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Oscillator death on small-world networks
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We have investigated the oscillator death behavior on small-world networks. On one hand, we find that
small-world connectivity can eliminate the oscillator death present in the regular lattice. On the other hand, the
small-world connectivity can also lead to global oscillator death which is absent in the regular lattice or the
completely random network.
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[. INTRODUCTION small-world connectivity can effectively eliminate the oscil-
lator death present in the regular chain. On the other hand,
Recently, the study of complex networks has gained exsmall-world topology can also lead to global oscillator death,
tensive attention1—3]. An intriguing type of complex net- which is absent in the regular lattice or a completely random
works is the small-world network introduced by Watts andnhetwork.
Strogatz[4—6]. The most striking feature of a small-world
network is that it combines high clustering, which is usually [l. MODEL AND RESULTS
found for regular lattices, and short characteristic path

R ; The small-world networks are constructed based on the
length, which is a typical property of random graphs. It has S ;
been shown that a lot of real systems are small-world net/Valts and Strogat#ws) model [5], which is obtained by

works, such as the cellular networks, metabolic networksr@ndomlyrewiring some edges of a regular chain. We start
gene regulatory networks, etfl]. So far, the studies on from_g one-dimensional regular lattice Wlt_h free boundary
small world can be divided into two main categories. Thecondition, composed oN=102 elements with each vortex
dominant one is to study the topological properties of small-cONNected to itk =4 nearest nelghbors.K'/rzhe number of re-
world networks and various mechanisms to determine th&iring edges is given bMp, hereM =2 (N—i) is the
topology. The other one, which is more important, is to studytotal number of edges in the network, apds the rewiring
how the small-world topology can influence the system’s dy-Probability. For 6<p<1, we obtain a disordered network
namic feature§2]. Recently, it was found that any spreading Which lies between a regular lattice€ 0) and a completely
rate can lead to the whole infection of disease in a “scalefandom network j=1). One may use the paramefeito
free” small-world network[7], stochastic resonan¢8] and  measure the randomness of the network, but we should note
synchronizatiorf9] can be considerably improved on small- that for a givenp, there could be a lot of network realiza-
world networks, and small-world connections can greatly enflons.
hance the probability of spiral wave formation in excitable ~We use the equations for slow complex amplitudgs
media[10]. It shows that small-world connectivity plays a =|zj|expl¢;) in the form[15]
crucial role for the system’s dynamics.
In the present Rapid Communication, we study the collec- S 1512V .
tive dynamic behaviors of an array of coupled limit cycle g=ioz+(r=lz )ZJ+d§i: (z=2). @
oscillators on small-world networks. Coupled limit cycle os-
cillators provide a simple but powerful mathematical modelHere w;=Aw(j—1)/(N—1) is the frequency of th¢th el-
for simulating the collective behavior of a wide variety of ement Aw=wy—w; iS the frequency range along the
systems that are of interest in physics, chemical, and biologiehain, d is the coupling constant,=0.5 is the oscillation
cal science$ll]. In general, there could be a wide variety of growth rate, and the summation goes over all the vortices
collective behaviors, such as phase synchronization, phas®upling to sitg. For a regular lattice, regions of amplitude
trapping, Hopf bifurcation, and even chaos. Here we focusleath are formed wheAw andd are large enough, even if
on the amplitude death behavior which may occur when théhe conditions of self-oscillation are fulfilled for each vortex
coupling is strong enough and there is a constant frequenay the absence of coupling. Figure 1 shows such an example
gradient along the chain. Amplitude death is of interest befor d=2.0, andAw=>5.0. One should note that the oscillation
cause it may apply to the arrhythmia of the network of car-amplitude|z| inside the death region is not exactly zero but
diac pacemaker$12] and thermo-optical oscillatofd3], as  very small. Since the death region only exists in the middle
well as other examples such as chemical reactions takingart of the chain, we may call partial death to compare
place in coupled stirred tank reactdf<l]. It is interesting to  with the global death when such region extends to all the
investigate how the small-world topology would affect the vortices.
oscillator death behavior. In the present work, we find that To qualitatively manifest the intensity of the collective
oscillation of the network, we choose the normalized mean
“incoherent” energyE and “coherent” energyV as the char-
*Corresponding author. Email address: hzhlj@ustc.edu.cn acteristic functions, which are defined [d$]
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FIG. 1. Oscillator death in the regular chaip=0) with con- = 6.
stant frequency gradient. The frequency rang&ds=5.0, coupling e
constant isd=2.0; N=102, K=4. Plotted is the time-averaged 0.044 /'
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Here(-) denotes averaging over time and stands for av- 5 041 O by
eraging over 40 different network realizations for egclf 3 o2l T
largeE means relatively large average oscillation amplitudes, 00,
while a largerW implicates more synchronous oscillations. 0.0 0.001 001 o1 ;

When amplitude death is present, b&hand W have rela-
tively small values.

The dependence dE and W on p are depicted in Figs. FIG. 2. (a) Dependence oE on p; four stages are present as
2(a) and (b) for d=2.0 andAw=5.0. The curves can be indicated by 1, 2, 3, and 4b) Dependence otV on p. (c) The
divided into four stages. In stage 1 and 2,and W first  dependence of clustering coefficigb{p) and characteristic length
increase and then decrease to nearly zero, showing a peakp) on the randomnegs The onset and end of the SW region is
aroundp~0.02.E andW remain nearly zero in stage 3 and approximately labeled by points A and B. Note that the datapfor
then increase again in stage 4. Therefore, we find that the 0.001 is actually the same @s=0 due to the finite system si2¢
network’s topology has multiple effects as described below.and this is the case for all later figures in the present paper.

Randomness p

(i) Death elimination: A small fraction of shortcuts can different realizations of the small world. Note for egghwe
eliminate the partial amplitude deatfThis is demonstrated have performed the numerical experiments on 40 different
by stage 1. In addition, there exists an optimal level of toponetwork realizations. Though each realization has different
logical randomness when the incoherent and coherent energyetwork topology, they all lead to global death. This robust-
of the system reaches a maximum. Near the peal0.02, ness implies that the system’s dynamic behavior could de-
the number of random shortcuts is only about 4, which ispend only on some collective property of the network, such
much smaller than the total number of edges, but the networlis the average randomngssrather than the detailed topo-
already has typical small-worlgBW) features, characterized logical structure.
by a large clustering coefficie@(p) and a small character- (iii) Synchronization: Large randomness can help oscil-
istic path lengthL(p). HereL(p) andC(p) are defined in a lator synchronization This is demonstrated by stage 4,
standard way as in Ref5], L(p) measures the typical sepa- where bothE andW increase. The sharp increment and rela-
ration between two vertice&@ global property, and C(p) tively large value ofW indicates that the network vortices
measures the cliquishness of a typical neighborh@ddcal tend to be synchronized when enough long-range connec-
property. In Fig. 2c), the dependences b{p) andC(p) on  tions exist in the network. This is in consistent with the re-
p are shown as a reference. Though the boundary of the S\ults of recent works that SW connectivity can help synchro-
region has not been uniformly defined yet, it is generallynization of coupled nonlinear oscillatdrg]
accepted that the onset of the SW region scale as
1/(NK/2),[16] while the end of it may be defined as the  Accordingly, the spatial profiles of the average oscillation
point whenC(p)/C(0) reduces to 0.5. We can see that theamplitude for typicalp are shown in Fig. 3. For each vortex
peak positions in Figs.(8) and(b) lie exactly inside the SW ], the amplitude(|z;|) is averaged over time and different
region. network realizations. It is clear that the death region in the

(i) Global death: Intermediate randomness may lead toregular chain p=0) is effectively eliminated fop=0.02.
global amplitude deathThis is demonstrated by stage 3 The whole chain drops to global death fpr=0.3, and
where bothE andW are nearly zero. The onset of this stagereaches a nearly homogeneous oscillating statepfef.7
is approximately the end of the SW region. It is interesting toand 1.0.
note that inside this region, the global death is robust to In Fig. 4, the dependences of these effects on the fre-
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FIG. 3. Amplitude profile for differenp. Forp=0.02, the death 0.154 —=— Rewire i /
region in the regular chain is obviously eliminated. For 0.3, 0.10- i /
global amplitude death is obtained. Fo+=0.7 and 1.0, nearly ho- %\-\ /.

o } o 0.05- b /
mogeneous oscillation profiles are observed, which implies that the \D\_ o)
network is nearly synchronized. 0.00+ , . ; - PP
0.001 0.01 0.1 1

quency scatteAw and coupling constarnt are shown. When Randomness p

A(_u .Increanses fot a flxed.d [,F'g,’- 4@)], the “death- FIG. 5. () Comparison of the network properties of the WS
el|m|nat|on and synchronlzqtlon effects are reduced, model(Rewire and the growing modelAdd). The growing model
while the “global-death” effect is enhanced. If we ke&m  ghows a slightly large€(p) and smallet (p). (b) Comparison of
=5.0 and change [Fig. 4(b)], we find that a larged tends  the incoherent energl. See text for discussions.

to reduce the death-elimination effect and enhance the syn-

chronization effect; the width of stage 3, where the global- f small-world network, which is obtained by randornaigid-

. ) o)
death effect dominates, remains nearly unchanged, but the - o .
onset of it moves to smallgy. Ing (not rewiring shortcuts to the original regular chdib6].

To further understand the role of topological randomnessTo keep correspondence with the WS model, we can also

. . . uantify the randomness of the network pywhich is the
we have also performed similar studies on an alternative typrgatio of the number of added shortcuts to the total eddés

the original regular chain. As the WS model, this “growing”
0.5 small-world also has similar dependences of characteristic
path length and clustering coefficient pras depicted in Fig.

0.4+ :2‘”:‘5“3 / 5(a), whereas the growing network has a slightly larG¢p)
A A;:O — . . and smalleiL(p) for the samep. To see what this difference
034 s o700 o /D\D' - / would affect the system’s dynamics, the dependende ar
w //’ R i p for d=2.0, Aw=5.0 for both cases are shown in Figbb
0.21 ;/./‘::\ Ataa s / The situation ofW is similar and not shown here. The spatial
2,,/./A/A : \AAAA\A,%\ . profiles are quite similar to Fig. 3, but the amplitude for large

Qi ﬁ@g‘% / X p is much larger for the growing network. It seems that
pa\

/wx around the region wherE reaches the maximum (0.8dp
R - AR = <0.1), larger clustering tends to hinder the death-
Ae=50 . elimination effect, which leads to a smaleywhereas when
06 :g:;g # p is large and the synchronization effect dominates, smaller
T —a—ged0 [ characteristic path length will make synchronization easier,
—a—d=6.0 Z/f leading to a largelE. However, more detailed numerical
" 0.4+ e, / /‘ studies and possibly theoretical analysis are required to get a
/;i::;ﬂm "'-..._ ,f deep insight into such phenomena.
0.2- ézég;éq\&:%% N ] / It is now well known that spatial disorder may play con-
A . £ D/” structive roIe; ir_1 spatial—gxtended systgms. For example, dis-
0.0. A%%Ag;gﬂ R w e order can eliminate oscillator death in coupled oscillators
0.001 0.01 01 1 [15], tame spatiotemporal chaos in coupled pendul {ih7$,

sustain spiral waves in excitable medliE8], etc. Our find-

ings here show that topological disorder can also play con-
FIG. 4. Dependences d& on p for (a) different Aw and (b) structive roles. Recently, we have also found that a small

differentd. fraction of shortcuts can effectively tame the spatiotemporal

Randomness p
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chaos observed in an array of coupled chaotic oscillatorplitude death which is not present in the regular random
[19]. Such constructive effects of topological disorder innetwork. Since many real systenfeellular networks, gene
complex systems may deserve more and more attention iregulatory networks, protein networks, etcmay have
future works. small-world features, and their collective dynamics could be
modeled by coupled oscillators, these results may find a va-
IIl. CONCLUSION riety of applications. Our study may also stimulate further

. ) ) investigation on the role of network topology on system’s
To conclude, we have studied the collective dynamics ojynamics.

a chain of couple oscillators on small-world networks. It is
found that the small-world connectivity plays nontrivial roles
on the oscillator death behavior. On one hand, a small frac-
tion of random shortcuts can significantly eliminate the os-
cillator death observed in the regular chain. On the other This work was supported by the National Science Foun-
hand, small-world connectivity can also lead to global am-dation of China(Grant Nos. 20173052 and 20203017
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