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Based on the vector diffraction theory, the tight focusing properties of radially polarized hollow sinh-Gaussian (HsG)
beams are theoretically studied. It is found that the radially polarized HsG beams can form a longitudinally polarized
sub-wavelength focal spot. Moreover, the radiation forces acting on a Rayleigh metallic particle are calculated for the
case where the radially polarized HsG beams are applied. Compared with the use of conventional Gaussian beams, the
high-order radially polarized HsG beams can largely enhance the radial trap stiffness and broaden the axial trap distance.
The influence of the beam order m on the focusing properties and trap stiffness is investigated in detail.
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1. Introduction

Optical tweezers use the radiation forces exerted by a
highly focused beam to trap and manipulate objects
ranging in size from tens of nanometres to tens of micro-
metres. Since it was invented in 1986 by Ashkin and his
co-workers [1], optical trapping and manipulation have
become a hot topic in scientific community. Now, optical
tweezers have been widely used in various areas of sci-
ence, particularly in physics, chemistry and biophysical
studies, for example, trapping and manipulating micro-
scopic particles [2–11], manipulation of a single electron
spin [12], trapping a gold nanopillar [13], controlling or
trapping single aerosol [14,15], stretching DNA [16],
trapping red blood cells in living animals [17] and so on.
Thus, optical tweezers have been developed into one of
the most promising tools in microscopic research [18].

As we all know, polarization is one of the most
important and intrinsic properties of light. This vector
nature of light and its interactions with matter make
many optical devices and optical system designs possible
[19]. In general, the beams can be classified into two cat-
egories in terms of the state of polarization. The first
type is spatially homogeneous polarized beams. This
type of polarized beams, including linearly, circularly
and elliptically polarized beams, is most familiar to the
optical community. The second type is spatially inhomo-
geneous polarized beams, such as cylindrical vector
(CV) beams. In recent years, there has been a rapid
increase of the number of publications on the CV beams

[3–5,19–23], due to their interesting properties and
potential applications. It has been found that the highly
focused radially polarized beams can produce a tighter
spot with an extremely strong longitudinal component
near the focus. Such a strong longitudinal component
can provide a large gradient force, while it does not con-
tribute to Poynting vector along the propagation direction
and thus does not create axial scattering and absorption
forces [3]. Due to these special features, using the radi-
ally polarized beams can largely improve the perfor-
mance of an optical trap system compared with the
usage of linearly polarized beams, especially for trapping
metallic particles [3].

Until now, the tight focusing properties and the trap-
ping characteristics of different beams, such as CV beams
[3–5], series of Gaussian beams [24,25], Bessel beams
[26], full Poincaré beams [27,28], coherent and partially
coherent beams [6,29], and vortex beams [30,31] have
been studied. It has been found that the focusing proper-
ties and the trapping characteristics of the laser beams are
mainly related to the beam’s characteristic, such as
beam’s profile, polarization and coherence. Recently, the
dark hollow beams with zero central intensity have
attracted a lot of attention due to their special features
and potential applications in atom guiding, focusing and
trapping [32–39]. In 2012, Sun et al. introduced a new
mathematical model of dark hollow beams, described as
hollow sinh-Gaussian (HsG) beams which can be consid-
ered as the superposition of a series of eccentric Gaussian
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beam [38]. It is shown that the intensity profile of HsG
beams at the original plane can be characterized by a sin-
gle bright ring whose size is determined by the beam
order. The experimental generation of such HsG beams
has not been reported yet, but it may be realized using a
liquid crystal spatial light modulator [40–42]. In theory,
Lin et al. have investigated the focusing properties of the
radially polarized HsG beams based on the Richards–
Wolf theory [39]. However, as far as we know, there are
no papers dealing with the radiation forces produced by
the highly focused radially polarized HsG beams on the
Rayleigh metallic particles. However, this topic seems
important since the highly focused radially polarized HsG
beams can form a longitudinally polarized sub-wave-
length focal spot, which could be of great importance for
the laser trapping and manipulation. In this paper, our
main purpose is to study the radiation forces produced by
the highly focused radially polarized HsG beams acting
upon a Rayleigh metallic particle. The influence of the
beam order on the focusing properties and trap stiffness
is investigated in detail. Our research can improve the
understanding of the focusing properties and trapping
characteristics for the highly focused radially polarized
HsG beams, which will be useful for experimental
trapping by means of optical tweezers.

2. Formulas and focusing properties of any order
radially polarized HsG beams

The electric field of HsG incident beams at the original
plane can be defined as follows [38]:

EmðrÞ ¼ sinhm
r

w0

� �
exp � r2

w2
0

� �
; ðm ¼ 0; 1; 2; 3. . .Þ

(1)

where m and w0 is the beam order and the beam waist
of the HsG beams, respectively. Obviously, for the case
of m = 0, Equation (1) reduces to the expression for the
electric field of a conventional Gaussian beam. When
m� 1, the HsG beams show a doughnut-shaped intensity
distribution at the original plane, and its dark hollow
area will increase gradually with the increases of the
beam order m and beam waist w0, respectively [38,39].
For typical objective lenses that obey the sine condition,
the ray projection function is given by r ¼ f sin h. Thus,
the electric field of the HsG beams at a pupil can be
rewritten as [39]:

EmðhÞ ¼ sinhm
sin h
r0

� �
exp � sin2ðhÞ

r20

� �
(2)

where r0 ¼ w0=f is the relative beam size. According to
the Richards–wolf theory [43], the electric field compo-
nents in the vicinity of the focus of radially polarized
HsG beams can be obtained as follows:

Erðr; zÞ ¼ A

Z a

0
cos1=2h sinð2hÞEmðhÞJ1ðk1r sin hÞ

expðik1z cos hÞdh
(3)

Ezðr; zÞ ¼ � 2iA

Z a

0
cos1=2h sin2 hEmðhÞJ0ðk1r sin hÞ

expðik1z cos hÞdh
(4)

where the azimuthal component of the electric filed is
zero everywhere in the diffraction field. An azimuthally
polarized magnetic field can be produced, this field can
be found from Maxwell’s equations, that is [44],

Huðr; zÞ ¼ 2An1
l0c

Z a

0
cos1=2h sin hEmðhÞJ1ðk1r sin hÞ

expðik1z cos hÞdh
(5)

in Equations (2)–(5), a ¼ arcsinðNA=n1Þ which repre-
sents the maximal value of the convergence angle h, n1
is the refractive index of the immersion liquid.
A ¼ E0pfn1=k is a constant with f being the focal length,
E0 is the amplitude of electric field which is related to
the power of the incident beam, k1 ¼ 2pn1=k is the wave
number. Figure 1 shows the intensity distribution of the
radially polarized HsG beams with three different values
of beam order m at the original plane and the schematic
of the tight focused system, respectively.

In the following calculations, the numerical aperture
of the focusing lens is chosen as NA ¼ 0:95n1, the
immersion liquid is water with a refractive index of
n1 ¼ 1:332, the laser wavelength k is 1.047 μm, the rela-
tive beam size r0 ¼ 0:5 and the power of the incident
beam is 100 mW. Figure 2 shows the focal intensity dis-
tribution of the radially polarized HsG beams with three
different values of beam order m, respectively. From
Figure 2(a1)–(c1), it is shown that the focal spot size of
the conventional Gaussian beams (i.e. m = 0) is much
larger than that of the HsG beams. As the increase of m,
the focal spot size gets narrower and the depth of focus
(DOF) simultaneously becomes longer for the HsG
beams. From Figure 2(a2)–(c2), one can find that the
total focused field is determined by radial and longitudi-
nal components. The radial component shows a dark hol-
low shape while the longitudinal component has a sharp
peak profile at the focal plane. Furthermore, with m
changing from 0 to 8, the radial component can be lar-
gely suppressed, while the longitudinal component can
be greatly enhanced. Finally, the longitudinal component
will become dominant in the total field. Thus, the longi-
tudinally polarized sub-wavelength focal spot can be
generated.

To further study the influence of beam order m on
the focusing properties of radially polarized HsG beams,
Figure 3 shows the dependence of the focal spot (red
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Figure 1. (a)–(c) Contour plots for intensity distribution at the original plane for m = 0, m = 4 and m = 8, respectively; (d) the
scheme of the tight focusing system. (The colour version of this figure is included in the online version of the journal.)

Figure 2. (a1)–(c1) Contour plots for intensity distribution in the r–z plane; (a2)–(c2) the cross-section intensity profiles of radial,
longitudinal and the total field components for m = 0, m = 4 and m = 8, respectively. (The colour version of this figure is included in
the online version of the journal.)
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line) and the DOF (blue line) on the beam order, respec-
tively. One can find that with increase of m, the focal
spot size decreases rapidly at first (about 0�m� 3),
while decreases more slowly and gradually approaches
the minimum value (about 0:3k) with the further increas-
ing of m. For the DOF, as the m increases, it decreases a
little at the beginning (about 0�m� 2), and then, it
turns to increase steadily.

3. Radiation forces produced by highly focused
radially polarized HsG beams on a Rayleigh metallic
particle

For Rayleigh metallic particles, the radius a of the parti-
cle is much smaller than the wavelength of the beam
(generally a� k=20), the dipole approximation can be
used to calculate the radiation forces [3,45]. The total
optical force acting on a metallic particle can be divided
into three parts: the gradient force Fgrad, the absorption

force Fa and the scattering force Fs. The gradient forces
can pull the gold particle towards the centre of the focus
while the absorption and scattering forces tend to push
the particle out of focus and destabilize the optical trap.
Thus, for a stable trapping, the gradient force should
overcome the absorption and scattering forces. According
the Rayleigh scattering theory, these forces can be
expressed as follows:

Fgradðr; zÞ ¼ ReðcÞn0rIðr; zÞ
4

(6)

Fa ¼ n1\S[Cabs=c (7)

Fs ¼ n1\S[Cscat=c (8)

where c ¼ 4pa3n1 n2 � n1ð Þ= n2 þ 2n1ð Þ is the polarizabil-
ity of the metallic particle with ξ2 and ξ1 being the
relative permittivity of the metallic particle and the ambi-
ent, respectively. In our calculations, we assume that the
radius of the gold particle is 19.1 nm, and relative
permittivity of the particle is n2 ¼ �54þ 5:9i [3].
Cscat ¼ k4 cj j2=6p and Cabs ¼ kn1ImðcÞ=n1 are the scatter-
ing and absorption cross sections of the particle, respec-
tively. hSi is the time-averaged Poynting vector of the
highly focused radially polarized HsG beams, which is
given as:

hSi ¼ 1

2
Re ErH

�
u

� �
e~z � Re EzH

�
u

� �
e~r

h i
(9)

Figure 4 shows the total transverse trapping forces
Ft ¼ Fg;t þ Fs;t þ Fa;t acting on a Rayleigh metallic
particle for three different values of beam order m in the
focal plane and at the off-focus distance of z ¼ k, respec-
tively. From Figure 4(a), one can find that the particle
can be trapped at the focus, and the HsG beams (i.e.
m = 4, 8) can provide a much larger total transverse trap-
ping force compared with that of the conventional

Figure 4. The total transverse trapping force F t acting on a Rayleigh metallic particle along the x-axis for three different values of
beam order m, (a) in the focal plane, (b) at the off-focus distance of z ¼ k. The other beam parameters are the same as Figure 2.
(The colour version of this figure is included in the online version of the journal.)

Figure 3. Focal spot size and depth of the focus as a function
of the beam order m. The other parameters are the same as
Figure 2. (The colour version of this figure is included in the
online version of the journal.)
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Gaussian beams (i.e. m = 0). Moreover, one can also find
from Figure 4(b) that the conventional Gaussian beams
cannot trap the particle at the off-focus distance of z ¼ k
anymore, whereas the HsG beams can still trap the parti-
cle stably. This phenomenon means that we can improve
the transverse trapping stability and increase the axial
trap range using high-order radially polarized HsG
beams.

Figure 5 shows the longitudinal gradient force Fgrad;z,
the sum of the longitudinal absorption and scattering
forces Fabs;z þ Fscat;z

� �
and the total longitudinal trapping

force F t;z ¼ Fgrad;z þ Fabs;z þ Fscat;z

� �
acting on a

Rayleigh metallic particle for two cases of on the z-axis
and at the off-axis distances of x ¼ 0:2k, respectively.
From Figure 5(a), one can see that the sum of the scatter-
ing and absorption forces is essentially equal to zero
along the z-axis due to the vanishing of axial Poynting
vector under tight focusing conditions, and thus the parti-
cle can be trapped at the focus along the longitudinal
direction. For the conventional Gaussian beams (i.e.
m = 0), the longitudinal gradient force is much small than
that of the HsG beams (i.e. m = 4, 8). For the HsG

Figure 5. The longitudinal gradient force ((a1) and (b1)), the sum of the longitudinal absorption and scattering forces ((a2) and
(b2)), and the total longitudinal trapping force ((a3) and (b3)) for three different values of m at two different off-axis distances of
x = 0 and x ¼ 0:2k. The other beam parameters are the same as Figure 2. (The colour version of this figure is included in the online
version of the journal.)
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beams, with m increasing from 4 to 8, the longitudinal
trap range can be broadened, even though the longitudi-
nal gradient force will be decreased. Besides, as shown in
Figure 5(b), when the particle locates at the off-axis posi-
tion of x ¼ 0:2k, it will suffer strong scattering and
absorption forces, while the gradient force is still much
larger than the scattering and absorption forces. Thus, an
extremely small shift of the trap equilibrium will appear
along the propagation direction (see Figure 5(b3)), for
example, the trap equilibrium position is zequ ¼ 0:065k
for the case of m = 8.

Besides the optical trapping forces, the magnitude of
trap stiffness can reflect the trapping stability directly.
Generally, the transverse and longitudinal trap stiffness
can be expressed as [46] jt ¼ @F t=@xj jXequ

and
jz ¼ @F t=@zj jZequ , respectively. Figure 6 shows the
dependence of the transverse (red line) and longitudinal
(blue line) trap stiffness on the beam order m at the focal
spot, separately. One can find from Figure 6 that with
the increase of m, both of the transverse and longitudinal
trap stiffness of the radially polarized HsG beams will
increase firstly and then decrease. Therefore, choosing a
suitable value of the beam order m is a feasible method
for improving the trapping stability for the radially
polarized HsG beams.

4. Discussions on trapping stability

In order to stably trap and manipulate the gold particles,
the longitudinal gradient force must be large enough to
overcome the forward scattering/absorption forces, that
is, R ¼ Fgrad;z

�� ��= Fscat;z þ Fabs;z

�� ��� 1, where the ratio R is
called the stability criterion. Obviously, we can find from
Figure 5 that the magnitude of the gradient force is con-
siderable larger than the sum of absorption and scattering
forces for the radially polarized HsG beams, and thus

this stability criterion can be easily satisfied. In addition,
for a Rayleigh metallic particle, the disturbance from the
Brownian motion due to the thermal fluctuation from the
surrounding medium will strongly affect the trapping
stability. Thus, the potential well generated by the
gradient force should be deep enough to overcome its
kinetic energy in Brownian motion, that is,
RThermal ¼ e�Umax=KBT � 1, where the potential depth is
given by [1] Umax ¼ n0ReðcÞ Ej j2max=2, KB is the
Boltzmann constant. Assuming a temperature of 300 K,
RThermal for the situations considered above is calculated
to be 5:7� 10�17 m ¼ 4ð Þ and 1:6� 10�12 m ¼ 8ð Þ
approximately. Obviously, the criterion RThermal can also
be easily satisfied for the radially polarized HsG beams.

5. Conclusions

In summary, we have theoretically investigated the
focusing properties and the radiation forces acting on a
Rayleigh metallic particle produced by the highly
focused radially polarized HsG beams. It has been found
that the radially polarized HsG beams can generate a
longitudinally polarized sub-wavelength focal spot. More
importantly, this feature can be greatly helpful for trap-
ping Rayleigh metallic particles. The influence of the
beam order m on the focusing properties, radiation forces
and trap stiffness is investigated in detail. Our results
have shown that we can choose a suitable beam order of
the radially polarized HsG beams to largely enhance the
transverse trapping stability and broaden the longitudinal
trap range compared with the usage of the conventional
Gaussian beams. Finally, the trapping stability is also
analysed. Our results presented here would be useful for
the experimental particle trapping.
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