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ABSTRACT
Based on the Richards–Wolf vectorial diffraction theory, the tight focusing properties, including the 
intensity distribution, the degree of polarization and the degree of coherence, of the Laguerre–
Gaussian-correlated Schell-model (LGSM) beams through a high-numerical-aperture (NA) focusing 
system are investigated in detail. It is found that the LGSM beam exhibits some extraordinary 
focusing properties, which is quite different from that of the GSM beam, and the tight focusing 
properties are closely related to the initial spatial coherence �g and the mode order n. The LGSM 
beam can form an elliptical focal spot, a circular focal spot or a doughnut-shaped dark hollow beam 
at the focal plane by choosing a suitable value of the initial spatial coherence �g, and the central 
dark size of the dark hollow beam increases with the increase of the mode order n. In addition, the 
influences of the initial spatial coherence �g and the mode order n on the degree of polarization and 
the degree of coherence are also analysed in detail, respectively. Our results may find applications 
in optical trapping.
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1. Introduction
Over the past decades, partially coherent beams with con-
ventional correlation functions (i.e. Gaussian-correlated 
Schell-model functions) have drawn considerable atten-
tion due to their wide applications in free-space optical 
communications, optical trapping, remote sensing and 
optical imaging and so on [1–7]. It is well known that the 
partially coherent beams have advantage over the fully 
coherent beams for overcoming or reducing the turbu-
lence-induced degradation [2–4]. Since the sufficient 
condition for devising a genuine correlation function of 
scalar and electromagnetic partially coherent source was 
established by Gori and collaborators [8,9], the study on 
the partially coherent beams with nonconventional corre-
lation functions has become a hot topic. In recent years, a 
variety of partially coherent beams with special correlation 
functions have been introduced and studied both theoreti-
cally and experimentally, such as nonuniformly correlated 
beams [10–14], multi-Gaussian-correlated Schell-model 
beams [15–19], Laguerre–Gaussian-correlated Schell-
model (LGSM) beams of circular or elliptical symmetry 
[20–25], Bessel–Gaussian-correlated Schell-model beams 
[20,26], cosine-Gaussian-correlated Schell-model beams 

of circular or rectangular symmetry [26–33], Hermite–
Gaussian-correlated Schell-model beams [34], special 
correlated partially coherent vector beams [35], sinc 
Schell-model beams [36,37], etc. The experimental gen-
eration of such random beams can be realized using the 
nematic spatial light modulator [13,22–24,26,29,34,35]. In 
addition, propagation properties of those beams in turbu-
lent atmosphere were explored, and it was found that those 
partially coherent beams with special correlation func-
tions exhibit some extraordinary characteristics on prop-
agation, such as far-field flat-topped or ring-shaped beam 
profile formation [15,16,20,27], self-focusing or self-split-
ting effect [10,14,28,31,34], lateral shift of the intensity 
maximum [10,11,14], and controllable optical cage for-
mation near the focal plane [22]. Furthermore, it has been 
revealed that, compared with the GSM beams, the partially 
coherent beams with special correlation functions have the 
potential ability to further improving the performance of 
laser beams’ propagation [18,21,33], which will be useful 
for free-space optical communications.

On the other hand, the study on the tight focusing 
properties of various beams through an aplanatic high-nu-
merical-aperture (NA) focusing system is always a subject 
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of coherence of the LGSM beam at the plane of z = 0 can 
be described as [20,22,25]
 

It is clear from Equation (2) that the source degree of 
coherence of the LGSM beam is modulated by the 
Laguerre function, and presents a non-Gaussian distri-
bution for n ≠ 0. While for n = 0, it reduces to that of the 
conventional GSM source.

By use of the following relation between the rectangular 
coordinates and the cylindrical coordinates,

 

then, the CSD function of the LGSM beam in the source 
plane can be expressed in the following form
 

Now, we consider a linearly polarized LGSM beam focused 
by a high-NA thin lens in free space, as shown in (Figure 1).  
As an interesting example, a LGSM beam with  
quasi-Gaussian intensity profile in front of the lens focus-
ing into a circular dark hollow beam at the focal plane is 
also shown in (Figure 1).
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of great interest due to its practical applications in optical 
trapping, laser maching, and high-resolution imaging. Up 
to now, the tight focusing properties of various beams, 
such as cylindrical vector beams, vortex beams, partially 
coherent beams with conventional correlation functions, 
have been widely studied [6,38–47]. However, to the best 
of our knowledge, the tight focusing properties of the par-
tially coherent beams with nonconventional correlation 
functions through a high-NA focusing system have not 
been reported. The main purpose of this paper is to study 
the tight focusing properties, including the intensity dis-
tribution, the degree of polarization, and the degree of 
coherence, of a linearly polarized LGSM beam through 
an aplanatic high-NA focusing system. The influence of 
the initial spatial coherence �g and the mode order n on 
the tight focusing properties is discussed in detail. Some 
interesting and useful results are found.

2. Theory

In the rectangular coordinate system, the cross-spectral 
density (CSD) of the LGSM beam at the source plane 
(z = 0) can be expressed as [20,22,25]:
 

where �1 ≡ (
x1, y1

)
 and �2 ≡ (

x2, y2
)
 are two arbitrary 

transverse position vectors in the source plane, σ0 is the 
beam width and �g denotes the spatial coherence length. 
L0
n(⋅) represents the Laguerre polynomial of mode order n 

and 0. For simplicity, the angular frequency dependence of 
all the quantities of interest is omitted. The source degree 
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Figure 1. scheme of the tight focusing system. left and right plots are the intensity distribution of the lGsM beam at the input and focal 
planes, respectively. (the colour version of this figure is included in the online version of the journal.)
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In the focal region, the CSD matrix of the vectorial 
LGSM beam is expressed as [43,45–47]

 

where
 

and the elements of the CSD matrix of the LGSM beam 
in the focal region can be obtained with the help of the 
Richards–Wolf vectorial diffraction integral [46–48],
 

(5)
↔

W
�
r1,�1, r2,�2, z

�
=

⎡⎢⎢⎢⎣

Wxx

�
r1,�1, r2,�2, z

�
Wxy

�
r1,�1, r2,�2, z

�
Wxz

�
r1,�1, r2,�2, z

�
Wyx

�
r1,�1, r2,�2, z

�
Wyy

�
r1,�1, r2,�2, z

�
Wyz

�
r1,�1, r2,�2, z

�
Wzx

�
r1,�1, r2,�2, z

�
Wzy

�
r1,�1, r2,�2, z

�
Wzz

�
r1,�1, r2,�2, z

�
⎤
⎥⎥⎥⎦

(6)
Wij

(
r1,�1, r2,�2, z

)
=
⟨
E∗
i

(
r1,�1, z

)
Ej

(
r2,�2, z

)⟩
, i, j = x, y, z

(7)

Wij

�
r1, r2,�1,�2, z

�
= ∫

�

0 ∫
�

0 ∫
2�

0 ∫
2�

0

l0
�
�1, �2,�1,�2

�√
cos �1 cos �2

× exp
�
−ik

�
z cos �1 + r1 sin �1 cos

�
�1 − �1

���

× exp
�
ik
�
z cos �2 + r2 sin �2 cos

�
�2 − �2

���

× sin �1 sin �2gi
�
�1,�1

�
gj
�
�2,�2

�
d�1d�2d�1d�2

where
 

where r, ϕ and z are the cylindrical coordinates of obser-
vation points, φ is the azimuthal angle of the incident 
beam, k = 2�∕� is the wave number with � being the 
wavelength of light, � = arcsinNA is the maximal NA 
angle, θ is the NA angle which varies from 0 to α. By set-
ting r1 = f sin �1, r2 = f sin �2 with f being the focal length 
of the high-NA thin lens, the pupil apodization function of 
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Figure 2. normalized intensity distribution (contour graph) of a tightly focused linearly polarized lGsM beam with the mode order n = 1 
at the focal plane for different values of the initial spatial coherence �g, (a1)-(a4) �g = 10mm, (b1)-(b4)�g = 5mm, (c1)-(c4)�g = 1mm, 
respectively. (the colour version of this figure is included in the online version of the journal.)
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Figure 3. normalized intensity distribution (contour graph) of the tightly focused GsM beam and lGsM beam with the initial spatial 
coherence �g = 1mmat the focal plane for different values of the mode order n, respectively. (the colour version of this figure is included 
in the online version of the journal.)

Figure 4. degree of polarization (contour graph) of a tightly focused lGsM beam with the mode order n = 1 at the focal plane for different 
values of the initial spatial coherence �g, (a) �g = 20mm, (b) �g = 10mm, (c) �g = 5mm and (d) �g = 1mm, respectively. (the colour 
version of this figure is included in the online version of the journal.)
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p  =  1, the focused beam is considered as a completely 
polarized beam; when p = 0, the focused beam is a com-
pletely unpolarized beam; and when 0 < p < 1, the focused 

beam is a partially polarized beam.
The degree of coherence of the tightly focused LGSM 

beam at an arbitrary point between any two of the three 
orthogonal electric field components in the focal region 
is defined as [43,46,47]
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a linearly polarized LGSM beam at the aperture surface in 
the cylindrical coordinates can be derived from Equation 
(4) as follows:
 

By setting r1 = r2 = r, ϕ1 = ϕ2 = ϕ in Equation (5), we can 
obtain the total intensity distribution of the tightly focused 
LGSM beam in the focal region as follows[6,41,43,46,47]:
 

The degree of polarization of the tightly focused LGSM 
beam in the focal region is given by [43,46,47]
 

this parameter can be used to describe the depolarization 
of the tightly focused LGSM beam at the focal plane, when 
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Figure 5. degree of polarization (contour graph) of a tightly focused lGsM beam with the initial spatial coherence �g = 1mmat the focal 
plane for different values of the mode order n. (the colour version of this figure is included in the online version of the journal.)
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as the initial spatial coherence decreases, the total intensity 
distribution of the tightly focused LGSM beam in the focal 
plane gradually changes from an elliptical focal spot to a 
circular focal spot, and eventually evolves into a dough-
nut-shaped dark hollow beam (as the case of �g = 1mm,  
see Figures (c1)-(c4)), which is quite different from that 
of the tightly focused partially coherent dark hollow 
beam or anomalous hollow beam with the conventional 
Schell-model correlation functions (i.e. the GSM func-
tion). The physical interpretation for this is that due to 
the effect of the modulated source degree of coherence 
with Laguerre correlation function on the intensity dis-
tributions. Therefore, we can easily control the beam 
profile of the tightly focused LGSM beam by varying its 
initial spatial coherence. This can be realized by using 
a rotating ground-glass disc (RGGD) in experiment, 
and the initial coherence length is determined by the 
focused beam spot size on the RGGD and the roughness 
of the RGGD together [22,23]. In other words, modu-
lating the correlation function of a partially coherent 
beam provides a novel way for beam shaping, and thus 

3. Numerical results

In this section, using the formulae derived in the above 
section, we present some numerical results to characterize 
the tight focusing properties of a linearly polarized LGSM 
beam focused by a high-NA objective.

Figure 2 shows the intensity distribution of x-polar-
ized component Ix/Imax, y-polarized component Iy/Imax, 
z-polarized component Iz/Imax and the total normalized 
intensity distribution I/Imax of a linearly polarized LGSM 
beam at the focal plane for three different values of the 
initial spatial coherence �g, respectively. The other param-
eters are chosen as n = 1, � = 632nm, �0 = 5mm, NA = 0.9 
and f = 7mm. From (Figures 2(a1–a4)), we can see that, 
for the larger initial spatial coherence (for the case of 
�g = 10mm), the x-polarized component accounts for the 
main component in the total field, and the total intensity 
distribution I/Imax is of elliptical symmetry. Compared 
with Dong’s paper [46], the intensity distributions of the 
LGSM beam with large initial spatial coherence �g are sim-
ilar to that of fully coherent or partially coherent dark hol-
low beam with large initial spatial coherence �g. However, 

Figure 6. contour graphs of the degree of coherences |||�xy

|||, ||�xz
|| and |||�yz

||| of the tightly focused lGsM beam with the mode order n = 1 
at the focal plane for different values of the initial spatial coherence �g, (a1)-(a4) �g = 10mm, (b1)-(b4)�g = 5mm, (c1)-(c4)�g = 1mm, 
respectively. (the colour version of this figure is included in the online version of the journal.)
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To learn about the polarization properties of the tightly 
focused linearly polarized LGSM beam at the focal plane, 
we calculated in (Figures 4 and 5) the degree of polari-
zation distributions (contour graph) of the LGSM beam 
for different values of the initial spatial coherence �g and 
mode order n, respectively. From (Figure 4), we can see 
that the value of the degree of polarization of the tightly 
focused LGSM beam does not equal 1 in most parts of the 
focal plane, which means that the tightly focused LGSM 
beam is depolarized at the focal plane. Furthermore, the 
depolarization is more obvious for the beam with smaller 
initial spatial coherence �g. In addition, one finds from 
(Figure 5) that, the distribution of the degree of polariza-
tion is also closely related with the mode order n, and the 

it can be expected to trap two types of particles with 
different refractive indices.

Figure 3 shows the effect of mode order n on the total 
normalized intensity distribution of the tightly focused 
LGSM beam with initial spatial coherence �g = 1mmat the 
focal plane, and other parameters are the same as (Figure 2).  
Presented results are generally compared to the analogous 
ones obtained for the case of a conventional GSM beam 
(i.e. mode order n = 0). As shown in (Figure 3), the total 
intensity distribution of the GSM beam presents a circu-
lar focal spot, while the total intensity distribution of the 
LGSM beams exhibits a circular doughnut-shaped dark 
hollow profile, and its central dark size increases with the 
increase of mode order n.

Figure 7.  contour graphs of the degree of coherences |||�xy

|||, ||�xz
|| and |||�yz

||| of the tightly focused lGsM beam with the initial spatial 
coherence �g = 1mmat the focal plane for different values of the mode order n, (a1)-(a3) GsM (n = 0), (b1)-(b3) lGsM (n = 1), (c1)-(c3) 
lGsM (n = 2), (d1)-(d3) lGsM (n = 3), respectively. (the colour version of this figure is included in the online version of the journal.)
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