃x i 2
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定义: rules for existential quantification: ∃x i, ∃e

ϕ[t/x]
∃x ϕ

∃x i ∃x ϕ
x0 ϕ[x0/x]

...
χ

χ
∃e

例: Prove: ∀x (P (x) → Q(x)), ∃x P (x) ⊢ ∃x Q(x)

1 ∀x (P (x) → Q(x)) premise
2 ∃x P (x) premise
3 x0 P (x0) assumption
4 P (x0) → Q(x0) ∀x e 1
5 Q(x0) → e 4, 3

6 ∃x Q(x) ∃x i 5
7 ∃x Q(x) ∃x e 2, 3 − 6
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t = t
= i

t1 = t2 ϕ[t1/x]
ϕ[t2/x]

= e

∀x ϕ
ϕ[t/x]

∀x e
x0

...
ϕ[x0/x]

∀x ϕ
∀x i

ϕ[t/x]
∃x ϕ

∃x i ∃x ϕ
x0 ϕ[x0/x]

...
χ

χ
∃e
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Quantifier equivalence
∀ and ∃

¬∀x ϕ ⊣⊢ ∃x ¬ϕ
¬∃x ϕ ⊣⊢ ∀x ¬ϕ

∧ and ∨
∀x ϕ ∧ ∀x ψ ⊣⊢ ∀x(ϕ ∧ ψ)
∀x ϕ ∨ ∀x ψ ⊣⊢ ∀x(ϕ ∨ ψ)

double ∀ or ∃
∀x∀y ϕ ⊣⊢ ∀y∀x ϕ
∃x∃y ϕ ⊣⊢ ∃y∃x ϕ

Assuming that x is not free in ψ
∀x ϕ ∧ ψ ⊣⊢ ∀x (ϕ ∧ ψ)
∀x ϕ ∨ ψ ⊣⊢ ∀x (ϕ ∨ ψ)
∃x ϕ ∧ ψ ⊣⊢ ∃x (ϕ ∧ ψ)
∃x ϕ ∨ ψ ⊣⊢ ∃x (ϕ ∨ ψ)
∀x(ψ → ϕ) ⊣⊢ ψ → ∀x ϕ
∃x(ψ → ϕ) ⊣⊢ ψ → ∃x ϕ
∃x(ϕ → ψ) ⊣⊢ ∀x ϕ → ψ
∀x(ϕ → ψ) ⊣⊢ ∃x ϕ → ψ
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问题: ⊢ 演算 (calculus) 方法好用么？
问题 1：⊢ 和 ⊨ 的演算结果是否相同?

答: 是的，即 Soundness and Completeness
一种表达形式: ⊨ ϕ iff ⊢ ϕ
命题逻辑和谓词逻辑均满足

问题 2：⊢ 求解的可计算性?
答：同 ⊨, 即 The decision problem of validity in predicate logic is
undecidable.

问题 3：⊢ 演算求解复杂度相对 ⊨ 降低了么?
答：看起来是的

问题 3.1：怎样设计算法, 以提升效率?
见下章，求解算法的使用与实现
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作业

1. Prove the validity of the following sequents:
1 (p ∧ q) ∧ r, s ∧ t ⊢ q ∧ s

2 q → r ⊢ (p → q) → (p → r)
3 ⊢ q → (p → (p → (q → p)))
4 p → q ∧ r ⊢ (p → q) ∧ (p → r)
5 p ∧ ¬p ⊢ ¬(r → q) ∧ (r → q)

2. Prove the validity of the following sequents in predicate logic, where P ,
and Q have arity 1, and S has arity 0 (a ‘propositional atom’):

1 ∃x(S → Q(x)) ⊢ S → ∃x Q(x)
2 ∀xP (x) → S ⊢ ∃x(P (x) → S)
3 ∀x(P (x) ∧Q(x)) ⊢ ∀xP (x) ∧ ∀xQ(x)
4 ¬∀x¬P (x) ⊢ ∃xP (x)
5 ∀x¬P (x) ⊢ ¬∃xP (x)
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