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Axial-Strain-Induced Torsion in Single-Walled Carbon Nanotubes
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Using classical molecular dynamics and empirical potentials, we show that the axial deformation of
single-walled carbon nanotubes is coupled to their torsion. The axial-strain-induced torsion is limited to
chiral nanotubes—graphite sheets rolled around an axis that breaks its symmetry. Small strain behavior is
consistent with chirality and curvature-induced elastic anisotropy (CCIEA)—carbon nanotube rotation is
equal and opposite in tension and compression, and decreases with curvature and chirality. The large-
strain compressive response is remarkably different. The coupling progressively decreases, in contrast to
the tensile case, and changes its sign at a critical compressive strain. Thereafter, it untwists with increasing
axial strain and then rotates in the opposite direction, i.e., the same sense as under tension. This suggests
that the response is now dictated by a combination of nonlinear elasticity and CCIEA.
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The combination of high stiffness, low density, and
structural specificity of carbon nanotubes has motivated
several studies aimed at understanding their electronic,
thermal and mechanical properties. The development of
efficient fabrication routes for single- and multiwalled
carbon nanotubes (SWCNTs and MWCNTs) and their
bundles have accelerated their use as nanoscale building
blocks in field-emission displays, electrochemical energy
storage, interconnects, supercapacitors, and nanotransis-
tors, with potential applications in nanoelectronics, nano-
composites, drug delivery systems, and biochemical sen-
sors [1]. Electromechanical couplings inherent in CNTs
are the basis for the rapid shift towards CNT-based nano-
electromechanical systems (CNT-NEMS) [1–3]. For ex-
ample, the large electromechanical response in SWCNTs
(�1%) can be harnessed to fabricate actuators and switches
for electronic circuits and devices [4,5]. Doubly clamped
MWCNTs have been recently used as rotational springs
and bearings to fabricate paddle oscillators and nanomo-
tors [6,7], wherein the MWCNT transfers its rotational
degree of freedom to an electrostatically actuated metal
plate rigidly patterned onto its outer shell. Electrostatically
actuated transverse vibrations have also been realized,
quite like a plucked guitar string. The response is tunable,
and can be used to fabricate self-detecting, high frequency
mechanical resonance oscillators [8].

In most CNT-NEMS applications, the possibility of me-
chanical couplings is ignored. Here, our focus is on axial-
strain-induced torsion (a-SIT) in SWCNTs. The a-SIT
response can modify electronic, thermal, and mechanical
properties of CNTs, underscoring its importance in CNT-
NEMS devices that exploit electro-, thermo-, chemico-,
and optico-mechanical response of CNTs. For example,
torques produced in MWCNT-based rotational bearings,
oscillators, and nanomotor shafts can result in axial strains
that can modify the oscillatory response. Conversely, axial
strains generated during transverse vibrations of SWCNTs
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can result in torsional strains which not only affect the
predicted resonant frequencies of the SWCNTs, but can
also change their electronic properties.

Recently, Gartestein et al. employed a 2D continuum
model to describe a-SIT in CNTs [9]. For small strains and
curvatures, they predict that the induced torsion is limited
to chiral CNTs, i.e., when the CNT axis (or chiral vector
Ch) does not coincide with the basis vectors of the under-
lying sixfold symmetric graphite lattice. Note that the
chiral vector is a linear combination of the graphite basis
vectors a1 and a2, i.e., Ch � na1 �ma2 (n and m are
integers), and the chiral angle � (the angle between the
chiral vector Ch and the nearest basis vector) lies between
0� and 30�. The authors conclude that a-SIT is a maximum
for � � �=12 chiral nanotubes. General scalings laws are
then used to predict the chirality and curvature dependence
of a-SIT in SWCNTs. Given the small strain limitation of
the continuum model, it is important to understand the a-
SIT response for typical SWCNT (radius R � 20 �A) and
using atomic-scale techniques.

Here, we perform classical molecular dynamics (MD)
simulations of finite length SWCNTs subject to an axial
strain �. We systematically investigate the a-SIT response
as a function of SWCNT structure, mainly CNT curvature
� and chirality (n;m). The simulations are performed for
strains �� 5% in tension, and till buckling under com-
pression, i.e., �� 10%. The computational cell is shown in
Fig. 1 (inset, top left). The aspect ratio of each simulated
SWCNTs is �4. We have verified that this length is
sufficient to eliminate size-effect related artifacts. The
second generation reactive empirical bond order (REBO)
potential is employed to describe the carbon-carbon inter-
actions [10]. Our choice is motivated by the fact that the
potential is based on accurate analytic functions for
carbon-carbon interactions (bond energies, lengths, and
angles), and the large fitting base accurately reproduces
elastic properties of diamond and graphite. For effective
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FIG. 2 (color online). Curvature dependence of the (a) a-SIT
response for n; n=2 chiral SWCNTs, and (b) the zero-strain
coupling, d�=d�j��0. The curve fit in (b) is of the form �a��
b�3 � � � �	. (c) Chirality-curvature contour map of the coupling
in �n;m	 SWCNTs, 6 � n, m � 12. The scale bar is in units of
�=nm. Dashed lines correspond to constant curvature, while � �
�=12 chirality is shown as solid lines.

FIG. 1 (color online). Chirality dependence of the a-SIT re-
sponse for �8; m	 SWCNTs. (inset, top left) Atomic-plot of the
simulation cell depicting a chiral �8; 4	 SWCNT subject to an
axial strain (in this case, compression). Color indicates the
atomic distribution of the twist � about the CNT axis with
respect to the unstrained case. (inset, top right) Chirality depen-
dence of zero-strain coupling, d�=d�j��0.
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comparison with theory, all simulations are performed at
10�3 K using a Langevin thermal bath. As-constructed
SWCNTs are first subject to an equilibration simulation
for 50 ps, and then strained by prescribing axial displace-
ments of end atoms (masked in the figure). Each end
portion is 0.6 nm wide. The end atoms are not rigidly
clamped; they are allowed to relax both radially and tan-
gentially during deformation. Each prescribed displace-
ment step results in an axial strain j�j � 0:25%, and is
followed by long relaxation of 50 ps (strain rate j _�j � 5�
107 s�1). The reported torsional angle � is the relative
twist per unit length between corresponding segments of
the two ends of the SWNT.

In order to determine the effect of chirality, we have
investigated the a-SIT response in (8; m) SWCNTs, for
m � 0; 2; 4; 6; 8. Axial strain dependence of the induced
torsion angle � is plotted in Fig. 1. The a-SIT response is
negligible in the two achiral SWCNTs. On the other hand,
the three chiral SWCNTs are torsionally strained under
both compression and tension. The twist distribution anti-
symmetric across its ends, as shown in Fig. 1 (inset, top
left). From these results, we conclude that the a-SIT re-
sponse is limited to chiral SWCNTs. At small strains, the
twist is antisymmetric in tension and compression and
varies linearly with strain, approaching 0:25�=nm at � �
1% for the �8; 2	 SWCNT. At large tensile strains, � con-
tinues to increase (almost linearly) with strain. For the
�8; 2	 and �8; 4	 SWCNTs, �� 1�=nm at strains � � 4%.
In typical NEMS applications, where SWCNTs can extend
to close to 1 �m, our results show that even the small strain
a-SIT (j�j � 1%) can (relatively) twist the CNT ends by
almost 250�. Interestingly, the behavior under compression
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is qualitatively different. While the magnitude of � still
increases with strain, the unit length coupling d�=d�
decreases. At a critical value �
1, d�=d� � 0. It then
changes sign and increases again. In effect, the SWCNT
untwists and at another critical strain �
2 the twist is com-
pletely eliminated (� � 0). Upon further compression, the
SWCNT starts to twist in the opposite direction, i.e., in the
same direction as in tension. The anharmonicity under
compression suggests that the a-SIT response is qualita-
tively different at large compressive strains.

We now pause to investigate the small strain response in
greater detail. While our results clearly demonstrate that
chirality is necessary for the a-SIT response, the �8; 2	
SWCNT exhibits a larger coupling than the �8; 4	 case
although their chiral deviation from �=12 is almost the
same (Fig. 1, top right). This trend is also observed at large-
strains—the coupling, critical compressive strains (�
1; �



2)

and extremum in the induced torsional angle are all greater
for the �8; 2	 SWCNT. One exception is the coupling at
large compressive strains, where the �8; 4	 response is
greater than the �8; 2	 case. To isolate the effect of tube
curvature, we have performed simulations for a series of
(n; n=2) SWCNTs. The chiral angle is now fixed while the
tube curvature varies inversely with n. Figure 2(a) shows
the a-SIT response for n � 6; 8; 12; 20. In each case, the
overall behavior is similar to that observed for (8; m) chiral
SWCNTs (Fig. 1). The curvature dependence is shown in
Fig. 2(b), a plot of d�=d�j��0 vs ��1. The decrease is
monotonic and can be described by a polynomial fit, i.e.,
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d�=d� � �a�� b�3 � � � �	, with a � 48:5 �A and b �
687:1 �A3 [11]. Note that the continuum model predicts a
�3 leading order dependence. The large-strain curvature
dependence also decreases with curvature—the coupling,
extrema in twist ���
1	 and critical strains (�
1; �



2) decrease

with curvature. The curvature dependence at high strains
(� � 4%, not shown) reveal that the decay is again domi-
nated by terms linear and cubic in �. The fact that the
progressive weakening of a-SIT at high strains is of the
same order in curvature as that at zero strain strongly
suggests that (i) the chirality- and curvature-induced elastic
anisotropy (CCIEA) results in a-SIT, and that (ii) we ex-
pect the a-SIT response of CNTs to be always anharmonic
in compression.

Clearly, the a-SIT in �8; 2	 SWCNT is larger compared
to that in the �8; 4	 SWCNT due to its higher curvature.
This is also evident from the chirality-curvature contour
map [Fig. 2(c)] of the zero-strain coupling d�=d�j��0 for
several (n;m) SWCNTs (4 � n,m � 12). As expected, the
coupling is negligible for both armchair �n; n	 and zigzag
�n; 0	 SWCNTs. The combined effect of chirality and
curvature results in the maximum coupling for �8; 2	 and
neighboring SWCNTs, i.e., d�=d�� 25�=nm. However,
for SWCNTs with comparable radii (dotted lines), the
largest coupling is midway between armchair and zigzag
nanotubes, for chiral angles close to �=12 (solid lines).

As a first step towards understanding the a-SIT due
to curvature and chirality induced elastic anisotropy
(CCEIA), we develop a simple continuum model for the
small strain response. The axially strained CNT is coupled
to its twist via anisotropy in its mechanical energy (per unit
length), i.e., F ��;�	 � F ��;��	. The energy functional
that captured a-SIT takes the form [12]:

F  �Eb �
1

2
�ke�

2 � kt�
2 � 2ket��� � � �� � F�;

where �Eb is the contribution due to coupling between
axial strain and curvature (Poisson’s effect), ke and kt are
the extensional and torsional rigidities, F is the axial force
exerted on the SWCNT and ket is the constant that couples
axial strain to twist. Additional couplings between (axial
and torsional) strains and curvature are captured implicitly
via the curvature dependence of the coupling constant, �et.
Minimizing F at a force controlled strain �@F =@� � 0�
yields the equilibrium twist and therefore the coupling,
d�=d� � �ket=kt. For the range of SWCNTs studied
here, the variation in kt is quite small [13]. Hence, the a-
SIT response is primarily due to the coupling constant, i.e.,
ket � ket��; �	. It is reasonable to decouple the curvature
and chirality dependencies as ket��; �	 � f��	g��	, where
f��	 and g��	 capture the leading order variations. The
curvature dependence follows from our results for (n; n=2)
SWCNTs [Fig. 2(b)], i.e., g��	 � �a�� b�3 � � � �	.
Symmetry arguments based on harmonic deformations on
a hexagonal background dictate that f��	 / sin6�. Then,
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the coupling is a maximum for � � �=12 chirality
SWCNTs.

Returning to the curvature dependence, the coupling is
an odd function of curvature. The related component of the
shear tensor � � ��=�	� is the same whether the graphite
sheet is rolled up or down, and this is as expected.
Interestingly, the fact that the constant a � 0 suggests
that the graphite sheet itself possesses bare anisotropy.
We attribute this discrepancy to the fact that at these
curvatures the carbon-carbon (C-C) bond lengths and an-
gles are significantly distorted, even at small strains. To see
this, we have extracted the spatial distribution of change in
bond angles and lengths as a function of axial strain for the
�8; 4	 chiral SWCNT. Figure 3(a) shows the strain depen-
dence of the three bond angles 	,
, and � [as illustrated in
Fig. 3(c)] and Figs. 3(b)–3(d) are (interpolated) contour
plots of the bond length distribution for � � �2%, 0%, and
2%. Evidently, the curvature itself introduces significant
distortions to the hexagonal background. Bond length
changes range from�0:16% to 0.12%, and the distribution
is such that �a	�C-C is positive, �a
�C-C negative while �a	
C-C

is relatively negligible. The bond angles 	 and 
 deviate
from 2�=3 by almost half a degree while � is relatively
unaffected. Note that the distortions are anisotropic and
consistent with tube chirality. Since the a-SIT is now
relative to an anisotropically deformed structure, it is no
surprise that the behavior corresponds to a structure that
possesses bare anisotropy.

Of particular interest is the anharmonicity under com-
pression and the associated twist reversal. Careful exami-
nation of the atomic positions at �
1 and �
2 reveal that out-
of-plane distortions are negligible. Hence, the effect must
be restricted to the curved SWCNT surface and primarily
due to a competition between bond length and angle stiff-
ness, as well as out-of-plane �-electron resonance inter-
actions [14]. In order to develop a continuum under-
standing of this effect, it is important to first understand
the microscopic origin of the anharmonicity. To this end,
we analyze the strain-dependent changes in bond lengths
and angles, as shown in Fig. 3. Under tension, the change in
the angles is monotonic [Fig. 3(a)]—	 and 
 decrease
while � increases. Also, �a
�C-C is positive, �a	
C-C negative
while �a	�C-C is negligible, consistent with a net stretch
along the SWCNT axis [Fig. 3(d)]. These trends carry over
to large strains as well. The compressive response is quite
the opposite, in that �a	
C-C now is positive at the expense of
�a
�C-C, and �a	�C-C is still relatively negligible. Perhaps of
more importance are the trends in bond angles. At close to
the critical strain �
1, we see a reversal in the trend in 
. It
starts to now decrease, while � becomes stiffer [Fig. 3(a)]
in that its rate of decrease becomes progressively smaller.
The fact that this maximum in
 occurs at the critical strain
�
1 for this SWCNT and only under compression leads us to
the conclusion that anharmonicity in the stiffness associ-
ated with bond lengths and angles start to become impor-
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FIG. 3 (color online). (a) Strain dependence of the carbon-carbon bond angles (	, 
, and �) for the �8; 4	 SWCNT. (b)–(d) Spatial
distribution of the change bond lengths, for � � �2% (b), � � 0% (c), and � � 2% (d). The color scale is �aC-C � 103 [red (light
shading) >0 and blue (dark shading) <0], where �aC-C is the change in bond length relative to the average value, i.e., �aC-C �
aC-C � �aC-C. The average bond lengths are �aC-C � 1:4262 �A, �aC-C�2%	 � 1:4381 �A, and �aC-C��2%	 � 1:4149 �A.
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tant at these strains, and change the competition between
energy stored in bond lengths, angles, and �-electron
interactions. Ongoing work includes understanding this
competition using a robust microscopic framework [14],
and then relating it to a macroscopic response theory.

In conclusion, we find that the a-SIT can be quite
significant for technologically relevant SWCNTs, and
can modify the response of CNT-NEMS devices. The static
behavior shows significant deviations from continuum
predictions based on harmonic strains. Ongoing work is
focused on the dynamical response, as a function of strain
rate and temperature (Liang and Upmanyu, [18]). The
dynamical response opens up the possibility of high qual-
ity, tunable nanoscale actuators, oscillators or clocks,
and nanomotors, in turn driven by electro-, thermo-,
chemico-, and optico-mechanical coupling in appropri-
ately functionalized chiral nanotubes, nanowires, and
nanofilaments. The elimination of the need of electrostatic
actuation of the rotation motion is a significant step for-
ward as it facilitates fabrication of single-step, integrated
CNT-NEMS devices. Pulsed voltage biases and laser fields
can easily exploit the small strain a-SIT response to realize
tunable rotational oscillators and regulators [15,16]. Twist
reversal under compression further enriches the application
set. For example, the rotational frequency can be doubled
by precompressing the SWCNT to �
1 and then prescribing
periodic axial strains. Applications can also be designed
which exploit the reverse coupling, i.e., torsion! axial
strain, and its effect on electromagnetic properties
(metallic $ semiconducting). The large-strain response
(below the buckling threshold in compression) can be
harnessed for molecular-manipulators and STM tips [17],
to name a few. In each case, accurate predictions of the
resonance frequencies combined with nanofilaments with
intrinsically high CCIEA (type II BC2N nanotubes, silicon
nanotubes, for example) can further exaggerate the re-
sponse [5,9].
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