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We have studied the influence of internal noise on the reaction rate oscillation during
carbon-monoxide oxidation on single crystal platinum surfaces using chemical Langevin equations.
Considering that the surface is divided into small well-mixed cells, we have focused on the dynamic
behavior inside a single cell. Internal noise can induce rate oscillations and the performance of the
stochastic rate oscillations shows double maxima with the variation of the internal noise intensity,
demonstrating the occurrence of internal noise coherent biresonance. The relationship between such
a phenomenon with the deterministic bifurcation features of the system is also discuseds ©
American Institute of Physic§DOI: 10.1063/1.1874933

I. INTRODUCTION and 10-nm Pd particles was a consequence of the interplay

) ) ) ) . between the system’s nonlinear dynamics and the internal
A variety of spatiotemporal patterns, including reactionpygise |n the study of spatiotemporal self-organization in

rate oscillations, are often observed in heterogeneous Cata'Xétalytic oxidation of hydrogen on @11), the authors also

sis systems, such as CO oxidation and NO reduction on platEuggested that a mesoscopic stochastic model taking into ac-

num surface, etCAt low pressures and typical temperatures, ., ,n+ internal noise should be used to quantitatively explain

the surface can be regarded as locally well-mixed and simplﬁ]e experimental observatio?ﬁs./ery recently, experimental

mean field mo.dels in the form of deterministic reaction study has shown that coverage fluctuations on catalytic par-
diffusion equations have been very successful to reproduce a . . . .

. : : ticles can drastically alter their macroscopic catalytic behav-
lot of experimental observations. However, when looking at

very small length scales, internal noises become crucial ang" causing bistability to vanish completely with decreasing

must be consideretinternal noises are inherent in chemical partu;le size'” The effects (.)f internal noise on pattern forma-
reaction systems due to the stochastic nature of the eIemeHQn in nanometer scale, i.e., the nonequilibrium nanostruc-
tary processes including reaction and diffusion, and it is gengures, have also been deeply studied. ) .
erally accepted that the strength of the internal noise is in- O" the other hand, the constructive roles of noise in
versely proportional to the square root of the system size. |fonlinear dynamical systems have attracted great research
heterogeneous catalysis, sufficiently small systems to pinterest in recenF years. It was dempnstrated that there exists
strongly influenced by internal noise are provided by the® ‘Tésonant” noise intensity at which the response of the
facets of a field emitter tif,by nanostructured composite System to a periodic force is maximally ordered, which is
surface$, and by the small metal particles of a supportedWell known as stochastic resonan@R),™ or the order of
catalyst Also when the pressures are increased, the size df1€ noise-driven system itself can have a maximum in the
locally well-mixed cell would decrease to a small scale@bsence of Eeriodic forcing, which is called coherent reso-
where a mean-field type of reaction-diffusion equations benance(CR).** However, most of the studies on SR-like be-
comes less accurate and internal noises become importafvior so far only accounts faad hocexternal noise, and
Therefore, an important question arises: how the internalew attentions have been paid to the constructive roles of
noises would influence the spatiotemporal dynamics in smainternal noise. In previous studies including our wot it
heterogeneous catalysis systems? was found that internal noise can also play SR-like roles in
Only recently has attention been paid to internal noise irsmall scale chemical or biochemical reaction systems includ-
heterogeneous catalysis systems. It was found that intern#lg intracellular and intercellular calcium signaling, circa-
noise can induce transitions between the active and inactivéian oscillation system, and ion channel gating, which was
branch of the reaction for catalytic CO oxidation on a Pt fieldtermed asnternal noise SRor internal noise CR
emitter tip Internal noise becomes essential in the dynamic  In the present paper, we have studied the effect of inter-
behavior of CO oxidation when surface cells over low-indexnal noise on the reaction rate oscillations during the oxida-
single crystal surface are very sm%IUsing a stochastic tion of CO on low-index platinum surfacésHere we con-
model®>”® Peskov and co-workers demonstrated that thesider that the surface is divided into small cells inside which
large difference between the oscillations observed on a 4-nrihe reactant molecules are well mixed, and the reactions in-
side each cell as well as the exchange of particles between
dauthor to whom correspondence should be addressed. Electronic maif€ighboring cells are both stochastic. Therefore, the surface
hzhlj@ustc.edu.cn is heterogeneous in a large scale, but homogeneous in small
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TABLE |. Stochastic processes and reaction rates for CO oxidation(@aGptAll the parameter values are the
same as those listed in Table 2 of Ref. 6.

Process Rate Descriptions
Nco— Neo+1 a;=NPckeoSco(1-Ué) CO adsorption
No— Ng+2 a,= 1/ 2NPoko[sh (1 -w) +s5w](1-u)?(1-v)? 0, adsorption
Nco— Nego—1 a3= N(KGZ2(1 -w) +kixdw) X u CO desorption
Nco—Nco—1 No—Np—1 a,=NKkeuv Reaction
Nix1—Npx+1 85=NKyy1(1-w) X f1o5(u, W), (1x2) to(1x1)

With f1,1(u,w)=(1—g)ur +ew*

Niw1—Npxp—1 85=NKy, W X f155(U, W), (1X1) to (1x2)

with f1,(u,w)=(1-g)(L-u)* +e(1-w)*

scales. Generally, one should develop a stochastic model for From these processes, one may readily write down the
the reactions taking place on the whole surface. As the firsthemical master equation for this system. However, there is
step, we will focus on the influence of internal noise on theno general procedure to solve this master equation analyti-
dynamics inside a single cell in the present study and coneally. A well-known method to handle the master equation is
sider the inclusion of diffusion in future works. the exact simulation algorithm proposed by Gillespie, which
For this purpose, we have adopted a recently developechimic the reaction dynamics by randomly determining what
stochastic modéand the corresponding chemical Langevinthe next reaction is and when will it happ@qRecently,
equation<! Interestingly, we find that internal noise can play Gillespie found that under certain circumstances, it is also
rather nontrivial roles. In a parameter region which is sub+easonable to approximate the master equation by a chemical
threshold for the deterministic oscillatory dynamics, internalLangevin equationiCLE).21 In our previous studie¥' *®we
noise can induce stochastic oscillations, which are distinchave shown that it is applicable to use the CLE to study the
from random fluctuations in that there is a clear peak in thesffect of the internal noise in small chemical reaction sys-
power spectrum. The regularity of the stochastic oscillationtems qualitatively. Specifically, given the stochastic pro-
characterized by an effective signal-to-noise r@8bIR), un-  cesses and transition rates shown Table I, the CLE for the
dergoes two maxima with the variation of the internal noisecurrent model reads
strength, indicating the occurrence of internal noise coherent 1 _
biresonance. In addition, we find that the parameter region — = =[(a;—az—a,) + Va;7;(t) - \,'237,3@) — )],
can be divided into four distinct regions, where the SNR t N
undergoes 2, 1, 0, and 1 maxima, respectively. We show that

du

ior i ! inis.  dv 1 — —
guch a behawor is much relevant to the system’s determinis- =V _ Z[(285 - ay) + 2Vaymy(t) = Vauma(V)], (1)
tic dynamic features. dt N
dw 1 — —
— = (@~ a) + Vas7s(t) — Vagn(t)],
Il. MODEL AND RESULTS dt N

The model used in the present paper was developed fo¥n€reé 71, e(t) are Gaussian white noises wihy(t))=0
the oxidation of CO on R110) single crystal surfackThe — @nd (7 (1) 7;(t'))=4;8(t-t"). The items with7(t) give the
reaction was found to follow a Langmuir—Hinshelwood internal noises, which scale asvlN because;-;,. 6> N.
mechanism, which involves the adsorption of CO erﬁb|_ In the maCfOSCOpiC limiN — oo, the internal noise items
ecules, and the reaction between adsorbed CO molecules af@n be ignored and the system’s dynamics is described by the
O atoms. In addition, the adsorbate-induces I~ 1x2  deterministic equation,
phase transition is taken into account_ tp address the influence /gt = (a,-as—ay)/N, dv/dt=(2a,-a,)IN,
of the surface structure on the reactivity. The state of a cell
containing N adsorption sites can be described by(fX
=[Ngo(t),No(t),N;51 ()17, whereNgo, No, andN;,.; denote
the number of adsorbed CO molecules, oxygen atoms, andith the variation of the parameteR, and P, the system
adsorption sites in a nonreconstructeldx 1) surface, re- (2) shows very abundant bifurcation featuPds. the present
spectively. The system’s dynamics is then described by stgpaper, we fix Po=9.6x 10> mbar, T=520 K and choose
chastic birth-death processes governed by a chemical mastBgg as the only control parameter. In such a case, the bifur-
equation, which describes the time evolution of the probabil-cation diagram of the deterministic system is shown in Fig.
ity of having a given number of these species. For thel. There is a supercritical Hopf bifurcatiofiiB) at Pco
present model, the stochastic processes and the corresporel3.557x 107°, where a stable limit cycle emerges. The limit
ing reaction rates are listed in Table |, where we have introcycle disappears via a saddle-node infinite pefBNIPER
duced the concentrationsi=Nco/N, v=Ng/N, and w  bifurcation when it encounters the turning poiftPl at
=N1x1/N. Note that the transition rateg; g are all pro- Pco=~3.6151x10°°. For Pco less than HB or larger than
portional to the system sizd. TP1, the system only shows one stable state, and oscillations

2
dw/dt = (a5 — ag)/N.
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FIG. 1. Bifurcation diagram for the deterministic systéi HB stands for
the supercritical Hopf bifurcation @co~3.557x 1075 TP1 and TP2 de-
note two turning points aPco~3.6151x10°° and Pco=~4.839x 1075,
Stable limit cycles exist in the region between HB and TP1, where the soli
circles show the maxima and minima of the oscillations. Note the oscillation

ends at TP1 via a saddle-node infinite peri@NIPER bifurcation. The

heavy solid lines denote stable steady states, the dashed line unstable statesnullclines for Pco=3.56X 10°° mbar (in region B) and
and the dotted line Saddle States The dependfence Of the OSCIIIatlon perleCO: 3.56X 10_5 mbar(ln reglon C) are Shown as examples
between HB and TP1 is depicted by the open cirfles right axis. Impor- . . -

tantly, there is a canard point Bto~ 3.575x 107°. The bifurcation diagram for thesg two situationgnote that the nuliclines do not _ShOW
is calculated by use of thmrrack software(Ref. 23. much difference when the canard phenomenon og¢cwish

further increasing oPg, the right branch of the nulicline

can only be observed in the region between HB and TP1. |R€ins to intersect with thes nulicline, which will create a
addition, an interesting feature of the system is the existencg@l of saddle nodes. At the SNIPER poiRto=3.6151

of a canard pointCANARD) at Peo~3.575x 105, wherea X 107 mbar, thew nullcline is tangent to tha nulicline, and
very fast transition from a small-amplitude oscillation to ath€ limit cycle ends at a homoclinic orbit with an infinite
|arge_amp|itude oscillation occu?élTherefore’ we can di- perlod. Therefore, the nu||C|II’leS can he|p us Understand more
vide the bifurcation diagram into four distinct regions, about the system's dynamics. One will see that such bifurca-

namely, region A for Pco<HB, B for HB<P., tion features can lead to interesting effects of the internal

<CANARD, C for CANARD < P¢o<SNIPER, andD for ~ hoise as described below.
Pco> SNIPER. To account for the internal noise, we have numerically

To get more information of the system’s deterministic integrated Eq(1) using the standard procedure for stochastic
dynamics, we have also drawn the nullclines0 andw=0 differential equations with a time step 0.0f'sTo begin, we
in thew-u plane for five different parameter valuesRfoin ~ Set the control parametePco=3.5x 10" mbar, which is
Fig. 2. Thew nulicline does not depend oRco. The u  slightly subthreshold for the deterministic oscillation. Al-
nullcline is S shaped, which contains one minimum and ondhough the deterministic Eq(2) does not predict self-
maximum point. The left branch before the minimum and theoscillations for this parameter, the chemical Langevin &y
right branch after the maximum are both stable and the&an yield stochastic oscillations, which is an important effect
middle branch in between is unstable. According to Ref. 240f the internal noise. The stochastic oscillation is distinct
such kinds of manifolds may cause excitability as well asfrom random noises in that there is a clear peak in the cor-
canard phenomenon. From bottom to BigoX 10° read 3.3, responding power spectrum. Therefore, for reactions in a
3.56, 3.58, 3.6151, and 3.65 mbar, respectively. Pgg ~ small surface cell, the rate oscillations may exist in a larger
=3.3X10° mbar which is inside regionA, the two parameter range than that suggested by the deterministic
nullclines intersect at one point which is the only stable stateequation. In addition, the dynamic behavior of Eb). shows
This stable state is also excitable, i.e., small perturbationstrong dependence on the cell siewhich determines the
will cause the system to return immediately to it, while strength of the internal noise. In Fig. 3, stochastic oscilla-
slightly larger perturbations, beyond some well-definedtions for five different cell sizes are shown. Rde 1P, the
threshold, will cause the system to revert to it only afterinternal noise is rather small and the system’s dynamics ap-
making a large-amplitude excursion across the right branchroximately obeys the deterministic E(), hence the CO
of the u nulicline. With the increasindPco, the intersection concentration only shows slight fluctuations around the de-
will move to the middle branch of tha nulicline and be- terministic steady state as shown in the bottom panel. The
comes unstable. WherPco reaches the HB, a small- corresponding power spectrum dens{®SD of the time
amplitude limit cycle emerges around the unstable steadgeries is shown in Fig. 4the dashed-dotted-dotted line
state, which will change very fast to a large amplitude limit There is already a peak in the PSD, implying some “oscilla-
cycle at a slightly larger value d®q, the canard point. The tion” information in the time series. When the cell size de-

FIG. 2. Nullclines of the deterministic equatidg). Five u nuliclines are
shown. From bottom to toRcox 10° are 3.3, 3.56, 3.58, 3.6151, and 3.65
C(mbal), respectively. See the text for detailed discussions.
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0.32 ] FIG. 5. Dependence of the SNR of the stochastic oscillations on the number
031 ! i} of adsorption sitedN. Two clear peaks appear, oneNit- 10° and the other
o . . . . . N=10 N~ 10f. For N~ 10°, the SNR reaches the lowest level. The corresponding
0.34 4 principle frequencies are also showwight axig. This figure clearly demon-
0.33 strates the occurrence of internal noise coherent resonance. Since the inter-
0.32 4 nal noise level is controlled via the change Mfin the present paper, the
0.31 4 phenomenon also indicates a kind of system size biresonance.
0 200 400 800 800
Time t(s)

PSD (Fig. 4, dotted ling For a certain smaller but optimal
FIG. 3. Stochastic oscillations of CO concentration for different number ofCell Siz€,N= 1(??1 for instapce, th_e pulses can become _rather
adsorption sitedN for Pco~3.5X 107> mbar. From top to bottoni\l reads ~ regular, showing a relatively high and narrow peak in the
1%, 16°, 1, 1%, and 16, respectively. Note that the vertical axis has PSD (Fig. 4, dashed line If the cell size is too small, the

different scales in panel@—(c) from those in(d) and (e). For relatively S . . .
smallN, the stochastic oscillations are of large amplitude, while for latge oscillation will be destroyed by the large internal noise, and

the amplitude is small. Fak~ 1CF, neither type of stochastic oscillations the peak in the PSD becomes lower and wider afig. 4,
dominates. solid line). Consequently, with the variation of the cell size

N, or correspondingly the internal noise level, small-
creases to a smaller value, ey=10°, random fluctuation @mplitude stochastic oscillations are first induced and then

around the steady state changes to “stochastic oscillation” dePlaced by the stochastic pulses, the latter becomes the most
small amplitude, and a clear peak shows in the PSD curvEegular at an optimal system sibg and finally overwhelmed
(Fig. 4, dashed-dotted ligneWith further decreasing of the Into the internal noise background. For large system size
cell size, we find that occasional random pulses are triggere@ma” internal noisg the stochastic oscillations are of small

on the background of the small stochastic oscillations. Thémplitude, which looks like those deterministic ones in re-

hybrid of small oscillations and pulses lead to no peaks in th@ion B (Fig. 1), and for small system sizdarge internal
noise, the system will show large-amplitude stochastic os-

cillations like those in regio€. For both kinds of stochastic

4
10 ] ——Ne1E oscillations, there seems to be an optimal system (giter-
10° ----N=10° nal noise level where the performance of the stochastic os-
"""" N=10 cillation is the best.
w0 s, N To quantitatively characterize the regularity of the sto-
] chastic oscillation, we have introduced the effective signal-
10™ 4

to-noise ratio (SNR) as already used in our previous
studies-**°It is defined as the height of the peak normalized
by its relative width, as described in Fig. 4. One may also

PSD

e TV, =
' St e,

10M 4 o /f\ c refer to Refs. 14-16 for more details. The dependence of
< T\:\\—V__\_ SNR on system siz&l is shown in Fig. 5. Two maxima
107 4 rTB P it appear, one aN~10° and the other aN~10>5 Such a
E i behavior may be called system size biresonance, or internal
10" 0-;) i o | o4 o8 os 10 noise coherent biresonance, reminiscent of the great research

Frequency (s ") attention in stochastic resonance and recent interest in sys-
tem size resonancd&.?°The corresponding peak frequencies
FIG. 4. Power spectrum densitSD for the stochastic oscillations shown of the stochastic oscillations are also shown in Figﬁright

in Fig. 3. Clear peaks appear except f9=1C°. For smallN, the peak . . .
frequency is smaller, which corresponds to the large-amplitude oscillationaX'S)' The first maxima(N< 105) CorreSponds to Iarge—

For largeN, the peak frequency is larger and the oscillation is of small amplitude stochastic oscillations with small frequency, and
amplitude. The point#, B, andC in the PSD curve fov=10° demonstrate  the second maxima(N> 10’5) corresponds to small-

how to calculate the effective SNR, i.e., SNF¥A)/P(B)]X wa/(wc ; : ot :
—wy). Where P(®) denote the PSD level for a given point alRiC) amplitude stochastic oscillations with large frequency.

=P(A)/e. Arbitrary unit is used for the PSD. From bottom to tdpreads The above diSCUSSiQnS .SUQQeSt th?-t it i? the specific bi-
108, 10, 10F, 1%, and 16, respectively. furcation feature shown in Fig. 1 that gives rise to the double
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10° roles in the subthreshold regidk the constructive roles of
; noise in a deterministically oscillation region was not re-
1 10 ported before. In our present work, we demonstrate such a
@ 10° possibility in a specific chemical reaction model, which
g shows peculiar bifurcation features. We think that the exis-
10° tence of a canard explosion from regignto C is the very
F b X10°mmber) reason of such a phenomenon. Actually, we have also per-
10 F i._3_45 formed similar studies for other parameter value®gf For
10" = -e-350 the deterministic syster(®), oscillation only exists for cer-
015 .k 355 tain range of Pg, Pco) parameters. We find that if the canard
-4-3.58 phenomenon disappears then the biresonance behavior in the
T 0.12 --&--3.57 subthreshold regioA cannot happen.
. 008 -4 3.60
ei 0.06 I b 3,62
0.03
000 sttt o s IIl. DISCUSSION
1 2 3 45 6 7 8 9 10 . _ . I
Log(N) — Using a stochastic model to describe CO oxidation on

single crystal platinum surfaces, we have studied the influ-
FIG. 6. The dependence of the SN& and frequencyb) of the stochastic ~ €nce of internal noise on the reaction rate oscillations. Con-
oscillations onN for different Pco. sidering that the surface is divided into small well-mixed

cells, we have focused on the dynamic behavior inside a
maxima in the SNR-N curve. Phenomenologically, when single cell. In parameter regions where no deterministic os-
the parameter locates in regidnwhere the system is sub- cillations can exist, internal noise can induce reaction rate
threshold for the deterministic oscillation but excitable, smalloscillation, which is in consistent with previous studies in
internal noise tends to draw the system into regipmwhile ~ Ref. 6. In addition, we find that the regularity of the stochas-
large internal noise may cause excitation and drive the sydic rate oscillations can show two maxima with the variation
tem into regionC. Therefore, one naturally asks how the of the internal noise level, which is changed via the variation
behavior depends on the control paramd®gp. To answer  Of the cell sizeN, one atN~ 10° and the other aN~ 10>
this question, we have gone through the parameters fromhhe relationship between such a phenomenon of internal
regionA to D, and the result is given in Fig. 6. In Fig(a, noise stochastic biresonance with the deterministic bifurca-
we find four kinds of dependence on the system gieFor  tion features of the system is also discussed.
parameters in regiomA(Peo=3.45x 107°,3.50x 10°°,3.55 As stated in the Introduction, in most experiments, the
X 107> mbay, there are two maxima, as already describedsystem’s dynamics can be well described by reaction-
above. (b) For parameters in regionB(Pcp=3.56 diffusion models. Usually, external parameter fluctuations as
X 107°,3.57x10° mban, we also observe a resonance Well as surface heterogeneity are more important factors than
maxima at N~10% which corresponds to the large- the internal noise. Therefore, how the results of the present
amplitude stochastic oscillation&) In region C(Pco=3.60  study, which accounts for the interesting role of internal
X 107 mbay), the existence of internal noise is destructive.noise in a single cell, would be relevant to real systems is an
With the increment of internal noise strength, the SNR of theopen question. At the current stage, a few points may be
large-amplitude oscillation monotonically reduces. No resoaddressed. First, the occurrence of noise induced oscillation
nance behavior exists in this rang@l) In region D(Pco  and stochastic resonance indicates that internal noise can
=3.62x 107 mbay, which is also outside the deterministic play some nontrivial, constructive roles in the dynamics of
oscillation region, system size resonance with only one peaketerogeneous catalysis. Furthermore, because of the exis-
occurs again, and the stochastic oscillation is also of largéence of two maxima, we find that internal noise might also
amplitude. The corresponding peak frequencies of the stdse crucial for a relatively large cell containing surface sites
chastic oscillations are shown in Fig(bg, which helps to  up to N~10°. We note that this is different from previous
understand what the stochastic oscillations look like. studies such as in Ref. 6, where it was stated that internal

Here, it should be pointed out that ca&g is quite dis- noise may become crucial only when the cell dités less

tinct to previous understandings. One notes that for paranthan 10. (Note the first maxima ~ 10% in the present work
eters in regionB, the system already shows deterministic coincides with this statemehtThe reason may be that the
oscillations when internal noise is ignored. In previous studsecond maximum corresponds to small-amplitude oscillation
ies, it was demonstrated that in such a region, the inclusiohere and we have tuned the paramégg in the very vicin-
of internal noise will only lead to localization and phaseity of the Hopf bifurcation. Finally, present work acts as the
diffusion of the original deterministic oscillations, and there preceding step to study the effects of internal noise on the
is a low limit of system size where the oscillation is no spatiotemporal dynamics on the larger scale surface in future
longer correlated in tim& Therefore, although it is now works, especially when the system lies close to some critical
widely accepted that internal noise may play constructivepoints.
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