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1. Introduction

Coq proof assistant
@ "Rooster”: a symbol of France
@ Calculus of constructions

@ Thierry Coquand

Renamed: ROCQ
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1. Introduction

HEEMLE R B E:
o [ERZ/R] Coq JRIEEMH
Coq/ROCQ B Mk

Software Foundations

Coq in a Hurry
o AL IZATHRZ IR
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1. Introduction

Coq Features

@ Define computable functions and logical predicates

State mathematical theorems and software specifications
@ Develop proofs of theorems, interactively

@ Machine-check the proofs
o

Extract certified code from the proofs, e.g., OCaml, Haskell, Scheme
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1. Introduction

Impressive examples in different areas

Pure mathematics
@ the Fundamental theorem of Algebra
e every polynomial has a root in complex field

@ Feit-Thompson theorem on finite groups

@ the four-color theorem

Related systems

@ Lean: a theorem prover and programming language
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1. Introduction

Impressive examples in different areas

Formalizing programming environments
@ CompCert: a certified optimizing compiler for C
@ Certicrypt: an environment of formal proofs for computational

cryptography
@ JavaCard platform - the Gemalto and Trusted Logic companies
o the highest level of certification (common criteria EAL 7)

@ Ynot library: for proving imperative programs using separation logic

Related systems

o [sabelle/HOL: a generic proof assistant
o Sel4: a microkernel that has been formally verified
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1. Introduction

Two-levels architecture

Rich environment
@ to help designing theories and proofs offering mechanisms
o like user extensible notations, tactics for proof automation, libraries
@ can be used and extended safely
o ultimately any definition and proof is checked by a safe kernel

1] 5=2+3

Small kernel based on a language with few primitive constructions
e functions, (co)-inductive definitions, product types, sorts

@ a limited number of rules for type-checking and computation

-

@eq Z (Zpos (xI (x0 xH))) (Zplus (Zpos (x0 xH)) (Zpos (xI xH)))
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1. Introduction

Program verification in Coq:

@ One can express the property “the program p is correct” as a
mathematical statement, and prove it is correct
@ One can develop a specific program analyzer (model-checking,
abstract interpretation, ...) in Coq, prove it correct and use it
@ One can
e represent the program p by a Coq term ¢
e represent the specification by a type T'
e such that ¢t : T' (which is automatically checked) implies p is correct
o It works well for functional (possibly monadic) programs
@ One can use an external tool to generate proof obligations and then
use Coq to solve obligations.
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2. Basics
2.1 Basic Terms

Name and Type in Type Theory
A Coq object in the environment has a name and a type

Command: Check term
The command Check is used to check the type of an object

1| Check nat.

nat
2 : Set

-

The object nat is a predefined type for natural numbers

@ its type is a special constant Set called a sort.
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2. Basics

2.1 Basic Terms

Command: Check term
The command Check is used to check the type of an object

1| Check O.
1|0
2 : nat

The constant 0 has type nat.
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2. Basics

2.1 Basic Terms

Command: Check term

The command Check is used to check the type of an object

1| Check S.
1| S
2 : nat -> nat

The object S is the successor function

@ it has type nat -> nat
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2. Basics

2.1 Basic Terms

Command: Check term

The command Check is used to check the type of an object

-

Check plus.

1| Nat.add
2 : nat -> nat -> nat

The binary function plus has type nat -> nat -> nat

@ which should be read as nat -> (nat -> nat)
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2. Basics

2.1 Basic Terms

Application of functions

The application of a function to its arguments is written as

e f x y for a function f of type A -> B -> C and arguments x and y
of type A and B

@ The term £ x y stands for (£ x) y

@ The natural number 10 is represented by the term S (S (S (S (S
(8 (8 (B (S0NNNN

@ The usual infix notation x+y can be used instead of plus x y

Check (3+2).

-

3+ 2
2 : nat

o
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-

-

2. Basics

2.1 Basic Terms

Propositions as terms

In Coq, logical propositions are also seen as terms.

@ the type of a proposition is called its sort Prop

The command Check verifies a proposition is well-formed
@ but does not say if it is true or not

Check (1+2=3).

1+2=3
: Prop

Check (forall x:nat, exists y, x=y+y).

forall x : nat, exists y : nat, x =y +y
: Prop
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2. Basics

2.1 Basic Terms

Introducing goals as propositions:

@ Lemma id: prop.

@ Theorem id: prop.

@ Goal prop.

o

Lemma exl1l: forall A B C:Prop,
(A->B->C) ->(A->B) >A->C.

N
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2. Basics

2.2 Logical rules and tactics

Type of proofs: The type of a proof is the proposition it proves.

Curry-Howard isomorphism (#a/EB-EELEfE[EH)

It proposes a deep connection between the world of /ogic and the world of
computation:
@ propositions are types
@ proofs are programs
e proofs are computations
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2. Basics

2.2 Logical rules and tactics

Specific explanation of the Curry-Howard correspondence:

There is only one form of judgment ' Fp: A
@ The environment I is a /ist of names associated with types
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2. Basics

2.2 Logical rules and tactics

Specific explanation of the Curry-Howard correspondence:

There is only one form of judgment ' Fp: A
@ The environment I is a /ist of names associated with types

@ When A is a type of objects, p is a term of type A

e e.g., r:natF x:nat
e p is well-formed in the environment I' and has type A
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2. Basics

2.2 Logical rules and tactics

Specific explanation of the Curry-Howard correspondence:

There is only one form of judgment ' Fp: A
@ The environment I is a /ist of names associated with types

@ When A is a type of objects, p is a term of type A
e e.g., r:natF x:nat
e p is well-formed in the environment I' and has type A
@ When A is a proposition, p is a proof of A
eeg,x:mat, h:z=1F..:2x#0
e A is provable under the assumption of I and p is a witness of that
proof
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2. Basics
2.2 Logical rules and tactics

f - E L RER R

o ib "SI T "SI’
- FRTHIDSSEER , RFSTERL,

o ¥ TP = IERE" HNBSFIIE
o AIHIRRIGIE (Type System) BIFZZVICUEBRFORIE R4 R L,
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2. Basics

Producing a proof

To establish that a proposition is true, we construct a proof using the
following steps:

@ State the proposition using Lemma, Theorem, or Goal.
@ Enter the proof mode using the Proof. command.

@ Apply tactics to manipulate the goal and subgoals until all are
resolved.

@ Conclude the proof with Qed. or Admitted. (if incomplete).

i|Lemma ex0O: forall A B C:Prop,

2/ (A ->B ->C) > (A ->B) ->A ->C.
3| Proof.

4| intros. apply H.

5| - assumption.

6| - apply HO. assumption.

7| Qed.
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2. Basics

2.2 Logical rules and tactics

Proving process:

Lexing and Parsing
Proof Environment Initialization
Tactic Interpretation and Execution

Proof Term Construction

Type Checking

e extracts a term p and the trusted kernel has to check that
o 'p: Ais avalid judgment by elementary rules

Subgoal Management
QED and Globalization
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2. Basics

2.2 Logical rules and tactics

Rules of proofs:
@ axioms rules: introduce new assumptions
@ introduction rules: introduce new variables

@ elimination rules: manipulate the goal

Default proof routine: Backward reasoning with tactics
@ A tactic transforms a goal into a set of subgoals
e solving these subgoals is sufficient to solve the original goal
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2. Basics

2.2 Logical rules and tactics

Axiom rules:
@ assumption tactic: solves the goal if it is an assumption

@ exact tactic: solves the goal if it is exactly equal to a hypothesis

h:Ael

Trh A exact h or assumption
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2. Basics

2.2 Logical rules and tactics

Introduction and elimination rules: (Recall in Chapter 3)

The basic rules of natural deduction:

introduction elimination
N 9 1/)/\1 Qw\d}ml gZS/\wACQ
GNY ¢ (0
o v
V 9 Vi ¥ Vi M Ve
R R AVE X
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2. Basics

2.2 Logical rules and tactics

Introduction and elimination rules: (Recall in Chapter 3)
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2. Basics

2.2 Logical rules and tactics

Introduction and elimination rules: (Recall in Chapter 3)

1 (no introduction rule for 1) — Le
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2. Basics

2.2 Logical rules and tactics

Introduction rule for —:

I'h:AF?:B .
— _— intro h
'7:A—B

FETa

@ Introduction rules: introduce new variables: h

o Backward reasoning: give a mean to prove a proposition with —

e if we can prove simpler propositions
@ A tactic will work with a still unresolved goal
e that we indicate using 7 in place of the proof-term
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2. Basics

2.2 Logical rules and tactics

Elimination rule for —:

¢ ¢—9
(&

I'h:A—B I't7:A
I'=7?:B

—e

apply h

@ Elimination rule: manipulate the goal

@ apply h: Explains how we can use a proof (h) of a proposition with —
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2. Basics

2.2 Logical rules and tactics

Example for assumption, intro and apply:

1 Lemma exl: forall A B C:Prop,
2 (A->B->C) -> (A ->B) ->A ->C.
3 Proof.

4 intro hi.

5 intro h2.

6 intro h3.

7 intro h4.

8 intro hb.

9 intro h6.

10 apply h4.

11 assumption.

12 apply h5.

13 assumption.

14 Qed.
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2. Basics

2.2 Logical rules and tactics

Recall the example, It would be painful to apply only atomic rules

@ Tactics usually combine in one step several introductions or
elimination rules.

Introduce all assumptions in the context.

@ Do multiple introductions and infer names when none are given
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2. Basics

2.2 Logical rules and tactics

Recall the example, It would be painful to apply only atomic rules

i|Lemma ex2: forall A B C:Prop,

2/ (A ->B ->C) ->(A->B) >A—>C.
3| Proof.

4| intros.

s|apply H.

6| assumption.

7| apply HO.

g| assumption.

9| Qed.
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2. Basics

2.2 Logical rules and tactics

Some tactics are doing proof search to help solve a goal:

contradiction | solves the goal when False, or A and —A appear in the hypotheses
tauto solves propositional tautologies
trivial tries very simple lemmas to solve the goal
auto searches in a database of lemmas to solve the goal
intuition removes the propositional structure of the goal then auto
omega solves goals in linear arithmetic

-

Lemma ex3: forall A B C:Prop,
ol/(A->B ->C) -> (A ->B) ->A > C.
3| Proof.

4| auto.

5| Qed.

#B https://faculty.ustc.edu.cn/hu: ARG ESs| 31/52
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2. Basics

2.2 Logical rules and tactics

Keyword: Variable

Objects can be introduced using the syntax

@ Variable x : A. Variables x y z : A.

Keyword: Section

A section is a block of code that can be used to group related definitions
and theorems. It is defined using the syntax

@ Section S. End S.

1|Section SectionExample.
2| Variables A B C: Prop.
3s|Lemma ex4 : (A ->B ->C) -> (A ->B) -> A -> C.

4| Proof.

5/ intros. apply H. assumption. apply HO. assumption.
6| Qed.

7|End SectionExample.
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2. Basics

2.2 Logical rules and tactics

It is convenient to postpone a proof but it is also potentially dangerous

Keyword: Admitted

@ introducing the original goal as an axiom.

o Safety is only guaranteed if there are no axioms left in the proof.

-

Variables A B C: Prop.

>|Lemma falselemma: (A -> B) -> C.
3| Proof.

4| Admitted.

1|Lemma falseconclusion: B -> C.
2| Proof.

3| intros.

4| apply falselemma.

5/ intros. exact H.

6| Qed.
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2. Basics

2.2 Logical rules and tactics

Logical rules and tactics:

@ Implication rules: —

Conjunction rules: A

Disjunction rules: V

Negation rules: —

Contradiction rules: L

Double negation rules: ——

Universal quantification rules: V

Existential quantification rules: 3

Equality rules: =

Current Coq tactics:
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2. Basics

2.2 Logical rules and tactics — —

Rules in Classical Logics

¢ d—
— —1 —e
o= (]
Rules in Coq

I'h:AF?:B . I'th:A—B I'+=7:A
— _ intro h ‘ _ apply h

I'+=?:A—B I'+7:B
See
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2. Basics

2.2 Logical rules and tactics — A

Rules in Classical Logics
¢ b PNy

Al

one
e z

(G

€1 €2

/\ ‘

Rules in Coq
I'th:AANB IJl:A;m:B-7:C
re?.Cc

Ire?A I'+=":B

A destruct h as (I, m)

split

I't7:ANB

-

Variables A B : Prop

>|Lemma and_intro : A -> B -> A /\ B.
3| Proof.

4 intros HA HB.

5 split.

6 exact HA.

7 exact HB.

3| Qed.
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2. Basics

2.2 Logical rules and tactics — A

Rules in Classical Logics

N o ¥ Al oNY Ne oNY Ne
°1 ©2
¢ NY ¢ (U
Rules in Coq
I+7:A I'+7:B . IFhiAAB  [l:A,m:B-7:C
AN| ——— |split destruct h as (I,m)
I'F7:AAB re?:.c

-

Variables A B : Prop.

Lemma and_elim_ascii : A /\ B -> A.
3| Proof.

4| intros H.

5/ destruct H as [HA HB].

6| exact HA.

7| Qed.

N
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2. Basics

2.2 Logical rules and tactics — V

Rules in Classical Logics

o ¥
\% ¢ Vip v Vig 7¢vw AR Ve
PV Y VY X
Rules in Coq

7:A
_rPnA left
I'F7:AVB I'Fh:AVB T:AF?7:C [:BF?:C

Vv destruct h as [I|l]

I'=?:B A I'=7:.C
e — right
I'F7:AVB

R https://faculty.ustc.edu.cn/huz R EESS]


https://faculty.ustc.edu.cn/huangwenchao
http://staff.ustc.edu.cn/~huangwc/fm/code/6.2.1-2.v

2. Basics

2.2 Logical rules and tactics — V

1|Variables A B : Prop.
>|Lemma or_intro_left_example : A -> A \/ B.

3| Proof.

4 intros HA.
5 left.

6 exact HA.
7| Qed.

1|Variables A B C : Prop.

>|Lemma or_elim_example : A \/ B -> (A ->C) -> (B ->C) -> C.
3| Proof.

4| intros H_or HA_to_C HB_to_C.

5/ destruct H_or as [HA | HB].

6/ — apply HA_to_C. exact HA.
7| - apply HB_to_C. exact HB.
3| Qed.
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2. Basics

2.2 Logical rules and tactics — —

Rules in Classical Logics

¢
1
- — i —(b ﬁ¢ e
Rules in Coq
I,h:A+-False . T'Hh:—A TH?7:A
- —————— lintro h _ destruct h
r+7:-A r+?2:C

-

Variables A : Prop.

>|Lemma not_intro_example : (A -> False) -> ~A.
3| Proof.

4| intros H.

5/ exact H.

6| Qed.
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2. Basics

2.2 Logical rules and tactics — —

Rules in Classical Logics

®
1
. ¢ ¢
- -1 —-e
¢ 1
Rules in Coq
I',h:A+-False i T'Hh:imA TH7:A
- _— intro h —_— destruct h
I'E7:=A r+7:.c

Variable A : Prop.

2| Lemma not_elim_with_destruct : A -> ~A -> False.
3| Proof.

4| intros HA HNA.

5| destruct HNA.

6| exact HA.

7| Qed.

-
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2. Basics

2.2 Logical rules and tactics — L

Rules in Classical Logics

1
€ ‘ (no introduction rule for L) E le
Rules in Coq
7.Fal
1 fretasse exfalso
Ire?:.C

Variable A : Prop.

Lemma false_elim_with_exfalso : A -> ~A -> forall B : Prop, B.
3| Proof.

4| intros HA HNA B.

5/ exfalso.

6| apply HNA. exact HA.

7| Qed.

.

N
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2. Basics

2.2 Logical rules and tactics — /

Rules in Classical Logics

-

Rules in Coq

Does not exist!!! Why?
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2. Basics

2.2 Logical rules and tactics — V

Rules in Classical Logics

o

Blzo/] ‘ Vo
Voo on ot/2]

Rules in Coq

‘ TFhiVz:A,B  T'Ht:A

Iy:AF7:Blz<+y]

1 ith (z:=t
I't?:Vz:A,B appLy ¥ Wi (J: )

intro y

I'+7:Blx+t]

-

Variable A : nat -> Prop.

Variable H : forall n : nat, A n.

Lemma forall_intro_example2 : forall n : nat, A n.
4| Proof.

N

w

5 intros n.

6| apply H.
7| Qed.
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2. Basics

2.2 Logical rules and tactics — V

Rules in Classical Logics

zo
lwo/x] Vi
A Te.
Voo olt/x]
Rules in Coq
Iy:AF?:Blz<+y] . I'+h:Vz:A,B I'+t:A .
_ 1 h (z:=t
TH7:Yaz:A,B introy +7:Blzt] apply y with (z:=t)

1|Variable A : nat -> Prop.

>|Lemma forall_elim_example : (forall n : nat, A n) -> A O.
3| Proof.

4| intros H.

5| apply H.

6| Qed.
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2. Basics

2.2 Logical rules and tactics — 3

Rules in Classical Logics

zo Plwo/7]
9lt/a] ELL X
——— Jzi. Je.
dxo X
Rules in Coq
I'tt:A I'H7:Blz<t] A I'th:3z:A,B I,x:A,l:B-?:C
————— —|exists ¢ destruct h as (z,1)
r+72:3z:4,B rr27:.c

Variable A : nat -> Prop.
Lemma exists_intro_example : A O -> exists n : nat, A n.
Proof.
intros H.
exists 0.
exact H.
Qed.

R https://faculty.ustc.edu.cn/huz R EESS]



https://faculty.ustc.edu.cn/huangwenchao
http://staff.ustc.edu.cn/~huangwc/fm/code/6.2.1-2.v

2. Basics

2.2 Logical rules and tactics — 3

Rules in Classical Logics

zo Plwo/7]
9lt/a] ELL X
——— Jzi. Je.
dxo X
Rules in Coq
I'tt:A I'H7:Blz<t] A I'th:3z:A,B I,x:A,l:B-?:C
————— —|exists ¢ destruct h as (z,1)
r+72:3z:4,B rr27:.c

-

Variable A : nat -> Prop.

>|Lemma exists_elim_example : (exists n : nat, A n) -> forall P
Prop, (forall x, A x -> P) -> P.

3| Proof.

4| intros Hexists P Hforall. destruct Hexists as [n HAn].

5| apply Hforall with (x := n). exact HAn.

6| Qed.
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2. Basics

2.2 Logical rules and tactics — =

Rules in Classical Logics

t1 =ty Pt1/x] .

e oltz/a]
Rules in Coq
t=u L. I'+hit=u I't7:Clz<+u] X
= _— reflexivity rewrite h
I'E7:t=u I't7:Clz+—t]

e Two terms u and v are convertible (written ¢ = u) when they
represent the same value after computation.

@ The elimination rule allows to replace a term by an equal in any
context.
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2. Basics

2.2 Logical rules and tactics

Rules in Coq
t=u L. I'thit=u I't7:Clz<u] .
= E— reflexivity rewrite h
I'E7:t=u I'=?:Clz<t]
I'+7u=t t
e — symmetr
I'?t=u Y y
I'+7:t=v I't?v=u L.
transitivity v
I'?:t=u
I'+7:f=g I'tti=uq...Ft,=uy,
f_equal
I'E?2:ftr. tn=gui... un
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2. Basics

2.2 Logical rules and tactics — Forward reasoning

Recall Backward reasoning.

Forward reasoning

@ A tactic transforms a goal into a set of subgoals
e solving these subgoals is sufficient to solve the original goal

I'=?:B I h:BF?7:A
I'=7:4A

assert (h: B)

-

Variables A B C : Prop.

Lemma assert_example : (A -> B) -> (B -> C) -> A -> C.
3| Proof.

4| intros H1 H2 HA.

assert (HB : B).

- apply H1. exact HA.

- apply H2. exact HB.

3| Qed.

N

~N o u
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2. Basics

2.2 Logical rules and tactics: Intuitionistic Logic v.s Classical Logic

Coq implements an intuitionistic logic, which differs from classical logic in
the following ways:

o Law of Excluded Middle: PV =P is not generally valid in Cog.

e Double Negation Elimination: In Coq, =—P — P is not valid unless
P is constructively proven.

o PV—PF——P — Pin Coq (W/EI5)

@ Constructive Proofs: Intuitionistic logic requires constructive proofs,
meaning that to prove 3z, P(z), one must explicitly construct a
witness z such that P(z) holds.

@ Proof as Programs: Intuitionistic logic aligns with the Curry-Howard
correspondence.

It is also possible to use classical versions of logical connectives

@ a library Classical introduces the excluded middle as an axiom

-

Require Import Classical.
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2. Basics

2.2 Logical rules and tactics @i @ P EH O DO OEHO OO

© O N o U A W N =

1

o

11

SCEG/MENL: {8 Coq UEBBUN T aRRE ( AFCIFEREZRGHS | AiFfE
F3 Classical ) , My _EACIBFOSH ( 37 HE/MEBLS RS HEL

&)

Section Homework.

Variables A B : Prop.
Variable T : Type.
Variable P : T -> Prop .

Lemma homeworkl:
Lemma homework2:
Lemma homework3:
Lemma homework4:
Lemma homeworkb:
End Homework.

forall A,
A\/ B —>
(~ exists
A -> ~~A.
(A \/ ~B)

wew A => - A,
~ (~A/\ ~B).

x, P x) -> forall x, ~ P x.

-> (~~A -> A).
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