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Optical trapping Rayleigh dielectric particles with focused partially coherent dark hollow
beams
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The focusing properties of coherent and partially coherent dark hollow beams (DHBs) through a paraxial ABCD optical
system are theoretically investigated. It is found that the evolution behavior of the intensity distribution of focused partially
coherent DHBs is closely related to their spatial coherence. The radiation forces (RFs) of focused coherent and partially
coherent DHBs acting on a Rayleigh dielectric particle are also theoretically investigated. Numerical results show that the
coherent and partially coherent DHBs can be focused into a tight focal spot, which can be used to stably trap a Rayleigh
dielectric particle with high refractive index at the focus point. The influences of different beam parameters, including the
spatial coherence, beam waist width, beam order, and hollow parameter of partially coherent DHBs, on the RFs and the trap
stiffness are analyzed in detail. Finally, the stability conditions for effective trapping particles are also discussed.
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1. Introduction

The ability to remotely trap and manipulate micron-sized
particles by the radiation pressure of light is a subject of
great interest. This new technology, called as optical
traps or tweezers, was derived from the seminal works
of Ashkin in 1986 [1]. Since then, this optical trap tech-
nology has been widely applied in various areas of
science, particularly in physics, chemistry, and biophysi-
cal research, for example, trapping micro-sized dielectric
or metallic particles [1–3], trapping and cooling atoms
[4], trapping single aerosol [5,6], the study of molecules
such as DNA [7], and so on. More recently, Li et al.
have successfully achieved optical trapping and manip-
ulation of flowing red blood cells in living animals and
realized a non-contact micro-operation to clear the block-
age of capillary with optical tweezers for the first time
[8]. Thus, optical tweezers have been developed into a
versatile and convenient tool in microscopic research [9].

It is well known that light carries both energy and
momentum, and the radiation forces (RFs) are stemmed
from the exchange of momentum and energy between
photons and particles. Two types of RFs are identified in
optical tweezers: the gradient force and the scattering/ab-
sorption force. The gradient force is responsible to pull
the particle towards the center of the focus, while the
scattering/absorption force tends to destabilize the trap.
Thus, stable trapping requires the axial gradient force to
dominate. In theory, three kinds of model have been
developed to calculate the optical RFs in terms of the

particle’s size. The Rayleigh scattering model can be
employed as a good approximation to the calculation of
RFs acting on particles whose radius is much smaller
than the wavelength of the incident beam [10]. For parti-
cles much larger than the wavelength of light, precise
RF calculations can be carried out based on the ray opti-
cal model [11]. The T-matrix method provides an effec-
tive way for calculating the RFs on particles with size
ranging from the Rayleigh regime to several wavelengths
[12], and this method is also suitable for handling vari-
ous realistically shaped particles [13]. It has been
revealed that the RFs are closely related to the beam pro-
file, the state of polarization, and coherence of the inci-
dent focused beam [2,12–21]. Up to now, the trapping
characteristics of various types of fully coherent beams,
such as elegant Hermite–cosine–Gaussian beams [14],
pulsed Gaussian beams [15], Lorentz–Gaussian beams
[16], abruptly autofocusing Airy beams [17], full Poin-
caré beam [18], cylindrical vector beams [2,12,19,20],
and anomalous hollow beams [21] have been studied.
However, in practice, any laser beam in laboratory is
always partially coherent [22]. It has been revealed that
partially coherent beams have advantages over the corre-
sponding coherent beams for overcoming the destructive
effect of the atmospheric turbulence [23]. Thus, it is of
practical significance to incorporate partial coherence
into beams and to investigate the influence of the spatial
coherence length on the trapping effect. More recently,
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numerous researchers have turned their attentions to
partially coherent beams [24–28]. Wang et al. investi-
gated the effect of spatial coherence on RFs acting on a
Rayleigh dielectric sphere [24]. Zhao and Cai theoreti-
cally proposed a new method to trap two types of parti-
cles with different refractive indices by varying the
spatial coherence of partially coherent elegant Laguerre–
Gaussian beam [26].

Over the past several years, dark hollow beams
(DHBs) with zero central intensity have attracted exten-
sive interest due to their unique properties and wide
applications in atom optics and modern optics [29–40].
A new controllable DHB model theoretically proposed
by Cai et al. and Mei et al. can be expressed as a finite
sum of Laguerre–Gaussian or Gaussian beams [32–34].
Propagation properties of various DHBs in turbulent
atmosphere have been studied widely [32–38], and the
tight focusing properties, such as the intensity distribu-
tion, the degree of polarization, and coherence, of par-
tially coherent DHBs through a focusing system have
also been investigated [39]. In the field of optical tweez-
ing, it has been revealed that the focused dark hollow
trap has some advantages over the conventional optical
tweezers for minimizing photodamage on the trapped
particle in experimental trapping [40]. However, as far as
we know, the trapping characteristics of highly focused
partially coherent DHBs on small particles have not yet
been investigated. The present paper is devoted to the
analysis of the RFs and the trap stiffness on a Rayleigh
dielectric particle for the case where a focused partially
coherent DHB is applied. The analytical formulas for the
propagation of partially coherent DHBs through a parax-
ial ABCD optical system are derived in a tensor form.
The focusing properties of coherent and partially coher-
ent DHBs are numerically investigated. In addition, the
effects of different beam parameters (i.e. the spatial
coherence, the waist width, the beam order, and the hol-
low parameter) on the RFs and the trap stiffness are dis-
cussed in detail. Finally, the stability conditions for
effective trapping particles are also analyzed.

2. Analytical formulas and the focusing properties
of partially coherent DHBs through a paraxial ABCD
optical system

In the rectangular coordinate system, the electric field of
a DHB with circular symmetry at the input plane z = 0
can be expressed as a superposition of the electric field
of a finite series of fundamental Gaussian modes as
follows [33–36,38]

EN q; z ¼ 0ð Þ ¼ E0

XN
n¼1

�1ð Þn�1

N

N

n

� �

exp � nq2

w2
0

� �
� exp � nq2

w2
p

 !" # (1)

where E0 is a constant related to the power of the

incident beam,
N
n

� �
denotes a binomial coefficient, N

is the beam order of a circular DHB. wp = pw0 with w0

being the beam waist size of the fundamental Gaussian
mode, p is a real positive parameter and must satisfies
p < 1. The central dark size of the DHB can also be con-
trolled by varying p, so we can call p as the hollow
parameter. The area of the dark region of a DHB
increases as N and p increase as shown in previous
reports [33–36]. When N = 1 and p = 0, Equation (1)
reduces to the expression for the electric field of a funda-
mental Gaussian beam. When N > 1 and p = 0, Equation
(1) reduces to the expression for the electric field of a
flat-topped beam [25]. Here, we assume the input power
of the DHBs to be P0 which is calculated by the
following formula [10,25]

P0 ¼
Z1
�1

Z1
�1

I q; z ¼ 0ð Þdx dy (2)

where the intensity distribution can be expressed as

I q; z ¼ 0ð Þ ¼ nme0c
2

EN q; z ¼ 0ð Þj j2 (3)

nm is the refractive index of the surrounding medium,
c ¼ 1=

ffiffiffiffiffiffiffiffiffi
e0l0

p
is the speed of the light in vacuum, ɛ0 and

μ0 denote the dielectric constant and the magnetic perme-
ability in vacuum, respectively. One can obtain the
expression for the normalization factor as

E0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4nP= pw2

0nme0c
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�1ð Þ2ðn�1Þ

N2

N

n

� �
N

n

� �
1�p2ð Þ= 1þp2ð Þ½ �

( )vuut
(4)

It is well known that a partially coherent beam can
be characterized by the cross-spectral density of the form
[25,33,36]

WN q1;q2; z¼ 0ð Þ ¼ EN q1; z¼ 0ð ÞE�
N q2; z¼ 0ð Þ� �

¼ E2
0

PN
n¼1

PN
m¼1

�1ð Þnþm

N2

N
n

� �
N
m

� �
exp � nq21

w2
0

� �
� exp � nq21

w2
p

� �h i
� exp �mq22

w2
0

� �
� exp �mq22

w2
p

� �h i
exp � q1�q2ð Þ2

2r20

h i
(5)

with σ0 being the transverse spatial coherence width, and
when σ0 → ∞, Equation (5) reduces to the form for a
coherent DHB. After some arrangement, Equation (5)
can be expressed in the following tensor form [25,33,36]
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where k ¼ 2p=k is the wave number with k being the
wavelength of the beam, the position vector can be
expressed as ~qT ¼ qT1 qT2

	 
 ¼ x1 y1 x2 y2ð Þ, and
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i is a 4 × 4 complex matrix given by
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here, I is a 2 × 2 unit matrix. By applying the tensor
ABCD law of partially coherent beam [41], after paraxial
propagation through a general astigmatic ABCD optical
system, the cross-spectral density of a partially coherent
DHB after passing through a lens system can be
expressed as [25,33,41]

WN q1; q2; zð Þ ¼ E2
0

XN
n¼1

XN
m¼1

�1ð Þnþm

N 2

N

n

� �
N

m

� �
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1

	 
� ��1=2
exp � ik

2
~qTN�1

1 ~q

� �
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2

	 
� ��1=2
exp � ik

2
~qTN�1

2 ~q

� �
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3

	 
� ��1=2� exp � ik

2
~qTN�1

3 ~q

� �
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� ��1=2
exp � ik

2
~qTN�1

4 ~q

� ��

(8)

where �A, �B, �C, and �D can be defined as follows [25,41]:

�A ¼ A 0I
0I A

� �
; �B ¼ B 0I

0I �B

� �
; �C ¼ C 0I

0I �C

� �
;

�D ¼ D 0I
0I D

� �
(9)

following tensor ABCD law, N�1
i and M�1

i are related as
follows [25,41]:

N�1
i ¼ �Cþ �DM�1

i

	 

�Aþ �BM�1

i

	 
�1
(10)

Now, we consider the partially coherent DHBs propagat-
ing through a lens system as shown in Figure 1, the
transfer matrix of the optical system between the input
plane and the output plane can be given by

A B
C D

� �
¼ �Dz=fð ÞI f þ Dzð ÞI

�1=fð ÞI I

� �
(11)

f is the focus length of the thin lens, Δz is the axial dis-
tance between the geometrical focus plane and the output
plane, the output plane is located at z = f + Δz. The
intensity of a partially coherent DHB at the output plane
is given by

I r; zð Þ ¼ nme0cWN q; q; zð Þ=2 (12)

where r is the transverse position vector at the output
plane.

In our calculations, we choose the following parame-
ters: k ¼ 632:8 nm, f = 10 mm, the laser beam power
P0 = 100 mW, and the other beam parameters are given
in each figure. We calculate in Figure 2 the evolution
behavior of the intensity distribution of focused partially
coherent DHBs for different values of the spatial coher-
ence at several propagation distances in the vicinity of
the focus. One can find that the focusing properties of
partially coherent DHBs with small spatial coherence are
quite different from that of coherent DHBs or partially
coherent DHBs with large spatial coherence. For the par-
tially coherent DHBs with small spatial coherence (see
Figure 2(a)), the central dip of the hollow shape gradu-
ally disappears and finally evolves into a quasi-Gaussian
distribution at the focal plane. However, for the coherent
DHBs or partially coherent DHBs with large spatial
coherence, an anomalous hollow beam with a solid core
will appear in the process of focusing, and eventually, a
sharp main peak with tiny side lobes will form at the
focal plane Δz = 0. Away from the focal plane, the

Output plane      

Z   

f Δz

Input plane    

Z

Focus plane          

Laser beam Lens    Particle    x

y

Figure 1. Schematic of the focusing optical system. (The
colour version of this figure is included in the online version of
the journal.)
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intensity distribution of focused partially coherent DHBs
gradually evolves into a hollow shape. In addition, the
DHBs with larger spatial coherence can be focused more
tightly as expected [25]. Owing to these focusing
characteristics, the focused coherent and partially

coherent DHBs can be expected to trap particles
with high refractive index. We will discuss the effect of
the beam parameters of partially coherent DHBs on the
RFs and the trap stiffness in detail in the following
section.

Figure 2. Evolution of intensity distribution of focused partially coherent DHBs for different values of the spatial coherence at
several propagation distances in the vicinity of the focus. The other beam parameters are N = 3, p = 0.6, and w0 = 10 mm. (The
colour version of this figure is included in the online version of the journal.)
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3. The RFs produced by focused partially coherent
DHBs on a Rayleigh particle

In this section, we study the RFs produced by focused
coherent and partially coherent DHBs acting on a dielec-
tric particle in the Rayleigh regime (i.e. the radius of
particle a ≪ λ). Such a small dielectric particle develops
an electric dipole moment in response to the instanta-
neous electric field, and the Rayleigh scattering model is
applicable to the calculation of the RFs. The radiation
pressure force exerted on the electric dipole moment can

be described by two components. One component is the
so-called scattering force FScat, which is produced due to
the scattering of light by the dielectric sphere. According
the Rayleigh scattering theory, the scattering force is pro-
portional to light-intensity, and the direction goes along
with the direction of the Poynting vector, and can be
expressed as [10]

F~Scat r; zð Þ ¼ e~zCprI r; zð Þnm=c (13)

Figure 2. (Continued).
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where e~z is a unity vector along the beam propagation,
Cpr is the cross section of radiation pressure for the
interaction between the light beam and microsphere. In
the Rayleigh regime, the dielectric particle scatters the

light isotropically, and Cpr is equal to the scattering cross
section CScat which is given by [10].

Cpr ¼ CScat ¼ 8

3
p kað Þ4a2 c2 � 1

	 

= c2 þ 2
	 
� �2

(14)

Figure 3. The RFs of partially coherent DHBs on a Rayleigh
particle with a = 40 nm for different values of the spatial
coherence σ0/w0. The other parameters are N = 3, w0 = 10 mm,
and p = 0.6. (The colour version of this figure is included in
the online version of the journal.)

Figure 4. The RFs of partially coherent DHBs on a Rayleigh
particle with a = 40 nm for different values of the beam waist
width w0. The other parameters are N = 3, r0 ¼ 20mm, and
p = 0.6. (The colour version of this figure is included in the
online version of the journal.)
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Figure 5. The RFs of partially coherent DHBs on a Rayleigh
particle with a = 40 nm for different values of the beam order
N. The other beam parameters are r0 ¼ 20mm, w0 = 10 mm,
and p = 0.6. (The colour version of this figure is included in
the online version of the journal.)

Figure 6. The RFs of partially coherent DHBs on a Rayleigh
particle with a = 40 nm for different values of the hollow
parameter p. The other beam parameters are r0 ¼ 20mm,
N = 3, and w0 = 10 mm. (The colour version of this figure is
included in the online version of the journal.)
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where γ = np/nm represents the relative index, np denotes
the refractive index of the particle.

Another component of radiation pressure force is the
Lorentz force induced by a nonuniform electromagnetic
filed on the dipole, which is called as the gradient force
FGrad, and can be expressed as [10]

F~Grad r; zð Þ ¼ 2pnma3

c

c2 � 1

c2 þ 2

� �
rI r; zð Þ (15)

Using the formulas derived above, some numerical
calculations are carried out to show the RFs on a
Rayleigh dielectric sphere produced by focused coherent
and partially coherent DHBs. We assume the radius of
the particle a = 40 nm, the refractive index of the particle
np = 1.592 (i.e. glass) and the refractive index of the
ambient nm = 1.332 (i.e. water).

We calculate in Figure 3 the scattering force, the
transverse gradient force and the longitudinal gradient
force of focused partially coherent DHBs for different

values of initial spatial coherence σ0, respectively. As
indicated by Figure 3, one can find that both the scatter-
ing and gradient forces are greatly affected by the spatial
coherence. For the fully coherent beams as σ0/w0 → ∞,
the magnitude of the RFs is the largest; however, it will
decrease as the spatial coherence decreases. Comparing
the longitudinal gradient force with the forward scatter-
ing force, it is at least two orders of magnitude larger
than the scattering force; thus, the scattering force can be
neglected. From Figure 3(b) and (c), we can see that
there is one stable equilibrium point at the focus, indicat-
ing that a Rayleigh dielectric particle whose refractive
index is larger than that of the ambient (i.e. γ > 1) can
be trapped by the focused coherent and partially coherent
DHBs. What’s more, the trapping stability can be
improved by increasing the spatial coherence of the
beams.

In addition, we also study the effect of the beam
waist width w0, beam order N, and hollow parameter p
on the RFs as shown in Figures 4–6, respectively. As

Figure 7. Dependence of the transverse and longitudinal trap stiffness on (a) the initial spatial coherence σ0/w0, (b) the beam waist
width w0, (c) the beam order N, and (d) the hollow parameter p. The other beam parameters are given in each figure. (The colour
version of this figure is included in the online version of the journal.)
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can be seen, the scattering force is always much smaller
than the longitudinal gradient force and thus can be
neglected. Furthermore, the magnitude of the RFs
increases as w0 or p increases, which is of benefit to
trapping. However, as shown in Figure 6, both the RFs
and trapping range decrease as N increases, which means
that the trapping stability becomes worse for high-order
beams.

In general, the trap stiffness can be used to describe
the trapping stability [42], the transverse and longitudinal
trap stiffness can be expressed as [20] jx ¼ j@Fx=@xjXequ

and jz ¼ j@Fz=@zjZequ , respectively. We calculate in
Figure 7 the dependence of the trap stiffness on the spa-
tial coherence σ0/w0, beam waist width w0, beam order
N, and hollow parameter p of partially coherent DHBs,
respectively. As indicated by Figure 7(a), both the
transverse and longitudinal trap stiffness decrease as
σ0/w0 decreases, and the transverse trap stiffness is
always larger than the longitudinal trap stiffness. From
Figure 7(b), we can see that both the transverse and
longitudinal trap stiffness increase as w0 increases. More
interestingly, the longitudinal trap stiffness increases
more rapidly as w0 > 15 mm, as a result, the value of the
longitudinal trap stiffness exceeds that of the transverse
trap stiffness. This indicates that the partially coherent
DHBs with large beam waist width are suitable for
trapping, especially for the longitudinal trapping. From
Figure 7(c) and (d), it is found that both the transverse
and longitudinal trap stiffness increase with the decrease
of N or with the increase of p. Therefore, one comes to
the conclusion that we can use partially coherent DHBs
with larger spatial coherence, larger waist width, smaller
beam order, and larger hollow parameter to enhance

the trap stiffness, and thus to improve the trapping
capability.

4. Analysis of trapping stability

In order to stably trap and manipulate the particles, the
longitudinal gradient force should be large enough to
overcome the forward scattering force, i.e.
R ¼ FGrad;z

�� ��= FScatj j[ 1, where the ratio R is called sta-
bility criterion. Obviously, from Figures 3 to 6, we can
see that the magnitude of the scattering force is much
smaller than the gradient force, and thus, this stability
criterion can be easily satisfied. In addition, for very
small particles, the disturbance from the Brownian
motion due to the thermal fluctuation from the ambient
(i.e. water) will strongly affect the trapping stability.
According to the fluctuation–dissipation theorem of
Einstein, the magnitude of the Brownian force can be
calculated by [43] FBj j ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

12pgakBT
p

, where the viscos-
ity for water η = 7.977 × 10−4 Pa s at the room tempera-
ture of T = 300 K, kB is the Boltzmann constant.

For the convenience of comparison, we plot in Fig-
ure 8 the change of the magnitude of all the forces,
including the maximum scattering force Fm

Scat, the maxi-
mum transverse gradient force Fm

Grad;x, the maximum
longitudinal gradient force Fm

Grad;z, the Brownian force
FB, and the gravity Fg, versus the radius of particle. It is
evident from Figure 8 that the gravity of the particle can
be ignored comparing with the RFs. As is shown in
Figure 8, when the particle is very small (in our case,
a < 6 nm), the gradient forces are smaller than the
Brownian force, making the Brownian force dominant.
Thus, it is not suitable to trap too small particles. For
large particles, the scattering force becomes dominant
and plays a crucial role on the trapping stability (not
show here). What’s more, trapping for very large parti-
cles is beyond the theory of Rayleigh approximation, in
this case, the T-matrix method or the ray optical model
should be applied to calculate the optical force.

5. Conclusions

In conclusion, we have theoretically and numerically
studied the evolution behavior of intensity distribution of
focused coherent and partially coherent DHBs in the
vicinity of the focus, and we have found that the focus-
ing properties of partially coherent DHBs are closely
related to their spatial coherence. In addition, we have
also investigated the RFs of focused coherent and par-
tially coherent DHBs on a Rayleigh dielectric particle.
Our results have shown that the focused coherent and
partially coherent DHBs can be focused into a tight focal
spot, which can be used to stably trap and manipulate
the particles with high refractive index at the focal point.

Figure 8. Dependence of Fm
Scat, F

m
Grad;x, F

m
Grad;z, Fg and FB on

particle radius a, the beam parameters are N = 3, r0 ¼ 20mm,
w0 = 10 mm, and p = 0.6. (The colour version of this figure is
included in the online version of the journal.)
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Of particular interest is that both the RFs and trap stiff-
ness increase with the increase of the spatial coherence,
beam waist width, and hollow parameter or with the
decrease of beam order, which is of benefit to trapping.
Finally, the stability conditions for effective trapping
particles have been analyzed. Our results are interesting
and useful for experimental particle trapping by means
of optical tweezers.
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