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2. 18t

2.3 CNF and Horn Clauses | [E]/5

BIBT: SAT KiZFTi&Z|AY )R

Provable equivalence:
—(pAq) A= —gV-p —(pVgq) A-=gA-p
p—>qt—-q—-p p—qgi--pVg
pANg—pTdrv-r pAqg—rd-p—(¢g—r).

rules X%: #EETFESR FSHERTR
o BATMTAMMS, IitEERERX
o AR TR, ITESEEREE 7
FEMAER:
@ CNF (conjunctive normal form) §EGEX
o BUNNT (—k. Zit) S
o {A,V,}
e Horn clauses EEF 4]
o BT (—it. =t) {5

o {A,—}
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2. 18t

2.3 CNF and Horn Clauses | [E]/5

BIF: SAT BY—FhoK 7B R

Two Problems:
@ Problem 1: Checking SAT of a proposition formula
@ Problem 2: Checking SAT of a CNF formula
How to solve problem 17
@ Step 1: Transform Problem 1 to Problem 2
@ Step 2: Solve Problem 2.
Step 1 (one way by applying the following rules):
e —,V,A: Do nothing
@ I p—q=—pVgq
o iperqg=(p—q) A(g—p)

Step 1 (another clever way): Tseitin transformation.

Step 2: Bfi#
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2. 188

2.3 CNF and Horn Clauses | Z T AR

ETHE:

How to transform a propositional formula to CNF?
o challenge:

e show how it is possible
e why a naive solution may blow up

@ Tseitin transformation

o linear in the size of the formula
e used in current SAT solvers

How to solve SAT based on Horn clauses instead of CNF?
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2. IBit

2.3 CNF and Horn Clauses | Transform a propositional formula to CNF | Challenges

For any formula ¢ we can make its truth table

For any 0 in this truth table, we can make a correpsonding clause

p q r|¢|pVqgVr | pVgV-or | opV-ogVor
0 0 0|1 1 1 1
0 0 1|1 1 1 1
01 0|0 0 1 1
0 1 1|1 1 1 1
1 0 01 1 1 1
1 0 1|0 1 0 1
1 1 01 1 1 1
1 1 1|0 1 1 0

Now the conjunction (pV =gV r)A(=pV gV —r)A(=pV gV —r) of these
clauses has the same truth table as ¢, so it is logically equivalent to ¢
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2. 188

2.3 CNF and Horn Clauses | Transform a propositional formula to CNF | Challenges

This approach always works: if the truth table of ¢ contains k 0’s, then we
obtain a CNF consisting of k clauses

Drawback: this k may be very large
@ consider the case: n variables in ¢

e How many clauses for constructing ¢?
e How many literals for each clause?

Good case: A smaller CNF logically equivalent to ¢ may exist, have
clauses of < n literals

e Example: p A (=g V ) is a CNF with 2 clauses, having 5 0’s in truth
table of 8 rows

Bad case: For some formulas the exponential number of clauses is
unavoidable (BLTTT)
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Drawback: if there are n variables, then the truth table has 2™ rows:
exponential in n
All of these clauses have exactly n literals



2. IBit

2.3 CNF and Horn Clauses | Transform a propositional formula to CNF | Challenges

Example: @ (- ((p1 > pa) ¢ p3) -+ < pn)
This formula yields true iff an even number of pls has the value false

Let X be a CNF satisfying ® = X
Then every clause C' in X contains exactly n literals

UERR:

Assume not, then some p; does not occur in a clause C' of X

Then you can give values to the remaining variables such that C is false,
and X is false too, independent of the value of p;

Swapping values of p; does not swap values of X, contradicting ® = X
O
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2. IBit

2.3 CNF and Horn Clauses | Transform a propositional formula to CNF | Challenges

Example:  ®: (- ((p1 > pa) > ps) - <> pu)

Let X be a CNF satisfying ® = X
Then every clause C' in X contains exactly n literals

The truth table of ® contains 2" rows, half of which containing 0
So exactly 2”1 rows contain 0

Every clause of exactly n literals has one 0 in its truth table

So we need 2"~ such clauses to obtain the truth table of ®

So for this ® the exponential size is unavoidable
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2. 188

2.3 CNF and Horn Clauses | Transform a propositional formula to CNF | Challenges

Summarizing the challenge:

@ For any propositional formula ¢, it is possible to find a logically
equivalent CNF

@ Bad case: but the size of this CNF may be exponential
A% Tseitin transformation (BT TT)
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2. 188

2.3 CNF and Horn Clauses | Tseitin transformation

Tseitin transformation

@ Linear transformation of arbitrary propositional formula to CNF

A& Give a name to every subformula (except literals) and use this name
as a fresh variable

@ For every formula ¢ on < 3 variables there is a small CNF cnf(¢) = ¢

e Transform a big formula ¢ to the conjunction of cnf(¢;) for many
small formulas ¢; obtained from ¢, one for each subformula

More precisely, for every subformula v, we define
® ny =1, if ¢ is a literal

@ n, = the name of v, otherwise
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SEIPIL: GS Tseitin, On the complexity of derivation in propositional
calculus, 5| % %§:1973



2. IBit

2.3 CNF and Horn Clauses | Tseitin transformation

More precisely, for every subformula 1
® ny =1, if ¢ is a literal

@ n, = the name of v, otherwise

The Tseitin transformation T'(¢) of ¢, is

defined to be the CNF consisting of: 7 _DC’,_’

@ Ny .

e cnf(q +» —ny) for every non-literal yields T(¢):
subformula of the shape = having UZA
name ¢ cnflng <+ (B < C))A

o cnf(q < (ny, ©ny,)) for every cnf(B (=5 Ap))A
subformula of the shape 1)1 ¢ 15 having cnf(C < (D V —p))A
name g, for cenflD < (¢ — )

o€ {V,\, =, <}
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2. IBit

2.3 CNF and Horn Clauses | Tseitin transformation | Preservation of satisfiability

EIE
¢ is satisfiable if and only if T'(¢) is satisfiable

IERR: BE (FERLB, ATOL note)
FITHIEIZ: We still need to compute the formula cnf(ny <+ - - -)

enflp <+ (V) =(-pVaqVr)

A(pV—q)
A(pV—r)

cnf(p + —q) =(p V q)
A(=pV q)

cnfip < (g Ar)) =(pV —qv —r) @@ o) =pVavr)

AN(pV—-qV-—r
A(=pVq) ( )
A(=pVaqV-r)
A(=pVr)
A(=pV—gqVr)
EH#B https://faculty.ustc.edu.cn/hu: KR FESS| 1


https://faculty.ustc.edu.cn/huangwenchao

2024-04-02

R 7mES5|

L2 m@ip

HE: (1) let ¢ is satisfiable, then it admits a satisfying assignment.
Extend this to n for subformula v: n, gets the value of the subformula

Y

Then by construction this yields a satisfying assignment for T'(¢):
= ng yields true

= ¢ <> —ny yields true for subformula - with name ¢, so does
cnflq <> —ny)

= g <> (ny, ©ny,) yields true for subformula 11 ¢ 15 having name g,
for o € {V, A, —, <>}, so does cnf(q <> (ny, ©ny,))

So satisfiability of ¢ implies satisfiability of T'(¢)
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(2) Conversely, assume T'(¢) is satisfiable = admits a satisfying assignment
Apply this same satisfying assignment to the original formula ¢

Since g <> (ny, © ny,) yields true for every subformula v ¢ 95 having
name ¢ (and similar for —n,), we obtain that every subformula ¢ of ¢
gets the value of ny

Since ny yields true (as part of T'(¢)), we obtain that the original formula
¢ yields true, so ¢ is satisfiable

O




2. 188

2.3 CNF and Horn Clauses | Tseitin transformation | Preservation of satisfiability

Concluding

@ For every propositional formula ¢ its Tseitin transformation 7'(¢) is
easily computed

Size of T'(¢) is linear in size of ¢
Preserves satisfiability
Not only CNF, even 3-CNF

Used in current SAT solvers
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2. 188

2.3 CNF and Horn Clauses | Z T AR

BT A E:

How to transform a propositional formula to CNF?
@ challenge:

e show how it is possible
e why a naive solution may blow up

@ Tseitin transformation

o linear in the size of the formula
e used in current SAT solvers

[6]8h: How to solve SAT based on Horn clauses instead of CNF?
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2. IBit

2.3 CNF and Horn Clauses | Horn clauses

TEM: Horn clause

A Horn formula is a formula ¢ propositional logic if it can be generated as
instance of H in this grammar:

P:==1|T]|p
Aw==P|PANA
Cu==A—P

H:==C|CANH

We call each instance of C a Horn clause.

Recall that the logical constants:
@ | denotes an unsatisfiable formula
@ T denotes a tautology

{5): Examples of Horn formulas:

(pANgNs—=p)AN(gAr—=Dp)AN(pAs—s)
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2. IBit

2.3 CNF and Horn Clauses | Horn clauses

&% HORN(9)

begin function
mark all occurrences of T in ¢;
while there is a conjunct Py A Py A -+ A Py, — P’ of ¢ such that
all P; are marked but P’ isn't
do mark P’
end while
if L is marked
then return 'unsatisfiable’
else return 'satisfiable’
end function
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2. IBit

2.3 CNF and Horn Clauses | Horn clauses

d=pPNAghw—>LAN{Et—=>D)ANT—=2pA(T=>r)A(T 29 A(u—
)N (T = u)

Marked: T r g w p s return 'satisfiable’

dp=pPNAghw—>LAN{Et—=>LD)ANT—=p A(T=>7r)A(T —
DA Au—w)A(u—8)A(T = u)

Marked: T r g u p w L return 'unsatisfiable’

d=pPANgNs—=>p)AN(gATr—=>p)AN(PAs—S)

Marked: None... return 'satisfiable’
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2. 188

2.3 CNF and Horn Clauses | Horn clauses

Concluding

@ There are practically important subclasses, e.g., Horn formulas, which
have much more efficient ways of deciding their satisfiability

@ Horn clauses have been applied to many classical formal verifiers, e.g.,
the protocol verifier ProVerif.

@ How to transform propositional formulas to Horn formulas?
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fel

1. Construct a formula in CNF based on the following truth table:

O OO R ORRFRRR
O O O K R K

0

r

R OO R EMKROR

0

OHOOI—!OI—!O‘%

2. Apply algorithm HORN to each of these Horn formulas:
O (pAgAs— L)N(gAT = D)A(T = s)
Q (p5s = pi1) AN(p2 Aps = p13) A(T = ps) A(ps Apin — L)
Q@ (ToOAN (TN (w—=>L)APAgAs— L)A(v—= )N (T —
s) A (r = p)
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