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�Q�KR[���jÆFD�Q�0���QR���Llst9�q>N�Lt9�)-Æ=�#B[p=�6�Rtz00��k��;=9�n�Q,�R#<����Æ�{F?��L~N0Æ����ÆZ�LQZ��U�g�Qk�I,���ev�X�UtevRTZCÆ:^	Q^�s�k|R[=��UtevRT4_Æ:^	Q���^�s�A+TEj�;#� 3 LywRTR�{�Q6�IkR6�Rs��d,�����R�p℄R[�ÆkR6�-RR��,t0(kS=��Z 2yÆg�kR6�Rs��n�Qk���Æ0\�HygRIV�hk�Z 3yÆg��Q6�Rs��nuu��R,��+���;yg�n!:g�{RM/M
R bÆs�:^{�T bQ[�|ÆE[DB^Æt8XRyw,Æ!:g�{�T b�dD7Ri|�!:)~��8℄L b:

1. !:�QR�,MkR,��+k�IC(�Z 1.1 w�
3



4 GX6�
2. !:k�=�I�<R,�FD�RÆrU MATLAB1 �Z 1.2 w�IDÆ?�[�{	<�B{TS�RJ�ÆrU Fortran 0 C++0^JLJÆrU Microsoft Excel.

3. $�sl�4
RWb�RÆ!:qk�q�R,��+k�3 Æ)�!:}��{�
RFD��ÆQ0,s9��R���(yw
??).

1.1 ,��+��Rk4�QR��KÆW8GRIb��LuF\W; - 69�6�Black-
Scholes_��<gRIb�2�<Æ��/�z��0���zR#ÆORHyRJ�YF��HyRRJÆ���Hy�:��KRHy�underlying assets�KRHy�:����QHyÆrU=Nh�Æ_��,�e�0MS��<��!xB#iKR�WÆ�WiK-R�d�l��FR��S�rUÆ�!KRHy�_�Rn�*V�<NH�BJ<tÆ��#)ÆWgR�V�WgRRJ����dRJ, g#� K*V_��g<R, �L,��<NHR<q�WgR�V�WgRRJ��dRJ,�_��Qr�T ��<RN�P�n��<Æ�p,NHR<q�^N�P T �dÆ8��<Æ:�N�P T ��RL!�V�d, �n�*V�<�rÆQrN�P T KRHyRRJ� S(T )Æ�<�BJN�P:�RJ K *V_�ÆQ(j�RJ S(T ) ,�_�Æm�<RR�� max{S(T )−K, 0}�;DÆUt�<R��ÆÆ�<�BJg��dRJ*V_�Q��{RJ,�_�/q�E�Æ�{,Bn�[Bg)�ÆrUl�	;0*,RvÆg6F�
kERl�Æ?	 S(T ) �W℄R�{3RÆ�[^/��<�B�:� S(T ) *V_��;#,Æg��I�Q�{�g{XBeR)��UtL!�< t < TÆ!:1	NH�<�L�k0U℄RRJ�Qr�� t �<KRHyRRJ S(t) Æ�N�P T KRHyRRJ S(T ) ���Ut!:fs�L S(t) R,tIbÆ�� S(T ) 3[F4I���<RR����LF4I�Æ)-<�[5�LZCR��:�FD�<RRJ�
1MATLAB� MathWorksU:<oRhy�hK�eF MATLABRQ��nÆf`http://www.mathworks.com�
2Fisher BlackI Myron Scholes 1973�LR�<gRU��Robert Merton���dg<R~�Æ1997  Scholes I Merton )-/Qm7�DthÆp�Æ[fR� Fisher Black�;Æ�



,��+��Rk4 5QrT�KRHyRRJ� S(t)Æm t �<�<RRJ� f(S(t), t)�g f(S(t), t) Z�� f(S, t)��IRQrib8Æ�<RRJ�II� t� S BeÆ�*O.S�8�����PDFÆpartial differential equation�
∂f

∂t
+

1

2
σ2S2 ∂

2f

∂S2
+ rS

∂f

∂S
− rf = 0. (1.1)�,Ær �$%<q�Æ?rHJ:/9R$%<RrH�$Æσ �IKRHyRJRTk�BeRf,ÆKRHy�%<Hy�o}QrÆ t = 0�< f(S0, 0)Æ�, S0 = S(0)��� (1.1)ÆfP�IRFJibÆ0nPTib8:�SN��R|+|�QrKDÆU�\RfF>uz,3� N(z) = P{Z ≤ z}Æ�, Z �+0KDÆU�\RI�Æ t = 0 �<n�*V�<RRJ C0 :�L���

C0 = S0N(d1)−Ke−rTN(d2), (1.2)�,
d1 =

ln(S0/K) + (r + σ2/2)T

σ
√
T

,

d2 =
ln(S0/K) + (r − σ2/2)T

σ
√
T

= d1 − σ
√
T .�LU�3�X<��F4|ÆE[fR�Æ��,xB4_R����Æ����R|k�,����dFD�Z 5y,Æg�n3FB�v��finite differencesC(4|����R,�FD���Z 9 y,Æg�nU�	<B�v�C(�=�<gR�	<B�v���Ægq>NAg��,Rd?��Æd?��gZ 3 yR,��+^��d�n���,�FD��R℄SÆ�<gRU�Rk��+���0�Æ>U�+[pI�{�<RJR6FÆ0�<RJ{[pI�RDA�uÆ�T�+qI%<hk>)Be�;#,Æ!:g	<k��+I,��+{>R��Æ���,��+{tRÆBg��
R{>ED6BT�R�<gÆE�{F!:k| bR;*!;�}B*9�WÆÆ!:gLN$��BgRR4_�<ÆE%2I�g<RZC�<RgRU�{4_�<RgR�}B!#��<gRR;℄/ I_�Monte Carlo simulation,Æ�<gRU��zRC'I����control variatesÆjT�<RJR[F�v���}BS�{F!:��0�R�Æ1:.�,���I�+��R6MÆ?	B��/6MZ��L�LN�L�}4_RU��Æ0n)�zg<

3f5�> BeF<�IqFR<)�



6 GX6�R0M�rUÆ8��LRU�ÆU�Q�N�T�R|�4 :

CJ =

∞∑

n=0

e−λT (λT )n

n!
E
{
CBLS

[
S0Xne

−λχT , T,K, σ2, r
]}��xBKRHyRJjY0MRn�*V�<RgRU�Æ\W; -69�6�Black–ScholesU�R�aQr�KRHyRJ�wqI�Æ��LU�� W℄�N}�Robert MertonfsHyRJxBjY0MR3 jRÆ�,RjY��L4�RX=u��compound Poisson process��LU�����;#R��Æ?	$��=k|j)U�ÆEDmk|R�Æ�+��:�N�EBRU�ÆU�,-x�MLI�I{tRe5_0ÆE�*,���[xBMLI�I{tRe5_0�?H�ZCRU�,ÆrUU� (1.2)Æ)�!:DmFD�U�

N(z) =
1√
2π

∫ z

−∞
e−y

2/2 dyR�ÆfF>uU�$�j)5�6Vj/Q|+|ÆM�Dm	<PT,����d4|��m!:g	<℄gBSR�<U�FD5�Æ�[<o<R���general-purpose methodsFD,�5��B�Æ!:DmFD0�<FD��5���Jj, �N��/ (Feynman–Kač)U�Æ|,�rUU�
(1.1) ����R,�| b�QN�L��Nf,R,�|Æ0n!::�FD��<U�R,�|�[fR�Æ{F�TF4I�ÆT�u,Æ!:$�<KD��FDN:R5������Æ!:Dm	<�<5���ÆrUI� x IU� g(x, y) XiR5���

F (x) =

∫ b

a

g(x, y)fY (y) dy�
R0M}�zF4=�,ÆI x ��L6F{tR,mI�Æ{t�^�!:RC'�8Æ)� Y ��LF4I�ÆY +0<�>uz, fY (y)  [a, b](�:^� (−∞,+∞))��� F (x) :��[�L	;0qYz,�!:gZ 10 yIZ 11 y,�dD7R�ri|�5�FD�Q,��+,�}0�ÆZ 4 y,gD7�n,�5�FD����"o<R5�FD��Æ!:!g~�F4�
��Æ��;℄/ 5��Monte Carlo integration0;℄/ I_�Monte Carlo
simulation�;℄/ ����/�}�<R��Æ�<gRI%<hk��q}}<N;℄/ ���rUÆn�*V�< t = 0 �<Æ�<RJ:�L���

C = EQ
[
e−rT max{ST −K, 0}

]
,

4D7f` [?, page 320]�



,��+��Rk4 7�,KRHyN�PRRJ ST �F4I�ÆZNg ST R<�pu�probability measureÆ:�QNKRHyN�PRJR�	��g#�
Q���℄Æ:�QN�<RJR�	�Æouk=��Æ:FD� t = 0�<R�<RJR�	��Ut!::�z	 M L+0<��\ Q RrsRF4KRHyRJ
; S

(j)
T , j = 1, . . . ,MÆDÆÆO!=,g��law of large numbersÆ!:ouFD
;.�R��[F�
;R�	�

Ĉ =
1

M

M∑

j=1

e−rT max{S(j)
T −K, 0}.j)RFDu��℄bR;℄/ ��Æ�QNQ:6�QBSR�	[FÆ!:k�Q�Rl�,!�53FTv(p� (low-discrepancy sequences)RjT�v�� (Variance

reduction methods) I�g5�� (alternative integration approaches) gZ 4 y,�d�nÆ�~/���<gR��R1<��gZ 8 y,�di|��Nl�1<F�<gRR����s*Ib0℄s*Ib��~/��q�F4u�R�(CRj^�#k�0�Lou��Æ�s*0℄s*�<BgR��z	F4u�R
��Æ�;℄/ ���F4z	
����℄/��R�_gZ 7 y,�di|�;#��L7�℄S�=���Æ=���BeR℄SgZ 6 y�d�n�=�IbI=����Q,%�Fn�[pRo_��<gR,Æ=����8��<gRR�^Æ)�8��<N�P�L��Vq:�d<ÆM��<gRRu�,Dm5�N�<W=R�dm��rUÆ{F8�*V�<��Æ�D�<I�R℄�<s?d<H:/qÆI�<KRHyRRJ=F�<R�dRJÆS(t) > K �Æ:�<�R℄�<�D�ÆrH�1:E�ÆN�P:�SAQ~R4)d<���jÆ�[��LZCR b��<RKRHy�U_����[d<:�E�W=Rm���Qr t �<Æ�<RRJ� max{St−K, 0}ÆZKRHy��ÆKRHyRRJg�d�<�? St gjTÆB{�*�<
t �<RR�gjT�=���R��L1<�rHV�hkÆZrH�:{�VHy�drHÆQr7/07LHyR�X�$����RÆ!:Dm5�R b�7/Hy07LHyw&�mH��W8GRrHV�=�Ib�3FNgM��$0M8Æ	QrHV�R�v��Lu�%<R�KWQRkd�3F�Lkdyz�rHV�R.��vIbÆ�LIb�(9�
5�U!::�aNR,FD�<RJW~R���	<����0	<�/�via Feynman–KačU�Æ	hN:�~/vD[pRFDI��B:R�Æp�j��	<~�����PDE��FD\W; -69�6�Black–

ScholesU�ÆE�W�R5��,���FD�<RJR�	Æ0n)�,���Q#BÆ�g�



8 GX6�+�Markowitz 1950?fsRÆEDBTkE�E�LIb{FHyhkRk�I�_qBF"=R6FÆW.	Q(9�+/Q� 1990Rm7�Dth6�0X�ÆÆ�=�n�[pRrHV�=���Æ�T��gZ 10y�Z 11 yIZ 12 y,�d�n�p
0�R�!:k�!�NHygRIrHV�hk0n5lsÆn��QDRk��fsrHV�=�IbR3 jRÆ��uXE:�fsHygRIb�?F℄SR�'��>�TlsI,���6B�tRv5ÆM�;#,g[q>�Tls℄S�=���!B�N��1<ÆrUf,_��parameter fittingIRDIb�model calibration�4_R�{,ÆHyRRJ9,F�5�[:gpRf,�!::�~^�NBeHygR��Æ�℄Hy�dgR��Lo<R��U8Æ!:�:fs�L3F�Tf,Rk�jRgRIbÆDÆ~��+��R�{RJI�Tf,RBegÆQBg�Tf,R��Qr α ��L��f,J��O!HygRIbÆHy j Rk�RJ1� P̂j(α)Æ�,HyRJ P oj :��!::�	<_�R��Bg��f,J�RW=_��Æ,!_�o<R���=�IbÆU8�
min
α

∑

j

(
P oj − P̂j(α)

)2
.ZFD�gRIbRf, αÆ!::�	<�LgRIb�℄RHy�dgR��/gR��}<q��z�gR,�q��z�B{_��<Q�4_Æq��z����;#R��ÆI�Be℄SgZ 2.8w,�dZC<)�B{ZCR=�Ib:�	<�+R��4|ÆE�{F���T4_RIbÆmk�=�RFD�

1.2 eF,�FD�RRk4: ��sl MATLAB?

MATLAB ��Ll�R,�FD�RÆOaT�M/3 I=�R,�FDz,�`:�	<℄&z,4|4_R bÆ�T bDm�KD�RÆrUAg=��WQ���S��:�	< M J��dG�ÆM J���/�J�
FD�matrix-orientedRE�J��MATLAB!aT�$=R�wS^ÆID!:�'[w�R<��p}��GUI:graphical

6(9�+�MarkowitzIN}�=�Merton Miller��x�9Æ�William

Sharpe���G� 1990 Rm7�Dth�0n[�J�R�ÆN�
SimScript0�VR	P��ÆSimScript�WgI_j^�bRG�J�,R�/�-�,  W℄�N}�Robert Merton#BR�t6�Æ0n4E�DtIR�t�V[5���



eF,�FD�RRk4: ��sl MATLAB? 9

user interfacesÆUt`{ MATLAB ![%2Æ:�f39� AÆ:IABSR{" MATLAB RG�S^�{F�T℄bR,�FD bÆ:�oua< MATLAB z,�t�dFD��T℄b,�IbU8�
• Ag��0��V4|;

• �Ag��0��V4|;

• FDCI���RW=0WQ�;

• ,!R_�Ir���;

• 5�FD�qT�uR;

• ����,�|�PDEs.�T>Q�RS^q-x MATLAB 3 �R,�{FQ4_R bÆ:�MATLABRR#C�toolbox,t�B1Rz,�d4|�MATLABRR#C� M J�GXRz,R=�Æ<�:�t3R#C,Rz,R?'Æ)-Æ�{4_R bÆ<�:��ta<z,0{z,?'�di;Æa<z,�d4|FD�rUÆ=�R#C�Optimization toolbox:�<X|,4_R=� bÆ>U,mI�,��0xB4_��AgW+ibR=� b��QFD,Æ��L}<RR#C�qFR#C�Statistics toolboxÆ>U;℄/ I_,Æ}	<qFR#C,Rz,z	+0M/�\RF4,�3F=�R#CIqFR#CÆA� MATLAB z���QR#C�Financial toolbox��QR#C-x�A=gFDz,ÆrU�P�#kÆ�Qw#kÆbg�$Hy�+ÆrHV�=�Æ�zR#gR��QR#Cz��ÆÆ�QBeR�NR#C�BKz�ÆU8�
• GARCH R#C�GARCH toolbox
• �Q�Vp�R#C�Financial time series toolbox7

• �Q�z�R#C�Financial derivatives toolbox
• bg�$R#C�Fixed-income toolbox;#[-xj)R#C<)ÆBe_0:�MathWorksU:R�xj/9 (http://www.mathworks.com)�MATLAB!-x���<RR#CÆ?	�TR#C[���QFD℄M0�R�rUÆ����R#C�PDEs

7;#GX�Æ�Q�Vp�R#C�Financial time series toolbox:QVN��QR#C�Financial toolbox,�



10 GX6�
toolboxÆ�%D�I�t?KR#C�the genetic direct search toolbox�8��Æ�T{F0�LJ�p�}�<RR#CÆrU�Excel link R#CÆWeb serverR#CÆcompilerR#C0 Datafeed R#C�Datafeed R#C:�0[pR�x/9BeR�Q,!�=R b�Æ��4;#sl MATLAB [�G�J��RBÆ[pq�R1<,Æ!:0n!B�NRsl�
• ZC�<R^JLJÆrUÆ�WR Excel���j��#q�n�3F^JLJ�QFD�K�==�FDIF4I_R���̂ JLJ:�FDQmIR,tm�IbÆw$:��d;℄/ I_0	<�%D�4|=� b�
• ����Æ:�	<T�J�ÆrU C++0� Fortran�d�Q,�FD�>�� C++Æ=��QFD#<,RFD^�q�3F C++G�RÆp�Æ��JODM�℄$R Fortran,�FD����/��:=��C++ I Fortran q:��ta<9tFDF�scientific
computing libraries�d�Q,�FD�
• p�Æ�{j!B��=�RFD�R0FD�pFÆrUqFWb�=�WbS�IDÆ{FZCR,�FDÆ�fR,�FD�R<�BT=`Q<Æ0n^JLJ��LW=Rsl�E�ÆI`�{4_ b�Æk�R,�FDT�u�^JLJM^aTRS^Æ�*6B=	R�p:Tf5Æ�$F`Dm	< VB(Visual Basic) 0 C++ �dG���dAu0FDAu��Æg< Fortran I C++Æ�
RG'J�9#B�gR=�ÆUt`k�GX#BqE�dAu�4R�p�ÆG'J�0n�W=Rsl�MATLAB R M J���/|�gJ�Æ?	O�d�}BSÆEI�NJ�B>#B�g[p�	hU-ÆFF$;RQ℄ÆMATLAB IG'J�FDAujRv$XXXQ�-�ÆMATLAB G'�:�g MATLAB �p>#�:�dFÆ�NJ�,ÆrU C++Æa<�TFz,�
MATLAB W=R=\�	<ZCÆ�*FD^t$=�I C++ B>Æ MATLAB G�,`[k�℄5�w�I�g#Sj�T��t�MATLAB ��L=jRIAOb0�R#�`:�ouB�R?'

8�%D�I�t?KD�q�=�D�Æ�TD�[q>TKz,Rd?FD��%D�0�t?KD�q�}
-Æ{FPT�R=� b�}BSÆ=�D�yw,g{�TD��dD7R�n�
9G'J��gR?'G'�4�?'�:�d�pRJ��4�?'�:�t<F CPU�dR�p0J��̀ k��LG'�gR?'G'�4�?'�=�RG'�:�G'��dAuqIR4�J�0�p�J�|��Q[g?'G'�4�?'Æ��g?'�t�dFDÆ|��0|�gJ�ÆE��n;J�Æ�pa�I�pi;��#B=�ÆIG'J�B>Æ�T=�R?R0n�jT��dAu0FDAu�



eF,�FD�RRk4: ��sl MATLAB? 11�=�L�}4_RD��ZCR?'!�FQmR0��VIQmRG�8*�Ut�Rk�Æ`:�g MATLAB �p�'�G'J�ÆrU
C++�p9#,[)aNÆE��}0�R�Æt3,�FD���Æ1:Q�Re<D�!;Æ�[�G�C(R7w�O�j)M/0MÆÆ:��= MATLAB ��L[8Rsl�XXX�R3F MATLAB G�Rp�I#<R�=:����Lg\�E�Æ�Q[!�F MATLAB $M[^Æ�{=mIR=� bÆ0n!:!k�Q=�RFD�R0WbÆ>UCPLEX10 I MATLAB B>ÆCPLEX =mI=���Q#=��CPLEX R=�R#C=<F�Ag=� bÆp�!B�N�T=�Wb-��{Ag=�0�.=� b�-�Æ{F,�=� b11ÆNT���ÆMATLAB ![^4|12�QfFR�ÆI`�{�L=mI=� b�ÆZ6B,tfIJ�R��Æf,RJ�0!Vq)LM/ b�,tfIJ�ÆrU AMPL13 =�IbRyw,Æ!:B�)	< AMPL |,PT=� b� ILOGU:R AMPL �xÆ:�8a?��<$�9� C ��LeF AMPL J�R<)�Ut{qFFD�Q�KR1<�}Ba:Æ}}�zR�ÆFD�LHT�Æk�<N��L�QDtWb-�6BWLWb^I MAT-
LAB �
Æ�L�R8:��`aTU-�RqFFDBeR�pz,�

10CPLEX� ILOGU:<oRy�hKÆ#f`http://www.ilog.com�
11,�=� bR=�Ib,^�,mI��,Æ̂ �,mI���,ÆZ 12y!:gL`,�=� bÆ>,�=��r ?? ??��
12NT���ÆMATLABR=�R#C,�-x�4|�0-1m�Rz,.E�Æ:z,[�<FQ�R=mIR,�=� b�
13AMPL (�/,tfIJ�)ÆW�?7�����Bell Laboratories0��T�Æ[pR+)haT��/$;R,tfIJ�ÆrU ILOG U:R
AMPLÆf`http://www.ampl.com�





2 �Qk�
��yg<RgY{Be�Qk����d�n. ;y7�TK��k90R�6�Rs��nT3;R�Q��Æk90R�6�Rs�0n��6Bt"uBeR℄S�#BD0�Q6�Rs�:�Z�a℄;yR℄SÆ0k�R�t[Be℄S�;y�{,�FDBeR�Qk��d�nÆ�[��R�Qk��Ut1	��℄�|�R�Qk�:�f3;yf5�>��R�y0#<�-�Æn��QIbÆrUs>V�?�m��bond portfolio

immunization�.��vIbRBS���mean-variance efficiency�<R��Value at Riskq�fsQr�a8RÆeF�TQr�at(}5�����!:g��7/IbR�<��Æ>O!�J0M{Ib�d;���Q,~=~�7b�1B�VR�I[Bgg�%<hkÆ��ÆZ℄L~�7b��Q_00�Qd�Æ���L�}0�R�JÆE�L7b�X�;#R~����1B�VR��}0�Æ)�Æ}RDib8Æ=�8NRR��uEeR�8N�?	!:[5�o1x~Æ����kR�	ÆUt!:B�H�Æ=!:[k�N�Æ!::�g�5V,dÆlÆ/QR5K�g=F�H��Ut�ÆÆ!:QN
1 + R 8NÆ!:� R �q��#�LouÆUt=!:~V�H�Æ�X!:R!Kg=F�H�Æ��R^�:��q0��Q�{R7�S^���ouH�R~�I~V �borrowing and
lendingR��>�N���J,Æ1B~�I~VRq��[pRÆ5

13



14 �Qk�*,Rv�bid-ask spread 1Æ;#R�QFD�r,Æ0ng��*,RvR b�Ut!:�LB{qxR�V℄�d1BrHÆm:Qr!:�O�L�VRq���LQrQ[�<Fq~R�VÆ)��{Rq��[BgR�Utq�O!�{0M�dg�R0℄r&Æ;DrHR�$�[BgRÆ�/0M:��brH%<�reinvestment risk�?	�LrH�VNg�LbgRG#�nominalq�Æ�JRq��)�No~�inflationR6F�{F_�RrH5FQ=R[BggÆ)�_�RJRTk�Q=�!:��RL)�ou[pR��fs[BggRIb (Z 2.1 w)�$�Æ[Bgg�Q�{q5ÆJgÆ0n6BW~Rfs[BggIb�%<IbR��Æ)�!:fIRTK:^[p�[BggI%<>)Be�L�rH�qB�gR%<Æ�^t�rUÆo}M�	~=RrH�1rHFB{�=RHyÆ�+RrH�:Æ�rH_�R%<���LJrH�Æ4XrH�ÆU	b3�Æ��Q4Xq)	<�QHyÆ�;IN:{FP/%<R�D���jÆ�Q�{R��LS^�%[�0>#�{fI�R%<Æ�{fI�:�ZCR���r4��speculatorsIE<��hedgers�r4��B�TeFRJ�XR�R3�ÆN:M�B4)8</q�r4�R�[BP/N9R℄yÆEUt6Br4�Æ�{[)��T�R�5�B{��ÆE<�	<P/�QHyÆE?0\mP/[BggÆ0P/!#j4E<�gTk��N�r4��=?R�Q�{,Æ!::rHR�QHy/g��7�R�QHy:���s>�_�I�z��!:gZ 2.2 w�n�T�QHy�p�Æ!:g�n�Q�{,k�{R℄L7� b�HygR�rHV�=��%<hk�!:�g3N�T3;R b��>BeR�<)�nÆÆ!:gZ 2.3w#�+�8ZCbg�$R#�s>Æp�~��8s>RJ{Fq�RDAgÆ�����durationIug�convexity�Z 2.4wÆ!:g�+�8rHV�hkk�Æq>R7�℄S�3F[BggRS<k��utility theory for decision making under
uncertaintyÆ.� - �vRBS��RrHV��mean-variance efficient
portfoliosÆ%<p���ÆrU<R� VaR�Value at Risk����d�zy�RgRÆ!:�:k��|�Twq�VF4u�IbR3 ���F45��Stochastic integralsIF4���stochastic
differential��gZ 2.5w�d�nÆp�-R�^-k�Ito’s lemma�DÆÆZ 2.6 wÆ!:gt3$\qgR�arbitrage-free pricingR3 k�Æp�!gt"NÆon��<R\W; - 69�6�Black–ScholesgRU�Æ�>ZCR8��<gR���-�Z 2.7 wÆ!:!���
1*R�ask price�l����:�k|�Z�h0,VhU!�Hy6�RRJÆ)-ÆxrH�RouÆ�LRJ�N,�HyRRJ�,R
(bid price) �rH�:�*NHyRRJÆB{1R�l��U!,�RRJ�



[BggfI 15A/�(�<�exotic optionsÆÆ�Ryw,!:g	<,�����A/�(�<�dgR�WÆÆZ 2.8 wÆ!:gZCY~��8q��<>Be b�;y℄SR�r��,Æ!:g	< MATLAB �r�pÆ�	Q�rR��IxBS�BTY�Æ!:g	<�QR#C�Financial toolbox,Rz,�6B�QR#CRs�$kB^Æ���LM0MÆ;#,R=�,�pq�3F MATLAB R�^�pR�WÆÆ=?=^�R�z�gRk�q�3F�martingale<dRÆ��/℄ RF4u��D�;#,Æ!:g[q>pu�martingale
measuresRBe���XXX�R=jRp`I#<0
i-RpuR℄SÆ?Fpuk�q>N,�FD��ÆM�;#g|�puBe℄S�i	RÆt:^�q��z�RgRg?mBeRk�3 R�nÆUt[�
ZÆ!:k���=�R�Vt3puBek����
2.1 [BggfI�d�,tfI���Æ!:Dmk|�[Bgg���4�!:%�R<�IqFÆ�WZCR[Bgg��!:Qr�LI�Æ>U_�0�1RRJÆ:�:fI	F4I�ÆF4I�R<�>uz,��Æ�L<�>uz,0n�0��,!,zzQNR�<��\z,�!:�B�0!:M��BReF[BggR��0_0��T3�X<��BT4_�ÆE��J�>�4_R���:Æ!:g�5�*4R�z[Bgg�exogenous uncertainty���!�FÆ!:Rzk0fI[)6FBeF4I�R�\�Ut�{,Æ!:�Q�rH�0HyR�kg�}~�HyRTN�}=Æ!:R*,d�[)6F�{�E�qQR�{,ÆHyR�kgv�HyRTNqmÆ!:R*,d�g{�{,HyRRJyz6FÆ�/[Bgg^��℄Rg�partially endogenous�rUÆ=bR	b3��dRl�0n);8R6F�{�B�Æ��E?�/6FÆl��:w�*[pR�V�℄�d���L&b��7g�[BggÆ�[��=g�[Bgg�!:g.x=g[BggRQrÆEB�PLrH�B�T�}LgR!`ÆM%7gg\R[Bgg��*Æ7I!:QN℄R_0Æ7gR3�:^):;I���℄bR7�6�BayesianqF��ÆrHV�hk,�}	<7�6qF���01<R#RouX3Æ!:1E?�T b�7g8*�Dm�E�R�ÆUt!:	<u;R,![F��L<��\ÆQ�Æ	<�L�\ÆX!:.x��Lp�)0�RQr�#��ÆF!:5�HyRJ[BggRBSfI���WZCR[BggRIb��s*�binomialIb�!:��Hy
t = 0 �<RRJ S0ÆQrHy�X t = 1 �<RRJ� S1�!:QrRJB~i��ÆSu1 I Sd1Æ*<��M� pu I pdÆ(`w 2.1)��L}<Rsl�	<��R��u=[Bgg�? Su1 = uS0 I Sd1 =

dS0Æu I d �\?L�Jj�I�J8��;D d < u;DÆ�/I��2
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Fig. 2.2 [BggR�u*IbkÆEO��}B<R3 Ib�!::�our&Q��XBUR��Æfs�LQ�BRIb�!::�	<�s*R{XÆ�Iw 2.2,RX
����L~uyR*{XÆP/!#jÆYnRCLw\?L�RJ=RBUÆCnRw\?L��X�y�VRJ:^RBU��/{XB�:���g���fan{XÆO:�:<Xg#�Vj^����/0M8ÆF4I� S1 R:9�� S
(k)
1 Æk = 1, . . . ,mÆQ*<�� p(k)�;D:�QN�

m∑

k=1

p(k) = 1; 0 ≤ p(k) ≤ 1 k = 1, . . . ,m.�s*Ib00��+Rg{Xq�j^�RIbÆN:?L�+0j^<��\RBeBUI�R[Bgg��/BUI�:��q�0�Æ0�L�6FHyRJRI�2��TIbq�WZCRj^�VIbÆ)��B~L�V\�!:<*V�Bm�Æ?!:=*VP/Hy��SN�XP��<�!:�:�7KbgR�V�bgR��{rHV��daÆ0n!:{�uyIbQBa:�
2}J!#ji,BUf,B�/g*Æ��!:���OOP��<R�Æ�^<�O�XR���B�!:)yjk��O�Lf,RL��u�R0M�^F�/0M��z�mR bmÆ!:gJ=Ra�8	<BUf,�
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Fig. 2.3 �uy0�*
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Fig. 2.4 w\0V�Lj^BU�j^�VR�uyIb:�A+�0�*R�ÆrUw 2.3�B�:���s*�bushy tree��L�s*�bushy treeÆw\R,�����)J�branching fac-
tor���)JX=Æ{[BggRA)X�B�D�Æ��)JI=g	Qw\o~RAu�}I�0�z	�fs�L�I*WQ,�w\*{XR�(�FF�Vz�Æ0�*Rw\:��I�RÆ=:^	<q�Rw\ÆE�X:^	<qmRw\Æ)�O:?L�I�R[Bgg��\F4m�Ib (Z 11y) ,�}0����\�Æ�uyIbMq>R�V℄~0n[�.\R�o}Æ�Lj^�VIb,Æ!:g�V~u� T R�V3Æ��SVK~u� δt Rj^{XÆ? T = M · δt�D�Æ�VRVK0℄~�:�I�RÆrUÆ���VVKqxÆDÆ�VVKÆ�R�Vy,o=�B�Æ�jTFD�Æ!:dF	<0V�s���0V�sw\{XUw 2.4 M��Ut!:	<�uy�s*IbÆ)� udS0 = duS0Æ!::N3�Lj|PF�L8bÆp��L8bPF�Lj|�w,Æw\ Sud2 �:�A)� Sdu2 �℄ 0M8Æu = 1/dÆ!::�QN S0 = Sud2 I Su1 = Suud3 �



18 �Qk��s*w\,�FF�VRz�	Ago~ÆI t = 0 �Æ!:B�Lw\ÆI t = 1 �ÆB~Lw\ÆI t = 2 �ÆB℄Lw\Æ�-gzÆ T �!:B T + 1 Lw\��s*Ib,Æw\,�	�,o~Æ T �<Æ�s*PRw\,�� 2T�k�<!R�Æ!:QrRJTkR�J�u�dP�BpRÆUtF4u���gR�*�VVK�
gRÆ�LQr<�!��kR�*s�LatticesR�:�B��[pR�ÆrU℄sw\�trinomial latticesÆ7Lw\B℄L�s�0FDRouÆ�s0V��}D�R (f3Z 7y)�D�Æ�/0VQ[P���RÆ>UÆI5n�LF4)JÆ?0�*R�s)J�=Æ7Lw\qB���sÆ�s0V��Z�=R�B��s*Ib:�<Fwq�\R[BggIbÆrUÆU�\�normal
distribution�{,ÆU�\�lognormal distribution�!:M�RJ+0wq�\RÆID��kE�RÆ)�HyR3RQ[xBT�Q,���jÆ8s�{RHy3R�xB��Q,Æo}�����0�����8N�rUÆ�L_�R3R� $20 1

8 0 $20 1
4Æ�[� $20.19�q�R3RI-g<�?	U-Æ	<wqRIb��>q��RÆ)�!::�fsB{ZCR[BgIbÆ�*Ib:�	<|+U�L:�p
ROkÆIj^IbR�V℄~5JF��Æ!::�	<wqIb?d�Lj^Ib�BggR0M8Æ�LKDRwq�VIb�����ÆU8

dB(t)

dt
= rB(t),�
ib� B(0) = B0Æ��R|� B(t) = B0e

rt�Z 2.3.1wÆ!:g�n�Lb8���the equation of a wealth��
H�� B0ÆrH�$��
rÆ<40F0��ÆB(t) = B0e

rt � t RHy����fs[BggRIbÆDm����,-VF4N�Æ�"0M8	<PgF4u�R��-VF4N��[Ij^�VIbÆ!:	<wq�VRF4u��f`9� B?L[Bg�W}<R����Yu��Wiener processW (t)Æ�Yu�Rwg<%�BÆrUw 2.5 M�RX
��Yu�3�XI�s*IbO;[IÆE:��ER�Æ�Yu��#Bwq�VR�'�s*IbRP/F4���g�Yu�I����B{���}(CRÆ!:QN�LF4�����stochastic differential
equationsÆF4����<���LBI:�R#k{KÆF4������QR�R3;R#�!:gZ 2.5 wD7Yi)F4�����
2.2 3 �QHy>Be b=B=�R�>:Tr4��dl���,=^�q�KD�>ÆU03RQl�M�dl�����T=9�℄ RrHJrFÆrUU:ÆN:pR�dl��OTCÆover the counter�OTC�>�kgB>KD�>�T���	h�>R/g�Æ!::�2�R���U8Ag
• s>�bonds
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Fig. 2.5 �Yu�
;��
• _��stocks
• �z��derivatives

2.2.1 s>s>���0UVhk^9���=H�RR#���s>�s)R#ÆQ[pF_�ÆOQ[!�F9BU:^�MB<�ZCR4Æs>RY*�~�Ns>R�d�Æs>�dIN��V�N�PÆs>�d�gs>���face value 0 par value�6Ns>�B��s>R����L,�ÆrU $100 0 $1000 �-�Æs>!)7Lbg�V�d60Æ��q0�coupons3�{FWZCRs>Æs>q0�s>��R�L��>ÆrU��� $100 NÆq� %Æq0� $6 NÆs>R60o}���.0�~.�rUÆs>R��� $100Æs>q�� 6%�Uts>�7'60�.Æs>R�BJ7�LZ:�/Q $3 q0Æ�N�xs>N�P.5���/s>Æs>�ÆmN��!����/s>���0s>�zero-coupon bondsÆ�0s>�℄bRx�s>�!:g3N�0s>�s>gRR3 �B�ougs>;�Iq0�g��R��Æz	~��0s>�3;gbRbgq0s>Æ|����4s>o}:��bg�$�>��JjÆs>q0:^9,FPTI�Æ�bg�$�<FA)�/s>��"X4Æbg�$�>RRJ9,F�{Rq�0��
3��s>�!*RÆ�BJg�/Qq0Æp�0s>�bj78�L60)�coupon�



20 �Qk�Dm4ER�Æs>[�gDm����RJ�dl��s>�d�Æ��q�q�8�I�R�{q��)-ÆUtB�L�fR���{ÆrH��[k�s>�dR�Y*s>�BN�Æ:�ou���{�ds>R*,�s>�dPÆ�ds>l�Æ!:DmBg�L�IRRJÆ!:gZ 2.3.2w,~�s>RgR���s>RJ��s>��R��>�d3RÆM�s>RJIs>R��e5[=�Qrs>��� 100ÆUts>�EF 100 RRJ	lÆ���%R	l�trades above par�Uts>�TF 100 RRJ	lÆ����R	l�trades below parÆUts>� 100 RRJ	lÆ����R	l�trades at par�JjÆs>gR,5n�4_R)��Uts>Rq��[bgRÆ��O!PTF4f,�U CPII�Æ�gs>RgRgQ�4_�?	s>Rq��bgRÆs>RRJ�:^)�[pRÆW<��[p�Uts>R�dJ$�ÆBNRs>Æ�*l��s>60Æ�^�!^�s)Æ?�z�ÆW�ÆW5[pR/gÆÆW{FrH�Xi�%<)�Æ�L%<)���_<%<�credit risk��0�dRs>:�:�[$%<s>ÆE���dRs>[^��$%<s>���4XR[<Æ��+��Rb)BMÆ��[N:Rs>%<0M��_<%<6FRs>ÆDm�qTRRJ��Æ0�ÆmQER��q��!1IEBR�ÆI��ÆW�Æs>:ng�Be��iK,R=BG,�;#,Æ!:[5�s>RÆW bI_<%<�-�ÆPTs>�xB!V��<RÆ�+x<Rs>B{4_���rU:$%s>�callable bondÆs>N���dJB<a�$%�redeems>�)�s>�dJÆBqRib8ÆB<a�$%s>ÆM��/<qg�8s>RJ0s>q�j��/0M8Æs>rH���brH%<�reinvestment riskÆrH��:^Æg:�qT�{q��B{s>R��q���dbrH�
2.2.2 _�[pFs>Æ_��BJg9B_��dU:R^�MB<��q>NJR�� b�Ut`��OU:R_�MB�Æ�:U:q>��� Æ?:U:BkLÆB�y�i	RPT0=RH�Æ-,`ÆB�4kL\�f^R�Æ_��B�kL�limited liabilityRHy��J,Æ�!�F_��BJW=RH��_�RJbN�NÆ?�_��BJRrH����_�Is>R��L6M�Æ_�6BM:rgN�P�?	�d_�RU::^)
y�_��BJ!)/Q�q0���R=���Is>R60[pR�Æ���F4R����YFU:R�u0MÆU:R���m�dividend policy����m,g�U:qY�m<F�w��m<FbrH����m�U:QH,m��d_�0s>�dQH) q>U:kb0U:b)�Ut`� S0 RJ*V�L_�!�ÆDÆ`� S1 RJ,�_�!�Æ`:^/q0NHÆUt*,�V/Q��q DÆX�Ll�PR%3
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S1 +D

S0
,�$��

S1 +D − S0

S0
.}J!#jiÆ�FD1BR�VR�Æ!:�5�N_00��R�VÆ!::��L b��FÆQr`,�_���6_0�?F_��B�kLHyÆrH�WvRrH%3�� −1��!�FÆ7I!:	<ÆU�\Ib��$�R[BggfI�Æ!:q��L8*�D�Æ�<0M8	<ÆU�\I_�$��:�t�RÆUtF4z	RPL%3R<��[:t�R�>UQF −1Æ!::���[F�0I_�$�p�,`�4�;#,Æ!:[~�_�gRR b���!�FÆ_�RRJ:�<P/F4u�L� (f`Z 2.5 w)Æ0Qr_�RJ+0P/<��\ÆE�!:Qr�TF4u�0<��\q�NgR�3FU:R3;�Æ�_�gRR��<��ÆBRÆE��/���fs[Bg,!R3 jRÆ?�T,!zkRRJ:^��}[6�R�D�ÆI!:�w[F_�RJ�E[0T[�Æ�T3;����B<RÆBe℄S)rHV�hk,q>N�3;�[���Q[k�4_RFD��Æ7�	<ggR��ÆM�;w,!:[q>3F3;�R_�gR���0kgRouÆUtrH�Y*�L_�ÆX4N�PM��L_�RRJgj|��J,Æ:^5P/�'ÆUtrH�M��L_�RRJg8jÆrH�:�ou,A_��short-selling/q�

Example 2.1 (,A) Qr=P�_�RRJ� $20Æ̀ M�x�℄��_�RRJg8j��
R0M8Æ̀ :�0P#��>U:0�N4X�B��_�~V_�ÆDÆ�{j,��T_���g�VÆÆ̀Dmn!_�ÆZ`�sz�ÆBRÆ_�RRJ8bN $18Æ̀ � $18*V_��``Rh���/0M8Æ̀ R%3�$�� (−18+20)/20 = 10%�Ut��VÆ_���/QR_0n_�~��MB�,AQ[S��=Æ)��mB�Tmm'WO�E?uur4�-�Æ{FPT4X�:�'ZARÆU	b3�[^	<ZA��Æ)�,ARr4g*�,A��}<RÆZ`sz8*Æ_�RJj|Æ̀ :�WvR�:�4n!_�Æ�:���=A��short-squeezing
2.2.3 �z��Q�zR#�0�Q�z� ��g�Q�WRP�ÆN:R�$�YFPTKRI�R�ÆKRI�:��_�RJ��\J_�RRJ�
4��L.xRQr�, I!:	<ÆU�\I_�$��0fs�$�[BgIb)�Æ�$��\q�{�RÆE�J,[��
�



22 �Qk��{q���,0�PT��QHy�QrKRHyRRJÆrU�L�[��R_�RJ:�	<F4u� S(t) L�ÆS(t) Rz,�YF�V t�W}`R�zR#�T�/�1�W>�<��LT��WgW+Tk.�0*,.�Æ�XPL�V TÆ�bgT�RJ F �T��WWgRJÆ	l�g�RP/Hy0h���WR*V�����s��long
positionÆ�,�R�����As��short position��h�LT��WÆ̀ 3;jLg��WKRHyRRJ��hT��W:^B~L�=[pRO)�`�n1	N�0�jT%<�rUÆLg�XDm,�0*VHy0y�RRJÆ̀ :�N�0jT�Xy�R[Bgg6FÆ�
ZQ[!�FW.R{tW=�Ut`�BPLT��WR�sÆ�W,KRHyRRJ� FÆZHy0y�lI�ÆRJ:^8jN S(T ) < FÆ�/0M8`RH�� F − S(T )�UtÆlIPRJ� S(T ) > FÆ�/0M8`R5q� S(T )− F�k�EBR�ÆUt`�Rk�,�0*VP/HyÆouT��WLgRJÆB{Æ�HyRJRTkÆ��}E(Rsl��/m���{��hedging�{�m�0nQ[S��=Æ)�`:^�[N��R�`k�*V0,�Rh��KRHyRT��WÆ�/0M8Æ̀ :�slB�0BeHyRT��W�={����ÆlI��:^I`�	R[p�WÆÆO![pR%<Æ�^tÆ:�sl�d^�{��[�=�r4�Æ̀ M�KRHy{X S(T ) ��L�}[8R�:�/qRRJÆ0n`)�&�LT��W[�t<��sT��WR%3Uw 2.6aÆ�s%3� S(T )−F�B{��ÆAsR%3� F −S(T )�T��WR%3?F4RJ S(T ) ,gÆT��W�WZCR�/�Q�zR#�)�T��WR%3�F4RÆM�!:k��/��[FT��WRR��!:gZ 2.6w�nT��WgRBeR℄S��mDm4ER�ÆT��W6BL���6K�rUÆ/��ÆT��WRKRRJ�
FÆ�3FT��W.� t = 0 �<Æ�WR�q��R3 jBgR�o}Æu�y�VÆÆT��WRRJ�[b�����Q�zR#:^��W.�?F℄ TR0O)98�&R����/0M�Æ�Q�zR#l�M�dl�Æ�
R�Æk�P/KDImm/��SR�kg��IT��W[pÆ)�T��W,NHR��:^)&WÆ?F�LO)�1�W:rF�X��1�WIT��WBTg<�7�R[p�Æ�1�WRl�5,Vu���1�WQ[��WN�P/9�$Æ�1l�Rl�.�7eq5=�>�Æ�/>�9,FKRHyRJRI���/4'�{l��R/�ÆE��	Q�1R�WgR>T��WRgRQQZ��!::�t[f5�>�/9Q�R_0�Utq��BgRÆ�:�ER�ÆT��WI�1�WRRJ�BpR�0rH�RouÆKDR�1�WQBqFl�ÆE	Q{�QQZÆKD�1�W	Q{��Z��N����I��KRHyR�W��/0M8Æ{�l��^{�`^�%<�D�Æ�1�W��kg�}~RrH�/ÆQB!#R�Æ�B�1�W:��=g<F,AP/HyRStÆI�/Hy,A[^�=��
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S(T)

(a)

S(T)

(b)

F K

S(T)

(c)

K

Fig. 2.6 �1�W�s�$ (a)Æ*V�< (b)Æ,��< (c)�T��WI�1�WVpR℄\�l�.�N�PDm�dHy0h�RlI���`N�P�g�W,N��NJ�{F�<��Æ̀ /Q��L<tÆ�[�#)Æ�PL#RRJ*V0,�P/Hy�~/WZCR�<�W�n�R*V�<I,��<�I`YV�L*V�<�Æ̀ /Q��RJ KÆ�V T *VKRHyR<qÆ�,RJ K :���<R�dRJ�exercise price orem strike priceÆ�V T :���<RN�P�expiration date or maturity�UtN�P�<RKRHyRJ S(T ) =F�<R�dRJ KÆ`g�d�<*V_�ÆDÆ�{,s?,�_�%3� S(T )−K�Ut�B�<Æ�6B�d�<Æ�<RR�� 0 �)-Æ�<R�$�
max{S(T )−K, 0}Uw 2.6bM��Ut�V tÆKRHyRJ=F�<�dRJÆS(t) >

KÆ!:�*V�<�R℄�in-the-money�<���!�FÆZ^s?d<!:H:/Q�$�UtKRHyRJQF�<�dRJÆS(t) < KÆ!:�*V�<�R��out-the-money�<�UtKRHyRJSF�<�dRJÆS(t) = KÆ!:�*V�<��R�at-the-money�<5�
5�LZCROk�Æ�<�R�d<�[�IR�I5�NY*_�Rl�	;�Æ�Rd<0n�B!#R



24 �Qk��B�L,��<Æ̀ 9B�,�B1_�R<q��/0M8ÆUt�<R�dRJEFKRHyR�{RJÆ̀ d<R�$�
max{K − S(T ), 0}ÆoRn��<R�$0MUw 2.6.c M���Bn��<Æ̀ �^N�Pd<�exerciseÆUt�B�L8��<�American optionÆ̀ :�N�P�RL��<d<�KRHy��LHyRn�08�R*V�,��<Æ��Æo�<�vanilla optionsÆ)�N:�WZCR�<��S=�<�Bermudan option�F8��<In��<�V��S=�<:�mgR�V�V℄�dd<�|��<�Asian optionsR�$�YFKR_��0��NKRHyR�.RJÆ)-Æ|��<R�$?�V_�RJ,g���jÆQ4_R�(�<�exotic options:rF�XÆ�*�dl��!:gZ 2.7 w,~�WZCR�(�<�guÆon�*VI,��<�$7Aw�!:3NÆIT��W[pR�Æ�<R�$6B7���Q[!�F`[:^N�Æ)�*V�<���6�g<q��{FT��W��Æ�h�WI�.�q6�6L��<Æ��<�BRJRÆ�<RRJ�YIPTf,Æ�,-R�dRJ�)-Æw 2.6b I 2.6c L=R�<�$0MQ[DBÆ�$7A1:J8��Æ��$j��<RRJ���jÆFD�<RRJ��<~�R�^℄SÆ�����4,�FD��U-0����4��d�<l�? g<FT��WI�1�WÆB~L3;RO)����ÆN:k�C'%<�Ut`RrHV�,�BPL_�Æ̀B^��_��:^B�=R8bÆ�jT%<Æ`:�YVB1R*V/�g,��<�protective put�Ut`�B�L_�I�L_�R,��<Æ�<R�dRJ� KÆ�<N��Æ̀ RV����

S(T ) + max{K − S(T ), 0} = max{K,S(T )}0U�,Æ!::��=V�R8b%<�B�R��L�/<�k��6�gR	;Æ)��<[�?�RÆE�ou�L��Æ:�E?Q=RH��p
Æ̀ :�ou*Vq��z�R��ÆjTbg�$V�Rq�%<�����Æ�<:�<X�dr4l�ÆrU8�R�r�
Example 2.2 Qr��_�RRJ� $50Æ̀ B_��_���gj|Æ`:�Y*��_�/9"�R%3�Ut`Rsz�ÆBRÆ_�j|N� $55ÆrH�$��

55− 50

50
= 10%.Ut=:�*N���_��KRHyÆ*d<RJ� $50 R*V�<Æ�<�� $5(�LRJ�'�kk[�P, !:dgQr�<RRJ� $5)�I_�RRJj|N $55 �Æ̀ g�<d<ÆrH�$��

55− 50

5
= 100%.



3 �QHy>Be b 25�/=K��D?�leverage or gearing��U`MERX
Æ7BR����ÆUt`sz8*Æ_�RJ8bN� $49Æ*V_�RH�� $1Æ? -2%RrH%3���*V�<RÆrH%3�� -100%�UtN�P�`,��<ÆgÆ����/%<�,g�<R�R)�R[qTkÆ:^){`RrHV�RR�yz[q6F�_��<RgR�;#R7�~�{K��ÆQr3FKRHyRJ�F4kUR3 jÆ!:g	<4_RIbFD�<R��RRJ�q��z�<�Q�4_Æ!:gZ 2.8 w{q��z��dZ�R�n�!::�3NÆUtQrq��F4I�Æs>�:�:�[q��z�Æ)�s>RRJ7��YI�{q�R0M�
2.2.4 HygR�rHV�=��%<hk0nÆ!:k�HygRIbÆrUs>gRIb�_�gRIb�k�jiÆHyRRJ�?HyRTk,gRÆ�Tk�	R{t�.	RJ�Equilibrium pricingIb�wFD�rH�~~.	{t�.	RJ�t8XR�r,Æ!:g	<�gR��u=ZCR.	RJIb�
Example 2.3 (C*l��{,R.	gR) Qr�LC*Rl��{�pure exchange economyÆ:�{,Æ!:B��Rh�I��Rl�hÆd[5�h�Rzy�7Ll�hqk���P/h�ÆQk�*VP/h��rUÆB~Ll�hÆa I bÆ~/1(�~Ll�hR�
BU��

ea =

[
1
0

]
, eb =

[
0
1

]~Ll��:^g�N:M���RRJl�^�h��~/h�RRJ�M� p1 I p2 Æ��[~Ll�hR~~�preferencesÆ!:-V~LS<z,�utility function�rUÆ!:Qr:S<z,��8\ - OJU6�Cobb–DouglasS<z,�
ua(x1a, x2a) = xα1ax

1−α
2a , ub(x1b, x2b) = xβ1bx

1−β
2b ,�, xij L�h�Rl��Æi = 1, 2 ?Lh�Æj = a, b ?Ll�hÆα, β ∈ (0, 1) �~Ll�hR~~f,�Qr�LS<z,:�?L~Ll�h{F~/h�R~~�uÆ�*~Ll�hU!�dl��j)R��V5�LW=Rl��Æ	Q�{.	�~Ll�h[b�dl��{FNgRRJÆl�h a gW+��℄FDW=Rl�,�Æ�	Q�S<W=��?Ng4|8�R=�Ib�

max xα1ax
1−α
2a

s.t. p1x1a + p2x2a =Wa,



26 �Qk��,ÆWa = p1 ��
b8�Æ?NR9Bh� 1RRJ� p1�}J!#jiÆW+1:�[S�ÆE!:fsl�hRS<Ib�Æ�Qr6B�Nl�h��!�FÆ�~Ll�h^Z�dl�ÆN:�)QIdÆ?S<z,�oP�p�Æ!:1:fP�Ll���7W+Æ(xij ≥ 0)�Ngl�hRS<z,Æ!:0n:�Qg:��B�L℄^|Æ*�W+ibR�7|�W=|�6�
x∗1a =

αp1
p1

= α, x∗2a =
(1− α)p1

p2p
ROkÆ:�4|l�h b RS<��
max xβ1bx

1−β
2b

s.t. p1x1b + p2x2b =Wb,�, Wb = p2Æ:�QN
x∗1b =

βp2
p1

, x∗2b =
(1− β)p2

p2
= 1− β)�ÆRJ1:?�{BU,gÆh�PRk4SF=Bh�RP��)-Æ!::�QN

x∗1a + x∗1b = α+
βp2
p1

= 1 ⇒ p2
p1

=
1− α
βp
Rib8Æ�	QZ�/h�Rl�:N�{.	�QrÆh�RRJj|�gR>rÆ{1R�l�hR�
Hyj{p
R>rÆ�[);I bR;*��Z�#kÆ!::�gh�RRJg� p1 = 1Æ�Irgh�R,�� 1 �
�k�jÆUt!:�O7Ll�hR~~Æ!::�FD�.	RJ��E;Æ�/fI��IFD��[�<F�J�{�-�Æ�Q�{,Æ!:!�5��VI[Bgg b���!�FÆ!:k��OrH�=k4I�Xk4ReaÆ�>rH�%<Æ�^tRI��Ut!:QNR�{_0�[{��asymmetries0[.	�heterogeneousRÆFD��{.	RJA��[:^R���!:r&M/QribÆE�
fsRIbI�J�{BvTT�D�Æou�kRQribÆ�f

6�L℄ R�r,Æ!::�ouS�W+g�NI�IbI��NI�Æb	<�uM,ib4|����uM,���RI��Æ<UJ_P�J��method of Lagrangian multipliersQN��VR�L|�D`Z 6yÆ311 ��



3 �QHy>Be b 27s�n�R.	RJIb�rUÆ{_�RJÆBH;HygRIb�Capital
Asset Pricing Model Z� CAPMÆ�>3F.	RJRkUq�Ib��QR�,Æ!:}k�/��xRUu���E?[�%0MR�zÆI!:QN�VHyRRJ��{,:`ÆrUl�RJÆÆ!:bFD���THyRRJÆrU8�R�r�
Example 2.4 (�s*Ib,R\q)5��L[BggR�s*IbÆ�Iw 2.1,RX
Æ�LkgrH��economy�{~/Hy��LHy�$%<HyÆT�RRJ� $1Æ�XR~/RJq� $1.1Æ:�3[,d5Kq�� 10%����LHy�%<HyÆTKRRJ�� $1ÆQrO�XRRJ:^� $2 0 $3Æ~/0MR<�Bp��E;Æ�LRJ�[�kR�Ut�LrH�Æ0,d�K $1;Y*%<HyÆN�P�g)/q�)�WvR0M8R�$� $(2− 1.1) =

0.9ÆUt%<HyRRJ� $3ÆN�P/qgQE�Qr:/QR�K�$�RÆN�P:��9$�RqYÆ�*6BL�%<R0M8����L\q4)R�rÆZCRiÆ�=��L\q4)�Up9B��R/�4��/?�R'eIDtk�[*��"0MÆUt!:Qr�L�s*IbR~/0�Æj|I8b)u� uI dÆ$%<q�� rfÆ!:1:Xv8�R[S��d < 1+rf < u.;DÆ���r,RQr[�kÆ�$�~�BSTNRib8��[:^R��*Æ%<HyR�XRJQ[�kÆN:[�.	RRJÆ)�rH�R\qd�g{RJyz6F��J,ÆB�R\q4)B��5RÆ�*Bl�P)�=�T4)�9qYÆE�/4)Q���MBrH��7)-Æ�"RHygRIbq�fs$\q3 j�RÆp�\q0M0��$\q�arbitrage-free0�B{gR�relative-pricing�!:RgRIb1	QFD�RH�RJI�{j�NHyRl�RJ/��%�!:0n$�|��{.	I$\qRe5ÆEEBR�Æ\q4)I�{.	�[BSR�\qgRR=��$k�YFT�ReFrH�d�RQr�rH�R%<Uu:�ou�{RJRI�/9Æ�/Ib:��RDIb�calibration modelÆ�/Ib��z�gRR3 �;#W=R})<X�nHyR$\qgR�Z�=7�℄S�rHV�=��portfolio optimization�0k�RouÆHygRIrHV�=�Q[Bl�E�ÆrHV��dHyw&�Æk�HyR[�S?LHyRJR_0ÆX,g�'w&�/Hy�>w&�m�/Hy��QDt,Æ.	HygRIb�3F=�IbRÆrUkgl���r
2.3

7l�	;0ng	Q\q4)$q:wÆ?Fl�	;R5Æ�{,:^�=7�R8*gR�slight mispricing�=bR4XrH0n:�q<l�	;R=�q<�T\q4)/QqY�



28 �Qk�D�Æ7eRrHV�hkqk��{�^R�exogenous[Bgg��!�FÆ!:�:k�{[Bgg�dfIÆDÆb�rHV�=�sl�L��RIbÆ	Q�~/Ib:��BWS�HF�d,�FD���jÆt8X!B���0�ZÆ)�rHV�=���rHV�hkR�^��rUÆ%<RDAg�+Æ?%<{FPL[BggI�RDA�uÆ�*k��dztp��stress-tested�rHV�=���,mu�R�^�ÆrH,mu�q>U:[p^9R[po_�03;�jiÆrHV�=���/℄ �RF4=��slPLrHV��Æ!:;*j�slPLHyV��X%3R<��\�!:U��d[prHV��X�$<��\R>q��L0n:dR���rHV�%3�	W=��8�R�r,Æ!:g4E�	W=�R��Q[�<FrHV�sH�
Example 2.5 (gMBR8H��LZJm) 5��LrH�g�Hyw& n /Hyj�Hy i = 1, . . . , nÆR�$�F4I� Ri Æ�$R�	�� µi = E[Ri]�Hyw&,m:�-V,mI� xiÆxi L�Hy i w&RHy>r�Ut!:[5�,AÆ�T,mI�q��7� 0 ≤ xi ≤ 1�rHV�R�	��

E

[
n∑

i=1

Rixi

]
=

n∑

i=1

E[Ri]xi =

n∑

i=1

µixi)-Æ!:4|U8=�Ib
max

n∑

i=1

µixi

s.t.

n∑

i=1

xi = 1

xi ≥ 0,=�IbR4|�}J�!:1:Z�#kÆ:0,hs�$�	W=RHyÆi∗ = argmaxi=1,...,n µiÆr& xi∗ = 1�;DÆrHV��}<�gMBR8H��LZJm���JjÆrHV����^%<Æ!�Fk���$�	�R�Nf,��J,ÆrHV�,o}xB�TW+ibÆ�E?V�Hy4�FPLd�06K%<Æ�g	Q��RIbR|�gHy=^w&N�$�	W=RHyj xi∗ = 1[b���D�ÆUt!:!��5�HyR�	�$Æw��*�W+R:d|QFD�	�$?:�-�ÆUt:��d,AÆ,mI�g[bB�'ÆrHV�R�	�$�:^g�$�=�rUÆrH�,A�$�	WTRHyÆQNH�Y*�$�	W=RHyÆ�;D�*��J0MR�
Example 2.6 ~�Q0_� (St Petersburg paradox )



3 �QHy>Be b 295�8�R b�Ut`B�zd��lotteryÆ,hI'?r#*Y.\*6BG"g�memoryless7B,g��BI7B#Y�Æa�O{t�Qr k �7B��sI�R.,�=Æ̀ U!��zd��6�m���q>gRR bÆd���/�z�Æ�R�?�TF4I�,g�F!:Qrd�R�$�	[�d��/℄ HyR�kRJ�4Q
$2k R<�Æ?wq k ..��sI�Æk + 1 .������7BR���R<�ÆQ* k + 1 .Æl�r#7B�Qr�b�rsRÆ�zj)
k + 1 0�R<�� 1/2k+1ÆDÆÆ!:FD%3R�<�

∞∑

k=0

2k
1

2k+1
=

∞∑

k=0

1

2
= +∞3<�LA6�}��Æ!:�}U!�d�LA6ÆEA6R%3R�	Q[?LLA6��~L�rqLEÆ�	�Dmk�PT_0�dZ�ÆrUTk�0,�Æ�HZ��kR,g�#&�4Æ!:k��/���3F[BggR,m�dfIÆ��%<��Ib�risk aversion model��
ZR�����-VM�S<R<d Æ!:gZ 2.4.1 w,D7�nM�S<R<d�M�S<��}B<R<dÆ$��k�,!��_,���jÆO3;Qr,m���}kgR�/ER��%RÆ0n����1~R�E�Æ?	!:B_rH��,m�
.�kgRÆf&�L�<FL�rHRS<z,q���QZR��L:dR���g#�L�IR%<puÆ%<pu:�rHV�=�Ib,	<��LBSR����Æ�'rHV��$�	ÆDÆ	QrHV�%<WQ��{F[pR�$�	Æ!::�FD��5�BSRrHV�ÆrH�:�O!�$I%<℄�Æ0,slW��NRrHV��Ut!:	<�$�R�vu�%<Æ!:�:�QN8GR.� -�vBS���mean-variance efficiency�Z 2.4.2 w�W�ÆEB��[pR%<u���:	<ÆrU<R��Value at Risk�Z 2.4.5w���-V��Q,��7�℄SÆ%<hkÆ%<hk,g1<=�R,����!:1:b.$aÆrHV�=�Ib���rHV�hkR�^�ÆrHV�hk!-R%<�[I%<hk�!:p4uHygRIrHV�=�#B�gBegÆp
ROkHygRI%<hk�#B�gRBeg��}0�R�Æ!:k�E�HygRI%<hk�VRe5����Æ!:k�E�HygR{F)JF4I�RDA�uÆou0��+R��!:3N)JI�IrHV�R�Re5�-�Æ!:0n1	rHV�{F�TI�RDA�uWQ��rUÆ!:�wk|�{q�I�U�6Fs>RJÆU�fs	<?�m�fss>V�Æ�Tg�8�wR℄S�����Æ<�%<hkI�<gR�Z 2.6 w6BE;Re5�0�<,��option writerÆ(r�<Q,�RJRou5�Æ�<{*V�5%<ÆE��<{F,��R%<Q=��J,Æ�<�B�B�



30 �Qk�d�<R<qÆ��<,�Dm.S{�Rd<�4��r4EÆ�L*V�<R�dRJ� K = 20ÆIKRHyRJj|N ST = 80����<,��NH"=ÆN�PDm� 80 NRJ*V_�ÆQ� 20 NRJ,�_��)-Æ�<,�k��LBSR��E?�/%<�=�Æ},Æ!:g3N�<RRJ3;j��<,�{�%<R	;�
2.3 bg�$�>: R��+IV�?�m�;wR7�℄S�bg�$�>Æ7��bgq0s>I�0s>�B�R}),Æ!:g�nAL�<R���
2.3.1 3 q0k�: 4q�=��k|s>RgROkÆ!:�:�t3R℄S��{q�I4qFD�Qr`BH� W0Æg�5!�L,d}�,���ÆÆ̀ gQNRH�� W1 > W0�)-Æ̀ RrH�5K��rHR�/���$�RFD����

r =
W1 −W0

W0#�&�ÆrH�.ÆÆ̀ g/QRH��;���
rH�Iq0R�
W1 =W0 + rW0 = (1 + r)W0,� r �rH�V05K�VRq� �=QrÆ`g�T��;�

+q0Kq5!Æ�BpRq� r �V5!~�VÆ�.`g/Q�m�$? Ut	<CqFD�simple interesÆ̀ gQN~8Rq0�
W2 = (1 + 2r)W0UtrH05!�� n ÆCqFDRq0�
Wn = (1 + nr)W0�"0M8ÆrH05!���,���Æq0RFD����
Wt = (1 + tr)W0,�,Æt ��,��J,Æ̀ Rq0��Bq0R�Z�Æ`Rq01:PVNZ��R;�,ÆZ�Rq0Z��)/9q0ÆFD��U8�

W2 = (1 + r)W1 = (1 + r)2W0



bg�$�>: R��+IV�?�m� 31�/FD��Æ!:��4q�compound�interest Æ{F5 n R;0FD����
Wn = (1 + r)nW0;DÆ4q,Æb8o~RAuQIÆ��A��,���geometric

progressiono~R�4q:��zL����rUÆ!:Qr7�LZ/Q�.q0�o}08Æq�3R��0R��dÆE��-F0:��,�d�.�
W1 = (1 + r/2)2 W0!::�O!./QRq0P�ÆFD�BSq��effective yearly

rate�
(1 + r/2)2 W0 = (1 + re)W0 ⇒ re = r + r2/4 > rUt7F0 m ÆQ�4q�FDÆ!:gQN

W1 = (1 + r/m)m W0{FNgRG#q�Æ4qFDR��XEÆHyo�RAuXIÆBSq�XE�9�0MÆwqR4qFDg��40�\�Qr4q�� m 5JF$2=Æ!:g)QN%�R{t�
W1 = lim

m→∞
(1 + r/m)mW0 = erW0wq4q3j;B\%zÆE��/0M8Æ�� bRFDgIQQZ�ÆrUÆL!�Vy t jRq��QrÆ!:g�Vy t ��VK~u� 1/m RQyÆ5�L, kÆt ≈ k/m �!:	<j^R4qFDÆDÆ�d9�#kÆ!:QN�

[
1 +

r

m

]k
=
[
1 +

r

m

]mt
=
{[

1 +
r

m

]m}t
→ ertb.Æ!:QN�BSq� reÆ	<wq4qFDÆG#q��

rÆQN re = er − 1�=q�k�,��L3 <d��X=���a stream of cash flows
in timeR=��present value�!:g)3NÆ$\q!�Fs>RJDm��L=��R=��5��L=��ÆrUj^�V\ t = 0, 1, . . . , n 2�gR6K Ct�Ng�Lj^R4qFDq� rÆFD=��R=�U8�

PV =

n∑

t=0

Ct
(1 + r)tk�<!R�Æ=��6BD��Æ,�rUÆrH�+,Æ?F�
=���HT��Æo}!:)B C0 < 0�!:g=���dk=Æ)��X



32 �Qk�R $1=:^[��4���k=)J�discount factor[�7�L=����=�R�,Æ��XT�XQ�G#q���0R��d3RÆ�q0R�6:^)QP�Æk=U�:�>�4qU�R��d;��Qr7�bg�VVKyz m L=��Æ!::�QN
PV =

n∑

k=0

Ck
(1 + r/m)k

, (2.1)�,ÆK��Vp,Æn ��VyP,Æ?��V℄R�Vy,��Ut	<wq4qÆ=���
PV =

n∑

t=0

Cte
−rtUt=���[mm�VRÆmwq4q=��FD��g�}Hx�!:Qr=���V ti, i = 1, . . . , nÆ ti �N=�� Ci�m�

PV =
n∑

i=0

Cie
−rtij^4qFD,Æ�/�HR���	<�,R��rUÆUt!:Qr7LZRe,BpR�a8Æ�X 9 Z!:/QR=�� C R=�

P RL����
P =

C

(1 + r)9/12Dm4ER�Æ!:Qr�{3R#BBpRq� rÆQ:g�1<FL��Vyj��Æ!:g3NÆ�{�+Q6B�J6F�-�Æk�$aR�Æ�T�Vy!:6B5�o~�inflation6F�I5�No~R�Æ!:1:6�G#q��nominal rateI�Jq��real rateÆE�;#,!:g[q>o~ b�0nÆ)�o~ bRO)Æj)R4q0k=FDq1�daÆ=�RWb�p,�5�Nq>o~ bR4qFDIk=FDÆrU MATLAB�MATLAB R�QR#C,-R�To<Rz,�
Example 2.7 �QR#C,-x��/[pR=���+z,Æ-Rz,pvvarÆS^�O!NgRq�ÆFD=��R=��rUÆ!:5��L&ÆN�Rs>R=��Æs>��� 100Æ��q�� 8%Æ�Ls>R=��:�	<8�RJ�L��
>> cf=[0 8 8 8 8 108]

cf =

0 8 8 8 8 108Z�L 0 ?L�
R=��Æ? t = 0 �<R=��Æ�Æg/QZ�?q0�0n`M����/QZ�?q0�Ut!:	<s>R��
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function pv = mypvvar(cf,r)

% get number of periods

% /Q�Vy,�
n = length(cf);

% get vector of discount factors

% k=)JJ�
df = 1./(1+r).^(0:n-1);

% compute result

% =�FD
pv = dot(cf,df);

Fig. 2.7 FDj^4qImm��V=��=�Rz,q��d=��Rk=g)�z�4�=��R=��s>R��Æ�Q[�d�
>> pvvar(cf,0.08)

ans =

100.0000UtaEk=q�Æ=��R=�g8j�
>> pvvar(cf,0.09)

ans =

96.1103B�R�ÆUtjTk=q�Æ=��R=�goP�
>> pvvar(cf,0.07)

ans =

104.1002B�Æ!:g3Nq�j{Æs>RJ8jÆq�8jÆs>RJj{�s>V�hkReaL)��H�~�s>Rq�%<�Ut6B�QR#CÆ!:UtFD=��R=�\�!::�	<z,mypvvarÆUw 2.7�k�<!R�ÆFDk=)JJ��Æ!:Dm	<J�0 0Nn-1Æn�=���Vy,��p
k�<!R�Æ�dot�*� (./) I (.^) �p,RS^Æ�dot�z,S^�FDJ�R�\��(��B�)�
x′y =

m∑

k=1

xiyi,~LJ�DmBBpRN�L, m�	<dotR=��Æ�
FDR�Æ!:[DB^J���J�!�dJ��
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>> cf = [0 8 8 8 8 108];

>> mypvvar(cf,0.08)

ans =

100.0000

>> mypvvar(cf,0.09)

ans =

96.1103

>> mypvvar(cf,0.07)

ans =

104.1002���L}<Rk�ÆI=���+BeRÆ�℄^�$��internal
rate of return�Ng�L=�� Ct (t = 0, 1, 2, . . . , n)Æ℄^�$�:g#� ρÆO�	Q=��=�� 0 Rk=q��#&�4Æ℄^�$��8��Ag��R|

n∑

t=0

Ct
(1 + ρ)t

= 0 (2.2);DÆ�QN�Ag��R|Æ!:DmQr$m�L=���7�o}Æ�
=�� C0 �7�Æ)��
=��}�rH��ÆrUY*s>�MATLAB �!:aT�HxRFD℄^�$�Rz,�
Example 2.8 !:gZ 3.4 w�n4|�Ag��R���D�Æ℄^�$�RFD��:�ZCR>��℄ R�Ag��Æ�H����polynomial equationÆ ougI�>�� h = 1/(1 + ρ)Æ	Q���F4|Æ!:g�� (2.2) ;X��

n∑

t=0

Cth
t = 0,�L��:�	< MATLAB z,roots�d4|�!:Dmg=���J�R�L�ÆDÆ	<U8�p�dFD�

>> cf=[-100 8 8 8 8 108]

cf =

-100 8 8 8 8 108

>> h=roots(fliplr(cf))

h =

-0.8090 + 0.5878i

-0.8090 - 0.5878i

0.3090 + 0.9511i

0.3090 - 0.9511i

0.9259
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>> rho=1./h -1

rho =

-1.8090 - 0.5878i

-1.8090 + 0.5878i

-0.6910 - 0.9511i

-0.6910 + 0.9511i

0.0800�pRA\4E��:Æ!:g#I�cf?L=��p��DÆÆ	<z,fliplrgJ��d0℄p��gOJ�>#�?CJYR�Æ	<roots z,�d4|�g�H�ROg#�I�h��>J��Flipping
VectorRO)�Æ=��J�R�
3p���V:ÆppÆ�VXÆk=)JR.,XEÆ�roots z,,4|!VR5,J�R.,�?ENTppR�4|QN��RO h ÆÆ!:k�g h >�%I� ρÆ�./�L�{J�R\����B��)���� n = 5 .��Æ!:QN 5 L|Æ�, 4 L�4,OÆ�B�L��,O ρ = 0.08���jÆUt=��p�
C0 < 0ÆCt ≥ 0 (t = 1, . . . , n) �* ∑n

t=1 Ct > 0�!::�QN��R�7�,R��RO�(f3 [?, chapter 2])Ut!:1	p�`��,OÆ!::�	< MATLAB Rfindz,Æz,S^��%J�,*�PTibRN�Rp,��&�
>> index = find(abs(imag(rho)) < 0.001)

index =

5

>> rho(index)

ans =

0.0800!:�
ZRTR��N�,|rhoR�&Æ<R���sz�'Bl�^��l�^�R-{� < 0.001��m�4EÆED!:1:ouszl�^���R��w��,OÆE�Æ,�FD,!:1:E?�/�ggR8��Æ��4E��\Æ5�8�R4_���
(x− 1)3 = x3 − 300x2 + 30000x− 1000000 = 0	<roots z,4|

>> v = [1 -300 30000 -1000000];

>> h=roots(v)

h =

1.0e+002 *

1.0000 + 0.0000i

1.0000 - 0.0000i

1.0000

>> index = find(abs(imag(h)) == 0)
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index =

3�J��R�0�z�Æ�L�,O:^)�4,R��=Æl,^�R��}Q�FD℄^��(�non-pathologica=��R℄^�$��Æ�/0M<�[1:�zÆE���L�~R,�FD?^�pitfallsRrJÆ�E,�FD,�x�+���D�R�j�RFDR[�-RFD�>J�ROq:�	< MATLAB R�QR#C,irrz,�dFD�
>> irr(cf)

ans =

0.0800!:\os�|�GX�L#BBpS^Rz,ÆDÆs�:�gKBGXRz,I�QR#C,Rz,irrR?'�d>q���	<FD=�R��FD℄^�$�Æ!:!B�NR�<��FD℄^�$��-�Æ=�RFD:^	<N�5�Rk=)JÆ�*�Tk=)Jk=�V℄Rq�[p��℄^�$�1<FLrH��ÆFD�p
R=�Rq��
2.3.2 bg�$�>R3;gR�0s>RgR {F�L�0s>�zero-coupon bondÆ��� FÆ�ÆN�Æ=RRJ� PÆUt!:Y*�L�>*�BN�Æ!:gQN%3�

R =
F

P
,%3��

r = R − 1 =
F

P
− 1

r, F I P RE;Re5�
P =

F

1 + r
. (2.3)0���LouÆ!::�3N�/e5�Ut!:bg F I r 0n:�|�gRRe5�gR,!:1:	<�4
Rq� r�Ut�Ls>6BÆW%<ÆrUss�"6BÆW%<Æ0n!:1:	<$%<q����4\?!:g1<�Q,�L3;OmÆ$\qOm�no-arbitrage principleÆQrs>RRJTF��Æ�{RJ� P1Æ?

P1 < P =
F

1 + r
,



bg�$�>: R��+IV�?�m� 37!:0n/Q�?$%<�KÆq�� r�!:Qr�Kq�I5Kq��BSR�DÆÆ!:~V=�RH� LÆ	<�TH�Y* L/P1 s>��
�=���net cash flow���DÆÆN�PÆ!:Dmn! L(1+r)R~KÆ!:/Qs>�dJ�6N!:R;� FL/P1ÆE�)�!:Qr
F

P1
> 1 + r,N�P!:R�=���

L
F

P1
− L(1 + r) = L

(
F

P1
− 1− r

)
> 0)-Æ0
!:6B6�L�;�ÆWÆ!:/Q�Æ�$����LB!8R bÆ�/0M8ÆqY L Ro~�$�RÆ!:g�℄�℄|�O����LZCR\q�r�IDÆ$�R~��[:^R�Q0�R�ÆY*U-=�Rs>gzEs>RRJÆ\q4)[�H)N����jÆ=�,�Q bRQrq�\q4)[5�E�Æ�[!�F=��{,Æ[5\q4)�0���LouÆ�{j��Jw�F\qR4)Æ�/d�g	Q\q4)>2?��p
OkÆIs>RJj{NEF��RJÆg	Q\q4)N��

P1 > P =
F

1 + rs>RJEF��RJR0M8Æ!:1:~Vs>Æ�[�*Vs>��:��,As> (f`�r 2.1  21 �_�,AR�r)��J,Æ,A5��R�'ÆE�{FgRIb��Æ}�Q[P�Qr,A�:dR�DÆÆ!:,�RJEF��RJRs>ÆgH��$%<q��drH�Qr!:,A�~VRs>P�� LÆ!:�RJ P1 g�,�Æg!:QNRH��$%<q�rH�Qrj)l�?�	lÆ??�R�=��� 0�N��Æ!:g0rH,/Q L(1 + r) H�Æ!:Dmn!~V7zs>R��RJ F�)-N�P!:R�=��b.�Æ�
−L F

P1
+ L(1 + r) = L

(
− F
P1

+ 1 + r

)
> 0p
Æ!:.xQrl�	;���[FRÆQ*~�I�VH�Rq��BpR��TQr�J,q�[�kRÆE�!:RI_�W=�uj�<��0MÆ$m{FPT=�rH�Æ[)B^�T b�s�0n!GQ!:p[�u\q bÆ���L�r,Æ;��`R{t�Æs>R�kRJ1:���X=���R=��-�Æ�}4_R�>RgR,Æq	<�$\qOk0�d�PTi;R$\qOkÆ4_R�>��-xPT[Bgg�f`�<�rÆZ 2.6.2 w�



38 �Qk�$\qgROkIAggR 5�60s>�coupon-bearing bondsgR��ÆBD���$\qIb�T0�R-k�Z�L-k���ROm��BpRHy[^,�[pRRJÆUtkER�{Æ�gyz\q4)��J,Æ�{[��8RÆ�U!:�ORBpRh�[pRsO),�[pRRJ��/0M8Æ\q4)g):^��1�S)�N���N��v�Æ�Q�{6e	��<�8R�{Æ��fsgRIbRTK!:Qr�{*��ROm�!:!g3NÆq>[Bgg�Æ�ROmp
�B!#R����L-k�gR�Ag^D�linear operator���4E��\Æ!:ggR^D�Kg#� P (·)ÆgHy8pNRJ�AgR!8��rHV�RRJ:�	<P<4�R��/QKD��!:g#�LHy� XiÆi = 1, . . . , nÆ!:QN
P

(
n∑

i=1

αiXi

)
=

n∑

i=1

αiP (Xi),�,ÆP (Xi) �Hy i RRJÆαi �rHV�,Hy i R,��4N�mÆ!::�gf,��~L^��Ut!:5��LHyÆ!:1:B
P (2X) = 2P (X)Æ'mÆrU P (2X) < 2P (X)Æ!:0n:�ouY*~/HyQg��0���/q�g<RÆUt P (2X) > 2P (X) p
:��d\ql�Æ$m�8R�{�:�R�=��{Æl�	;R5Æ	Q\q�<BS�p
ROkÆ!:QN P (X1 + X2) = P (X1) + P (X2)�Ut P (X1 +

X2) < P (X1) + P (X2)Æ!:0n:�ou<-*V~/HyÆb�M,�R��/q�=�R0M!�B\[pÆI5�Nl�	;�Æ0�{l�[-Y�ÆRJ:^��AgR�{F60s>RgRÆAggRp
0��rUÆ!:g60s>�[�5��0s>RV�Æ!:gs?3NÆ:�g7L60I[�L�0s>Æ�T�0s>RJ��60s>RRJ�60s>gR AggR!�F�L60s>:�	<{7.60�d�MgRR���dgRÆWÆ�.60-Rs>R���Qr�L60s>R��� FÆ7Lbg2�60 C�gR�}ZCÆUt!:Qrs>6BÆW%<Æ!::�	<$%<q�Æ$%<q�:�:	<L��Vy℄�Ut!:	<4qFDq0�;DÆs>R�kRJSFs>=��R=��
PV =

n∑

i=1

C

(1 + r)i
+

F

(1 + r)n
(2.4)��!:g=�Is>gRv5�XR3;��ÆU!:MERX
Æ�
RZ��J,0n)-�PT b�

• Ut r 3R�0R��Æs>0n��.60ÆU�:�a�
(2.1) R�ÆUt�60� mÆm
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Fig. 2.8 q���{X; �3��V, Q3�?�q�
PV =

n∑

i=1

C/m

(1 + r/m)i
+

F

(1 + r/m)n
,�, n �60R.,�

• ��L3; b�Æ[pR�Vy0nB[pR�{q0���!�FÆs>gRk��O�Lk=)J�Ut!:g# rt L�$j= t �VR�{q�ÆrU?�q��spot rateÆ!:{7L�0�<�dk=�
T∑

t=1

Ct
(1 + rt)t

+
FT

(1 + rT )Tq� rt R=�I�{q���{X�structure of interest ratesBe�q���{XUw 2.8Æw,!:3N�LJj-WRq���{X�upward-sloping structure�{1R�gRk|�Æo}0M8Æ�VX~{1Rq�XE��J,Æ5�NBRq���{X�J8-WRq���{Xo}ID-{BeÆM�F�Xq�g8j�E�ÆJ8-Wq�9NQ[!�F�Xq�gj{�
• Ut�TZCU�ÆJ�<ÆX4L��Lp
R�0�p
RN��VR60s>q1:Bp
RRJÆE��J,Q[��
�Z�LO)�ÆQ[�MBRs>�dJBFp
R_<S��EDÆPT�0�dRs>:^�$ÆW%<ÆE��s>0n6B�
R
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R0M8Æ`){%<S�ERs>�4�LqTRRJ��/�4:^L=��q0jÆ�T!:g8�w,�d�n�u�s>R�$: N��$� !:�3Ng0s>�fixed-coupon bondRgR�ouFD�=��R=�R���=RÆ=�RFD�Y�5��{q��E�ÆU�	<�L�K	�s>R�$0M\��/:dR���FDs>R℄^�$��s>R℄^�$���N��$��yield to
maturity8�{Fs>RRJ PÆλ �8���R|�

P =

n∑

i=1

C

(1 + λ)i
+

F

(1 + λ)nUt�5�.60ÆS�:�i;�
P =

n∑

i=1

C/m

(1 + λ/m)i
+

F

(1 + λ/m)nou�TU�Æ!::�tguNUtN��$� λ j|Æs>RRJg8bÆ�� D�Uts>R_<��jTÆD��:�4RN��$�gaEÆ:��%<%R�risk premiumÆ0��{q�j{Æp
U-��+s>RJIs>N��$��VRe5�}ZCÆE�/e5���<e5�Iq�7Aj{08jR�Æ!:k�5�Rq���{XÆEB�q���{X:^g70I�$�n
Æ�LZCR�<�s>RJIN��$�e5�+��}�QRÆ!:)Æ�yw,3N�s>rHV�: q�%< �g��Æs>RN��$�XEÆs>RRJXTÆEN��$�{FE%<s>�DmR�Uts>R_<S��zI�Æs>RRJg�zB1RI��ZO_<%<�credit risk�s>��R%<XR)�[fR�Æ;��'gR���Æ��q�9,FI�D0�QI�Æ0n��M%�X=��R[BggÆ	���/℄R�Q%<����\k���R�ÆPTs>!V��<Æ0n�{Fs>�B�[q�rUÆs>�d�0nN��:�$%s>Æs>R$%gi	brH%<Æ)�!:DmgH�b�drH�({!V�<Rs>	<R�+C(Æ!:g�<^��d�n�)E�Æ?	!:gMB�T%<p��Æ�mOgB�/%<Æ9,Fs>R<x�L�s>V�qBP/TKÆrHV�%<Dm3F�/TK�d	�0�[�o}Rg\�Æs>rHV����.S�XRPL=��k4ÆrU	b3��pension fund���Q#R4EÆQr�X�y�V℄Æ!:Dm�!�5�7sÆ�X T L�VyÆt = 1, . . . , T k��!R7s� Lt�=Æ!::�o
8�J,, �$�B�/g# (f`Æ [?] 0 [?]), E!:)	<�LZC�Æ?	O:^)�N�Tz��



bg�$�>: R��+IV�?�m� 41uY*s>R��I�XR7sB{w���jÆ$mk�j��B:^R�5��V N Ls>Æ7Ls>RRJ� Pi (i = 1, . . . , N)�Ut�LCNR�> iÆ�< t R=��� FitÆ!:g5�8�R=��{wIb�cash flow matching model
min

N∑

i=1

Pixi

s.t.

N∑

i=1

Fitxi ≥ Lt ∀t

xi ≥ 0�,Æ,mI� xi L�Y*s> i R���[�s>rHV�,R<0�Ut!:��s>ÆWR:^gÆQQrs)q�a���RÆX4rHV��g:�{w7s�[fR�Æ�
ZR	;�}E��Bs>=^N�Æa^�!�MBs)Æ)�!:k�s>q0{ws)ÆM�!:k�=�Rs>�!k�<!Æs):�	<[S�W+Æ0n�LuF}JÆ)�[T:^)/Q�LNgRs>V�R=���	O�7s�8{w�~�4)R0M8Æ?	��R~�s>:^)P(�TQZ�)-Æ!:DmkUhks>rHV�ÆO!TK*V0,�s>�E� bX�Æs>RRJI�{q�BeÆ�	Q5Q�R[:M�g�rUÆ{F&�R�0s>�$%<R)�
Example 2.9 5��L&�R�0s>, ��� 100Æ����4N�q�� r1 = 0.08�UtN�q�*VÆN�q�j|N r2 = 0.09Æs>RJgI��m�
>> r1=0.08;

>> r2=0.09;

>> P1=100/(1+r1)^5

P1 =

68.0583

>> P2=100/(1+r2)^5

P2 =

64.9931

>> (P2-P1)/P1

ans =

-0.0450!:3Ns>RRJ8j� 4.5%�Ut`N��Dm,�s>Æ�!�Fg�zNH�UtKq�BX4N�q�j{{�J�$6B6FÆE��	Q�BN��=��I7sa^{w�Uts>��[� 5 �� 20 Æ)��4
�
>> P1=100/(1+r1)^20
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P1 =

21.4548

>> P2=100/(1+r2)^20

P2 =

17.8431

>> (P2-P1)/P1

ans =

-0.1683!:3NÆUt�{q�j{Æs>RRJA�8j� 17%�ED~��R�0s>0nZ�/QÆo}Rm��s>R��X~Æs>{Fq�RI�XDA���q�%�Fp
Ro_Æ!:>q��q��M� 4%I
8% Rs>�
>> cf1=[0 8 8 8 8 8 8 8 8 8 108];

>> cf2=[0 4 4 4 4 4 4 4 4 4 104];

>> P1=pvvar(cf1,0.08)

P1 =

100.0000

>> P2=pvvar(cf1,0.09)

P2 =

93.5823

>> (P2-P1)/P1

ans =

-0.0642

>> P1=pvvar(cf2,0.08)

P1 =

73.1597

>> P2=pvvar(cf2,0.09)

P2 =

67.9117

>> (P2-P1)/P1

ans =

-0.0717!:3NT�0�Rs>{F�{q�RI�QDA� b��{q�FF�Vo~Q[�
gR�O:RI�9,Fo1x~0D���{q�RI�0n�}4_Æ!:1:e<?�q�7A�curve of spot ratesRBM�7AJj0J8-WÆE�ORB�:^I�ÆrUIQQn0Q�"�j�RrJ,Æ!::�3N�T4_RI�:�	<�LI�u�Æ?N��$��Ut�{q�j{ÆBp℄\R℄s>g:�4QERN��$��{F��dRs>Æ:����{�dl�Æq�j{R{t����ds>RRJ8j��uX4ÆUt�{q�8jÆ!:{s>N��$�R�4gjTÆ?5s��j�RRRJgj{�!:�=s>RJ
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Fig. 2.9 Price–yield curve.

{Fq�RDAgRETÆ9,Fs>��Is>R��q��!:k��Lm�R��u�s>Rq�%<Æ�Hfs�Lbg�$RrHV���LB{ZCR���Æq<s>R���durationIug�convexity<dÆt8XR�w!:g�nI-BeR℄S�
2.3.3 q�DAgIrHV�?�Qr�LrH��{�5��XR��7sÆ1	ou�B�Ls>V�R��I�XR7sB{w����Æ1	�WQR	;fss>V�Æ����1	s>V��X[�q�I�R6F���LrJÆrUÆ̀ &ÆB�?7s L k��!ÆUt`:��N�L&�R�0s>Æ��� FÆ`:�*V L/F R�0s�D�ÆUts>R��QF&Æ̀ g�{brH%<�reinvestment risk�Uts>R��=F&Æ̀ g�{q�%<�interest rate riskÆ�U�r 2.9 ,RX
�kE0M�Æ̀ :��N�LI7s���B{wR�0s>Æ[fR�Æ�J,�<��[:^RÆ!:Dmw���R��/�s>rHV�?�q�[BggR6F�?�m�0n��L:d�EZCR���QrÆ!:B�� P (λ)Æ��N��N��$�Is>RJRe5�!::����LN��$�7A�+'7A:�	< MATLAB �dÆ



44 �Qk�U�r 2.11ÆN��$�7AwIUw 2.9�!:3N�L7A�uR�convex9Æo}Æos>RN��$�7Aq�U-�=5�D��$�Q)IkR0M�I�$�IkR�Æ!:1	w��/�<��u�s>RIk�RBÆ�m5~L<dÆs>��Is>ugÆ:�:N�LTK�Ng�V\ t0, t1, . . . , tn R�L=��Æ=��R�� g#�
D =

PV(t0)t0 + PV(t1)t1 + PV(t2)t2 + · · ·+ PV(tn)tn
PV

,�, PV �L=��R=�ÆPV(ti) ��V\ ti, i = 0, 1, . . . , n =��
ci R=��0P/ouÆs>��<��=��RP<�.Æ�,<0�=��R=��{F�L�0s>Æ�B�L=��Æ�0s>R���s>���I5��LÆos>Æ4qFD,	<N��$�[�k=q��discount rateÆgQN+5q���Macaulay duration�

D =

n∑

k=1

k

m

ck
(1 + λ/m)k

n∑

k=1

ck
(1 + λ/m)k

,�,ÆQr m �s>7R�0���u���R<xÆF!:FDj)RJU�eFq�RM,�
dP

dλ
=

d

dλ

(
n∑

k=1

ck
(1 + λ/m)k

)

=

n∑

k=1

ck
d

dλ

[
1

(1 + λ/m)k

]
= −

n∑

k=1

k

m

ck
(1 + λ/m)k+1

(2.5)Ut!:g#iÆ���modified duration DM ≡ D/(1 + λ/m)Æ:QN
dP

dλ
= −DMP (2.6))-Æ!:3NiÆ���RJ - q�7AjNg�\R)ARW��0C(jXiÆO�s>RRJeFq�I�RGg��LEiÆ���s>RJI�eFq�I�R�u�<�

δP ≈ −DMP δλ

9}J!#j, �Lz, f ��Lu=�, Ut{F=�℄RL!~\ IÆf(λx+(1−λ)y) ≤ λf(x) + (1− λ)f(y)	sqB 0 ≤ λ ≤ 1;Q�RBe℄Sf3
S6.1�
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C =

1

P

d2P

dλ2{F�Ls>7�0� m Æ:�EB
C =

1

P (1 + λ/m)2

n∑

k=1

k(k + 1)

m2

ck
(1 + λ/m)k

δP ≈ −DMP δλ+
PC

2
(δλ)2!:<!NÆs>ugRC���VR���ug;*j�s>R�L℄g�'gÆ)�q=Rug!�FÆIs>�$�oP�Æs>RRJI�q0ÆIs>�$�jT�Æs>RRJI�qI�p�	<s>��IugÆ!:gQN�u�<�

Example 2.10 !:k�t3�8Æ3Fs>��Is>ugR���<RSt�UtQr�V\ t = 1, 2, 3, 4�zR=��� (10, 10, 10, 10) �!::�3F[pRq�FD=��R=�Æ	< MATLAB Rpvvar z,�
>> cf = [10 10 10 10]

cf =

10 10 10 10

>> p1=pvvar([0, cf], 0.05)

p1 =

35.4595

>> p2=pvvar([0, cf], 0.055)

p2 =

35.0515

>> p2-p1

ans =

-0.4080k�<!R�Æ!:7L=��J�cf�fP�L 0Æ)�z,pvvarQrZ�L=����z 0 �<R�!:3Nq�oP 0.005Æ{ts>RRJ8j� 0.4080�!:	<s>iÆ��Is>ugR��Æ	<z,cfdur Iz,cfconv�z,cfdurRS^�FDs>R+5���Is>RiÆ��ÆO!k�Æ!:slz,�%RZ�L,�?:�z,cfdurRS^�FDs>Rug�
>> [d1 dm] = cfdur(cf,0.05)

d1 =

2.4391
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dm =

2.3229

>> cv = cfconv(cf,0.05)

cv =

8.7397

>> -dm*p1*0.005

ans =

-0.4118

>> -dm*p1*0.005+0.5*cv*p1*(0.005)^2

ans =

-0.4080!:3NÆ$m{Fq�RqQI�Æ�u�<R{t�J.!RÆ�u�<R{t��}�B��!:�g#�C�s>R��Iug�eF�Ls>V�EU�\�UtMBs>RN�q�q�
Æ!::�QNÆs>V�R���V�,7Ls>RZCP<�<0�7Ls>V�,R<0Æs>RJ/V�RJ�UtV�,s>RN��$�[pÆ�
Z�:^5*vÆD�Æ��RP<�.:�3[�L�<�!:Ut	<s>R��Iug\�Hy7shk,Æ�/:dR���s>rHV�R�� (�:��ug)I7sR��B{w��:��?�m��immunizationÆ��=?�m�Æ!:k�PTFDÆ!:0n:�	<�QR#C,Rz,�dFD�
2.3.4 bg�$�>BeR MATLAB z,I!:0ZC=��>J��Rs>�Ægq>M/ b�Z�L b�Æ��ÆBRL=�s>RlIP�IN�PÆ!:DmB�LPp5qÆQ*�5�X�MATLAB ℄^!B�\#kP�R��Æ�/���gP�>#��L,�rUÆUt!:!Vtoday z,ÆMATLAB g�%�L,L?L=RP���L,LP�:�	<datestrz,g�>��L*&��
>> today

ans =

732681

>> datestr(today)

ans =

04-Jan-2006`0:�YtWLP�I,LP� 1{1Ædatestr(today)�z,datestrRbj[�z,datenum�
>> datenum(’04-Jan-2006’)

ans =
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732681 MATLAB ,ÆBM�M
RL*�<F!VP����3NR����,���k�<!R�Æ�TL*&k�<��R�X�slP�J�Dm5�[pR)��rUÆY*�L��dRs>�Ut`~L60P�VY*ÆDm5�$jj�.60R�V�Ut[5�Æ60^�:^n'Fs>j�L�B���JjÆFD=��R=��Æ̀ k�5�N��\�D�Æ�{o}R3R���[5��L bR��{R3R���R�clean priceÆE�Js>lIRRJ�s>�RPj1Fq0�accrued interest�1Fq0�s>Rl�.�O!�B�>rFDR�ZCRiÆUts>R�07�LZ�6�.Æ�`$j8�.60�~LZ*Vs>Æ`=W"j�Ls>�B�℄���R�0�D�Æ�{j5[pRP�FD����L bgz,bndprice ,5�Æz,bndpriceS^�O!NgRN��$�{�Ls>�dgR��k|MkR!Vf,Æ!::�f5A*9�K�!:g4ER�^�u=�XÆU8�
>> help bndprice

BNDPRICE Price a fixed income security from yield to maturity.

Given NBONDS with SIA date parameters and semi-annual yields to

maturity, return the clean prices and the accrued interest due.

[Price, AccruedInt] = bndprice(Yield, CouponRate, Settle, Maturity)

[Price, AccruedInt] = bndprice(Yield, CouponRate, Settle, ...

Maturity, Period, Basis, EndMonthRule, IssueDate, ...

FirstCouponDate, LastCouponDate, StartDate, Face)!:3NÆ�Lz,k�WmR!Vf,�N��$��s>��q��lI�V�Y*s>R�V�Is>RN�P�~L!����RI1Fq0Æ�RI1Fq0R���=R�dirty price�
>> [clPr accrInt] = bndprice(0.08, 0.1, ’10-aug-2007’, ’31-dec-2020’)

clPr =

116.2366

accrInt =

1.1141

>> clPr+accrInt

ans =

117.3507I!:�
a<:z,�Æz,,�NRf,	<NM��default val-

ue�rUÆf,PeriodÆL�s>760.,ÆNM�� 2��~.Æf,FaceÆL�s>R��RJÆNMf,� 100����L0�Rf,�BasisÆL�FD1Fq0�	<RP��ÆUtf,� 0�NM�ÆP��<�Je,/�Je,I�ÆUtf,�� 1ÆL�P��< 30/360 I���/IbQg7Zq� 30 e��6M[pR�VI�Æ!::�FD~LP�VRe,Æ�M	<~/[pR�VI��
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>> days360(’27-Feb-2006’, ’4-Apr-2006’)

ans =

37

>> daysact(’27-Feb-2006’, ’4-Apr-2006’)

ans =

36�NR�VI�:^�N�>,g	<N�#f3 [?]}8Rf,I�0R{XBeÆ�0{X MATLAB �QR#C,BD7�n�
Example 2.11 ���RJ - q�7AÆUw 2.9Æ!::	<�8R�p�
settle = ’19-Mar-2000’;

maturity = ’15-Jun-2015’;

face = 1000;

couponRate = 0.05;

yields = 0.01:0.01:0.20;

[cleanPrices , accrInts] = bndprice(yields, couponRate, settle, ...

maturity, 2, 0, [] , [] , [] , [], [] , face);

plot(yields, cleanPrices+accrInts);

grid onk�<!R�ÆI!:	<>B:sf,�Optional parametersRz,�Æ�s>���rÆ!:[E	<j�.a<z,�r&R�:sHf,�Æ��!:Dm	<AJ�[]?d:sf,Æ�HÆBRw&z,Rf, (:sf,RNM��=Ng�LN��$�Æ!::�FD�s>RRJÆ!:p�:�	<��/��ÆINgs>RJ�Æ!::�FD�B1RN��$�Æ	<U8z,�
>> CleanPrices = [95 100 105];

>> bndyield(CleanPrices, 0.08, datenum(’31-Jan-2006’), ’31-Dec-2015’)

ans =

0.0876

0.0800

0.0728z,bndyield RWm!Vf,�s>�R�[x1Fq�R�s>R��q��s>RlIP�s>RN�P��/0M8Æ!:<N�
MATLAB z,R�L}<S^�UtgJ�[��L!Vf,�WZCR0M8Æ!Vf,�K�Æo}0M8Æg!��LJ�Æ!�J�,R{tI!VJ�,R!Vf,��{1��mÆ!:QN�[pR{tÆ!:3NÆs>RJTF�� 95�Æs>RN��$�gEFs>R�0��Is>RN��$�SFs>R�0��Æs>RRJ�s>�� 100�Is>N��$�TFs>�0��Æs>RRJEF�� 105�



bg�$�>: R��+IV�?�m� 49:sf,�0n%[N�z,bndyieldÆz,bndyieldIz,bndpriceRf,Bp�INgs>RJIs>N��$��Æ��TB<Rz,:�<XFDs>R��IugÆ!:	<�L?�m�RZC�ru��TS^�
Example 2.12 s>V�hk,Æ�L}`R b�O!NgiÆ��
D IugC {s>V��daR�Qr!:B℄�s>�!:gO!7Ls>w��V<0 w1, w2, I w3Æ	Q

3∑

i=1

Diwi = D,

3∑

i=1

Ciwi = C,

3∑

i=1

wi = 1,�,ÆCi I Di �s>R��IugÆ{Fs> (i = 1, 2, 3)�k�<!R�Æ!:�QrrHV�R��Iugq:�ouV�,s>R'gP<FD�X��J,Æ0n��[ÆBRÆE�=!:Qr���/ZCR�<�!:Dm�ZR�FDs>R Ci I Di R5,ÆDÆ4|��V��T!:	<w 2.10 R�p�dFD�!:�Qrs>Rq��NgRÆ:�	<z,bndduryIz,bndconvy FDs>R��Iug�{Fs>�R!::��dp
RFD�	<z,bndduryIz,bndconvy R�pÆgQNU8|�
weights =

0.1209

-0.4169

1.2960{t;�!:Dm,As> 2ÆE�0n�[:dR�
2.3.5 Q{!:��nuZCR?�m�I=��{wIbÆO�ÆT bk�[����Æs>�����s>DA�uR�L�<��BIq���{X�X�flat�Æ0���Xq���{XR���Æ�L{�a�ÆBR��J,Æq���{XRI�:^�zRÆ��k�Q=�RDAgu���I?�������L b�Æq�qQI�R?�/�m��E�Ut�z�
RI�Æs>R��Iug�g�zI�ÆrHV�g[b?��immunized���jÆ!:6Be<rHV�RkUhk�9w0M8Æ!:5��LV�xB~Ls>Æ�Ls>��qxÆ��Ls>��q~ÆTK��
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% SET BOND FEATURES (bondimmun.m)

settle = ’28-Aug-2007’;

maturities = [’15-Jun-2012’ ; ’31-Oct-2017’ ; ’01-Mar-2027’];

couponRates = [0.07 ; 0.06 ; 0.08];

yields = [0.06 ; 0.07 ; 0.075];

% COMPUTE DURATIONS AND CONVEXITIES

durations = bnddury(yields, couponRates, settle, maturities);

convexities = bndconvy(yields, couponRates, settle, maturities);

% COMPUTE PORTFOLIO WEIGHTS

A = [durations’

convexities’

1 1 1];

b = [ 10

160

1];

weights = A\b

Fig. 2.10 s>?�m�RZC�p?'~F�?Z�Ls>R��qx�IZ�Ls>N��Æ!:�}8�Ls>Æs>V�g~jTK���rHV�Rb�	0nq>NJRl�IE�Rl�	;���L:s���	<kU=�IbÆkU=�Ibk�5�q�R[BggIkURl���q>F4m�IbÆ!:gZ 11 y�nF4m�Ib��/Ib,Æ!:k�5�7sRF4g���	<Q�R=�Ib�Æ!:!:�	<�/=�Hy��J,Æ{Fq�%<Rhkk4Æ!::�	<�/�
Rq��z� (f`Z 2.8w)�q��z�RgRIq�%<hk,k�q���{XIb����LJ�4_R�0Æq���{XIbR℄S����;#R���
2.4 _�rHV�hkIs>��z�[pÆ!:[k�5�_�gRR b�IDÆ�{j5w�_��kRJR[�IbÆE_�R[�Ib0[���[�;#R℄S�)-Æ!:g_�RJ�[?�^gRR��{l�RJÆ!:g�5�_�RrHV�hk�Qr�LxB n L_�R=�Æ!:Dm�7�_�w&<0�ZC��Æ!:[5�_�R��Iw_S bÆ�5�C��rHV�=�R bÆg���rHV�=�ÆÆ�Ryw,i|�!:R3;Qr�Æ!:�{ bR[Bgg:�	<<��\�dfIÆ<��\:�3Fp�,!�drg�rHV�hk,Æ!



_�rHV�hk 51:[5�LJg\0�{_0Æ�T0n:^6FrH,m�slrHV��Æ!:sl�L�X�$R<��\Æ��X�$[�F4I�� 28 ��r 2.5 I�r 2.6 ,:�3NÆ�{q>[BggR,m b�ÆUt�	<�	��expected values0gQN[�kR{t�!:Dmw��/�kR���3F[Bgg~~�preferencesfIÆ��!�FÆIb,!:k�5�%<���risk aversion�WZCR���	<S<k��utility theoryÆS<k�!:Z 2.4.1 w,�nu��)�w��L,mRS<z,�JRL)Æ�J:dR���	<%<pu�risk measures�8GR.� - �vBS���mean-variance efficiencyÆ!:Z 2.4.2 w,�nu�Z 2.4.2 w,Æ!:p
u���T#k.� - �v=�Ib�mean-variance portfolio optimizationR MATLAB z,�!B�N:sR%<puÆrU8GR<R��Value at RiskÆ<R�gZ 2.4.5 ,�d�n�
2.4.1 S<k�;DÆ=�,RrH�q�%<���risk aversionRÆE�%<��R��!8��4�Dt,Æ�Lk�R;��QrrH��{[Bgg�ÆgO!PLS<z,�d,m����n%<��k�Æ!:5��LZCRd� bÆ�:^):��[Bgg8RrH�Ut�Ld�B�/{tÆ[pR{t{1F[pRF4I� X �ÆI�� xi R<�� piÆ!::�ou�Lgwu=�Te5ÆUw 2.2�rH,m�:�0,s9�Ld�Q*�dV�Æ�gyzR℄RF4I��rUÆ5��LrH�Dm0�8~Ld�,�dsl�d� a1ÆOR%3Bg*�� µÆd� a2ÆOB~/S<�%3{t µ+ δ I µ− δ�0�	%3RouÆ~Ld��BpRÆE��L%<��RrH�$�gsl a1�Q�"R0M�Æ{F�LF4I� X Æ!:fP�L.\Tk�mean-preserving spreadÆrUÆ�LF4I� ǫ Æ�* E[ǫ] = 0Æ;D%<��RrH�[4��/oP[BgRZ��Ng�Vd�ÆrH�1::�0,s��W~~R�L�0�Ng�Vd�ÆrH�:�4�N�P~~WLÆ�*^6M�N:R[p��/0M8Æ!::�QNd�V�,R~~e5�?F~~Re5B\&�*[S�#kÆ!::�g7�/d�{1�L,�Æ,�?L�rH�{Fd�R~~�uÆ!::�O!,�R=Q3p{�Td��dpp�{FL!R~~e5Æ0n6B�/��Rz,:��B?L�/~~e5ÆE�3FP/QrÆ!::��N�<?L�/~~e5Rz,10Æ���/8pe55Æ�/8pe5�:�	<S<z,L��
10eF�LQrR~�Æ:�f3BeR�gDt#<; !:1:4EÆ=�Qr3�X<��ÆBR��kR�E�gN:���0n�zB�1~�



52 �Qk��mB�LS<z,RrJ3j;℄MZCÆE�O�3F℄gIbQrR��LS<z,:��&�m�/ - JO6XS1�Von Neumann–
Morgenstern utility�

U(a) =

n∑

i=1

piu(xi),{FPTz, u(·)Æ�, a ��Ld�Æ%3� xi R<�� pi�z,
u(·) �P/%3RS<z,ÆU(·) �z,R�	S<�Ut u(x) ≡ xÆmS<z,�SF%3RM��ÆEslS<z, uÆ!::^	<[pR%<puIb�{F!:R bÆQrS<z, u(·)��Loz,��kRÆ)�!:~~Q=R�$�Æ�[�QQ�j�~Ld�,Æ!:Q~~d� a1 )�

U(a1) = u(µ) ≥ 1

2
u(µ− δ) + 1

2
u(µ− δ) = U(a2).?F[S��}J	sRÆ!:1:4d� a1 ~~�u$mId� a2BpÆ)�rHJ:��M~Ld�R[p�o}0M8ÆUt!:B~L:^R%3 x1 I x2Æ<�� p1 = p I p2 = 1− pÆ�L%<��RrH�0n[4�2<�

u(E[X ]) = u(px1 + (1− p)x2) ≥ pu(x1) + (1− p)u(x2) = E[u(X)].j)RU�;�Æz, u(·) ��R�concave�!:3NÆz,R�Iu�evRÆ)�~L<dq�ou[S�L�RÆUtz, f(·) ��z,Æmz, −f(·) �uz,Æ~�����D�ib�(f3Z�`� S6.1)�w 2.11 u���z,R℄��:��ER�Æ{Fwq0j^RF4I�Æta[S��Jensen’s
inequality��L�z,�

u(E[X ]) ≥ E[u(X)]. (2.7)!::�3NÆFDd�S<z,R�B,��$e��R��B?L~~�uRB{3p�$e0�R��J,Æ!}	<p,�~��upp�[�S<z,R��Ng�L�	�expectationRAge5Æ!::�3NS<z,R�pI#�affine transformationQ[6F{tRp,e5Æ:��ES<z,R�pI#!�[oz,�Ut!	<z, au(x)+b?dz, u(x)ÆUt a > 0Æz,Rpe5[I�U�L)�L℄gRS<z,Rg*\�℄M�Æ!:E<�T��X	�%<�����aNÆI~LrHR�	BSR�Æ�L%<��RrHJ~~Bg�$Æ�[�[BgR�$��BI%<d��	�$>Bg�$SZ=R�Æ%<��RrHJa)fItU�%<rH�#&�4ÆrHJ�4�L%<%R�risk premium�%<%R^�9,FrHJ{F%<RUuÆ^�9,FtUKtR[Bgg�!:Qg%
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u(x)

x

m dm +dm -

( )[ ]XuE

)(CE Xu

( )E[X]u

Fig. 2.11 �z,U�.x%<���BggRSt<%R� ρu(X)�<!��L,�Æ%<%R?rHJ�0,m�eFF4I� X RS<z, u(·) ,g�%<%R�4
u(E[X ]− ρu(X)) = U(X) (2.8)%<%R.x�LBgS��certainty equivalentÆrUÆ�LBg�$g	QrH�[e^d�%<Æ�L�$�
CEu(X) = E[X ]− ρu(X)BgS��>�	�$QÆI%<%RXE�Æ~�vMX=�f`w 2.11 gB9Fk|�T<d�%<%RZ�	�Æ)�O,_�d�R�g%<IrH�R%<~~Æ!:�1	^Z6�~�Æ̃ǫ��LF4I�Æ&FF E[ǫ̃] = 0 � Var(ǫ̃) = σ2.QrF4I� ǫ̃��LQRGkÆ�/0M8Æ:I�R7L� ǫq��LB{qQ,��11)-Æ!::�{S� (2.8) 	<Su0�Taylor expansions�<�rUÆu� u(x+ ǫ)�?F�m�q>N,�Æ!::�gU�;X��

u(x+ ǫ) ≈ u(x) + ǫu′(x) +
1

2
ǫ2u′′(x){F4I� ǫ̃ I�	ÆU� 2.8 CFp
:��<�

11��H�`Æ;w!:g# ǫ̃ ��LF4I�Æǫ �I�R���
RL���}	<Dt,�qFt,Æo}	< X I x ?L�{B�evRI��
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E[U(X)] ≈ E

[
u(x) + ǫ̃u′(x) +

1

2
ǫ̃2u′′(x)

]

= u(x) + E[ǫ̃]u′(x) +
1

2
E[ǫ̃2]u′′(x)

= u(x) + 0 · u′(x) + 1

2
Var(ǫ̃)u′′(x)

= u(x) +
1

2
σ2u′′(x)L,Z�d!:	<� Var(ǫ̃) = E[ǫ̃2]− E2[ǫ̃] = E[ǫ̃2]− 0�	<�uu��< E[X ] = xÆ:�gU� (2.8) YF�<�

u(E[X ]− ρu(X)) ≈ u(x)− ρu(X)u′(x)S�~F0℄;X�
ρu(X) = −1

2

u′′(x)
u′(x)

σ2)�Æ!:QrS<z,��R*[oÆU�CF�Æ12�!:!:�3NÆ%<%R?~L)JV	Æ�L)J9,FrH�R%<��Æ���L9,F[Bgg�8�RU�g#�-{%<��R5,�
Rau(x) ≡ −

u′′(x)
u′(x)

(2.9)���4uÆQg�	��LAg^DÆ�LS<z, u(x)�[oR�pI#[6FS<Rpe5�%<��5,Rg#I�LQr{���%RÆ)�S<z, u(x) IS<z, au(x) + b R5,�BpR�k�<!R�ÆS<z, u(x) 5, rau(x) [9,F[BggÆ��?d�R�	�$,g�0�LrH�RouÆS<z,5,.xR!8�Æ%<��R�u?�T�Rb80�,g�S<z,X��concaveÆ%<���uXE�p
ROkÆ!::�g#�LB{%<��5,�coefficient of rela-
tive risk aversion��mÆ!:	<���[�P�XN�	� x fP�LGk�X = x(1 + ǫ̃)�	<p
Rzk��Æ!!:3:�QN

ρu(X) = −1

2

u′′(x)
u′(x)

xσ2,�3	!:gB{%<��5,g#�
Rru(x) ≡ −

u′′(x)x
u′(x)

(2.10)

12�z,R�LB<R℄g�Æ{FI�Æ�z,R�uM,.S u′′(x) ≤ 0;f5Z�`� S6.1�
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Example 2.13 (�TKDRS<z,)�Lo}	<RS<z,�{,S<z,�logarithmic utility 13:

u(x) = log(x);DÆ:z,�{Æb8�B!#�S���Æ{F{,H�S<z,!:B
Rau(x) =

1

x
, Rru(x) = 1)-Æ{,�S<z,jT�-{%<��0�ÆE/�B{%<��0�
g�{,�RS<z,� DARA�decreasing absolute risk aver-

sion -{%<��0�[\I CRRA�constant relative risk aversionB{%<��0�
ggS<z,R�/��/S<z,rHV�=�,�}0�����/}<Rz,��.�RS<z,�quadratic utility�
u(x) = x− λ

2
x2 (2.11)k�<!R�Æ�Lz,[�Ca[oR�monotonically increasingÆ�*�BI x ∈ [0, 1/λ] �z,aB!#��.�S<z,R�L�dR℄\�O� IARA (increasing absolute risk aversion -{%<���u[o) S<z,�

Rau(x) =
λ

1− λx ⇒
dRau(x)

dx
=

λ2

(1− λx)2 > 0o}M�Æj)S<z,I=�,rH�Rd�[�%�-�Æ!::�3NÆ�.�RS<z,|��rHV�=�Ib,�vR[<ÆrU�8S<z,
U(X) = E[X − λ

2
X2] = E[X ]− λ

2

(
Var(X) + E2[X ]

)�LS<z,��.�RrH�ÆrH,m�Æg�5��X[Bg�$R�	I�v�!:g3N�.�S<z,I.� - �vrHV�=�IbRe5�9B�S<z,�LBSR�%��Æ!:0n:�grHV�=�Ib�dKD���LC��RrHV�=� b,ÆrE�LrH��
H�� W0Æ�TH�Dm�w&N[pRHy,Æ�	Q�	S<�expected utilityW=��Qr θi �rHFHy i = 1, . . . , n RH��ÆR̃i�HyR%3�F4I��WZCRrHV�=� bRIb�
13t8X!:g	< logÆ�[� lnÆL�KD{,�natural logarithm�
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max E

[
u

(
n∑

i=1

R̃iθi

)]

s.t.

n∑

i=1

θi =W0 (2.12)�LIb�C��RÆQr[5�b�	R0M8Æ?*V�LHyQLrH���B�Ut[5�,A)�Æ!::�PVI�R�7W+ θi ≥ 0�o}rHV�,xB�L$%<HyÆ$%<HyR�$�BgRÆE��L[6FrHV�IbRL:��fP$%<Hy0ng6FW=w&R{t�o}0M8Æ!:[^EIDRM��L=�IbB|�rUÆUt[BgRIb�[:$%<\qRÆ!:gQN$�R|Æ�T|q:q<\q4)�E�{F��(�non-pathological0MÆ�LW=|�0n[���R�5R�0�R�ÆrHV�=��YF�
Hy�H�W0�!:}})3N�7LHyR<0 wi ≡ θi/W0 �,mI�RIbÆ�MDW+��
n∑

i=1

wi = 1fs�
R,tIbR?\�Æ!:Q[^.-YguN�
b8�{FW=|R6F�?FrH�%<��R�u?�Hy�,gÆrHV�=�RW=|�1I�
Hy�H�W0 Be�E��Br�ÆrU8�R0M�
Example 2.14 5�U8rHV�=� b
• 	<�H�\�binomial distribution�[BggfI��XB~/0MÆj|08bÆ�<��M� p I q�
• Qr5~/HyÆ�/�$%<HyÆ��/�%<Hy�
• $%<Hy~/0M8RP%3� Rf�P%3�� Rf = 1 +R�
• T�%<HyRRJ� S0Æj|R0M8P%3� uÆ8bR0M8P%3� d�
• �
H�� S0ÆrH�S<z,�{,���L b,Æ�B�L,mI� δÆδ �rH�Y*_�R,��δS0�rH��B%<HyRP�ÆW0 − δS0 �rH��B$%<HyRP�Æm�XHyP�5~/BU�\��

Wu = δS0u+ (W0 − δS0)Rf = δS0(u −Rf ) +W0Rf

Wd = δS0d+ (W0 − δS0)Rf = δS0(d−Rf ) +W0Rf ,



_�rHV�hk 57?F�	S<� p log(Wu) + q log(Wd)�!::�QN
max
δ

p log {δS0(u −Rf ) +W0Rf}+ q log {δS0(d−Rf ) +W0Rf}W=|RD�ib��uM,���the first-order derivative vanishes
p

S0(u−Rf )
δS0(u−Rf ) +W0Rf

+ q
S0(d−Rf )

δS0(d−Rf ) +W0Rf
= 0��4| δÆ!::�g��;X��

δS0(u −Rf ) +W0Rf
pS0(u−Rf )

= −δS0(d−Rf ) +W0Rf
qS0(d−Rf )S�;X�

δ

p
+

W0Rf
pS0(u −Rf )

= −δ
q
− W0Rf
qS0(d−Rf )I

δ

[
1

p
+

1

q

]
= −W0Rf [q(d−Rf ) + p(u−Rf )]

pqS0(u −Rf )(d−Rf )
,WÆQN

δS0

W0
=
Rf [up+ dq −Rf ]
(u −Rf )(Rf − d)�Le5.xR!8�Æ%<HyRrHv�
Hy�H�R>r[�YF�
Hy�H�R=Q�!:�{S<z,�d�ZCR�gÆ�/0M�<F-=�,{,�RS<z,Æ)��/0M� CRRA gS<z,R℄��sl�LS<z,��b�}QZR�0Æ)��[%<I�$R�	��}JR�UtTR�fs�L|�P/d�RIbQ*�dgg�+ÆX4�Dt,:^[:e<�E�Æ�QR�I2,m�perational decision making,���LZ\��LB{ZCR���gslC'��k�V�,�UtBg�rHR�	�$Æ`:�*��	�$R:dRrHV�,sl%<WQrHV��p
ROkÆUtBg�:Æ�R%<Æ`:�*�:Æ�%<RrHV�,sl�$W=RrHV���/��-��.� - �vrHV�k��mean-variance

portfolio theoryÆ	h.� - �vrHV�k��NBI�Rz�ÆE�OO�=?�Qk�R0�V	^��
2.4.2 .��vrHV�=�F!:%aHyw& bÆQr!:�B~L%<Hy:Tsl�g# r̃i�̄ri�I σi �M�Hy i = 1, 2 RF4�$���	�$���$�R



58 �Qk�KDv�I r̄1 > r̄2 * σ1 < σ2 �Æ b�}ZC��/0M8Æ_� 1R�	�$�EF_� 2 R�	�$�Æ�*_� 1 R%<TF_� 2 R%<ÆM�rH,O;$k5�_� 2��J,Æ0n[��
Æ)�!:���~/HyRBeg�correlation�UtV�,YVHy 2 Æ0n:�jT%<ÆUtHy 2 IHy 1 R�$�7BeR�)-Æ�HF4| bÆ!:k�g bKD��QrrHV�,~/HyR<0� w1 I w2ÆW+�
w1 + w2 = 1k�<!R�Æ!:6B5�N�
rH�� W0Æ)�Æ!::�g~/HyRrH��>#�~/HyRrH>r�Ut!:[5�,Aj[Æ!:k��4 wi ≥ 0�3 <�k� (Elementary probability theory) GC!:ÆrHV�R�$��

r̃ = w1r̃1 + w2r̃2,�	�$��
r̄ = w1r̄1 + w2r̄2{FQ�"R0MÆI!::�rH n L%<Hy�Æ�	�$���
r̄ =

n∑

i=1

wir̄i = w′r̄Ng�v r̃Æ�B~/HyR0M8ÆQN
σ2 = Var(w1r1 + w2r2) = w2

1σ
2
1 + 2w1w2σ12 + w2

2σ
2
2 ,�,Æσ12 �I� r1 I r2 RU�v�covariance�{F n /HyR0M:�QN�

σ2 =

n∑

i,j=1

wiwjσij = w′Σw,�,ÆMBHyRU�v σij q-xU�v�
 Σ ,�ousl[pR<0 wiÆ!::�QN[pRrHV�Æ�TV�R�	�$I�v0n[pÆ!:g	<�vu�%<�L�rH�q1	�	�$W=�Æ�v?%<WQ��)�p�5~LTKÆ~LTK0n5�vÆ!:k�w��/|,����BR���5�%<��R[p�uÆ�L�u0nZ�'gÆE�!::�QrNgTK�	�$ÆDÆg�vWQ���:ou4|U8=� b�=
min w′Σw

s.t. w′r̄ = r̄T (2.13)
n∑

i=1

wi = 1

wi ≥ 0



_�rHV�hk 59���L�.m� b�quadratic programming problemÆ�.m� bR,�|�!:gZ 6 y�d�nÆXy,!:!)u�	<
MATLAB =�R#C�Optimization Toolboxz,4|�.=� b��QR#C,xB4|.� - �vrHV�=� bRz,Æ8�wg�n�Lz,R	<���ou;I�$�	R��Æ!::�QN�5�BSrHV� ( effi-

cient portfolios)�ZCRiÆ�LrHV��BSRÆ?b�[N�LpS%<ib8�$>O�RrHV��o}5$�LBSrHV�Æ{F[p%<~~RrH�Æ~~RrHV��g�TrH,�
2.4.3 MATLAB FD.��vrHV�=�IbRz,

MATLAB xB�5�3F.��vrHV�=�k�Rz,��Tz,�Y=�R#CÆX{[pR�	�$Æ4|=� b (2.13)�!:�t"R�Lz,�frontcon�WZCR0M8Æz,frontconW3;R℄L!Vf,�Æ�	�$J��U�v�
��!:1	�NRBSV�L,�BSV�L,����!:k�4|R%<WQ� bRL,�z,frontconRFD{t�BS��R�LJ=��subset, �TBSV�0n:����i7A�z,frontconR!�{t��BSrHV�R%<�KDvJ���	�$�J��7LBSrHV�R<0�!::X3xB~/%<HyR0MÆQr,!U8�
r̄1 = 0.2, r̄2 = 0.1,

σ2
1 = 0.2, σ2

2 = 0.4,

σ12 = −0.1k�<!R�ÆHy 2 3�X6BrH!#ÆE�Hy 2 IHy 1 RBe5,�7RÆ)-ÆIHy 1 L=vR�Æ!:0n1	Hy 2 L=R~�rHV�,!VHy0nBqF�^%<Æ=XFDBS��R�LJ=�
>> r = [0.2 0.1];

>> s = [0.2 -0.1; -0.1 0.4];

>> [PRisk, PRoR, PWts] = frontcon(r,s,10);

>> [PWts, PRoR, PRisk]

ans =

0.6250 0.3750 0.1625 0.2958

0.6667 0.3333 0.1667 0.2981

0.7083 0.2917 0.1708 0.3051

0.7500 0.2500 0.1750 0.3162

0.7917 0.2083 0.1792 0.3312

0.8333 0.1667 0.1833 0.3496

0.8750 0.1250 0.1875 0.3708

0.9167 0.0833 0.1917 0.3944

0.9583 0.0417 0.1958 0.4200
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0.28 0.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46
0.16

0.165

0.17

0.175

0.18

0.185

0.19

0.195

0.2

0.205
Mean−Variance−Efficient Frontier

Risk(Standard Deviation)

E
xp

ec
te

d 
R

et
ur

n

Fig. 2.12 ~L%<HyrHV�RBS��
1.0000 0 0.2000 0.4472�m!:QN�L�	�$LÆZ���Hy 1 R<0�Z���Hy 2R<0�Z℄���	�$��Z;��V�%<�7�dq?L�LBSrHV�Æ�V�LBSrHV��WÆ�d?LRBSrHV�%<W=Æ�*�	�$�WE�ÆU!:MERÆ100% rHHy 1 /QR�	�$W=Ǣr1Æσ1 =

√
0.2 = 0.4472�Ib,!:Wg��,A�B:R�Æ!:�=rHV��$RKDv:�QFCr~LHy�$RKDvÆBe5,�7R0M8�Z�d?LRBSrHV�R%<WQ�	<z,frontconÆ6B!�I�R0M8Æ!::���LBS���

>> frontcon(r,s,10);!:QNw 2.12�{FQ4_RrHV�=�Æ!::�04j�Rj[�
>> ExpRet = [ 0.15 0.2 0.08];

>> CovMat = [ 0.2 0.05 -0.01 ; 0.05 0.3 0.015 ; ...

-0.01 0.015 0.1];

>> [PRisk, PRoR, PWts] = frontcon(ExpRet, CovMat, 10);

>> [PWts, PRoR, PRisk]

ans =

0.2914 0.1155 0.5931 0.1143 0.2411
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0.3117 0.1831 0.5052 0.1238 0.2456

0.3320 0.2506 0.4174 0.1333 0.2588

0.3524 0.3181 0.3295 0.1428 0.2794

0.3727 0.3857 0.2417 0.1524 0.3060

0.3930 0.4532 0.1538 0.1619 0.3370

0.4133 0.5207 0.0659 0.1714 0.3714

0.3811 0.6189 0 0.1809 0.4093

0.1905 0.8095 0 0.1905 0.4682

0 1.0000 -0.0000 0.2000 0.5477WÆ�LBSrHV�,Æ!:[1:QN�L7<0�
>> PWts(10,3)

ans =

-1.4461e-017���L℄bRÆE!:Dm^M�NRÆ�QRFD*vR�r��I=�,=��p�
Æz,frontconFD�Æg{!Vf,�dYtÆsz!VRf,�'�k�rUÆU�v�
Dm�'ÆgR�positive semidefinite�s�:��F	<8�R�
Æa<z,frontconFD�
CovMat = [0.2 0.1 -0.1 ; 0.1 0.2 0.15 ; -0.1 0.15 0.2]!:�5��>BQ�W+R4_RrHV�=� b�=�z-,Æo}{CLHy0�VHyRw&6Bj}08}W+�Ut`1	�'{FCL_�0d��rUÆ̂ Jd��̂ Rd�R%<s6Æz,frontcon:�#k�TW+ bÆ�kouoP!Vf,?:�D�Æ�LS^Q"8Rz,�portoptÆO:�#kQ4_RW+ib�����z,Æ5��Lq>&LHyR bÆQr[^,AÆ8�RJ��rHV�,7LHyw&Rj�W+�

0.35 0.3 0.3 0.4 0.5.-�ÆHy:�:��~gÆHy 1�2 ��gÆHy 3�4�5 ��g�`0n1	7gHyw&Bj}08}�rUÆ8}�M� 0.2 I 0.3Æj}�M� 0.6 I 0.7�j)RW+ib:�L)��8�Æ�Tg:fPN�.=�RW+,:

0 ≤ w1 ≤ 0.35 0 ≤ w2 ≤ 0.3 0 ≤ w3 ≤ 0.3

0 ≤ w4 ≤ 0.4 0 ≤ w5 ≤ 0.5

0.2 ≤ w1 + w2 ≤ 0.6

0.3 ≤ w3 + w4 + w5 ≤ 0.7.

MATLAB ,Rz,:�,�#k�TW+ibÆE�a�N:Dm���
��matrix formL:�#&�4Æ�AgW+:�ou�5�S
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% CallPortcons.m

NAssets = 5;

AssetMin = NaN;

AssetMax = [0.35 0.3 0.3 0.4 0.5];

Groups = [1 1 0 0 0 ; 0 0 1 1 1];

GroupMin = [ 0.2 0.3 ];

GroupMax = [ 0.6 0.7 ];

ConstrMatrix = portcons(’Default’, NAssets, ...

’AssetLims’, AssetMin, AssetMax, NAssets, ...

’GroupLims’, Groups, GroupMin, GroupMax)

Fig. 2.13 Ut	<z,portcons fsW+�
� Aeqw = beq 0[S� Aw ≤ b L:�ouS�0[S�R��L:W+ibR���ZC��u;Æ�d,�=�FD�DmX	�
z	��Ha<,�FDR#C�ÆXÆ��E?�/J*�F�8RR[Æ0��?,FDJ�ÆrU AMPLÆ!:gZ 11 yIZ 12 y	< AMPL J��:�f3Æ9� C�?,J��Algebraic languages:�F!:	<WZzR��L:�L=� b� MATLAB ,6BQE�R��L:�L=�IbÆE{F.��v bÆ�QR#C,B�L℄ �
Rz	���pz,portcons�{FQmIR bÆ!::�a<�Lz,ÆUw 2.13 �p,u�RX
�!::�/QW+�
ÆUw 2.14 M�14�!:<!NÆDm-x�LNMf,�/�<0�[�u 1Æ)�Ib[℄n,A����!:��4	<NaN (not-a-number)[�Hyw&H8�Æ'm!:gB~Lp
R wi ≥ 0 W+�p
k�<!R�S�W+ ∑5
i=1 wi = 1 ?~L[S�?d�∑5

i=1 wi ≤ 1 I∑5
i=1(−wi) ≤ −1���)�z,portoptWg�xB[S�W+�DÆz,portopt:�	<�
�dFDÆUw 2.15�!:���PT:sf,Æ:�f5 MATLAB A*9�^d�pÆ!:QN

ans =

0.0816 0.1487

0.0860 0.1620

0.0904 0.1762

0.0948 0.1906

0.0991 0.2054

0.1035 0.2203

14k�<!R�Æz,frontcon :�<F.��v=�Ib,E�!Q3i	<z,portcons Iz,portoptÆN:�Qo<R�
z	��z,�
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ConstrMatrix =

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

-1.0000 -1.0000 -1.0000 -1.0000 -1.0000 -1.0000

-1.0000 0 0 0 0 0

0 -1.0000 0 0 0 0

0 0 -1.0000 0 0 0

0 0 0 -1.0000 0 0

0 0 0 0 -1.0000 0

1.0000 0 0 0 0 0.3500

0 1.0000 0 0 0 0.3000

0 0 1.0000 0 0 0.3000

0 0 0 1.0000 0 0.4000

0 0 0 0 1.0000 0.5000

-1.0000 -1.0000 0 0 0 -0.2000

0 0 -1.0000 -1.0000 -1.0000 -0.3000

1.0000 1.0000 0 0 0 0.6000

0 0 1.0000 1.0000 1.0000 0.7000

Fig. 2.14 z,portcons fsRW+�
��r
% CallPortopt.m

CallPortcons;

ExpRet = [0.03 0.06 0.13 0.14 0.15];

CovMat = [

0.01 0 0 0 0

0 0.04 -0.05 0 0

0 -0.05 0.30 0 0

0 0 0 0.40 0.20

0 0 0 0.20 0.40 ];

[PRisk, PRoR, PWts] = portopt(ExpRet, CovMat, 10, [], ConstrMatrix);

[PRoR, PRisk]

PWts

Fig. 2.15 a<z,portopt
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0.1079 0.2361

0.1122 0.2526

0.1166 0.2799

0.1210 0.3995

PWts =

0.3000 0.3000 0.2250 0.0875 0.0875

0.2623 0.3000 0.2309 0.0905 0.1163

0.2220 0.3000 0.2496 0.0998 0.1286

0.1816 0.3000 0.2683 0.1091 0.1410

0.1413 0.3000 0.2870 0.1185 0.1533

0.1017 0.3000 0.3000 0.1299 0.1684

0.0639 0.3000 0.3000 0.1463 0.1899

0.0260 0.3000 0.3000 0.1627 0.2113

0.0000 0.3000 0.2650 0.1075 0.3275

0 0.3000 0 0.2000 0.5000�$W=RrHV�,ÆHy 5 Rw&:N� 50%ÆHy 5 ��	�$WERHy�Hy 5 Rw&j�� w5 ≤ 0.5Æ	Q!:[^g=^H�rHF�LHy�Hy 4 Rw&>r� 20%ÆHy 3 6Bw&Æ)�
w3 + w4 + w5 ≤ 0.7Æ}GR 30% H�w&Hy 2 j���Lk�<!R�Æz,portconsyz�L�R�
Æ�
,:^)xB���N��=jR=�FDWbq)	</"�
�sparse ma-
tricesÆ/"�
:�E?�N�R!V�w|5!AV�?,J�q<�/"�
R℄\Æ?,J�#k=mIR=� b�Æq�ou/"�
R{tX�dFDR�BaÆ!:�n�FDBSrHV�Rz,�!:�#k�BS��R b�}8R b�U��d%</�$R�	�!:�	<.��vrHV�=�k��d%<I�$R�	ÆUZ 2.4.1 w,u=RX
��J,Æ.��vk�Q[�<FL!RS<z,�{FPTS<z,RW=rHV�:^[.��vIbRBS��j��:�ER�ÆHyR�$+0ÆU�\�normally distributed0S<z,��.z,(#f3Æ [?] 0 [?]) R[�%0M�W=rHV�[BS��j[)�=��L{�.x�Ut	<℄ R�.S<z,�rUZ 2.11 w,RFD�RW=rHV�p
�.��vIbRBSV��!:k�ZR�O!!:R%<��0�Æs9f, λ��QR#C,-xz,portallocÆz,portallocQrS<z,��.RÆNg%<��0��Æ:�FD�V�RW=�$��z,portallocNMR%<��5,� 3Æ%<��5,1: 2 I 4 �V�NT���Æ!B�T b:!:����!:��+��B%<Hy:sR0M8Æ.��vIbRBSrHV��D�Æ!:0n:�gH�5�,d,/9bgq00rHF�L�=R�0s>�s>R}G��IrH��B{wÆ�E?q�%<�Ut!:RrHV�,fP�L$%<HyÆBS��)�Nn
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% CallPortAlloc.m

ExpRet = [ 0.18 0.25 0.2];

CovMat = [ 0.2 0.05 -0.01 ; 0.05 0.3 0.015 ; ...

-0.01 0.015 0.1];

RisklessRate = 0.05;

BorrowRate = NaN;

RiskAversion = 3;

[PRisk, PRoR, PWts] = frontcon(ExpRet, CovMat, 100);

[RiskyRisk , RiskyReturn, RiskyWts, RiskyFraction, ...

PortRisk, PortReturn] = portalloc(PRisk, PRoR, PWts, ...

RisklessRate, BorrowRate, RiskAversion);

AssetAllocation = [1-RiskyFraction, RiskyFraction*RiskyWts]

Fig. 2.16 a<z,portalloc
R6F��Qk�,{�L b��d�D	R~�Æ�TT���;#R���{F!:��ÆW=rHV��$%<HyI�L℄MRBSrHV�RV��rHF$%<HyIrHF%<HyRH��9,F!:R%<���uÆE�%<HyRrHV�,[q>%<���u��L0�R!#�ÆUt!:B_�Lk�ÆrH��ksl�LVp3��mutual
fundDÆg�I$%<HyV�?:�z,portalloc:�FD�%<HyV�I$%<HyRV��$���℄Æ:Qr!:�PLq�~VH��w 2.16 u�U�a<z,portalloc�F!:{�pZT|���:Æ!:Ng��	�$�J�IU�v�
ÆNgV�L,0M8Æ	<z,frontcon FD��L�<RBS���!:�Ng$%<HyR�$��%<��5,�risk-aversion co-
efficient�~�q�rg�NaNÆ)�!:- b,[5�~VH��z,portallocgB�8!��RiskyRiskL�%<HyR%<�RiskyReturnL�%<HyR�	�$�RiskyWtsL�%<HyV�R℄^<0�RiskyFractionL�%<HyrH,RH�w>�PortRiskIPortReturn �ML��?$%<HyI%<HyX	RrHV�R%<I�	�$�a<z,portallocQN�8{t�
>> CallPortAlloc

AssetAllocation =

0.1401 0.2004 0.1640 0.49540nÆ!:) ��4Dm:FDBS�����?z,portallocRD�{t,gR�!:p
:�G��t|,�L=� bÆZ 6 y,g)D7�n��p�:�f3Z C.2 w
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2.4.4 Q{.��vrHV�=�k�)-��T,�FDBeR b�D�Æ	h��Qk�,Bv�[<Æ.��vrHV�=�k�O�Nl�z��!:�4EÆHy�$+0ÆU�\IS<z,��.���Æ.��vrHV�=�k�a^IS<z,k�/��%��~LibR�kg0n5��15�ÆU�\R�L0�℄��OR{�g�symmetry�Ut�$�\�{�RÆ!:�:�	<�v0KDvu�%<��J,Æ�v�8R��$EF0TF�.�R�u�E�ÆU�\,Æ�LE�$�=:^):�LT�$BWN�D�ÆUt�$R�\[�{�R�not symmetricÆ!:Dm6��jd tI8d%<�!:Qr_���z�R�$�\#B{�gÆ�Tq��A)x��$Æ'mg-�Q4_R�\�{F�.�RS<z,ÆQr%<���u�[oRÆ�;t��0�+jszrH�Rd��~L bR|,���ÆslQBS�Q��RS<z,ÆI�{��RrH��ÆslS<z,��}QZR�!::�ouoPW+R��ÆX�'rHV�yz"=H��Ut L �F4I�Æ?LrHV�RNHÆL:�U8�

P{L > w} ≤ α,�, α?L�LqQ<�Æw ?L�LW+
���/<�W+�probabilistic
constraint:��4)W+�chance constraint�MBR�TE�qq>4_R=� bÆ:��F4m� b�stochastic programming problemsÆ!:gZ 11 y�d�n�	<F4m�IbRuq.O)�.��vIbR��L[SÆ?.��vIb,QrU�v�
FF�VRI��bgR�[fR�Æ�zD-{R�ÆHy�$�VRBeg�j{RÆ!:DmoP��
gÆM�!:k�	<Q4_RIbA)[Bgg��F4m��:�<Xfs���R0�IbÆrU 17 �w 2.3 X
R*{X�!:p
k�5�N���L b�Æ.��vHyV�=�Ib���rHV�P}RkUhkÆkUhk[��LC��Ib�rHV�au�,Æl��<R6F1::5�N�!:�Z�l��<fs�L�BRIb�l�	;Il����VRe5�}4_�rU�.g*V0,�_�Q~Æ)��^Rl�:^oPl�	;�E?rHV�PHyjRw&umÆ�wWl�	;��^rHR=�:^)�Nl�	;oPR6F�)-ÆrHV�,Ut℄���_�Æ��_�Dmr&�LWQ<0�!:p
1	w��LBSRrHV�Æ:V�xBR_�,��IR~�!:gZ 12 y{�L b�dfI�
15f` [?] {FrHV�=�Ib,�NS<z,�d�~��1:<!R�Æ.��vk�[��<FHy�$�ÆU�\R0MÆ{F~Q�\�elliptic distributions�p
�<,�,ÆU�\�~Q�\R�/; f` [?]�
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2.4.5 �N%<pu: <R�I��,�.��vrHV�=�Ib�3F	<�v0KDv[�%<u�R�!:��=�/%<u���[P���RÆ���L�J b�Æ�/��{rHV�hkJX4Z�1<�����4!:k�1<�NR3FrHV�H�R%<u����o}Æ�L%<pu�g�LF4I�8pN�L#R,���L,�X=ÆF4I��\R%<X=�Q#RiÆ�T%<pu�3FrHV�NHR<��\��,�quantilesR��,ÆW�%�R%<p��<R��VaRÆValue at Risk�[�I�v<d,OÆ{FDt6�Rs�ÆVAR 0nL�J�K%nIb�VarÆVector Auto-Regressive model�
VaR <d��L�Fk|RrHV�%<p���JjÆu��TCIhk%<�rHV�hk�RP}R[�s>I_�q>[pR%<�Æ{F=�rH�Æ�z�R%<0nQE�ZC��ÆVaR RTK�ÆNg�V��I&_0��confidence levelR0M8Æp�rHV�RW=NH�0C(ouiÆO��/eF�XRb8R<��\R��,�Qr!:R�
Hy�0H�� W0Æ�X�F4Hy� tildeWÆ��N��

W̃ =W0(1 + r̃)�, r̃ ?LF4�$��!:Qe^ RNH%<ÆNH�z�
δW = W̃ −W0 =W0r̃I�7�Æ&_0� α �RÆVaR �.xR!8U8U�

P{δW ≤ −VaR} = 1− α, (2.14)�� VaR Rg#Æ�gR&_0� αÆ!::�ou;I�+�-��g{tI�Æ,�o}	<R&_0�� α = 0.950 α = 0.99����BÆj�RU��g#wqR<��\jRÆE��Lg#:�SuNj^<��\j�Qr f(r) ��$�R>uz,�DÆÆ!:w��L�$� r1−α Æ	Q
P{r̃ ≤ r1−α} =

∫ r∗

−∞
f(r) dr = 1− α.��, r1−α ;DIHy� w1−α BeÆ?S� (2.14) !::�zM�

w1−α −W0 = −VaR,�uXÆ�!�F
VaR =W0 − w1−α = −W0r1−α.k�<!R�Æo}�L�$��7�ÆE VaR ��Æ�B�ÆVaR ?LR��XHyR�	

VaR = E[W̃ ]− w1−α = −W0(r1−α − E[R̃]).



68 �Qk�{Fx��V��ÆrUAeÆ�~Lg#��<BpR��/0M8ÆTk�volatility�7M���driftR16�x�V�VVK δtÆ~��uI�VVK δt 	Age5ÆTkI√
δt 	>re5Æ�!�FUt�VVK5�F 0Æm��B>TkQIY5�F 0�� E[W̃ ] ≈ W0�?F%<��7�k�/�SZR=��1{x�H�Æ)�QrQ[�k�UtQr�$�+0ÆU�\�*�qx�V℄ÆFD VaR B{ZCÆ)�ALwqR���successive periodsR�$�SF�AL�V�$�R��[5�4qR0M8�Z���ÆQr!:�B N L_�RrHV�Æ7L_�=RRJ� S�σ L�rHV�PTk��)-Æ{�Lq~�V δt PÆTk�� σ

√
δtÆQr7PTk�B�rsR0M8ÆougAL+0ÆU�\RF4I�BPÆ!:QN�℄R+0ÆU�\RF4I�Æ? δt �VR�$���QN��,��g&_ujRW=NH�!:k�g�$�\�dKD��)-ÆNg�L&_0�

αÆ!::�ouFDfF<��\�z,R��ÆQNKDÆU�\�the
standard normal distributionz1−α {1RR��,�rUÆUt α � 99%I 95%:

>> z = norminv([0.01 0.05], 0, 1)

z =

-2.3263 -1.6449{1�V δt �VR VaR �Æ&_0� αÆ!:QN
VaR = −z1−ασ

√
δtNS, (2.15)�,ÆNS ?L�
Hy� W0�Ut�V6VIQQ~Æ!:1:5�NrHV��	�$�R���drift0M��/0M8Æ!:k�{ VaR�RFDU� (2.15) �di;ÆU8�

VaR = NS(µ δt− z1−ασ
√
δt),�,Æµ L�HyV�7P�	�$�UtQr�$+0ÆU�\ÆFD�LrHV�R VaR ���ZC�!:�^<.��vk��[�LrHV�R%<0M�

Example 2.15 Qr!:�B�LxB~LHyRrHV��HyrHV�,R<0� w1 = 2/3 I w2 = 1/3Æ~LHyRPTk��M� σ1 =

16!:g8�wF4����,i|�Tk�I����<d��g��Æ��I�	�$BeÆTkI�$�RKDvBe�qxR�VVKÆVK~u� δtÆ��RAg[F� δtÆ�Tk=QRI √
δt	Æ>Æ��!�FÆI�VVK5J�R�Æ��5JF 0RAu>Tk5JF�RAuI�
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2% I σ2 = 1%ÆBe5,� ρ = 0.7Æ�V~u δt � 10 e�!::�ouFDV��$��vR��Æ�|V�%<0M�
σ2 = [w1 w2]

[
σ2
1 δt ρσ1σ2 δt

ρσ1σ2 δt σ2
2 δt

] [
w1

w2

]
= 0.0025111;)-Æσ = 0.05011�QrrHV�R�
Hy�� $10000000Æ 99% R&_0�8 VaR ���

Var = 107 · 2.3263 · 0.05011 = $1,165,709!::�	< MATLAB Rz,portstats Iz,portvriskFD�p
R{t��:ÆNgHy�	�$RJ��U�v�
�rHV�R<0Æ!::�FD�rHV�R�	�$I%<Su�
[PRisk, PReturn] = portstats (ExpReturn, CovMat, Wts).DÆNgrHV�R�	�$��%<�%<W+
� 1 − α�rHV��
Hy�Æ!::�FD�rHV�R VaR ��
VaR = portvrisk(PReturn, PRisk, RiskThreshold, PValue)a<�T�pÆQN
>> format bank

>> s1 = 0.02 * sqrt(10);

>> s2 = 0.01 * sqrt(10);

>> rho = 0.7;

>> CovMat = [ s1^2 rho*s1*s2 ; rho*s1*s2 s2^2];

>> s = PortStats([0 0], CovMat, [2/3 1/3]);

>> var = portvrisk(0,s,0.01,10000000)

var =

1165755.90k�<!R�Æ�L{tI��FDR{tlB[pÆ)���JRFD�he pencil-and-paper calculation5 (;o&V) vz*v�truncation er-

rors�{FxB n LHyRrHV�U�ÆHyRJ� Si, i = 1, . . . , nÆPTk�� σiÆHy i I j RBe5,� ρijÆrHV�,�B7L_�R,�� NiÆm
VaR = −z1−α

√√√√δt

n∑

i=1

n∑

j=1

NiNjρijσiσjSiSj.
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VaR

5%

VaR

5%

Fig. 2.17 [p0M,<R��VaR:^Bp[<4Æ�LU��fsHy�$�+0ÆU�\RQr3 jR� b��LQr�'�k��J,Æ�,!�empirical data;�_�R�$�Q[+0ÆU�\�-�ÆB�!:#kPTHyRRJ�YF%<)JÆ?	%<)J�+0ÆU�\RÆHyRJI%<)JR�Age5g	QHy�$�[b+0ÆU�\��L%2RrJ�Æs>RJIN��$�VR�Age5Æ�/0M8ÆUt!:!GQ�� (2.6)Æ!:0n:�	<3F��RRJ�<U�
δP ≈ DMP δλ)-ÆUt δλ �+0ÆU�\RÆ�<R0M8 δP �g+0ÆU�\�B<R��:�1<�z���ÆUt!::�FD��z�RJIKRHyRJ�VRDA5,�Ut!:�A�/Q~R�<��Æ!:Dmo�PTOm��J,Æ�/0M5n� b���Æ!:$�ouFDKD�\��,R��QNHyR�R�\R��,��/08Æ!::�	<;℄/ I_ (f`Z 4 y) R��/Q�L,�|��L:�R b�Æ0n!:RIb�YF[pR%<)��BegGC!:LIbq�YF�$�+0ÆU�\ÆE�J,Æ�$�o}0M:^[�+0ÆU�\R���k�	<Q�=�qFIbÆrU copula k��copula theoryÆcopula k�RBe℄S���;#���?	!:g�TIbIFD b��FÆQQr!::�FD�VaR�ÆVaR <dKtO5�� b�rUÆ�L��,[^6�[pR�\Æ`w 2.17�YFR7A;�ÆU�\�R0M�Ut!:Qr�/vzb�\�truncated distributionUCwÆ~Lw, VaR ��BpRÆ)���,YF�\RfF>u��
R�D�ÆZ�/�$��\R NHIZ�/�=[p�>��~LrHV��$�\RY�^R H�R�	�[pR�?F VaR �R�T[SÆ-���NR%<u���ÆrUib<R��CVaR Conditional Value at RiskÆCVaR L�

VaR �YF NHR�	��%<puÆrU VaR 0 CVaRÆq:�rHV�=�,	<Æ=� bR4|��I 2.13 BpÆ�,R�v:�	< VaR 0 CVaR ?d�E�ÆVaR 0 CVaR [�%<puRrHV�=�Ib0n?mugÆug,�=�D�,�}0��f3Z 6 y�I[Bgg	<B�R0�=��dfIR���+4_�\IHyRJe5�Æ�/fI��
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CVaR WQ� b,�FDB{ZC�eF VaR �!:!k�[�WÆ�L b��gYiÆou�^rH:�jT%<�L��/%<pu ρ(·) q1:*����gRkd�0KD�RouÆ%<p�k��L9PibU8�

ρ(A+B) ≤ ρ(A) + ρ(B),�, A I B �~LrHV��t8XR�r}:<X�E VaR ?	�/g*�
Example 2.16 5�~L��s>�corporate bondsÆA I BÆs>�d�ÆWR<�� 4%�?ÆUt�zÆWÆ!:gH� $100��J,Æ!:0n:�C%^�rH�&_0�� 95% R0M8ÆFD VaR ��FD��ÆI	<j^�\�[BggfI�Æ!:1:k| VaR���4� VaR Rg# (2.14) ,ÆVaR �	Q8�U�	sR γ RWQ��

P{δW ≤ −γ} ≥ 1− α.ZC��Æj^�\0M8Æ!:0n�[N�L�	QS� (2.14)	sÆM�!:k��L[S��)-ÆÆW<�� 4%Æ1− 0.04 = 0.96 >
0.95Æ�/0M8Æ!::�QN

VaR(A) = VaR(B) = VaR(A) + VaR(B) = 0.Ut!:�B~Ls>Æ�*~Ls>RÆW�B�rsRÆ0MU��U80��
• H� 0Æ<�� 0.962 = 0.9216;

• H� 200Æ<�� 0.042 = 0.0016;

• H� 100Æ<�� 2× 0.96× 0.04 = 0.0768.)-Æ&_0�8
VaR(A+B) = 100 > VaR(A)+VaR(B)Æ�!�FÆUt!:	< VaR[�%<puÆ�^rHgoP%<��LBSR%<pu1:#B.:Pg�Subadditivity�wq%<pu (coherent risk measure)��:-VN%<pu<d,ÆUt�Lpu.SPTibÆOg�wqpu�VaR �:�E[�wq%<puÆE

CVaR �wq%<pu�



72 �Qk�
2.5 HyRJRkUfI.��vrHV�k�,!:	<rHV�R*V�Bm��buy-
and-hold�)-Æ!:6B5�NHyRJRkUfI�modeling the dy-
namics of asset pricesÆ!:�k�N��HyR�$�\�{FQ4_RrHV�hkIbÆk�HyRJRkUfIÆ!k��<gRIbÆ�<gRIb!:gZ 2.6 y,�d�n�HyRJRkUIb1::��8HyRJRF4I�Æ)-!::�	<F4u� S(t) L�kURHyRJ�HyRJRF4u� S(t) :��j^�V�0wq�V�R��{F�<gRÆ�:�EÆ�L3FF4AR�random walksRwq�VIb��}B<R�;wÆ!:	<wq�VRF4u��stochastic
processes�HyRJfIÆF4u�gq>F4�����stochastic dif-
ferential equationsIF45��stochastic integrals�
2.5.1 0j^Nwq�V���L[8R8�Æ?0j^�VIb0
ÆDÆM�wq�VIb�5��L�V6V [0, T ]Æ!::�g�8pNj^5q,ÆQr�VVK� δtÆ	Q T = N · δt�O!�V��pp t = 0, 1, 2, . . . , N�St L�_��V tRRJ��LB{�kRIb�����multiplicative form�

St+1 = utSt, (2.16)�, ut ��L�7RF4I�Æ_�R�
RJ� S0 �Ut ut �wqbF4I�ÆX4Ib�wq�V���m�QrF4I� ut �rsp�\R�identically distributed and independent�B�rs�IndependencyQrI�{BSBe�market efficiency��T�k5�&RQr!�FÆT�R_�RJ��1�MBR�{_0����:�	QRJ/��7Æ)�_�RJ��7R�Ut!:	<P��RIbÆrU St+1 = ut + StÆF4I� ut �zjY�dropsR�:^)	QRJ�7�ÆP��RIb[^/� St ≥ 0��{F���RIbÆUt�zRJjYÆut < 1 �Æ_�RRJOD�Æ�-�Æ�JR_�RJRI��YF_�R=R�{F=R� $100 I $5 R_�Æj| $1 R!#�[pRÆ��Ib�J,	<�H��BgF4I� ut R<��\0MÆ	<_�RKD{,��dFD��}B!#R�
logSt+1 = logSt + log ut = logSt + zt.



HyRJRkUfI 73F4I� zt L�{,<R_�RJÆo}Qr zt +0ÆU�\Æ��!�F ut +0{,ÆU�\�lognormal�17 0�
RJ S0 0
Æu0U�
(2.16)Æ!:QN

St =

t−1∏

k=0

ukS0,�!�F
log St = logS0 +

t−1∑

k=0

zk)�ÆUF4I�R�O�ÆUF4I��f`9� BÆlog St �+0ÆU�\Æ�!�FO!IbÆ_�RRJ+0{,ÆU�\�
E[zt] = ν, Var(zt) = σ2,!:QN

E[logSt] = E

[
logS0 +

t−1∑

k=0

zk

]

= logS0 +

t−1∑

k=0

E [zk] = logS0 + νt (2.17)

Var(logSt) = Var

(
logS0 +

t−1∑

k=0

zk

)
=

t−1∑

k=0

Var (zk) = tσ2, (2.18)�,ÆFD�v�Æd[5� zt Rrsg�Q0�Rk���R�Æ_�RJ{,R�	I�vÆI�V
Age5��!�F�KDvI�VR��
Age5�t8XÆ#kwq�V�RIb�℄g0M8Æv����difference
equation9���Æ:�QN�L�����differential equation�P/0M8Æ!::�gj^�VIb;X��

δ logS(t) = logS(t+ δt)− logS(t) = ν δt�k�<!R�Æ!:���	R��dFDRÆ)�!:d�6B5�F4gUt99�� δt→ 0Æ!:QN
d logS(t) = ν dt

17Ut X ��LÆUF4�\I�ÆX �,� exp(X) �{,ÆU�\I�Æf`9� B�
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∫ t

0

d logS(τ) = ν

∫ t

0

dτ ⇒ logS(t)− logS(0) = νt⇒ S(t) = S(0)eνt (2.19)�L{tIj^�VR{t��%R��J,ÆP/0M8Æ3ig����X�
d logS(t)

dt
= ν0�SR�ÆU

dS(t)

dt
= νS(t),!:q<�5�R��g����;X�

d logS(t) =
dS(t)

S(t)
(2.20)!:3NÆν IHyRwq4q%3Be�I!:5�Nhy0Gk�noiseÆ5�T0�RI���:Æ!::�g�X�S��

d logS(t) = ν dt+ σ dW (t), (2.21)�,ÆdW (t) :���[ [t, t + dt] jRF4u�����LBI:�R bÆ��F4�����F4����R|��LF4u�Æ�[�PLBgR�Vz,�D�ÆF4����R4|�}4_Æk�pu��measure
theoryIF45��stochastic calculusBeR�� (f`;yf5�>)�{FF4����RFDÆ!:��d2�R�n��:Æ!:k�~�wq�VRF4u� W (t) �?WT3;F4u�X	R�8�w,!:g�nÆ�
R3;F4u�Æ���Yu��Wiener processÆ�Yu�%�FIF4u� zt �
0�Ro_��:�ER��Yu��[:�RÆ)-!:[^gF4����X�

d logS(t)

dt
= ν + σ

dW (t)

dt�JjÆF4�����stochastic differential equation:��[�L5����an integral equationÆrU (2.19)RZX��shorthandÆ�q>F4u�Ro���k�g#�LF45��BeRF4�5��F45�g#R6F�F4����ÆrU�� (2.20)Æ6BB1RF45����!:k��/��0BgRF40�zM���z��m�chain
rule for differentials��q>F4FDR3 R#Æ���^-k�Ito’s
lemma�
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2.5.2 KD�Yu�j^�V�RIb,Æ!:Qr{,RJ�RJR{,RI�+0ÆU�\Æ{,RJI�R�	I�vI�V	Age5Æ)-KDvI�VR���Age5�j^�V,Æ!::�5�8�Ru�Æ�[X	�Yu�R3;F4u��
Wt+1 =Wt + ǫt

√
δt,�, ǫt ��5��Brs+0KDÆU�\RF4I��{F k > jÆ!:QN

Wk −Wj =

k−1∑

i=j

ǫi
√
δt,�!�F

E[Wk −Wj ] = 0,

Var(Wk −Wj) = (k − j) δt{Fwq�VIbÆ!:0n:�gKDR�Yu�g#��Lwq�VF4u�ÆF4u�#B�8g*
1. W (0) = 0, ��Jj��Lir�
2. NgL!R�VVKÆ[s, t]ÆW (t)−W (s) Ro�R�\� N (0, t− s)Æ���L+0.�� 0ÆKDv� √t− s RÆU�\RF4I��o��bgRÆ)�o�[�YF�,R�VVKR,�Æ�I�V~uBe�
3. o��B�rsRÆUt!:9�V\ t1 < t2 ≤ t3 < t4ÆmBW (t2)−
W (t1) I W (t4)−W (t3) �B�rsRF4I����|o�B�rsR0�gÆ!:>q�Yu�R
;��Æ 19�w 2.5, �Yu�R
;��g#� Q(t) = ǫ

√
tÆ�, ǫ ∼ N(0, 1)ÆUw

2.18 ���L�-\��degenerateRF4u�Æ)��\R_0.x�L
;��R_0Æ�LF4u��:MpR�D�Æ!:C3 Q(t) RF}�\Æ�LF}�marginal distribution�\<��L�Yu�Æ)�
E[Q(t)] = 0 = E[W (t)],

Var[Q(t)] = t = Var[W (t)]�/[p�??	B�rsgi	R�0w 2.5,!:3NÆ�Yu�R
;��3�X�wqRÆE�Q[:����:^��4EÆOQ[��S
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Fig. 2.18 �-\�F4u�R
;�����nwqg�continuity�:�g�differentiabilitymk�PTF4�yR<d���jÆ!:1:4Æ�Yu�$#:�R<�� 1�{F�L bÆ�QN�L�gRA+ÆF!:5�o�>�incremental ratio�
δW (t)

δt
=
W (t+ δt)−W (t)

δtNgj)g*Æ!::�QN
Var

(
δW (t)

δt

)
=

Var [W (t+ δt)−W (t)]

(δt)2
=

1

δtUt!:99� δt→ 0Æ�L�vg5J$2=�}JRiÆ[^�EW (t)�[:�R�non-differentiabilityÆE��!�FÆ0n[^	< dW (t)/dtR������jÆ0n`g3[N�
R����!:�	<�Yu�R��� dW (t)Æ!::�g dW (t) �[�L+0 N (0, dt) �\RF4I���JjÆ!:g���[�Lo�Æ�Lo�:�:5���
∫ t

s

dW (τ) =W (t)−W (s)�3�X!n�kÆ�[�\�!::�	< W (t) XiF4����ÆrUÆNg�, a I bÆ!::�Xi�LF4u� X(t) .S8�S�
dX(t) = a dt+ b dW (t)���Ll#R�Yu��generalized Wiener processÆou�t5�QN

X(t) = X(0) + at+ bW (t)
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dX(t) = a(t,X(t)) dt+ b(t,X(t)) dW (t), (2.22)�[�g���L.S�� (2.22) Ru�:���^u������R|1:�U8�

X(t) = X(0) +

∫ t

0

a(s,X(s)) ds+

∫ t

0

b(τ,X(τ)) dW (τ) (2.23)�,ÆZ�L5�<���L��eF�VRKDi/5��Riemann in-
tegralÆE�Z�L5���4\�!:k��L�BRg#Æ�gq>F45�RBe���
2.5.3 F45�IF4����<F4����g#�LF4u� X(t)Æ�,�Yu� W (t) �8k)JÆ!:Qr X(t) ���YF W (t)  0 N t �V6VRp�,��0C(jiÆ!:4u� X(t) �1Fu� W (t)�F!:5��LF45��stochastic integralU

∫ T

0

X(t) dW (t)U�Bg�LL:�Rx#���Æ!:0nM��LF45���LF4I��Ut!:{�LBgz,eF�V�d5�Æ!::�QN�L,��)-Æ!:M�{F�LF4u�eF�V�d5�Æ!:1:QN�LF4I��-�ÆF45�3�XIF4u� W (t) R
;��BeÆ:�oug5�6V�integration interval��QH 0 = t0, t1, t2, . . . , tn = T4�R��/Q�L�<|�
n−1∑

k=0

X(tk) [W (tk+1)−W (tk)] . (2.24)�}k�<!R�Æj�,!:U�sl�V\: X(tk)��LF4I�ÆOIo� W (tk+1)−W (tk) B�rs��RB��L:dR|Æ)��8O)�
Example 2.17 {F nLHyR=�ÆHyRRJIb�F4u� Si (t)Æi =
1, . . . , nÆSi(t) :�	<F4������U 2.22ÆQQr!:B�LrHV�m�Æ:m�	<z, hi(t) L��hi(t) L�rHV�,7L_�R,��E�4
Rz,aB!#\? �E;z, hi(·) [1:�:MpR�? hi(t) 1:�YF�V6V [0, t] jRMBp�,!ÆQ[^Mp�-�Æ!:1:g hi(t) �[�V6V [t, t+ dt) j!:�B_�R,��
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H�rHNHyV�ÆV�R�
H�?rHV�m� h ,gÆm
Vh(0) =

n∑

i=1

hi(0)Si(0) = h′(0)S(0),�,Æ!:g hi I Si �J�R�u�ÆKG h′S L�J�R℄5�inner
vector product�rHV�kRy�)n
kUI�\�UtrHV��Kk�HR�self-financingÆ?�V t = 0 ÆÆ!::�l�HyÆE!:[oP (0\mH�ÆrHV�HyP�1.S8����

dVh(t) =

n∑

i=1

hi(t) dSi(t) = h′(t) dS(t)�3�X�BI�g�B4+tRÆE7%�+I�E!�D�R. 18 ℄MYÆ!:0nM� t = T �<ÆrHV�PHy1:��
Vh(T ) = Vh(0) +

∫ T

0

h′(t) dS(t)D�Æ��F45�:�[� (2.24) 9��<R3 �
∫ T

0

h′(t) dS(t) ≈
n−1∑

k=0

h′(tk) [S(tk+1)− S(tk)]�V tk !:�_,�[�YF_��XRRJ S(tk+1)�)�Æ!::w&HyÆDÆ/Q�$������4�^�ItoF45�:g#�X/�Æ�
Rg#Q*��QR!;�=ÆUt!:9 (2.24)R�<Æg�V6V [0, t]��� n!ÆI n→
∞ �Æ!:gQN�4�!:k�slF4�y�stochastic convergenceR<dÆ�*�LF4�yR<dDm*� bR�4�:�3NÆUt	<.����y�mean square convergenceÆ�Lg#�g�B!#RÆ�
QNR5����^�ItoF45��F45�Rg#g>XPT0�R b��:Æ�^F45�R�	���4�!:ou�<�� (2.24) 0n:��NPTAK�

E

[∫ T

0

X(t) dW (t)

]
≈ E

{
n−1∑

k=0

X(tk) [W (tk+1)−W (tk)]

}

18f3 [?, chapter 6]�
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=

n−1∑

k=0

E {X(tk) [W (tk+1)−W (tk)]}

=
n−1∑

k=0

E [X(tk)] · E [W (tk+1)−W (tk)] = 0,�,Æ!:	<�Yu�o�R X(tk) RB�rsgÆQNo��	��
0. F45�[5�L�BRFD���D�Æ!:0n:�|�5��L℄ R0MÆ�HQN�L�gR|�8�RrJu��!:g#F45�R��i	R}0Æt�
Example 2.18 (z��mQ[�<FF4��) Qr!:�FD�F45� ∫ T

0

W (t) dW (t)g>Æo5��Æo5�	<��z��m�chain ruleQN�L:��t5�R���#R0M8Æ!:0n:�QN
dW 2(t) = 2W (t) dW (t)�!�F ∫ T

0

W (t) dW (t) =
1

2

∫ T

0

dW 2(t) =
1

2
W 2(T )E��8*RÆ!:3N5�R�	�� 0ÆE�

E

[
1

2
W 2(T )

]
=

1

2
E
[
W 2(T )

]
=

1

2

{
Var [W (T )] + E2 [W (T )]

}
=
T

2
6= 0!:3N�I�	�Q[B*�j�R�r;�Æ��z��m�^�ItoF45�,Q[BS����℄~�Æ!:Dm�N��RmmÆ�;���^�Ito-kÆ�nU8�;w!:0���� (2.22) 0
Æ�SS5�� (2.23) R~��{+��J0,tRou3Æ0nÆ�QB!#Æ!:1:g����[5��RZX�����R��L=\�:sgq$�	<���Q�tÆfsHygRIbIq�Ib,�����}��RfI���

2.5.4 �^-k=!N��LQN�^-k�Ito’s lemmaR�� (f` [?, chapter

10])�Qr�L�^u��Ito processX(t)Æ.S8�F4����
dX = a(X, t) dt+ b(X, t) dW, (2.25)
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δX = a(X, t)δt+ b(X, t)ǫ(t)

√
δt, (2.26)�,Æǫ ∼ N(0, 1)Æ+0KDÆU�\�!:RTK�/Q�Lz, F (X, t)eF X(t) RF4������Lea)��z, G(x, y) eF~LI�R���

dG =
∂G

∂x
dx+

∂G

∂y
dy,!::�ouSu��Taylor expansionQNÆI δx, δy 0 : δG = ∂G

∂x δx+
∂G
∂y δy +

1
2
∂2G
∂x2 (δx)

2 + 1
2
∂2G
∂y2 (δy)

2 + ∂2G
∂x∂y δx δy + · · ·=!::�gSu�1<F F (X, t)Æ�'FB�~H�BD���R�ÆS� (2.26) ,R √δt ���k�J�Q^���jÆ!:BU8�

(δX)2 = b2ǫ2δt+ · · · ,�!�FÆ�<z,, (δX)2 ��7��)� ǫ +0KDÆU�\Æ:Q E[ǫ2] = 1 I E[ǫ2 δt] = δt�QB!8R0M�ÆI δt 5JF 0Æǫ2 δt :��[�F4I�ÆQ* ǫ2 δt SFOR�	���LBSR��XG;��\R�Æ�mm
(dW )2 = dt (2.27))-I δt 5JF 0 �ÆSu��

(δX)2 → b2 dt��Su�REu^�ÆgI� δX I δt q5JF 0Æ!:QN
dF =

∂F

∂X
dX +

∂F

∂t
dt+

1

2

∂2F

∂X2
b2 dt,�,Æg dX d?`ÆQN8GR�^-k�Ito’s lemma

dF =

(
a
∂F

∂X
+
∂F

∂t
+

1

2
b2
∂2F

∂X2

)
dt+ b

∂F

∂X
dW (2.28)0n�L�Eu�Q[}JÆea b�?F √δtI�Yu�Be�Wiener

process��J,ÆUtr& b = 0Æ?F����,R�Yu�Æb Q[�F4I���^-kn{F�z�Rz��m��z�RRJIKRHyRJBe�
dF

dt
=
∂F

∂x

dx

dt
+
∂F

∂t
,)-ÆNg x R���� (2.22)

dF = a
∂F

∂x
dt+

∂F

∂t
dt
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1

2
b2
∂2F

∂x2BgR0M8Æ�u�,R�u��I (δt)2 BeÆ(δt)2 :��7�E!:Dm5�N √dt Ru,Æ?	 √dt ����R��QuVk|�^-kÆ!:k�|��TrJ�
Example 2.19 F!:5��r 2.18��FD W 2(t) RF45�Æ{F
X(t) =W (t) R0M1<�^-kÆrg a(X, t) ≡ 0, b(X, t) ≡ 1ÆF (X, t) =
X2(t)�?-QN

∂F

∂t
= 0, (2.29)

∂F

∂X
= 2X, (2.30)

∂2F

∂X2
= 2 (2.31)k���R�Æ�� (2.29) ,Æ�VR~��� 0�F (X(t), t) ou X(t)I�VBeÆE F (X(t), t) [I�V t �tBeÆ)- F (X(t), t) eF�VR~����[45�ou�^-k!:QN

dF = d(W 2) = dt+ 2WdWk�<!R�Æ!:$�ouz��m{�,R dt �dMp�E�/�	Q!::�ÆBRMp W 2(T ) R�Æ)�
W 2(T ) =W 2(0) +

∫ T

0

dW 2(t) = 0 +

∫ T

0

dt+

∫ T

0

W (t) dW (t)9�	�Æ!:QN
E[W 2(T )] = T,�I!:�r 2.18 ,R0M�%��^-k0n:�<Xw�F4����R|Æ$mB{ZCR0M8�

Example 2.20 A�\_^k�Geometric Brownian motion:�ouU8F4����g#�
dS(t) = µS(t) dt+ σS(t) dW (t),



82 �Qk��,Æµ I σ �}�f, (constant parameters)�M?L��ITk�Æ!::�g��;X��
dS(t)

S(t)
= µ dt+ σ dW (t),DÆÆ5��� d logSÆ�"�5�,ÆO� dS/S ��QN5�Æ!:0nk��Nib�-�Æ�{F�=F4���� F (S, t) = logS(t)�B*9R��	<�^-kÆ!:�:�FD~M,����
∂F

∂t
= 0,

∂F

∂S
=

1

S
,

∂2F

∂S2
= − 1

S2
,?-!::�QN

dY =

(
∂F

∂t
+ µS

∂F

∂S
+

1

2
σ2S2 ∂

2F

∂S2

)
dt+ σS

∂F

∂S
dW

=

(
µ− σ2

2

)
dt+ σ dW=!:�=O:R_EQ[�Æ�LS�0n:�:5��

logS(t) = logS(0) +

(
µ− σ2

2

)
t+ σW (t)

W (t) +0ÆU�\ÆW (t) :�X� W (t) = ǫ
√
tÆ�, ǫ ∼ N (0, 1)�!:3N{,RJ�RJR{,�+0ÆU�\�

logS(t) ∼ N
[
logS(0) +

(
µ− σ2

2

)
t, σ2t

]
.!::�g|X� S(t) R��

S(t) = S(0)e(µ−σ
2/2)t+σW (t).0

S(t) = S(0)e(µ−σ
2/2)t+σ

√
tǫ.O!A�\_^kIbÆj)U�LERJ+0{,ÆU�\�%aÆU�\I�I{,ÆU�\I�Re5�f` BÆ!:!:�Q�U8{��
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E[S(t)] = S(0)eµt,����R���0����f, µ Iwq4q�$BeÆTk�f, σI{,RJo�RKDvBe�ou8�\_^kR�<U�Æ!:^ZQ�gYk|���driftITk��volatilityR!#�
δS

S
≈ µ δt+ σ δW,�,ÆδS/S L�qx�VVK δt RHy�$��O!�L�<U�ÆHy�$	<+0.� µ δt��v� σ
√
δt RÆU�\�<L:���jÆO!Ib:�Æ�LÆU�\��{,ÆU�\R�^�<�

Example 2.21 8�w,ÆUt�<RKRHyRRJ+0A�\_^k�geometric Brownian motionÆ!:g	<�^�Y��<gR�Qr�< t �<RRJ�I��VIKRHyRJRz,ÆrUz, f(S, t)Æ!::�X��LeF�<RJR�����O!�^-kÆa = µS I
b = σSÆmB

df =

(
∂f

∂t
+ µS

∂f

∂S
+

1

2
σ2S2 ∂

2f

∂S2

)
dt+ σS

∂f

∂S
dW

=
∂f

∂t
dt+

∂f

∂S
dS +

1

2
σ2S2 ∂

2f

∂S2
dt. (2.32)�<���L&�R bÆ)��<���Lq>NF4u�R~�����O!$\qOk�the no-arbitrage principleÆj)~����:�Z��BgR~����Æ℄R~����:ou,����d4|�P/0M8Æ!:!:�QN��R|+|�

2.5.5 Q{A�\_^kIbQ[��Q,��RF4u�IbÆ�Yu��[���R3;IH�A�\_^kIbI�Yu�7�R℄����
;��Rwqg�continuity�D�ÆPT�)�z[wqgÆrURJRjY��/0M8Æk�[pR3;IHÆrUX=u��Poisson processÆX=u�<XFDbg��8P/�bR�z.,�k�<!R�Æwq
;���continuous sample paths{FPT�RI�Q[�<ÆrU%<���credit rating���\k���R�ÆA�\_^kR{,ÆU�\I�Yu��ÆUBeR�o}!:)�=�\R��g�fatter tailsÆ��g0ng6F��iNRIbRSt�D�Æ#k��gk�Q4_RF4u�Æ�
RF4u����;#R���



84 �Qk�Be�Yu�I���^-k I�L�	RKRHy��L�ÆWZCRIb�l#RA�\_^k�O!�/��Æ!:QrHy i = 1, . . . , nRRJ� Si(t) Q.S
dSi(t) = µiSi(t) dt+ σiSi(t) dWi(t),�,Æ�Yu� Wi(t) Q[�4B�rsg�!::�	<2�RBe5,�correlation coefficientsBe! 2�ρijÆ2�RBe5, ρij :g#��

dWi · dWj = ρij dt.0��LouÆI_Be�Yu��Æ!:DmzyBeR+0KDÆU�\I� ǫi�eFU�z	�
#BBegRF4I�R��Æg;℄/ I_yw�d�n��r 2.21R{tJ�V tÆRJ?�VI�5�HyRJ,gR�<�d�"��B{S�R���"��^-kÆ!::�g���� f(S1(t), S2(t), . . . , Sn, t)Æ�dSu0QN
df =

∂f

∂t
dt+

n∑

i=1

∂f

∂Si
dSi +

1

2

n∑

i,j=1

∂2f

∂Si∂Sj
dSi dSj ,O!��mm�multiplication rulesÆj�RU�:�:Z���

(dt)2 = 0

dt · dWi = 0 ∀i
dWi · dWj = ρij dt ∀i, j�* ρii = 1.Ut!:�mrVA�\_^k��ÆgQN���^-k�multidimensional

Ito’s lemma�
df =





∂f

∂t
+

n∑

i=1

µi
∂f

∂Si
+

1

2

n∑

i,j=1

σiσjρij
∂2f

∂Si∂Sj




 dt+

n∑

i=1

σi
∂f

∂Si
dWi. (2.33).�%nu� A�\_^k,ÆFF�Vz�ÆRJR�	g5J$4=ÆE��=�,[:^�z���jÆ)�_�)���pay dividends�$\qOkÆ!:E�_���Æ_�RRJ)8j�{F�NBeI�ÆrU�{q�Æ[:^$}�Yo~��uX4Æq�gO!D0M�H~�.� (long-term values) Tk. �{q�R�/=K:��.�%n�mean reversion�bg�$RrHV�,}}	<q��<�d%<C'Æq��<gR,k��dq�fI�!:gZ 2.8 wÆ{q�Ib�dZ�R�n�;w!:��n	<F4������{q��dfIÆIb,L�RI�q�1�.�%nOk�

dr = a(r̂ − r) dt+ σ dW,



�z�gR 85�, a > 0�?F!:1:5�q���{X�$\q'gR�%gÆ)-!:Dm℄M<!�gIb���jÆ�gIb�Ix�q�Be�[uÆ�S��= r(t) -JF�H r̂ Tk�Ut r > r̂Æm��g�7Ær(t) g)8b�Ut r < r̂Æm���ÆÆr(t) gj|��gIbRTk�r&��BD�RÆ�B/Ib!V{tIguNRkU0M�q��ÆB�%�Ifs�LF4*�I σ(t) RIb�Æp
R5���BD�R���jÆA�\_^kQrTk�},Æ��J,!:}�=PT��RTkEF�P�F4 TkfIR�/:^sl�Ib-R�{F4v����
dS(t) = µS(t) dt+ σ(t)S(t) dW1(t)

dV (t) = α(V̄ − V (t)) dt + ξ
√
V (t) dW2(t)�,ÆV (t) = σ2(t)ÆV̄ L�~��Æ~L�Yu�RBeQr:�[p�O!�LIbÆTkg;���.�%nR℄gÆV (t) R��O�7:��E�\�q��<gR,Æ:�	<Q4_RTk�Ib�

2.6 �z�gR�z�~�5~L3; b�Z�L b��z�RgRÆ?Yw�LT�0�<�WRB{U℄RJ�Z�L b�%<{��hedging�Qr`,��L�<�writer of an option�[��B�<�holder�0P/ouÆ�<R�B�QB=�Æ)�ib[qR0M8ÆN�P[):$'d<�( 24 �R�r refex:leverageLE[�xhk�<V�)ngi	0=H�)�Ut`,��L�<Æ�<d<�Æ`Dm�[FH�ROm�d�<kL�)-Æ̀ 1	ou�Nl�jT�<�D%<�;#,Æ!:[q>{�m�R�J7w (f` [?])ÆE)�nk���ÆU{�IgRBe�$\qOmHygR,%�F0�Ro_Æ{Fs>gR0n5Q4_R0M�;wÆ!:gu�~LrJÆZ�LrJ�T��WgR�Z�LHy�*V�<RJI,��<RJRe5Æ���Rk��put-call parity�
Example 2.22 5��L�V T lIRT��WÆT��WR=1RJ� S(0)ÆlIPR=1RJ S(T ) ��LF4I��)-ÆFDT��WRRJ F �q>N S(T ) RF4gÆT��WR�B�N�PDm�RJ S(T ) 0T��WR,��XY*KRHy��JjÆ�LZCR\q[�gLE0M0n[��
R�Qr!:��BT��WRAs�short positionÆ5�U8rHV��!::��$%<q� r ~VH�Æ� S(0) *VKRHyÆq�FD<4q��Æ�=��� 0�DÆÆ�V T �RJ F �d�WlIÆ!:Dm�! S(0)erT H��	h=1RJ�F4RÆ!:RrHV��V TRBgR�� F − S(0)erT�E�)�rHV� t = 0 �<R�� 0Æp
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Æ t = T �<rHV�RR�O1:� 0Æ)-Æ
F = S(0)erT .L�T��WRJv(qg-�\q4)�arbitrage opportunity�Ut F > S(0)erTÆrHV�g$%<Y/9 F − S(0)erT �$Æ�$kL��
rH0Æm�Ut F < S(0)erTÆQr:�,AT��WÆ�*6B5!�<�storage chargeR0M8Æ!::�,A�short-sellingT��WÆp�*V=1�f3 [?]Æ�,~��T��WgRR=^)��B!8R�Æ5��LZCRgR��ÆU_E F = E[S(T )]�T��WRU℄RJ1:�KRHyR�XRJR�	�Qr%<,g�risk neutrality�AgS<z,Æ�3X�>q�k�Ut5�[p%<���uRrH�gB[pRLJ,gÆ�L bgIQ�}4_Æ)�I��{�R%<���uB>ÆLJRS<z,QZBg�kE0M8Æ!:Qr%<��[yzL�6FÆE�Q[!�F%<��[0���/0M8Æ!::�	<�5�I%<Uu$eRRJ�WÆÆk���R�Æ!::���	RJ,�T��WÆUtQrKRHyRJ S(t) .SU8S�

dS(t) = rS(t) dt+ σS(t) dW (t),�,Æ��	<$%<�$��risk free rate?d�%<,gR0M8ÆrH�[e^%<Æ�*N:[)�4%<%RÆ)-ÆMBRHyqBBpR�$� r��
Æ!:QNN�L0�OkÆ��%<,ggROk�risk-neutral pricing�
Example 2.23 5�n�*VI,��<ÆKRHyT�RRJ� S(0)Æ�T�<R�dRJBp� KÆ��Bp� T�=Æ!::^$�Bg*V�<I,��<RRJ C I PÆE�Æ!::��S�/QO:�VR�Be5�5�U8~LrHV��

1. rHV� P1 �B�Ln�*V�<I�g�R=�� Ke−rTÆ
2. rHV� P2 �B�Ln�,��<I�!KR_��rHV� P1  t = 0 �<RR�� C +Ke−rT�rHV� P2  t = 0�<RR�� P + S(0)� T �<ÆO!KRHyRRJ S(T )Æ!:0nB~/0M�Ut S(T ) > KÆ*V�<gd<Æ,��<g[d<�)-Æ�/Qrib8ÆrHV� P1  t = T �<RR��

[S(T )−K] +K = S(T ),rHV� P2 RR��
0 + S(T ) = S(T ).



�z�gR 87Ut If S(T ) < KÆ,��<gd<Æ�*V�<[d<��/0M8ÆrHV� P1 RR��
0 +K = KrHV� P2 RR��

[K − S(T )] + S(T ) = K.�~/0M8Æ~LrHV� T Bp
RR��)-O: t = 0�<RR�DmBSÆ'mg)B\q4)�O!�<RJR�Rk��put-
call parityÆ!:QN

C +Ke−rT = P + S(0).�!�FÆUt!:�N��/�<U℄RJÆ:�ou�Rk�FD���/�<RRJ�!:g3N<\qRg\^ZzM�~���RgRS���TS�0n:�	<�+R���d4|Æ/Q|+�RgRU�ÆÆU\W;I69�6���R0M,Æ�<gRR|+���analytical approach0n:�zM�B<R�<gRU��P�Æ!:k�	<,�FD���eF�z�RgR5℄/,����
• 4|~����Æ	<B�v��<R��
• ;℄/ I_��
• �s*0℄s,�j)℄/��q)Æ�Ryw�di|��<gRR�uM,��LKDHyRJkURIb�wq�VjÆWZCR�/Ib�A�\_^kIbÆ��r 2.20 �nu��D�ÆW�Fk|RRJ[BggIb��u�s*Ib�one-step binomial

model�
2.6.1 �<gRR�s*Ib5��LCuy��V~u� δt R0��QrHy�
RJ� S0Æ:uyKHyRJ S1 �F4I��!:^ENRWZCRIb� S1 B~L:^�Æ�M�_�RJj{08bÆRRJ�Q#��Æ:�f3w
2.19 �
_�RJ� S0Æ!:Qr_�8L�V\RRJ:^� S0u 0
S0dÆ�, d < uÆ~/0MR<��M� pu I pd�k�<!R�Æ�I�� (2.16) R���RIbg<����Lj^�VRIbÆ�*�#Fj^BU�=ÆQr�L�<R=�� f0ÆUt�<�^ δt �VÆd<ÆO!KR_�R~/0MÆ:�QN�<RRJ fu I fp��<R�$7�?�<Rgb,g�=R b�U�Bg f0 RR��!:0nk�
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Fig. 2.19 ZCRCuy�s*Ib-	<$\qOm�no-arbitrage principle�!:fs�L?~LHyV	RrHV���LHy�$%<s>Æ�
RJ� B0 = 1 Æ�XRJ�
B1 = er·δtÆKRHy�
RJ� S0�rHV�,_�R,�� ∆Æs>R,�� ΨÆrHV�R�
RJ��

Π0 = ∆S0 +Ψ,kE0M8Æ�XRrHV�RJ�
Πu = ∆S0u+Ψer·δt, Πd = ∆S0d+Ψer·δt=!:�ww��LrHV�Æ<��B4'�<�$

∆S0u+Ψer·δt = fu

∆S0d+Ψer·δt = fd4|j�xB~L��,�~LAgS�R��VÆ:�QN
∆ =

fu − fd
S0(u− d)

Ψ = e−r·δt
ufd − dfu
u− d�E?\qÆrHV��
�B� f0 ��

f0 = ∆S0 +Ψ

=
fu − fd
u− d + e−r·δt

ufd − dfu
u− d

= e−r·δt
{
er·δt − d
u− d fu +

u− er·δt
u− d fd

}
(2.34)k�<!R�Æ�Le5[�YF=g<� pu I pd�>��Æ�<RRJ[��X�$�	Rk=��Ut%a�r 2.22eFT��WRgRÆ!::^g�� (2.34) 3[�L�	���JjÆUt!:r&
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πu =
er·δt − d
u− d , πd =

u− er·δt
u− d ,!::^)<!N�

• πu + πd = 1

• πu I πd q�Æ�ÆUt d < er·δt < uÆm%<HyI$%<Hy�Vg[5\q4)�)-Æ!::�g πu I πd �[<��
• �<RJ (2.34):��[<� πu I πd 0M8Æ�<�X�$R�	��

f0 = e−r·δtÊ[f1] = e−r·δt(πufu + πdfd), (2.35)�,ÆÊ <XL�<[pR<�pu (probability measure) �R�	��
• <� πu I πd 0M8ÆS1 R�	��

Ê[S1] = πuS0u+ πdS0d = S0e
r·δtWÆ�\4E��JR<���artificial probabilitiesπu I πd ��4:��%<,g<��risk-neutral�!:�=�z�gR<�IT��WgR����%RÆ�z�RgR:�1<%<,gpuk��k�<!R�Æ=g<��objective probability�m[%�L�o_Æ)��<�$:�:~/HyRV��=4'�IL!%3q:�	<�3 �HyRV��=4'�Æ!:����9�{�market complete�%<,ggROm#BuTR6F�far-reaching consequencesÆ�uVk|%<,ggROmÆs�:�[s [?]�!:3NR��L℄bR3F�=4'�replicationRgR���ouZC�+Æ!::�QNBpR{t�QrÆ!:�,��L_�R3|�<Æ!:gU�{�%<��/:dR���*V_�ÆUt*V�<R�BJd<Æ!:BKR_��dlI�D�ÆUt�<6B�dR�Æ�/m�0n;QuF/��*	;E��!:0n:�FD�Æ{�%<���R�_,��Qr!:*V,�� ∆ RKR_��1{,�3|�<R%<Æ:3|�<R�6� fu 0 fd�Ut!:,��written�<ÆrHV�R�
���

Π0 = ∆S0 − f0�<R� f0 R*�L�!:�<jB�L�<Ash�Æ�XÆ�LAsh��7s��LrHV��V δt R:^R��
Πu = ∆uS0 − fu
Πd = ∆dS0 − fd
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Πu = Πd ⇒ ∆ =

fu − fd
S0(u− d)O!$\qOmÆUtrHV��$%<RÆODmB/Q�L$%<�$� rÆQr	<4qFDÆ!:QN

S0∆− f0 = (∆uS0 − fu)e−r·δt,0
f0e

r·δt = ∆uS0 − er·δtS0∆− fuUt;` ∆Æ!::�b.QNS� (2.34)�!::�g ∆ k|�{�f,Æ�{��<RAsh�Mk*VR,�R_��?
∆ =

fu − fd
S0(u − d)

=
fu − fd
Su − Sd

∆ �:�|��Æ�<R�eFKRHyRJI�Rj^�<�∆ =
∂f/∂S. 8�w,Æ!:g�EÆwq�VIwqBU0M8Æ�/|���ÆBR�
2.6.2 \W; - 69�6IbCuyR�s*Ib,ÆouQrKRHy�X~/RJ0MÆ�={�<gR���)�Æ�	<~LHyÆ!:�:�4'�<R�$�E�Æ~L0�Qr{F[Bgg0nTZC��Ut!:	<Q~R<��\Æ{tgU���L:dR���	<Q�RHy4'�<ÆE��/��0nBT[)�J�rather impractical���/���℄nHy�V:��dl�Æ[��V6VR0
0{�Æ�*�VL��<�HyRJ�dfI��/��:�ou[n	<�s*IbÆ'g�L�R0V�s*Ib�=��/��gyz�LB:R,�{XÆ�T!:gZ 7 y,i|��uyR�s*�Multi-stage binomial{X�3Fj^BUIj^�VRIb�E�ÆUt!:	<�XRJRwq�\ÆrUA�\_^kIbBeR{,ÆU�\{t)U��Ut℄nL!�Vl�Æ�45�LwqBUAg�VRIb��dR�Æ#CR�,Æ4_RIb:^)BZCR|,���5��LÆoRn�*V�<Æ�<RKR_�6B��Æ_�RJ S(t) +0A�\_^k�?FÆ�Yu�8kRo��B�rsRÆ!::�4�XRRJ�9,Fp�RRJ�N�P�R t �<Æ�<RRJ�9,F�V�QDBRL��}G�VIKRHyRRJ�Ut!:g�<RRJg#� f(S(t), t)Æ�r
2.21 ,Æ!:3N f(S(t), t) .SF4�����

df =
∂f

∂t
dt+

∂f

∂S
dS +

1

2
σ2S2 ∂

2f

∂S2
dt (2.36)
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F (S(T ), T ) = max{S(T )−K, 0},!:E�OR� f(S(0), 0)?=�<RR���� (2.36)Q6B�tN��<RRJÆE�$m��[xBF4I� dS�%E	<uR$\qgROmÆ!::�QN�r 2.22 I�r 2.23 RBge5ÆE�q>NF4g��� }F4gÆ!:�w	<�<I_�fs�LV�ÆV�RR��BgRÆ�U!:�s*,	<RrHV��
�5��L?�L�<RAsh�I�L_��sh�X	RrHV�Æ_�,�Bg� ∆Æ:rHV�RR��

Π = ∆ · S − f(S, t){ Π �d��ÆQ	<S� (2.32) QN
dΠ = ∆ dS − df =

(
∆− ∂f

∂S

)
dS −

(
∂f

∂t
+

1

2
σ2S2 ∂

2f

∂S2

)
dt (2.37)ouU8U�:�N� dS

∆ =
∂f

∂S
._�,�� ∆Æm!:rHV��$%<R�)-ÆO!$\qgROmÆrHV�:�/9$%<�$Æq�� r�

dΠ = rΠ dt (2.38)S� (2.37) I (2.38) N� dΠÆQN
(
∂f

∂t
+

1

2
σ2S2 ∂

2f

∂S2

)
dt = r

(
f − S ∂f

∂S

)
dt,WÆ

∂f

∂t
+ rS

∂f

∂S
+

1

2
σ2S2 ∂

2f

∂S2
− rf = 0 (2.39)=Æ!:B��LBgR~����A)�<RR� f(S, t)��L~����:�<FL��<Æ�<R�$��YFKRHyR=R�N�PKRHyRRJ�U��<R�$�YFL�V��
PIN�P�VKRHyRp�RJÆrU|��<�Asian optionsÆ!::�	<Q4_R����ou,���4|~����Æ!:k���RF}ib�boundary I�
ib�initial conditions��<gR,Æ!:BF}ib� T �<ÆÆon��<RF}ib��

f(S, T ) = max{S −K, 0}
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f(S, T ) = max{S −K, 0}�� (2.39) �L;FR��gR℄\�ÆKRHyRJR�� µ [�L�[<Æ���q>$%<�$� r �3F�s*IbRT��WI�<gR,Æ!:q	<�%<,ggROmÆ�����L:�u�%<,ggROmRuT6FR�r��"0M8Æ~�����}4_Æ�$F$�#C6VjQN|+|ÆE:�	<,���/Q,�|�4|QZ^�?F��KtR4_gÆ̂ �?FF}ib�!:gZ 5 y���/Q[ZCR,���Æ�/���<gR��R1<gZ 9 y�di|�D�ÆPT0M8Æ�� 9:�QN|+|�WBGRrJ�\W;I69�6�Black and

ScholesÆN:N��n�*V�<R|
C = S0N(d1)−Ke−rTN(d2), (2.40)�,

d1 =
log(S0/K) + (r + σ2/2)T

σ
√
T

d2 =
log(S0/K) + (r − σ2/2)T

σ
√
T

= d1 − σ
√
T ,

N ?LKDÆU�\z,
N(x) =

1√
2π

∫ x

−∞
e−y

2/2 dy	<�*V�<I,��<�Rk�Æ!::�QNÆon�,��<RR��
P = Ke−rTN(−d2)− S0N(−d1). (2.41)0n!::�FD� ∆ �Æ?fs�L$%<Ibk�*VKR_�R,�

∆ =
∂C

∂S

∣∣∣∣
S=S0

= N(d1){F�L}m�<RR� f(S, t)

∆ =
∂f(S, t)

∂S!::�FD�<RJ{FKR_�RJI�RDAgÆID�:�FD�N)�RDAgÆU8�
Γ =

∂2f(S, t)

∂S2
, Θ =

∂f(S, t)

∂t
, ρ =

∂f(S, t)

∂r
, V =

∂f(S, t)

∂σ



�z�gR 93�TDAgq��GreeksÆ:�:<F�[rHV�,�<R%<��TDAg�K{�T�<#B#C�ÆO:o}�:FDR�∆ I Γ �<,%�Fg<Is>,��IugRo_�Θ �<Xp��<R�eF}G�<I�RDA�uÆ� ρ I V (vega) <XFD�<R�eFq�I�ITkgI�RDA�u�∆ >�0�Æ?FOfs$%<RrHV�,R0�[<Æ!:�-Su�\W;�69�6����J,Æ�<,��o}	<rHV�{�N:R�<As%<��k��qRrHV�aÆ)� ∆ FF�VRz�g�zI��)��J0MIl�	;RO)Æ�qRa0n[:dÆ0n5PT{�~v��J,Æ{�[���6�<R ∆Æ�-��ÆL�<V�RDA%<qk�{��
2.6.3 %<,g�	I�/ - /+ (Feynman–Kač) U�ZCR�s*IbR0M8Æ%<,gRpu,Æ!:�=�<RR����X�	�$R=��wq�VRQr8Æ!:	<[pR��Æ?~������JjÆ�~/���p�L7BR~�ÆO::�ou�/ - /+ (Feynman–Kač)U�RI�q��
THEOREM 2.1 �/ - /+gk 5�~����

∂F

∂t
+ µ(x, t)

∂F

∂x
+

1

2
σ2(x, t)

∂2F

∂x2
= rF,

F = F (x, t) ���R|ÆF}ib�
F (T, x) = Φ(x)O!C(ibÆm F (x, t) :�L��

F (x, t) = Ex,t [Φ(XT )] ,�,ÆX(t) �F4u�*.S����
dXτ = µ(Xτ , τ) dτ + σ(Xτ , τ) dWτ�
ib� Xt = x�*� Ex,t ��Æ���Lib�	Æ?F4u� t R�� X(t) = x�0,tk�RouÆ�Lgkg#��^F45�R{t (f3 [?] RD7�E)�0(kk�RouÆ���L\_^kIPL�����PDEs�VevR{tÆ\_^k��LS^u�Æ�L�����PDEsm:>��I%M��19�

19!:gZ 5y-Vv(b~�����I%M���



94 �Qk�!:g�Lgk1<F\W; - 69�6��Æ{F�L�<�$z, Φ(·)ÆgQN
f(S0, 0) = e−rT Ê [Φ(ST )] ,�I�� (2.35) �%�%<,gpu,9�	Æ��J!�F S(t)RF4�����
dS = rS dt+ σS dWk�<!R�Æ�/0M8;Ipu!�F;I�����R��5,�drift coefficientÆ�Tkg[�6F20�!:1:%ENÆO!A�\_^kIbÆ�LÆ��!�F�XR�	RJ:^5J$4=��JjÆ�/0M[)�zÆ)���g	Q_�RJ8j�O!$\qgROkÆ_�RJR8j�uI�q�
��<RKR_�PBg�V��Æ:�	<,���ÆrU�s*Ib��<gR�Ut!:Qr���Lwq�Vj�dÆ���� q�g<Iq�R4qFDÆ�Lq��O!_�=RFDRÆ\W; - 69�6�Black–

Scholes:�ZCY�dSu��/0M8ÆkU%<,g:�L����
dS = (r − q)S dt+ σS dW (2.42)=�0M8ÆwqR�qq��w��HB<RkEQr�!::�5�-x�1�_�R_��,�L_Rj^��=��:��[�L�qq��

2.6.4 \W; - 69�6IbR MATLAB FD MATLAB ,FD\W; -69�6U��Black–Scholes formula�}ZCÆ!::�	<qFR#C�Statistics toolbox,Rz,normcdfFDKDÆU�\RfF<���}ZCRg�� (2.40) X� MATLAB R?'U8�
d1 = (log(S0/K)+(r+sigma^2/2)*T) / (sigma * sqrt(T));

d2 = d1 - (sigma*sqrt(T));

C = S0 * normcdf(d1) - K * (exp(-r*T)*normcdf(d2));

P = K*exp(-r*T) * normcdf(-d2) - S0 * normcdf(-d1);�,ÆI�SO, K, R, T, sigma q�\W; - 69�6U�RBef,�	<�QR#C�Financial toolbox,Rz,blspriceÆO!�Tf,FDj)U���:Æz,:�O!f,J�FD5��<RJ�Z�Æz,5��wq��q� q�NM�� 0ÆO!��q�Æ!::��HR
20�jÆ�� GirsanovgkR{tf` [?]�
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% PlotBLS.m

S0 = 30:1:70;

K = 50;

r = 0.08;

sigma = 0.4;

for T=2:-0.25:0

plot(S0,blsprice(S0,K,r,T,sigma));

hold on;

end

axis([30 70 -5 35]);

grid on

Fig. 2.20 I5JN�P�[pKRHyRJRn�*V�<R�a\W; -69�6IbIBeRgRU� (f` [?, chapter 5])�t8Xgu��La<z,blspriceR�r�
>> S0 = 50;

>> K = 52;

>> r = 0.1;

>> T = 5/12;

>> sigma = 0.4;

>> q = 0;

>> [C, P] = blsprice(S0, K, r, T, sigma, q)

C =

5.1911

P =

5.0689�JjÆ!::����L�<R�7AÆ{F�LÆoRn�*V�<ÆFF�V5�N�PÆKRHyR[pRJ{1F[pR�<RJ�^dw 2.20 R�pÆ!::�QN�<RJ7Aw 2.21�!:3NFF�VRz�Æ�<R�<�$w21�k�<!R�Ærg#R$%<�$��Tk��}G���Dm/��%g���R�p,ÆMBRf,q��RÆ)-Æ}G���&LZ1L�� 5/12�FD Greeks 	<p
R��ÆU8M�ZCR�r�
Example 2.24 �<R Greeks :�<X�<FD�<RJeF%<)JRI�Æ�Is>rHV�R��IugÆ�,7�R%<)J�q�R[Bgg�rUÆ5�KRHyRJRoPM%�<RJRI�Æ	<S
21Z A.2w!:g+'�L7�Æ�[��i7A�
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Fig. 2.21 N�P9�R�<R�u�R�u�Æ:�QN�<RJI�R�<�
C(S0 + δS) ≈ C(S0) + ∆ · δS +

1

2
Γ · (δS)2 (2.43) MATLAB ,a<z,blsdelta IblsgammaÆ!::�	<�
R�<���k�<!R�Æ�~Lz,�%�[pÆz,blsgamma ��%�L,�Æ)�{�*V�<I,��< Γ �BpR�ZCR MATLAB �r,Æ!:3N�<RSt�}[8�

>> C0 = blsprice(50, 50, 0.1, 5/12, 0.3)

C0 =

4.8851

>> dS = 2;

>> C1 = blsprice(50+dS, 50, 0.1, 5/12, 0.3)

C1 =

6.2057

>> delta = blsdelta(50, 50, 0.1, 5/12, 0.3)

delta =

0.6225

>> gamma = blsgamma(50, 50, 0.1, 5/12, 0.3)

gamma =

0.0392
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>> C0 + delta*dS + 0.5*gamma*dS^2

ans =

6.2086!:�4uÆGreeks rHV�{�,%�F0�Ro_Æ∆ I Γ%�FgF��Iug{Fs>Ro_�!:0n:�	<�Lm�	Q�<rHV�/� ∆,g�∆-neutralÆ�!�FKRHyRJRqQRTkg[6FrHV�RR����jÆ0�<RouX3ÆqQRTk�[ZRÆ)��{q=TkR[�=R{�=F�{qQTkR�={��g{�d���FÆ!:<!NÆGreeks%<hk,%�F0�Ro_�5��L�<rHV�R VaR��?	!:Qr%<)JÆrU_�RJI� δS �+0ÆU�\RÆ�<RgRU� S0 ��AgRÆ�/�Agg
�ÆUg�D�ÆUt!:	<3F ∆ R�<ÆrU δC ≈ ∆ · δSÆ!:3NÆUg)�FDRZCg�:/Æ���jÆX�>RIbIX=}RqFA)qXk�,�FD��Æ>UÆ;℄/ I_�Monte Carlo
simulation�
2.6.5 eF\W; - 69�6U�R<|\W; - 69�6U�:M���L6FuTR	�Æ"=*IA�uR	%�{,�$F3 g[<�D�ÆOBT8,[S�Ut\W;
- 69�6U����=ÆBR�Æg6B�z��{�O)�ZCÆU�3F~/Hy�=4'�<�$ÆUt=�,�<�$:�:�=4'ÆX�[bk��z�����℄��Æ�L�9R�{6BD�℄bHyÆ)�℄bHy:^��GR�IDÆ�{[��9R�!:4'�0{�<XQr�LBIkE�R�{Æ��J,Æl�	;�TkRF4g�HyRJRjYS)�	Q�=4'�3;[:^R��A�\_^kIb3;6B5��T)��-�ÆUt!:Qr�=4'�:dRÆ��$k5�%<����JjÆ!:�Z 2.4.1w,aNRZCRS<k��<gR,[�L�[<���jÆ3FQ=�RKRHyRJkUIbRÆALd?R�<gRI��:0��X�-�Æ\qR?	!�F%<,gp�R5Æ�{[�9!�FgRIbQ[���R�)-Æ5�LWS?	\qRRJ���WLRJ�ÆBR��9,F%<�0k�ou��Æ!:$� }'g,m��R[Bgg�0�<ouX3Æ\W; -69�6U�RZCgI�gg�[:'MR���jÆC4uF4_RIbQ[�DmRÆo}�<��I\W; - 69�6U�{X�B[pÆ�<��RTK�QNB{RJ�#&�4Æ�Q�{,!:^/9Nl�RJÆ!:	<$\qgROk��NHygRÆou�/��FD�RRJIXT:gpNRRJ1:��%R���jÆ\W; - 69�6U�B�:�[�/�r��U���Lo<R���	<\W; - 69�6U�FD.xTk��0�LZCRouX3ÆU�,RTk�f, σ 1:ou�+KRHyRJR



98 �Qk��Vp�/Q��!�!:	<R�p�Tk��.xTk��ou�N��/QRÆ!::�guN�<RRJÆFD�LTk�	Q\W; -69�6U�FDR�<RJI�{RJBS��3�XB\IC6!:R��ÆE�O	QFDR℄RJI�{RJ�%��J,ÆTk�7�	<.xTk�[FSÆ.xTk�RFDq>N�L)�Æ-R�<R}G��I�dRJ���/q<�<gRU�R��Æ<F[�9g�{RÆ�ou%<,gpuRÆIbÆ�!�F�{sl�!:gZ 2.8 w�n�/8EÆXm!g3NÆ\W; - 69�6��:�ou-V%<R�{RJR��/Q�ZCRiÆ{F�{:^5%<Æq5�L%<,gpuÆ�Lpu8Æ%<qB�LRJ�ouguRJÆ!:0n:�/Q%<R�{RJÆ0BeR%<,gpu�DÆÆ!::���N�Y�{q�R�WgR��/	<�/��RrJ�Æou�+s>RJ/Q�Lq�IbÆ0�1<Fq��z�gR�
2.6.6 8��<RgRIn��<[pÆ8��<�American options:��<N��L��Vd<��L<�6B!;RI�	Q8��<RgRQP4_��LZCR{��8��<>g<Rn��<QBR�Æ)�O:�BQ�Rd<4)�0k�ou��Æ8��<R[���LkUF4=� bR|�Ut`�B�
R�<ÆL��<Æ̀ qDm,g�'d<Æ̀ 1:>q�<R℄R��℄R��g�d</QR�$I�BR�Æ��BR��SAQ~Rd<4)R�$�Æ�0M8Æ8��<RR�:�X��

max
τ

Ê
[
e−rτΦ(Sτ )

]
, (2.44)�,Æz, Φ��<�$�	�Æ%<,gpu8Æτ ��Ll��V��l��V�B�}�BRF4u�k�!#ÆE�Æ�m:�ZCYg�l��V�k|��d�<R�V�g�d<R�V�Ut�z��LF4I�Æ*�?$�Rp�RJ,g�;DÆUt�<6B#FR℄BUÆg[:^�zg�d<�{�L,��<Æ�V t Ut S(t) > KÆ!:[)d<R�E�Ut S(t) < KÆ0n/Æ�<KqSA�q=Rsl��B�<#F�uu�R℄�Æg�d<a)�z�d<o}�YFN��VÆ!::�M�ÆIN�PXXX�Æ!:0nQU!agd<�0ggRouX3Æ{F�L8�,��<Æ!:0n:�Mp�Lg�d<RF}ÆUw 2.22 M��F}x#��L_�RJ S∗(t) ÆUt_�RJ S(t) < S∗(t)Æ�<m#F�SZu�RR℄BUÆDÆÆ!::6Ksld<�WNR22�Ut_�RJd<F}�jÆ!:g#F�q6KÆ?�B�<�w�F}�� bR�^�ÆEÆ��Lu�	Q bIQQZ�In��<[pÆ8��<[^ZCRFD�L�	�Æ�	Q1<;℄/ Ib���8��<gRIQ

22{F8��<d<F}RD7�nÆf` [?, chapter 4]�
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t
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S*(t)

0 T

Fig. 2.22 8�,��<Ra�d<R�$I_Æ�<+66Kd<�}4_�u;Æ�<��[:^RÆE�!:gZ 10 y�n�LB{ZCR���~����R{X℄Æ�g>��K?F} bÆK?F} b�B{F℄bRNgF}ibR b�D�ÆZ 9 yB�v����,Æ!:g3NÆ�3;j:�n{�>q℄R���BR��
2.7 �(�<I���Y�<RZ�u;AÆ�{j�=��/℄b�<Æ�*℄b�<�uyA�̀:�sl_��<�h��1�<�w$�<R�<��{q�%<hk,Æq��z��F3 g[<�PT9℄MR�<�<X.S℄ k4�pR�{l�R�OTCÆover-the-counter�23_�R�(�<�Exotic optionsrF,-V�P/�uR���Y�rF8��ÆIÆoRn��<[pÆ�(�<R�$[���YFKRHyN�PRRJÆ�*!�YFLRJ���t8XÆ!:gZCY�n���<�barrier�|��<�AsianI%	�<�lookback�O:t3�p�,�����℄MB<�
2.7.1 ���<���<,Æ�L#HyRJ Sb :I[��RJ��<R5q�℄Æ�L��RJ:�Xu0[:Xu�2���<�knock-out op-
tions,Æ�<5q�℄L!�<ÆUt��RJ:XuÆ�<�Wg:9N�I�B�Æ2V��<�knock-in options,Æ�BI��RJ:XuÆ�<�Wa:7-���RJ Sb :�EF0TFHy=R S0�Ut
Sb > S0Æ!:��Jj�<�Ut Sb < S0Æ!:��J8�<��T℄�{�*V�<I,��<R�$:�g#�5����<�
23ÆU!:aNRÆ�!�FN:6B�Lm�Rl�M�d*,�



100 �Qk�rUÆ�LJ8R2���<�down-and-out put option��L,��<ÆUtKRHyRJ8jQTF���SbÆ�<gI�$S��/0M8 Sb < S0, I Sb < K��/�<6ÆR!;�Æ�<,��R%<gjT�)-Æ�LJ8R2���<R�	RJTF�LÆon�3A�<RRJ�0�<�B�RouÆ�!�FÆ R�<�$gjT�D�ÆUt`	<�<�d%<hkÆ�[�r4Æ�!�F`:�*RQH�R/<�p
ROkÆ!::�g#�LJjR���<�down-and-out
put option�=Æ5��LJ82V�,��<�down-and-in put option��L�<Æ�B��RJ Sb < S0 :Xu�Æa:7-zS��B�LJ8R2���<I�LJ82V�,��<BIF�B�LÆoR,��<�)-Æ!:BU8�	e5�

P = Pdi + Pdo,�,ÆP �Æo,��<RRJÆPdi I Pdo �M�J82V��<IJ82���<RRJ�Ut��RJ:Xu��<�W:9NÆB�)NH�<�BJ�gRZ���/0M8Æj�R�	e5g�[ÆBR�OmjÆ��RJ1::wqRTp��JjÆ��RJRYp�2�gR�>UÆ7eYpKRHyR�rRJ)��0ng6FgRÆ)�qTTp��	QGX��RJR:^gjT�{FPT���<Æ!:0nB|+RgRU��rUÆ5��LJ8R2��,��<Æ�dRJ� KÆN�P� TÆ��RJ� Sb�t8XRU����f` [?, pp. 250–251]Æ�, S0, r, σ �o}Rx#�
P = Ke−rT {N(d4)−N(d2)− a [N(d7)−N(d5)]}

−S0 {N(d3)−N(d1)− b [N(d8)−N(d6)]} ,�,
a =

(
Sb
S0

)−1+2r/σ2

b =

(
Sb
S0

)1+2r/σ2m
d1 =

log(S0/K) + (r + σ2/2)T

σ
√
T

d2 =
log(S0/K) + (r − σ2/2)T

σ
√
T

d3 =
log(S0/Sb) + (r + σ2/2)T

σ
√
T
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% DownOutPut.m

function P = DownOutPut(S0,K,r,T,sigma,Sb)

a = (Sb/S0)^(-1 + (2*r / sigma^2));

b = (Sb/S0)^(1 + (2*r / sigma^2));

d1 = (log(S0/K) + (r+sigma^2 / 2)* T) / (sigma*sqrt(T));

d2 = (log(S0/K) + (r-sigma^2 / 2)* T) / (sigma*sqrt(T));

d3 = (log(S0/Sb) + (r+sigma^2 / 2)* T) / (sigma*sqrt(T));

d4 = (log(S0/Sb) + (r-sigma^2 / 2)* T) / (sigma*sqrt(T));

d5 = (log(S0/Sb) - (r-sigma^2 / 2)* T) / (sigma*sqrt(T));

d6 = (log(S0/Sb) - (r+sigma^2 / 2)* T) / (sigma*sqrt(T));

d7 = (log(S0*K/Sb^2) - (r-sigma^2 / 2)* T) / (sigma*sqrt(T));

d8 = (log(S0*K/Sb^2) - (r+sigma^2 / 2)* T) / (sigma*sqrt(T));

P = K*exp(-r*T)*(normcdf(d4)-normcdf(d2) - ...

a*(normcdf(d7)-normcdf(d5))) ...

- S0*(normcdf(d3)-normcdf(d1) - ...

b*(normcdf(d8)-normcdf(d6)));

Fig. 2.23 FDJ82��,��<Rk�RJ
d4 =

log(S0/Sb) + (r − σ2/2)T

σ
√
T

d5 =
log(S0/Sb)− (r − σ2/2)T

σ
√
T

d6 =
log(S0/Sb)− (r + σ2/2)T

σ
√
T

d7 =
log(S0K/S

2
b )− (r − σ2/2)T

σ
√
T

d8 =
log(S0K/S

2
b )− (r + σ2/2)T

σ
√
T

.

MATLAB FD�TU�R�pUw 2.23

>> [Call, Put] = blsprice(50,50,0.1,5/12,0.4);

>> Put

Put =

4.0760

>> DOPut(50,50,0.1,5/12,0.4,40)

ans =

0.5424

>> DOPut(50,50,0.1,5/12,0.4,35)

ans =
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1.8481

>> DOPut(50,50,0.1,5/12,0.4,30)

ans =

3.2284

>> DOPut(50,50,0.1,5/12,0.4,1)

ans =

4.0760!:3NJ8R2��,��<>ÆoR,��<H����KRHyRRJ5JF��RJ Sb �Æ���<RR�5JF 0����<RRJITk�Re5U��
>> [Call, Put] = blsprice(50,50,0.1,5/12,0.4);

>> Put

Put =

4.0760

>> [Call, Put] = blsprice(50,50,0.1,5/12,0.3);

>> Put

Put =

2.8446

>> DOPut(50,50,0.1,5/12,0.4,40)

ans =

0.5424

>> DOPut(50,50,0.1,5/12,0.3,40)

ans =

0.8792

>> DOPut(50,50,0.1,5/12,0.4,30)

ans =

3.2284

>> DOPut(50,50,0.1,5/12,0.3,30)

ans =

2.7294{F�LÆoR,��<ÆTk�XT!�F�<RJXTÆ)�[BggXQ�{F����<ÆTk�XT!�FQER�<RJÆ)�"yN��RJR<�XQ�?-:`Æ,gg)����RJR0��j�RU�,Æ��:Qr�wq��TCR�ITC�j^�Æ!:M�J8R2���<RR�j{Æ)�"yN��R<�gjT�BeR�E:�f` ( [?] 0 [?, p. 266])�	<j�R|+U�ÆO!��RrgÆQN
Sb ⇒ Sbe

±0.5826·σ
√
δt,�,Æ0.5826 ?i/ zeta z,�Riemann zeta functionFDMQÆδt�wq~.��TCR�VVKÆ± ?�<R/g,g�{F�LJ82��,��<Æ!:197�Æ��RJ1:jT��1"y��RJR<�8j�rUÆUt!:7eTC�.��Æ�jRJI�=%U8�
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>> DOPut(50,50,0.1,5/12,0.4,40)

ans =Æ 0.5424

>> DOPut(50,50,0.1,5/12,0.4,40*exp(-0.5826*0.4*sqrt(1/12/30)))

ans =

0.6380

>> DOPut(50,50,0.1,5/12,0.4,30)

ans =

3.2284

>> DOPut(50,50,0.1,5/12,0.4,30*exp(-0.5826*0.4*sqrt(1/12/30)))

ans =

3.3056!:Qr7LZbg� 30 e�k�<!R�Æj^�VR���<�B�N�+��ÆE�)��/��R<d>qZCÆ)-!:Og	<O�
2.7.2 |��<���<L=�,��uR���Y���/#Bq$���YR�<gb�|��<�Asian optionsÆ|��<R�$9,F�<L5q�KRHyRJR�.��[p|��<R'gÆ9,F�.�RFD����
��:��j^R0�OmjwqR�-�Æ�.�:��D(�.0A��.�j^RD(�.U��

Ada =
1

n

n∑

i=1

S(ti),�,Æti, i = 1, . . . , n�j^R�
�VA��.�
Adg =

[
n∏

i=1

S(ti)

]1/nUt�wq�
Æ!:QN
Aca =

1

T

∫ T

0

S(t) dt

Acg = exp

[
1

T

∫ T

0

logS(t) dt

]NgP/��p�.� AÆ:�	<Og#q�0�dRJ��L�.q�*V�<R�$�
max{A−K, 0},



104 �Qk��{F�L�.�dRJ*V�<Æ!:B
max{S(T )−A, 0}p
ROkÆ!::�g#�.�$�,��<
max{K −A, 0},0�.�dRJR,��<
max{A− S(T ), 0}g�d<℄�:��p,g#�

2.7.3 %	�<%	�<�Lookback optionsB��/�Æg<F|��<�W3;R[p��<5q�VÆ�<RW=��0WQ��:PMe<R�QrwqTC0M8Æ!::�TCNKRHyRJRW=�IWQ��
Smax = max

t∈[0,T ]
S(t)

Smin = min
t∈[0,T ]

S(t)�Ln�R%	*V�<R�$��
S(T )− Smin,��L%	,��<R�$��
Smax − S(T )

2.8 q��z�<);#,Æ!:g�~�<$g�<RgRÆ)�<$g�<gRk�Q�R,�FD��24�D�ÆT�q��z��{RmI�}"=Æ;w!:g����4q��z�U-0�Iq��z�gRU-QZ���jÆL�s>q�q�R�z�Æ)�s>RR�7�?�{q�,g�Ut!:	<F4u���{q�fIÆ!:0n:�	<�<gRROk��0s>gR��
Z<�BT�m�uÆ�ÆE�!:g3NÆ�/��4_q��<�z�gR,�$F3 gR[<�
24;w7����℄SR�gÆUt�{,�FD��Ba:Rs�:��tju;w�
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• q��#�Interest-rate swapsÆ��L.��VWgRl#Æ?�XPL�VWg�d=��Rl#�ÆoR�#�W,Æ��g�6bgq���<F�?bg��H�Æ��G#;�R=���Æ���O!�W�6,kq���<F�WBS���L℄gR�VVK��#�WR�=��9,F�X�{Rq�0��
• s>�<��Ls>R*V�<g<F�L_�*V�<Æ[pR�KRHy[p��/0M8Æ!:B~LN�P��<RN�P TÆ T �<�<:�d<Æs>RN�P S�;DÆ!:DmB T < S��<N�PR�$9,FN�Ps>RRJÆN�Ps>RRJ9,Fq���J,Æ*V�<o}:!Vs>,Æ��:$%s>�Ut=dq�{F$%BqÆ:$%s>:�N�P:s>�dJ$%ÆrUI�{q�8jÆs>�dJ:��QTRq��ds>��/0M8Æ!�Fs>R�BJ���L*V�<Ns>�dJ�)-Æ{Fs>Y*�Æ:$%s>R	;1:>[:$%�non-callables>T�
• q��3J��Interest-rate caps��3J�aT�L�{q�o~R/�Æ�{FXT�,kq��KRJ�}B*9��3J���L�3J�q�6VRV�Æq�6V�<F�X[pR�VVK�Ut
L ��WR��ÆRK ��3J�q�Æ�3J�q�6V�<F�VVK� δt 6VjR�$�

L · δt ·max{0, R−RK},�,ÆR �I�:6VR�{q��Ut�Xq�j{Æ�3J�R�B�g/Q�$Æ�L�$2=�EFq��3J�jRq0���:�3NÆ�3J�BIF�Ls>�<RV��
• q��Y#��Interest-rate floors��L�Y#�I�3J�g<Æ�Y#�aT�L�{q�8jR/�Æ�Y#�q�6VR�$�

L · δt ·max{0, RK −R}q��z�R/goPÆq��z�q�%<hk���}BS�B{Fb�?�m�Æq��z�StQE;��gQrib8Æ!:BaMA)R3;q��z�:�	<ZCIb�dgR�E�o}k�Q=�RIb��{Q4_Rq��z��Æk�5�kUq�R4_g�t8XRyw,Æ!:g�n�T�gR{��_��<R\W; - 69�6Ib,Æ!:Qr�{q��bgR�KRHyRJRTk���bgR�IDÆZ�LQr{1q��z�Q[�<�Z�LQr0n�[�<Æ)�s>RTkgFFN�PR��gXXXT�(s>��IQXXXx)�
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2.8.1 q�kUIbW�AÆ�0���//9kUq�[BggRIb�O:6M7�=U83;℄��
• F4)JR,��WZCRIb,Æ!:�A)x�q�RkUg
r(t)Æ�L��X�}xR�V6V (t, t + δt) jRq��D�!:�OÆs>RRJ9,Fkq���{X�Utfs�LC)�IbÆ!:�*jQr!::�oux�q�I��XR�/9Lq���{X���jÆ/Q�LkERC)�Ib��}QZRÆQ4_RIb�3F�5�)JfsRÆFF)�RoPfIRZu�B1oP�
• =<F.	0\q�C4fs�LDk�j3<�kRIbÆouIbQNRq�:�[��{.	R{tÆ�<���L�h^VV�RE�ÆE��:^R���LE��fs�LIbI=�gpNRq��<{tB{w���jÆ�L:_Ib�credible modeR3;�4�ÆIb:��83 HyRRJÆ��TRJ�{j�:�guNR�o}0M8Æ<�
B{RJ��RTR�\q�{tyzB�/gbRIbÆ�TIb5F[pR=\�?\ÆO:�VB6BE;Rsl-J�!:[E2<�V�LQZR�KÆE�Æou�^u��Ito processesR��Æ!:0n$m:�f&�T3FF4����Rx�q�Ib�

dr(t) = µ[t, r(t)] dt + σ[t, r(t)] dW (t), (2.45)�,ÆW (t) ��LKD�Yu���)�Ibk�	<��R�Yu��A�\_^kE;��LB??RIbÆ$mqm�V0M8Æ)�q�[:^6B�'Ro~�.�%n�n�IbVp℄�Æ�TIb,B�
1. Vasiček Ib:

dr = (b − ar) dt+ σ dW,�, where a > 0

2. Cox–Ingersoll–Ross (CIR) Ib:

dr = a(b − r) dt+ σ
√
r dW

3. Black–Derman–Toy (BDT) Ib:

dr = Θ(t)r dt+ σ(t)r dW.

4. Hull–White (extended CIR) Ib:

dr = [Θ(t)− a(t)r] dt + σ(t)
√
r dW,



q��z�<) 107�, a(t) > 0�t8XRyw,Æ!:g3N	<,���4|wq�VRF4IbÆ�4<;℄/ I_Æ�4fs�Lj^�<ÆrU�s*Ib�p
R8�:�<Ffsq�Ib�rUÆ MATLAB R�Q�z�R#C,�Financial derivatives toolboxxB� BDTx�q�Ib�Heat–Jarrow–
Morton (HJM) Ibfs*{XRz,Æ�TIbq�8GR�)JIb�$�!:	<�4Ib��4FDC(qDmRDIbRf,�`0nM�Æ��	�LL)Æ!:1:/9�{q�,!Q	<�T,!_�IbRf,�8�wÆ!:g�n�J,[QU-�
2.8.2 [�9�{�%<�{RJ!:���Æ\W; - 69�6U�R�L b�ÆIbRQr0�8�<�6B!#R�)��9�{,Æ	<�L$%<HyIKRHyRV��:��=4'�<��J,Æ��O)M%�Q[ÆBÆ�{�[�fR�>UÆl��<ITkRF4g��Q[!�Fq��$SR�B�Æou	<\W; - 69�6U�Æ!::�fs℄^R�%gÆrU.x�$�ITk�7��W3 RZb��{R[�9g�)-Æ$\qibp�.xF�L%<,gpuR5Æ�{R[�9!�F�Lpu�[��R�!:^ZR��fs�L℄^�%ggR5qÆ	5qIPT:gpNRRJ�%Æ���$\q�#&�4Æ!:k�Bg�L%<,gpuÆ�LpuI:gpN�{RJBe�#kq��zR#�ÆWZCRHy���0s>���jÆ!:k�{1FL�N�PR5��0s>�!:0:�fs�Lx�q�IbX�+$\qOmR6FÆU (2.45)Æ�Qr p(t, T ) ��V tÆN�P�
T R�0s>RRJ�Ng�Lx�q�IbÆQr�V tÆ�{Rx�q�� r(t)�

p(t, T ) = F (t, r(t);T )�I!:_��<gR,X
Æ!:k�PTF}0.�ib�Ut!:Qrs>R��� $1Æ.�ib�
F (T, r;T ) = 1,{FL!R rÆ��HFKGÆ!:g#s>RRJ� FT Qrx�q�Ib��� (2.45)Æ1<�^-k ÆQN

dFT =

(
∂FT

∂t
+ µ

∂FT

∂r
+

1

2
σ2 ∂

2FT

∂r2

)
dt+ σ

∂FT

∂r
dW

= νTF
Tdt+ ξTF

T dW,
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νT =

1

FT

(
∂FT

∂t
+ µ

∂FT

∂r
+

1

2
σ2 ∂

2FT

∂r2

)

ξT =
σ

FT
∂FT

∂rUt5���Ls>ÆN�P� SÆ!:B
dFS = νSF

Sdt+ ξSF
SdW,�,ÆW (t) p
��Yu�Æ~Ls>RJ9,Fp�L)��)-Æ!::�N� dWÆQNU8rHV�

Π = (σSF
S)FT − (σTF

T )FSk�<!R�ÆR�,RL:�?L7Ls>R,�Æ�T,�x� δt ℄[);IÆ�s>RRJg0nI��)-Æ��QN
dΠ = (σSF

S) dFT − (σTF
T ) dFS

=
(
µTσSF

SFT − µSσTFTFS
)
dt?F���L$%<rHV�Æ[5\q4) !�F

dΠ = rΠ dt,:�>��
µTσS − µSσT = rσS − rσT�LS�{FL�N�Pq	sÆ�!�FUts>�{�$\qRÆm5F�Lu� λ(t) 	Q

µT (t)− r(t)
σT (t)

= λ(t), (2.46){FL�N�P T�u� λ(t) :��%<R�{RJ�UtX	 µ =

r + λσÆ!:0n:�k|GL6ÆRO)��� µ �$%<q��LZ�ÆZ��?Tk�I%<RRJ,g�%<,gRQr8ÆUt%<RRJ� λ = 0ÆmB µ = rÆµ = rÆ�Æ�\W; - 69�6Ib,	<R�����Utg µT I σT  (2.46)Æ!:QNU8~�����PDE�
∂FT

∂t
+ (µ− λσ)∂F

T

∂r
+

1

2
σ2 ∂

2FT

∂r2
− rFT = 0�L~����{�F}ib FT (T, r) = 1Æ:����{X���1<�/ - /+�Feynman–Kač�� ÆQN�0s>R�	RJ
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FT (t, r) = EQt,r

[
e
∫ T
t
r(s) ds

]
,�,ÆEQt,r �%<,gpu QÆNg t I r(t) Rib�	ÆF4u�

r(s) .SF4����
dr(s) = {µ− λσ} ds+ σ dW (s),�
ib� r(t) = r�	<g<R��Æ��	<�IR%<�{RJÆ!::���Nq��z�gR�{F��C� λÆ!:1:RÆIbÆ�	Q!:w�N��R%<R�{RJÆ�L%<R�{RJI!:gpNR�0s>RRJB{w��!�F!:1:w��LF4����Æ%<,gR �8Æ�LF4����A)kURx�q���
ZÆW3;R�4�Lb b�inverse problemR|�Ngs>RJI��{X��Æ!:1:�N%<R�{RJ��LL)R4_�u9,Fx�q�RQr�BTIb5|+|ÆBTIb[5|+|�IDÆUt�LIb�Y℄L,�f,�rU CIR IbÆ!:[�	/Q�L�B|��JjÆ3F�0s>RIbRÆQ[S�Æ)�?mSZRHy��0s>���Æ!:k�R�IbIl�RJ�%�)-ÆL�Iq�BeRHyq:�[�l�RJ (RÆ) ,!RXRÆn��{Ib�market modelsRfsq[��FDk4�l�/qÆE��TIbRTKq�	Q�JgRQZC��J,Æx�q���L,t�+R{KÆE�x�q�Q[^�tRgpN��Nq�QS�/9ÆrU LIBOR25 ��u[s#<z℄

• eFrHm�I,tIbRBe�nÆf` [?]�4_RrHm�I,tIbÆf` [?]�eF�z��nI,tIbSBe℄SÆf` [?]�
• eF_�l��JR^[��R�nÆf` [?]�
• eFs>�{Ibg�$BeR�nÆf` [?]Æ [?]Æ [?]Æ [?] �>
[?]�
• eFrHV�k��nÆf` [?]�eFS<k�D7�nÆf`�;#RZ 10 y�
• eFrHV�hkRE�1<Æf` [?]�

25�|,dVp�w~q�
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• eF�<I�z�RD7�nÆf` [?]�eFk���R�nÆf`
[?]�
• eF<R��VaRR�nÆf` [?]�
• eF�<{�m���R�nÆf` [?]��;#{F�t�0n5�gZuÆE��,eF�J{�l�R�n�}DB�
• eF�Q,wqF45�RBe�>ÆW��=R�}�Æ{F�t�S�k|R:�Æf` [?] 0 [?]�W℄$Rp9#� [?]�
• eFj^�VIb#kÆf` [?]Æ#,D7�n%<,g<�I$\qR�Æ�>�,RB�e5�
• eF�QDtRl#℄S�nÆf` [?] 0 citecvitanic�
• eFq��z�R-xbg�$�>BeR#<,Æf` [?]�eFq��z�R�gÆf` [?]�
• eFq��z�R,tk�Æf` [?]�
• eFq��z�RrHIhkÆf` [?] I [?]��%HR
• http://fisher.osu.edu/fin/journal/jofsites.htm ��L�QHR*P�x�
• http://www.iafe.org�sJ�QR�U)�x�
• http://www.bachelierfinance.com��oq��Qt)�
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MATLAB R�^5q�?�5�#k3 ,�FD bRz,V	�	< MATLABÆ:^[k�=�R,�FDk�ÆE�{"�T3;R,�FD��Æ{F!:hs,�D��t��p8*��}B!#R���jÆ,�FD�NFD�uI*v%[R6FÆFD�R{t;Q:^�}[�k�)-�:k�5�NB��uR,�FDID��gg��R6FÆ�T℄SgZ 3.1 w�n���N)��Æt3	<~������z�gR,FD�uID��ggp
0��Z 3.2 wg�n4|Ag���VR���MATLAB �<�aT��t��Id?��4|Ag���V�Z 3.3 wg�n,!R_�Ir����Z 3.4 wg7�~��Ag���VR4|������T,� bÆrU~����R,�5�IB�v���gq>NRMyw�d�n�B{FKDR,��+p`Æ;#|���T3;R,�FD��ÆrUFD�
R℄�J�I℄���}����4|��~L bq:�	< MATLAB z,�dFDÆ?F;#,[)	<�TD�ÆUts�k��|�TD�Æ:�f`;yRf5�>�

3.1 ,�FDRg*,��+3F�,5q�[fR�ÆFD45q[��,5q�FD45q,Æ7�L,q�	<B�RLwL�RÆLwR9�� 0 0 1�)-Æ!:Dm	<��'IB��uR,�FD�FFFD47bRC(�℄Æ$k{OBWb�p�di;R0M8Æ!::�	<Q�RLwL�,��?HU-ÆPT,�*v!�$�E?RÆ�T*v:^i	
113



114 ,��+3 $�MFR6F�Z 3.1.1 w,Æ!:g��AL:^LNR,�8*�rÆQ4E�=�T bRO)�
3.1.1 ,�RL�Æ;o&V�vz!:o}	<��'L�,�Æ,� 1492 L�R�J!8��

1× 103 + 4× 102 + 9× 101 + 2× 100p
ROkÆI!:	<�,0Q,�Æ	<R� 10 R7�,�
0.42⇒ 4× 10−1 + 2× 10−2PT,�ÆrU 1/3 = 0.3ÆQ6B�LB�RL��ÆQ:�[�L$�v �D�ÆFD47b3F��'!;Æ!:Dm	<��'L�ÆrU

(21.5)10 ⇒ 24 + 22 + 20 + 2−1 = (10101.1)2!:U�g�L��'R,>#���',�rU�L, NÆ:�>#�
N = (bk · 2k) + (bk−1 · 2k−1) + · · ·+ (b1 · 21) + (b0 · 20)~Fq�� 2Æ!:QN
N

2
= (bk · 2k−1) + (bk−1 · 2k−2) + · · ·+ (b1 · 20) +

b0
2)-Æ��'L�RWC�Æb0 :�ZCR�� N : 2 �RG,�N :�L��

N = 2 ·Q+ b0,�,ÆQ � N : 2 �R{t�04j)u�Æ!::�	<��'L�RMB,��g��'>#���'R MATLAB �pUw 3.1�z,DecToBinaryg!V,nÆ�%�LJ�b�,nR��'�1 :

>> DecToBinary(3)

ans =

1 1

>> DecToBinary(8)

ans =

1 0 0 0

>> DecToBinary(13)

1�:^[�W=RD�Æ)�!�J�bR~u�:IR�!::�FD�nD�R>℄�,ÆQM�wbR~u�
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function b=DecToBinary(n)

n0 = n;

i=1;

while (n0 > 0)

n1 = floor(n0/2);

b(i) = n0 - n1*2;

n0=n1;

i = i+1;

end

b=fliplr(b);

Fig. 3.1 g�,>����'L�R MATLAB �p
ans =

1 1 0 1p
Æ�,0Q,�R,��:�>#���'�
R =

∞∑

k=1

dk2
−k{FPT,�ÆO::�L��B�R��'�ÆE[^L��B�R��'��rU�

7/10 = (0.7)10 = (0.10110)2;D�/0M8Æ$�p��:vzR�truncatedÆ5vz*v��L�, R :�out8XRD�/QOR��'L:Æ�LD�g<F�),>��'RD���intI frac �ML��L,�R,^�I�,^�
1. r& d1 = int(2R) I F1 = frac(2R)

2. [nFD�Recursively computedk = int(2Fk−1) I Fk = frac(2Fk−1){F k = 2, 3, . . ..-!:�O���'>��'RD�ÆZ 4.6 w#k;℄/ I_,Æ!:g3N�TD�R1<�r��J,Æ!:k�L��=0�QR,�Æ)-Æ!:k�,\L��floating-point representation��ÆU
x ≈ ±q × 2n,�,Æq ��,^�Æn ��,^��,�R�B�u9,FslRKD�7b�L�0M8Æ��!:R℄5�B�RÆ�5oV*v�



116 ,��+3 oV*vQ[�,�FD*vR��XR���/*v�vz*v�rUÆ	<�LB��d?�L$��ÆI!:vzg<�
R��Æ��z�vz*v�5��8R�,z,L:�
ex =

∞∑

k=0

xk

k!

Example 3.1 �L℄bR&�0M�~LA�BS,�Z\��5�U8�r2:

x = 0.3721478693

y = 0.3720230572

x− y = 0.0001248121Ut!:�/Æ�T,�RQ,\Æ&��Æ�R;o&VÆ�JFD{t�
x̂− ŷ = 0.37215− 0.37202 = 0.00013,I�B{tB>ÆB{*v� 4%��JjÆ�E?*v:�	<Q~RFD�� √

x2 + 1− 1,{F�}QR,� xÆ�/��:�;8RjT*v��/0M8Æ!::�gj)L:�X�
√
x2 + 1− 1 =

(√
x2 + 1− 1

)(√x2 + 1 + 1√
x2 + 1 + 1

)
=

x2√
x2 + 1 + 1

.�m[q>\�ÆE��N0M,Æ$�E?oV*v�
3.1.2 *vRyz�ibI[�ggFFFD47bR�uÆ5!,�RLw,XXX�ÆoV*vXXXQ�{F�J	<Æ,�3;:�:�BRL��,�D�RoV*v0n)FD℄4,f5ÆQ:^yz
�gR6FÆrU�r ?? ,RX
�)-Æ!:1:�+D�R,��gg�stability properties�{Fp�L bÆ!:o}B�LD�TslÆ�,�LD�{F�L b0n[�gÆE��D�{�L bB{�g�!:gZ 5 y�n�L℄�rÆO�eFsl4|~�����PDEsR;gI.g��R�EQ[P�k�<	D� R[�ggID�S��rUÆ:�R=�D�R#CÆU ILOG CPLEXÆ�=mIRAgm� baT�[
2f` [?, pp. 58–59]
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4_R,�FD bÆ!:0n1:sl�gg$�FDS�0nqTRD���gg�4|Pg,� bR℄g,�D�R�/'g�!B��L bI4|,� b;tRZuBeÆ��ib�I!:5��L bRib�Æ!:[�{PL bR#D�Æ���{ b;tRZu�)-Æ0�R�k�k|D�R�ggI,� bibRe5�0�KRou��Æ�L,� b:�:3[��L8p
y = f(x),8pg!V,! x >#�!�,! y�D���LFDz, f(x) R:dRFD���p
R,� b:�	<[pR,�D�Æ�TD�9B[pRFDStI�gg�I!:	<FD4�d^DR�Æq>N!Vf,RoV*v�!:1:Yt!V,!RGk δx {!�{tR6F�g#�JR!Vf,� x̄ = x + δxÆ!�f,� f(x̄)ÆX4�LD�gFD� y∗�Ut�LD���gRÆmBe*v
‖f(x̄)− y∗ ‖
‖f(x̄)‖I4��u�p�L,��R4�g f(x̄) I f(x) �d>qÆ!:�+���L bÆ��,�FD bRib,�!:>q!V*vI!�*v�I!V*v�}Q�Æ!�*vp
Q�kE0M8Æ!�*v1B�L��ÆrU

‖f(x)− f(x̄)‖
‖f(x)‖ ≤ K ‖x− x̄‖‖x‖ , (3.1)�,Æ‖·‖ ��L�IR�,�norm5�,� KÆ�� bRib,�DÆÆ!:�+~�4|Ag���V bR�=8,Æ�LZC�rU8�

Example 3.2 5�U8�Ag��
p(x) = x8 − 36x7 + 546x6 − 4536x5 + 22449x4 − 67284x3

+118124x2 − 109584x+ 40320 = 0.���L℄bR�Ag��Æ)�O��L�H���Æ�L��:�	<℄ R��4|Æ�,�L��:�ouz,roots�= 6:

3eF℄\�Æ!:gZ 6.4.4w�d�n
4�QNeF4��uR�gM�Æ5�[S� 1 − ǫ < 1 < 1 + ǫÆ;D ǫ > 0Æ	<,�FDÆ5�LWQR ǫ	Q[S�	s�UtQF�LWQ�ÆFD4$�6�[S�~FRv(�
5s�1:%2eFJ��,R<d�'m:�f3Z 3.2.1wR℄S�
6!:�FD℄^�$�R�Æ 34��r 2.8Æ	<uz,roots�
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>> p1=[ 1 -36 546 -4536 22449 -67284 118124 -109584 40320];

>> roots(p1)

ans =

8.0000

7.0000

6.0000

5.0000

4.0000

3.0000

2.0000

1.0000�H�:�ouJ�R�L�ÆJ�,N���H�R5,p��!:3N��L.-R|RI��℄MYÆ!: [5.5, 6.5]B�LP�=!:g�H�RZ�L5, −36;� 36.001�!:0nM�,!,�QI�Æ�H�|RI��p
�Q�
>> p2=[ 1 -36.001 546 -4536 22449 -67284 118124 -109584 40320];

>> roots(p2)

ans =

8.2726

6.4999 + 0.7293i

6.4999 - 0.7293i

4.5748

4.1625

2.9911

2.0002

1.0000�H�RO[b/�O
Æ�*6V [5.5, 6.5] 5�H�OÆQN�~LQ4_R4,O�*vRib,I,� bKtBeÆ�I4|D�$e�z,roots:�FD�St�~R�<|ÆE�,� b,!R7�I�:^M%{tR;8I��4|Eu�H�RO��LPUib, b�ill-conditioned problemÆ0n!::�ou�,!,R*vS1Xg#�g,�FD b�gD��ggIib,~L<d{��X�=�{F#R,�FD bÆI bRib,�I*D��g�Æa:�FD��E*��R|�
3.1.3 �yu,IFD4_uB�Æ!::�ou�LB{ZCR���tQN,� bR|�E��/0MÆ!:k�	<d?D�z	�5��<|�Ng�L�<|
x(k)ÆouP/>#QN�LQ=R�<| x(k+1)�BSRD�RWT�4�z	R�<|p�:��yF,� bR��| x∗�-�Æ!:1	�L�yu�SZI��yRAu:�ou>��d���Ut�y�$m



,�FDRg* 119�AgRÆm5�L}, c < 1 I�L, N 	Q
‖xn+1 − x∗ ‖≤ c ‖xn − x∗ ‖, n ≥ NUt�y�$m��.RÆm5�L}, C I�L, N 	Q
‖xn+1 − x∗ ‖≤ C ‖xn − x∗ ‖2, n ≥ N�/0M8Æ!:[�4 C < 1��:�zlNL! α u�y�
‖xn+1 − x∗ ‖≤ C ‖xn − x∗ ‖α, n ≥ N>� q X=X~��.�y�q = 2=FAg�y (q = 1)��Ld?R��Q[P�k��y�B�Æ�y9,F�
d?\ x(0) I�N��|R$j�I!:	<d?D�Æ!:0n[�Ok��m.d?FD:�/Q�L.!|���/0M�PT�t��:�QN,� bR|�	<�t���direct method!�FÆou�g���,�R℄4Æ�:�QN�LE�R,�| (Ut[5D��ggR b)�{F�tD�Æ0n:�qFD�/Q,�|Mk3;^DR.,�rUÆP�I����T:�p�D�RFD4_�u�FD�� bmIR�Lz,�^D.,9,FFD�dR7wÆ bmI9,FL� bRG'Rgb��J,Æ�Tm�[k�u�R�DÆ�O bmIRoP{FD�oPR6F�u�SZ��-�Æ̂ dD�RFD7a9,F# bÆ# b!�F#BR bI#R,!�B�Æou�+�"R# b:�/Q�g bR�.FD4_u�o}ÆQS�/9R�Wv0MRFD4_u�FD4_u{Fj^=� b�}0�Æ)�N:	<RD��N��V�

Example 3.3 b.5��r ?? ,�nuRH�MDR6- b�)�5B�L:d|Æ�J,Æ!:0n:�ouJpMB:d|R��w�W=|�D�Æ7LHT��:�rH0[rHÆM�5 2N L:d|Æ�, N L�9sHTR,�Æ;D N ?L� bRmI�)���:d|0nQ[.SMDW+Æ9sHTR,� N ,g�:d|,�Rj��Wv0M8ÆJpMB:d|RFD4_u� 2N�0C(ou��,!:�FD4_u� O(2N )7�;DÆ�/�,�Ro~�[:EKR�BSD�R4_uo}��H���{FPL}, pÆN:R4_u� O(Np)�{F�L=� bÆUt!:�N�L�4_u�H�D�Æ�L bR4_u�	��H��D�ÆUt!:$��N�L�H�D�Æ�*�N:dD�R4_
7Ut limn→∞ f(n)/g(n) < ∞Æz, f(n)� O(g(n))�



120 ,��+3 uq��,�Æ�!�F�L b��,4_R���jQ�U-�0n5�L�4_u�H�D�ÆE�!:!69BSZR���=O�)-Æ�{�L4_ b�Æ5�ND�R4_g�B{D�R��m!:LN�p
R b���D�R~�g?D�R�ggID�Rib�
3.2 4|Ag��Ag��R4|��L0�R bÆ)�O��NMg b4|R3 �rUÆ4|�Ag��Rf}��Newton’s methodou�44|Ag bR��/9�Ag��R| (f`Z 3.4.2 w)�Z 5 y,Æ!:g3NPT4|~����R��qk�4|Ag���,t�D�In pencil-and-paper mathematics,ÆI!:4|Ag��Ax = bÆou�
4|!:QN x = A−1b��
���(�
�MATLABaT��
4bz,invÆ℄�<����Æ��4[	<Ag��4|���W/��QBS�!:RTK[�u�Y�xF�L b���t3U�	< MATLAB4|Ag���4|Ag��R��=%:���tD�Id?D���tD��Direct methodsB�LE;RFD4_uÆ)��tD�ou����g℄4RFD:�QN{t�d?D��iterative methodsz	�5�|Æ�T|�PTib85�kE|�{Fd?D�Æd?.,�[:M�RÆ)��9,F�yAu�convergence speed�{F=mIRAg�� bÆ/"�
�sparse matricesÆ�
�Bm�R��N�)��}B<R��tD�Id?D�q:�ou MATLAB �=ÆP/ib8Æ�,�gD�E;=F��gD���r ?? ,Æ!:�3N{PT�
4|Ag���}QZ�0n!:M�I�
t��(�Æ4|Be,� bgIQQZ�ED���kRÆ�B�NO)oP�,�FDRZu��k|�O)Æ!:k��+ bRibÆ5��
Rib,��+��Æ!:Dm�n�8J�I�
�,R<d�
3.2.1 J�I�
R�,!:%2RJ��nAmPAVR~u<d��,��/<dRzlÆ~uR<d:�zlN�
Iz,Æ�{~��y��ggIibS,�,��+ b9B*9�J��,�norm��LgJ� x ∈ Rn 8pN�,jRz,�‖x‖	Q:

• ‖x‖ > 0 {FL! x 6= 0, B ‖x‖= 0 I*�I x = 0;

• ‖cx‖ = |c | ‖x‖ {FL! c ∈ R;

• ‖x+ y‖ ≤ ‖x‖ + ‖y‖ {FL! x,y ∈ Rn.



4|Ag�� 121�T'g�	��LJ�R~u1.SR3;'g�g#J�~uR�t���nAmP�,�Euclidean norm�
‖x‖2 ≡

√√√√
n∑

i=1

|xi |2D�Æ5[pRJ�~u<dÆ�T<dq.Sj)J��,ib�W}`R��
• ‖x‖∞ ≡ max1≤i≤n |xi |, :�� L1 �,;

• ‖x‖1 ≡
∑n

i=1 |xi |, :�� L∞ �,��"X4Æ�LJ�R Lp �,�
‖x‖p =

(
∑

i

| xi |p
)1/pI p 5J$2�Æ!:QN L∞ �,�

Example 3.4 J�I�
R�,:�ou MATLAB z,norm FD�
>> v = [2 4 -1 3];

>> [norm(v,1) norm(v,2) norm(v,inf)]

ans =

10.0000 5.4772 4.0000z,normB~Lf,�J�I�{�,/gR:sf,ÆNMf,�
2�a<z,normR��U8
sum(abs(v).^p)^(1/p).I�,slf,�infR�ÆFDJ�R L∞ �,�
Example 3.5 !:}}5�*vR�,�,��+,Æ*v:��� bR|Id?D�R=�$jÆ0�oVIvz*v�#B�QID6�Rs�=�%2WQ���least squaresÆWZCRr&,Ng�V��,! (xi, yi), i = 1, . . . , nÆw�O:VRAge5

y = a+ bx,z,	:^Y_���,!��J,Æ�8R_��[5RÆ!:g#�L*v eiÆ	Q{FL!R�,!B yi = a + bxi + ei�o}Æ!:	<gv��[�*vÆL�0M8Æ!:E/�gv	:^Q�ouWQ�gvJ�R�,/Q_�IbÆ4|��
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min

n∑

i=1

e2i

s.t. yi = a+ bxi + ei ∀i�E?gvRÆ7 bÆ!:	<��R��E�!:1:5�	<�N�,ÆrU L1Æ4|����'B[��#�
min

n∑

i=1

|ei |0nÆUt	< L∞ �,Æ4|WQW= b�min–max problem
min
a,b

{
max

i=1,...,n
|ei |
}Z�/0M�}B!#ÆOIgv-{�R�.�BeÆ�nAmP�,Rgv�0nl�=T�D�ÆNg-{�R�:�z,Æ	< L1�,WQ�gvk�Agm�R,�|Æ�WQ�� bB�LZCR|+|Æ�L|+|�~�Ag%naT�qF℄��I!:-JFC'W=~v�worst-case deviationÆ�[�WQ�I�.gvBeRpu�Æ	< L∞ �,QB!#��L0n[T%2R<d��
�,�matrix normÆ�
�,Rg#k�j)p
Rg*��
��R0M,Æ�,z,g Rn×n 8pN

R�D�Rg*��
• ‖A‖ > 0 {FL! A 6= 0, B ‖A‖= 0 I*�I A = 0�
• ‖cA‖ =|c | · ‖A‖ {FL! c ∈ R�
• ‖A+B‖ ≤ ‖A‖ + ‖B‖ {FL! A,B ∈ Rn×n�B�Æk�U89Pib�

‖AB‖ ≤ ‖A‖ · ‖B‖wtJ���
p
0�Æ!:��LJ�I�L�
�,��BWS�compatibleRÆUtU8S�	s�
‖Ax‖≤‖A‖‖x‖{FL!R�
 A IJ� b(k�<!R�Æ[S�YF	<R�J��,)
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�,��
• ‖A‖∞ ≡ max1≤i≤n

∑n
j=1 |aij |�

• ‖A‖1 ≡ max1≤j≤n
∑n

i=1 |aij |�
• ‖A‖F ≡

(∑n
i=1

∑n
j=1 |aij |2

)1/2
, . 7h6�,�Frobenius norm�

• ‖A‖2 ≡
√
ρ(A′A),��,�spectral normÆ�, ρ(·)��
R�'��spectral radius�rU ρ(B) ≡ max{|λk |: λk is an eigenvalue of B}��~L�,0n3�XBTdÆE�N:S�FD�Z�L0M,Æ{F7L�
dJ�Æ!::�g��N�R-{�BPÆDÆd��,,9W=�Z�/0M8Æ!::�gZ�/�,Rj[�#�

Example 3.6 z,normp
:�<FFD�
�,Æa<��U8�
>> A = [ 2 4 -1 ; 3 1 5 ; -2 3 -1];

>> [norm(A,inf) norm(A,1) norm(A,2) norm(A,’fro’)]

ans =

9.0000 8.0000 6.1615 8.3666!:FD�L�
R;/�,Æ-R��,I. 7h6�,�{F��,Æ!:k�Yt A′A ℄��R��OQs9W=��
>> sqrt(eig(A’ * A))

ans =

2.2117

5.2100

6.1615. 7h6�,�Frobenius norm3X~I�nAmP�,RzlÆE�N℄L�,<�;QBT�}m���jÆNg�LJ��,�:�-��/�
�,��L�
0n:�3[�LJ�>#^D�Ogr>�LJ�0�;IOR~uÆ	�I~0Ix�!:0n:gJ��=�amplificationR�u�[�/�
�,�Ng�LJ��,Æ!::�g#OR0'�,�
‖A‖ ≡ sup

x 6=0

‖Ax‖
‖x‖ = max

‖x‖=1
‖Ax‖ (3.2)�/0M8Æ!:��
�,?J��,-��;DÆ�~/�,��BWSR�J��, ‖ · ‖∞ -��
�, ‖ · ‖∞Æ{FJ��, ‖ · ‖1 p
ROk��L�JR���ÆnAmP�,$�-�. 7h6�,���jÆ. 7h6�,[��L�z�9'�,Æ5�C��
�identity
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matrixI��� (3.2) ,Æ!:B ‖I‖ = 1ÆE� ‖I‖F =

√
nÆ{F�L nu�
�J�RnAmP�,-�R���,Æ)� ‖·‖2 g#�f` [?]�LWSR�
�,R3;'gU8�

THEOREM 3.1 {F�LIJ��,WSR�
�,Æ!:B
ρ(A) ≤ ‖A‖-��E>qZC�Ng�VB�WSRJ��,I�
�,Æ5��
 A R℄�� λ Æv �I℄��BeR℄�J��eigenvectorÆ℄�J��C�~uÆ‖v‖ = 1�

|λ |=‖λv‖=‖Av‖≤‖A‖‖v‖=‖A‖)���<F�
R℄��Æ)--gk	s�
3.2.2 �
Rib,=!:D90
�+,�*v{F4|Ag��R6F�5�U8��

Ax = bQrÆN b fP�LGk δbÆ?FoV*vÆ�
RGk�J,B�)�z��gM%FD{t0n�zI�Æ!:B
A(x+ δx) = b+ δb,!�F

A · δx = δb ⇒ δx = A−1δbIz,R!V*v� δb �Æ!:1	{FD{tR*v δx�d�[�Ut!:	<B�WSR�
IJ��,ÆmB
‖δx‖ = ‖A−1δb‖ ≤ ‖A−1 ‖ · ‖δb‖
‖b‖ = ‖Ax‖ ≤ ‖A‖ · ‖x‖g���~L[S�

‖δx‖
‖A‖ ‖x‖ ≤ ‖A

−1 ‖ ·‖δb‖‖b‖ ⇒ ‖δx‖
‖x‖ ≤ ‖A‖ · ‖A

−1 ‖ ·‖δb‖‖b‖ ,�g<F�� (3.1)�ib, K(A) ≡‖A‖ · ‖A−1 ‖ |,GkRB{*v>�jN��j���"X4ÆAg��ib,X=Æ4|B{XZ�
Example 3.7 MATLAB ,z,cond<XFDib,��L:sf,<Xsl�,ÆNM�,���,�
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>> cond(hilb(3))

ans =

524.0568

>> cond(hilb(7))

ans =

4.7537e+008

>> cond(hilb(10))

ans =

1.6025e+013ou�T,�Æ!:�=4|q>1�W℄�
RAg��V��4RQZ��gY4ÆUB�L�
t��(Æ�L�
q>RAg��g�}Z4|�U8gk�Gastinel�g�uj���Lg\�
THEOREM 3.2 �L n ��(�
 A Æ{FL��z�9'�
�,Æ!:B

1

cond(A)
= min

{ ‖A−B‖
‖A‖

∣∣∣∣B �{o�
}gkR3;!#�ÆIib,�}=�Æ�
�<�L�(�
Æ	<,���#k�(�
�}QZ�D�ÆPUib[��(�
RD�ibÆ:`U8�r
Example 3.8 5���V8

x1 − x2 − x3 − . . .− xn = −1
x2 − x3 − . . .− xn = −1

x3 − . . .− xn = −1
...

...
...

xn−1 − xn = −1
xn = 1.Ag��VR�
�

A =




1 −1 −1 . . . −1 −1
0 1 −1 . . . −1 −1
0 0 1 . . . −1 −1
...

...
...

. . .
...

...
0 0 0 . . . 1 −1
0 0 0 . . . 0 1




8f` 3 of E.A. Volkov, Numerical Methods, MIR Publishers, 1986.
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���(Æ)� det(A) = 1�mB
b = [−1, −1, −1, . . . , −1, 1]T ,��D�backsubstitution���:�,��NAg��R|�!:B

xn = 1ÆDÆFD� xn−1 = xn− 1 = 0��O� xn−1Æ:�FD� xn−2 S�	<�
R��Æ!:QN
x = [0, 0, 0, . . . , 0, 1]T:�	< MATLAB ���L|

>> N=20;

>> A = eye(N);

>> for i=1:N, for j=i+1:N, A(i,j) = -1;, end, end

>> b=-ones(N,1);

>> b(N,1) = 1;

>> A\b

ans =

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

1=ÆQrNS�CFRJ� b RWÆ�LN�fP�LGk ǫ �DÆ4|℄RAg��ÆQN�L[pR|���D�backsubstitution���RZ�℄Æ;��LGkR6F>qQ�
x̃n = xn + δxn = 1 + ǫ.D�ÆKqw��GR��|Æ!:�=Gk:�=��

>> b(N,1) = 1.00001;
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>> A\b

ans =

2.6214

1.3107

0.6554

0.3277

0.1638

0.0819

0.0410

0.0205

0.0102

0.0051

0.0026

0.0013

0.0006

0.0003

0.0002

0.0001

0.0000

0.0000

0.0000

1.0000)-Æ�L:���[FR!V*vg	Q{t*v�}=�k�<!R�Æ�n)F�
KtR{XÆ?	�
���(R�!:��R�LQZ� bKtRib,Æ�[�D��gg�RBÆ!::�ou�+R��w� bRO)�*vJ� δx .SU8���
δx1 − δx2 − δx3 − . . .− δxn = 0

δx2 − δx3 − . . .− δxn = 0

δx3 − . . .− δxn = 0

...
...

...

δxn−1 − δxn = 0

δxn = ǫou��D�!:QN
δxn = ǫ

δxn−1 = δxn = ǫ

δxn−2 = δxn + δxn−1 = ǫ+ ǫ = 2ǫ

δxn−3 = δxn + δxn−1 + δxn−2 = ǫ+ ǫ + 2ǫ = 22ǫ

...

δxn−k = δxn + δxn−1 + · · ·+ δxn−(k−1) = 2k−1ǫ
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...

δx1 = δxn−(n−1) = 2(n−1)−1ǫ = 2n−2ǫ!:R0M8
‖δx‖∞= 2n−2 |ǫ |, ‖x‖∞= 1, ‖δb‖∞=|ǫ |, ‖b‖∞= 1,m

K∞(A) =‖A‖∞ · ‖A−1 ‖∞≥
‖δx‖∞ / ‖x‖∞
‖δb‖∞ / ‖b‖∞

= 2n−2��jÆ
>> cond(A,inf)

ans =

10485760

>> 2^18

ans =

262144

>> 0.00001 * 2^18

ans =

2.6214

3.2.3 Ag��V4|R�t��Ag��V4|R�t���Direct methods3F�IR�
I���r 3.8 ,ÆUt�
��Lj℄o��upper triangular formÆ!:0n:��tQNWÆ�LI� xn R|ÆDÆou�DR��/Q|�F!:X	<�/��4|Ag��V�
Ax = b�,ÆA ��Lj℄o�


a11x1 + a12x2 + · · ·+ a1nxn = b1

a22x2 + · · ·+ a2nxn = b2
... =

...

annxn = bn�D0WÆ�LI� xn 0
ÆDÆJjLzÆU8
xn =

bn
ann

xk =


 bk −

n∑

j=k+1

akjxj



/

akk, k = n− 1, n− 2, . . . , 1



4|Ag�� 129=Æ!:k�fs�L5qR��Æg�LAg��V>#��L℄o��equivalent triangularR��V�E6N;��Gaussian elimination���L�
R����JjÆ�/8��}ZC�!:Dmg��V�d�Q0V�N���V,RPTI�R5,�)�AgY�Q��VQ[;IOB��R|Æ?-yzRAg��VIOBAg��VSR�Ag��VR�
��
(E1) a11x1 + a12x2 + · · ·+ a1nxn = b1

(E2) a21x1 + a22x2 + · · ·+ a2nxn = b2
... =

...

(En) an1x1 + an2x2 + · · ·+ annxn = bn,5, a11 8Æ!:1:|�/Q�LN���R�J����QN�L℄oAg��VRZ�℄�{F7L�� (Ek) (k = 2, . . . , n)Æ!:Dm	<>#
(Ek)← (Ek)−

ak1
a11

(E1),�g	Ag��VI�
a11x1 + a12x2 + · · ·+ a1nxn = b1

a
(1)
22 x2 + · · ·+ a

(1)
2n xn = b

(1)
2

... =
...

a
(1)
n2 x2 + · · ·+ a(1)nnxn = b(1)n=Æ!::�04�/j[Æ5, a

(1)
22 8/Q�LN�� 0 R�J�ÆU-gzÆou	<�D��QN!:M1	R�
��

Example 3.9 5�U8��V:



1 2 1
2 2 3
−1 −3 0





x1
x2
x3


 =




0
3
2


�Lol�
�augmented matrixjÆ:�.-Ru=E6N;�R^[u��




1 2 1 0
2 2 3 3
−1 −3 0 2


⇒




1 2 1 0
0 −2 1 3
0 −1 1 2


⇒




1 2 1 0
0 −2 1 3
0 0 1

2
1
2


0-!::�ZCQN x3 = 1Æx2 = −1 I x1 = 1�!::^$��OLu�#k��m.E6N;^DÆE��LD�B�L:��FD4_uÆ{�L n uyAg��V4|R�t��RFD4_u� O(n3) �
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ÆB��O)00M:^	Q�/���8��:Æ!:DmB a11 6= 0 ��dE6N;�RZ�℄�p
ROkÆ!:DmB a
(1)
22 6= 0 SS�f^R�ÆUtAg��VR�
�
[��(�non-singular�
Æ:�ou�L��RI���0Ag���d&#g�
>#�℄o�
�

Example 3.10 5��

A =




5 1 4
0 0 3
0 1 2


Ut�w	<E6N;�N��
N� a32 = 1Æ!:gL`&�Æ)� a22 = 0�D�Æ��E? bÆ!::�gZ�L��IZ℄L���#�k�j��Æ�
R&#:�L=��IR�
Æ��&#�
�permutation matricesÆ&#�
#B�8℄g

• �
MBRN�� 0 0 1�
• {F�
7�d, �B�LN�SF 1�
• {F�
7��, �B�LN�SF 1�[��L�rÆ5�

P =




1 0 0
0 0 1
0 1 0


!::�t3&#�
{F�
 A RSt

PA =




1 0 0
0 0 1
0 1 0






5 1 4
0 0 3
0 1 2


 =




5 1 4
0 1 2
0 0 3


eFE6N;�k�5�d0��#R:dgÆ5��LO)�!:k�gB��u^DR6FWQ�ÆU�r 3.1,Æ\���/#B %<Rj[Æ)�\�:^i	;8R*v��IRd�&#*vWQ���:�aT*9Æ�/^D��r>�pivoting�I��:<F�
Rj[�L�,��+p`,qq>�T℄SÆ#R℄S;w[bD)��=E6N;!B�N���E6N;:�g�
 A �|��L8℄o�
�lower triangular matrixL I�Lj℄o�
�upper triangular

matrixU R�5�QB)Y4Æ!:B
PA = LU,
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Æ�QNj){tÆ>&�
�D�R�!::�|�j.�Æ$m0�gouk|j))��|�factorizationRXR�&#�
 P{1�Lr>^D�Utr>[��
DkRÆm:���>&�
�ÆU!:�	RÆj℄o�
 U �E6N;�QNRW.{t�8℄o�
 L �!:�QN℄o
��dR>#�
��T>#��
dJ�RAgV�Æ�
R>#:�ou A ���L�S�
�elementary
matricesQN��
 L I�T�S�
R�5Be��L)��|:��
LU �|�LU-decomposition�
Example 3.11 �
R LU �|:�ou MATLAB Rz,�=
>> A = [1 4 -2 ; -3 9 8; 5 1 -6];

>> [L,U,P] = lu(A)

L =

1.0000 0 0

-0.6000 1.0000 0

0.2000 0.3958 1.0000

U =

5.0000 1.0000 -6.0000

0 9.6000 4.4000

0 0 -2.5417

P =

0 0 1

0 1 0

1 0 09B�L)��|Æ4|Ag��V Ax = b BIF4|8�~L��
Ly = Pb

Ux = y

MATLAB �p�
>> b = [1;2;3];

>> x = A\b

x =

1.0820

0.1967

0.4344

>> x = U \ ( L \ (P*b))

x =

1.0820

0.1967

0.4344
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% TryLU.m

N=2000;

A=rand(100,100);

tic

for i=1:1000

b=rand(100,1);

x=A\b;

end

toc

tic

[L,U,P] = lu(A);

for i=1:1000

b=rand(100,1);

x=U\(L\(P*b));

end

toc

Fig. 3.2 p� LU �|R MATLAB �pIk��.4|[p b RAg��V�ÆLU �|�+g�}B*9Æ)�	<B�v���4|~�����Ægq>NAg��VR�4FD���HFk|��\ÆF!:	< MATLAB �p�d�LQp�Æ�pUw 3.2��r,Æ!z	�Lu, n = 2000 RF4�
9�4|
1000 L[p b RAg��V�!:>qE6N;��h�k cold startI
LU �|���I�k warm startRFD�V
>> TryLU

Elapsed time is 0.904283 seconds.

Elapsed time is 0.096623 seconds.#k�
4b�matrix inversionRFD,Æ!:p
:�	< LU �|ÆUt6B LU �|!:g��n� R,�FDZb�LN{�Æg�
�ÆLU �|g�=℄ R��n�=� bÆ>��u=� bÆq>R�
q�{�Æg�
�Ut A ��L{�Æg�
Æm5�L��Rj℄o�
 UÆ	Q A = U′U��:��
9z,randz	 (0, 1)6VjF4I���/F4,Rz	��l�<F;℄/ I_
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Cholesky )��|�Cholesky factorization 10 PT℄ R�
:�	<
Cholesky �|?d LU �|�
Example 3.12 Cholesky�|:�ouMATLABz,chol�=�rUÆNg�L�
ÆUt�Bg:�
�'�Æg�
Æ:�Y�OR℄���'�Æ�
>> A = [ 3 1 4 ; 1 5 3 ; 4 3 7 ]

A =

3 1 4

1 5 3

4 3 7

>> eig(A)

ans =

0.3803

3.5690

11.0507Ng�L��R bÆ!::�g A )��|Q4|Ag��V�
>> b=(1:3)’;

>> U=chol(A)

U =

1.7321 0.5774 2.3094

0 2.1602 0.7715

0 0 1.0351

>> U \ (U’ \ b)

ans =

-1.0000

-0.0000

1.0000Z 4 y,Æ!:g3N Cholesky �|:�<FI_+0��ÆU�\RF4I��
3.2.4 ℄{oA�
PT1<,ÆAg��VR�
B�}℄ R���/0M�℄{oA�
�tridiagonal matrixÆ4|�<gRR~����,}}�=℄{oA�
�℄{oA�
R�U8�
10n�p9#,Æ{F�L8℄o�
 LÆ)��|� A = LL′�Cholesky)��|R~/g#�SRRÆ����\Æ:�	< MATLAB Rz,cholÆz,chol �%�Lj℄o�
I�L8℄o�
�
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A =




a11 a12 0 0 0 · · · 0
a21 a22 a23 0 0 · · · 0
0 a32 a33 a34 0 · · · 0
...

...
...

...
...

. . .
...

0 · · · · · · an−2,n−3 an−2,n−2 an−2,n−1 0
0 · · · · · · 0 an−1,n−2 an−2,n−1 an−1,n

0 · · · · · · 0 0 an,n−1 ann


�L�
B�L>BR�Æ�*��L/"�
�sparse matrix�rUÆ�
xB�mR��N��[��"gR0M8ÆQr ai,j+1 6= 0�Ut aj,j+1 = 0Æ:�gOBAg��Vw��~LAg��VÆ)�!::�QN�Lj℄o�
I�L8℄o�
�!::�ou�/℄ R�t��4|Ag��V�5�Z�L���

a11x1 + a12x2 = b1!:� x1 �4| x2
x2 = c2 + d2x1,�,Æc2 = b1/a12 I d2 = −a11/a12�p
R��Æ!::�QN� x1 �QN x3 L:����jÆN�Z�L���

a21x1 + a22x2 + a23x3 = b2,!::�g x3 L�� x1 I x2 Rz,Æ)�!:��O x2 � x1 Rz,Æ:QNU8 x3 RL:��
x3 = c3 + d3x1{F�NR��Æ!:	<p
R���NZ (n− 1) LI�Æ!:QNL:�� xk = ck + dkx1Æ{FMB k = 2, . . . , n�WÆÆg xn−1 I xn RL:��QQN�

an,n−1xn−1 + annxn = an,n−1(cn−1 + dn−1x1) + ann(cn + dnx1) = bn,:��	< x1 d?��N��I���/���<>B�
R0M��Q<!R�Æ:�ou�5!��N�R��w|5!AV�
3.2.5 4|Ag��VRd?��4|=mIRAg��V�Æ!:}	</"�
�sparse ma-
trix�~�����PDEs��℄bÆ!B�N0ÆUFDPTj^BU~�R<��\Æj^�VRF45q�(�:(z Markov chains�5!/"�
�S�M%5!AVR`�Æ)�n��
N�� 0�=O:�
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R5!C(�E?�/ b�D�Æ	<�t�ÆrUE6N;�Æ#k/"�
�g
�>B�
�rU℄{oA�
R℄g�M�Æ!:1:	<[pR����L:dR���d?D��iterative methodÆd?D�z	�5��yFTK|RJ��IQN�L��R�u|�Æd?u�l��k�<!R�Æ[I�tD�Æd?D�MkRd?FDR#.,�:�[:�RÆd?D�RFD�V?��yAu,gÆUZ 3.1.3w�nRX
�k�5�RZ�L b�Æ�4ib8d?D��yR���jÆ?F[�ggD��:^�8Æ�n)z	�L$}Rp��unbounded sequence��mÆ!:gu�Æg<F�N,��+p�,MA)R3;d?����Q$aR�ÆMATLAB :�ES#k/"�
Æ�*�<�aT��5��<Rd?D�Æ�TD�>!:4iR���=����-�Æ!:B_B{ZCRd?D�Rk�����Qt3RÆ$mB�8~Lk?����Æd?D�:�<F4|�QR�,R~���� (f`Æ
[?, pp. 895–901] �<gR,ÆeF LU �|��Iwq=��successive
overrelaxation��R>q)�����ÆZ 5 y,!:g�n4|~�����PDEsRB�v��R�ggÆ�,	<R<dI~�d?D��y,	<R<dBp�I�L^Dk�bg�L\�Æd?m���/:dR���5��LÆoR^D G(·) ÆQr`E� G �Lbg\Æ�Lbg\.S��

x = G(x)z	�5��<|0n��L:dR��ÆO!d?m�Æ0PL�
�<\ x(0) 0

x(k+1) = G(x(k)), (3.3)�/����g\d?�fixed-point iterationÆ:�<FAg0�Ag��VÆ{F���N bp
�<�=R b�Æd?m��'0���yF�Lbg\ GÆ;�FzI8p�contraction mapping��L<d:<Fn�t9,ÆF!:~�%2RAg��V Ax = b ,RzI8p<d�Ag��V:��X�

x = (A+ I)x− b = Âx− b!:E�w�^D G(x) = Âx − b R�Lbg\Æ:�	<d?�� (3.3)��
R���y)��:Æ5��
\ x(0) IZ�Ld?o6�trace�
x(1) = Âx(0) − b

x(2) = Âx(1) − b = Â2x(0) − Âb− b

x(3) = Â3x(0) − Â2b− Âb− b

. . .
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 Ân RN�$�o~ n → ∞Æd?m�g�= b�RBÆ�BI�
 Â R℄��R-{�QF 1 �Æd?m�a^�y�EQ[�MBRAg��VR�
R℄��q��
RÆBSR���ou[pR���|�
 AÆU8�
A = D+C,SR���

Dx = −Cx+ bDÆÆ!::�1<d?m�
d(k) = −Cx(k) + b

Dx(k+1) = d(k) (3.4)�z	�5��<| x(k)�P/!#jÆ����bg\��RzlÆE� D slR
-ggaE��R�y�u����℄~��y bÆ!::�I��X
L)
x(k+1) = −D−1Cx(k) +D−1bF B = −D−1C = I −D−1AÆ!::�Yt-{*ve(k) = x∗ − x(k)R�u0MÆ�, x∗ �TK|

e(k+1) = x∗−x(k+1) = (Bx∗+D−1b)−(Bx(k)+D−1b) = B(x∗−x(k)) = Be(k),0j)S�Æ:�QN
lim
k→∞

e(k) = lim
k→∞

Bke(0):�L��
lim
k→∞

Bk = 0I*�I�
 B R�'��spectral radiu}JQF 1ÆrU�
MBR℄��R-{�QF 1��!�F:���yI*�I
ρ(I−D−1A) < 1�BM�LibÆ!::�FDW=:d�
R℄�����jÆ�k�W=R-{��!::�ou	<U8��E?�LQZÆ
ρ(B) ≤‖B‖)-Æ{FL!IJ��,BWSR�
�,Æ��E[D�R0M8Æou	<ZCR�BWSR�
�, ‖B ‖1 0 ‖B ‖∞Æ!::�|,�y b�0�JRouX3Æ�B|,�Ag��V (3.4) ÆL��a�BSR�ou�IRsl DÆ!::�QN8�wA)R����{;>���



4|Ag�� 137{:>�� �L℄MBSRsl� D ��L{o�
�diagonal matrix
D =




a11 0 0 · · · 0
0 a22 0 · · · 0
0 0 a33 · · · 0
...

...
...

. . .
...

0 0 0 · · · ann



,ZCRb�QN aii 6= 0�Ut A ���(�
Æou��Rd/�>&:�QN�Lib�sl L∞ �,Æ!::��L�yR��ib�

‖I−D−1A‖∞= max
1≤i≤n

n∑

j=1
j 6=i

∣∣∣∣
aij
aii

∣∣∣∣ < 1,��Jjn{�{o=��diagonal dominanceÆ
|aii |>

n∑

j=1
j 6=i

|aij | ∀i��d�/��Æ!:Dmg�
��;X�
xi =

1

aii


bi −

n∑

j=1
j 6=i

aijxj


 , i = 1, . . . , n,�s?QNRd?m�

x
(k+1)
i =

1

aii


bi −

n∑

j=1
j 6=i

aijx
(k)
j


 , i = 1, . . . , nI:NTK�u�Æd?gl���/Y��':NTKR:^0MIB{*vBe�Irg�L#R
�f, ǫÆ!::�U80Ml�D�FD�

‖x(k+1) − x(k) ‖< ǫ ‖x(k) ‖ .!::�l�D��
Example 3.13 {:>���Jacobi method:�	< MATLABG�Æ?'Uw 3.3 M��!Vf,��
 A IJ� bÆ�L�
�<� x0Æ�yf, ǫ IW=d?.,�maximum number of iterations�MATLAB ,RFDq�3FJ�I�
R�k�<!R�Æz,diagB.0<x�Ng�L
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function [x,i] = Jacobi(A,b,x0,eps,MaxIter)

dA = diag(A); % get elements on the diagonal of A

C = A - diag(dA);

Dinv = diag(1./dA);

B = - Dinv * C;

b1 = Dinv * b;

oldx = x0;

for i=1:MaxIter

x = B * oldx + b1;

if norm(x-oldx) < eps*norm(oldx) break; end

oldx = x;

end

Fig. 3.3 {:>���Jacobi method�p?'�
Æz,�%�LJ�ÆJ�RN���
R{oAjRN��Ng�LJ�Æz,:��%�L�
Æ�
R{oARN��J�RN��!::�	<w 3.4 R?'[�p�z,jacobi�k�<!R�ÆZ�L�
�{ov=R�Z�L�
��{ov=RÆEB{[E;�Z℄L�
[�{ov=R��p,Æ!::�gd?��R|IE6N;�R|�d{>�d?D�v 10000 .Æl�Æ	<z,fprintf!��f` MATLAB *9�K�
Case of matrix

3 1 1 0

1 5 -1 2

1 0 3 1

0 1 1 4

Terminated after 41 iterations

Exact Jacobi

0.55556 0.55556

0.32407 0.32407

-0.99074 -0.99074

0.41667 0.41667

Case of matrix

2.5000 1.0000 1.0000 0

1.0000 4.1000 -1.0000 2.0000

1.0000 0 2.1000 1.0000

0 1.0000 1.0000 2.1000

Terminated after 207 iterations

Exact Jacobi

3.1996 3.1996
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% ScriptJacobi

A1 = [3 1 1 0; 1 5 -1 2; 1 0 3 1; 0 1 1 4];

A2 = [2.5 1 1 0; 1 4.1 -1 2; 1 0 2.1 1; 0 1 1 2.1];

A3 = [2 1 1 0; 1 3.5 -1 2; 1 0 2.1 1; 0 1 1 2.1];

b = [1 4 -2 1]’;

exact1 = A1\b;

[x1,i1] = Jacobi(A1,b,zeros(4,1),1e-08,10000);

fprintf(1, ’Case of matrix\n’);

disp(A1);

fprintf(1, ’Terminated after %d iterations\n’, i1);

fprintf(1, ’ Exact Jacobi\n’);

fprintf(1, ’ % -10.5g % -10.5g \n’, [exact1’ ; x1’]);

exact2 = A2\b;

[x2,i2] = Jacobi(A2,b,zeros(4,1),1e-08,10000);

fprintf(1, ’\nCase of matrix\n’);

disp(A2);

fprintf(1, ’Terminated after %d iterations\n’, i2);

fprintf(1, ’ Exact Jacobi\n’);

fprintf(1, ’ % -10.5g % -10.5g \n’, [exact2’ ; x2’]);

exact3 = A3\b;

[x3,i3] = Jacobi(A3,b,zeros(4,1),1e-08,10000);

fprintf(1, ’\nCase of matrix\n’);

disp(A3);

fprintf(1, ’Terminated after %d iterations\n’, i3);

fprintf(1, ’ Exact Jacobi\n’);

fprintf(1, ’ % -10.5g % -10.5g \n’, [exact3’ ; x3’]);

Fig. 3.4 p�z,jacobi.m.
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-2.7091 -2.7091

-4.2898 -4.2898

3.809 3.809

Case of matrix

2.0000 1.0000 1.0000 0

1.0000 3.5000 -1.0000 2.0000

1.0000 0 2.1000 1.0000

0 1.0000 1.0000 2.1000

Terminated after 10000 iterations

Exact Jacobi

-42.808 1.6603e+027

47.769 -1.8057e+027

38.846 -1.5345e+027

-40.769 1.5812e+027!:3NÆZ�/0M>Z�/0MR�yAuIÆZ℄/0M�=�8*�UtYt�
R{ov=R�uÆ�=8*Q[��ÆE!:k�<!Æ?	{ov=[�g!�FgFD�8�!::�Yt℄L�
 BR�'�
ρ(B1) = 0.6489, ρ(B2) = 0.9257, ρ(B3) = 1.0059ou��$jTK|RB{*vR�,Æ:�gud?D�R�yAu��:N�LTKÆ!:i;z,jacobiIBe?'Æ̀ w 3.5 Iw 3.6ÆQNRwI`w 3.7�?-:`Æ�
 B R�'�{�yAu�}0���JjÆÆ�!:g~�;I�
R℄���PAd?D��yR���E6 -\P��� E6 -\P��� (Gauss–Seidel method)� Jacobi��R�/I�D�R8��PA x

(k+1)
i �RFD�d?m�U8�

x
(k+1)
i =

bi −
i−1∑

j=1

aijx
(k+1)
j −

n∑

j=i+1

aijx
(k)
j

aii
, i = 1, . . . , n (3.5)��+E6 - \P���R�ygÆk�<!Æ!:sl�
 A R8℄o
[��
 D�

D =




a11 0 0 · · · 0
a21 a22 0 · · · 0
a31 a32 a33 · · · 0
...

...
...
. . .

...
an1 an2 an3 · · · ann



.
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function [x,i] = JacobiBIS(A,b,x0,eps,MaxIter)

TrueSol = A\b;

aux = norm(TrueSol);

Error = zeros(MaxIter,1);

dA = diag(A); % get elements on the diagonal of A

C = A - diag(dA);

Dinv = diag(1./dA);

B = - Dinv * C;

b1 = Dinv * b;

oldx = x0;

for i=1:MaxIter

x = B * oldx + b1;

Error(i) = norm(x-TrueSol)/aux;

if norm(x-oldx) < eps*norm(oldx) break; end

oldx = x;

end

plot(1:i,Error(1:i))

Fig. 3.5 iÆR{:>���Jacobi methodQ+�gv7A
% ScriptJacobiBIS

A1 = [3 1 1 0; 1 5 -1 2; 1 0 3 1; 0 1 1 4];

A2 = [2.5 1 1 0; 1 4.1 -1 2; 1 0 2.1 1; 0 1 1 2.1];

A3 = [2 1 1 0; 1 3.5 -1 2; 1 0 2.1 1; 0 1 1 2.1];

b = [1 4 -2 1]’;

hold on

[x1,i1] = JacobiBIS(A1,b,zeros(4,1),1e-08,10000);

pause(3);

[x2,i2] = JacobiBIS(A2,b,zeros(4,1),1e-08,10000);

pause(3);

[x3,i3] = JacobiBIS(A3,b,zeros(4,1),1e-08,10000);

pause(3);

axis([1 100 0 2])

Fig. 3.6 p�z,JacobiBIS.
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10 20 30 40 50 60 70 80 90 100
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Fig. 3.7 {:>���Jacobi methodR*vDÆÆ:�QN�
R{ov=��yR��ib�
‖I−D−1A‖∞≤ max

1≤i≤n

n∑

j=1
j 6=i

∣∣∣∣
aij
aii

∣∣∣∣ < 1PA�y�wq=� 5�d?m�
x(k+1) = Bx(k) + d0=Rd?\ x(k) Q℄Nd?\ x(k+1)Æ:�g�3[Od?\R�L���
x(k+1) = x(k) + r(k)Ut ρ(B) < 1Æ�/D���yRÆEUt�
 B R�'�t� 1�f`�r 3.13ÆD�g�yg�}0�Utgd?m�ZU8i;Æ0n:�aE�yAu�

x(k+1) = x(k) + ωr(k) = ωx(k+1) + (1− ω)x(k)�g��ÆUt r(k) ��L~R�y�JÆ!:0n:�our&
ω > 1PA�yÆE!:Dm/� ω R�Lqvsl[)M%D�[�g�Ut�
d?Kt[�gÆ!:0nM� bXRF�F8j�J r(k) RQTT�Æ0�M%�J�oscillationsI[�g�instability��/0M8Æ!:0nM�1:{d?m��d�IRa��'�dampeningD�R�J��:N�/�'StÆ!:f&�L℄d?\IOXd?\RuV��convex combination�~L\ x1 I x2 RuV�Æ��/�7<0*<0�� 1 RAgV�Æλx1 + (1 − λ)x2 {F λ ∈ [0, 1]�
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x̂(k+1) = ωx(k+1) + (1− ω)x(k)

= ω(Bx(k) + d) + (1− ω)x(k) = Bωx
(k) + ωd (3.6)Ut ω ∈ (0, 1)Æj)RB��LuV���Q<!R�Æ�3X<���Vp��+,Æo�,�����exponential smoothing methodsÆTK���'[F,R�J�Ut ρ(Bω) < 1Æd?m���gR�-�Æousl�L��R ωÆ�'�g)\QÆ�)B1YaE�yAu�j)zkLEÆ!::�|�I:�A)R��i;�fd?���rUÆ!::�E6 - \P�d?��j|�℄8�Æ:�	<U8d??d (3.5)ÆQN�

z
(k+1)
i =

1

aii



bi −
i−1∑

j=1

aijx
(k+1)
j −

n∑

j=i+1

aijx
(k)
j





x
(k+1)
i = ωz

(k+1)
i + (1− ω)x(k)i��+�/;�RBSgÆ!::�g�IE6 -\P����d>qÆ3F�
 A �|�
A = L+D+U,�,

L =




0 0 0 · · · 0 0
a21 0 0 · · · 0 0
a31 a32 0 · · · 0 0
...

...
...

. . .
...

...
an−1,1 an−1,2 an−1,3 · · · 0 0
an1 an2 an3 · · · an,n−1 0




D =




a11 0 0 · · · 0 0
0 a22 0 · · · 0 0
0 0 a33 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · an−1,n−1 0
0 0 0 · · · 0 ann




U =




0 a12 a13 · · · a1,n−1 a1n
0 0 a23 · · · a2,n−1 a2n
0 0 0 · · · a3,n−1 a3n
...

...
...

. . .
...

...
0 0 0 · · · 0 an−1,n

0 0 0 · · · 0 0
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function [x,k] = SORGaussSeidel(A,b,x0,omega,eps,MaxIter)

oldx = x0;

x = x0;

N = length(x0);

omega1 = 1-omega;

for k=1:MaxIter

for i=1:N

z = (b(i) - sum(A(i,(1:i-1))*x(1:(i-1))) ...

- sum(A(i,(i+1):N)*x((i+1):N))) / A(i,i);

x(i) = omega*z + omega1*oldx(i);

end

if norm(x-oldx) < eps*norm(oldx) break; end

oldx = x;

end

Fig. 3.8 3Fwq=�RE6 -\P���R�p�;}R�E6 - \P�R�
�U8�
z(k+1) = D−1(b− Lx(k+1) −Ux(k))

x(k+1) = ωz(k+1) + (1− ω)x(k)N� z(k+1) 0℄k��QN
(I+ ωD−1L)x(k+1) = [(1− ω)I− ωD−1U]x(k) + ωD−1b,j)d?m��gRib�

ρ
(
(I+ ωD−1L)−1[(1− ω)I− ωD−1U]

)
< 1����� SOR�wq=� Successive OverrelaxatioÆou�:slf, ωÆ:�\Q�
R�'�Æ?-aE�yAu�

Example 3.14 w 3.8 ,R?'�3FE6 - \P���Rwq=�D��!::�p�D�Z�L�
�r 3.13 jR�yStÆ�r 3.13,ÆJacobi D�Rd?.,� 207Æ!::���6V [0, 2] [pR ω MkRd?.,Æ�p?'Uw ??ÆFDQNR{t`w 3.10�w 3.10 �1�
ω ,�{F�yAuR6F���jÆId?.,�u��:rgRW=d?.,Æ!:0B� Æ0n���$�g[<R=�f,M%�[�ggÆ�� D�I ω = 1 �Æ!:QNKDRE6 - \P���Æd?.,� 117�W~R{t�d?.,� 49Æω = 1.4��L�r;�Æw��L��R��=�f,�relaxation parameter�}JÆ��jÆ��PTt(��R>b�{F#R1<Æ5�
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% ScriptSOR

A2 = [2.5 1 1 0; 1 4.1 -1 2; 1 0 2.1 1; 0 1 1 2.1];

b = [1 4 -2 1]’;

omega = 0:0.1:2;

N = length(omega);

NumIterations = zeros(N,1);

for i=1:N

[x,k] = SORGaussSeidel(A2,b,zeros(4,1),omega(i),1e-08,1000);

NumIterations(i) = k;

end

plot(omega,NumIterations)

grid on

Fig. 3.9 p�3Fwq=�RE6 - \P���R�p
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Fig. 3.10 3Fwq=�E6 - \P���R=�f, ω Id?.,e5



146 ,��+3 Tw��I ω R���7^Rs�0nE�OÆ�r 3.10 ,Æ��46V [0, 2] js9 ω R����jÆ:��ER���6V [0, 2] R ω�ÆPA��[^�y�WÆÆ�� (3.6) ,ÆI ω < 1 �Æ��|=��under-relaxation�I ω > 1 �Æ���=��overrelaxation�Vb_u� s� MATLAB ,`0n�[N Jacobi D�0E6 - \P�D�Rz,Æ)�O:�4|Ag��VR3;d?D��PTz,I�T4|Ag��VR3 D�BeÆrU4|=� bRD����jÆ4| Ax = b BIF4|=� b�
min
x
‖Ax− b‖2,�,ÆUt	<nAmP�,Æ;DTKz,[:^�7ÆITKz,� 0 ��Æ?:/Q��R|�Qr|���!:0n:�	QTKz,QEB�

‖Ax− b‖2 = (Ax− b)′(Ax− x) = (x′A′ − b′)(Ax − b)

= x′A′Ax− 2b′Ax+ b′b,�,ÆWÆf, b′b $eÆ)���},�!:gZ 6 y3NÆ���L�.m� b�quadratic programming problemÆ.� - �vrHV�=�Ibg<Æ�.m� b:�ou�/��4|�W}<R���3FTKz,R_u�gradientÆz	�L?K�Jw�TKz,RW=0WQ��o}Æ	<�/��6B�4=�ÆE�{F{�Æg�
R0MÆ:��ER�Æ4|��I4|8� b�SRR�
min

1

2
x′Ax− b′xVb_u��conjugate gradient method3F�}℄MR?K�JÆk�jD�Rd?.,?TKz,�
Ru,,g�)-ÆD�:�:ng��tD���J,Æ?FoV*vÆVb_u�R�Jd?.,���:[:�RÆ�$�/D�:I[d?D��FFW�RD��fÆVb_u�	�WBSRD�Æ℄M�{F4|~�����PDEs�g b��

3.3 z,=��r�!:k�z,=��Function approximation7�5�U8ALO)�
• B�Æ!:B�L��RL:�ÆE�:^$�FD0�Z�FD��L℄bR�r�KDÆU�\z,

N(x) =
1√
2π

∫ x

−∞
e−y

2/2 dy



z,=��r� 147\W; - 69�6gRU�,}k�FDKDÆU�\z,�
• QÆJ0M�!::�FDz,;tÆE�k�FD�NR,�ÆrUz,5���
z,R�L=�z,0nQS�5��
• WÆÆBT0M8Æz,��E��^PTj^\�w\jFDÆ!:1	w��L�IR=�z,Æ=�z,XTj^\jRz,�I��z,Bp�0�<Æp�=�z,j^\��:�FD�PT0MÆNgR x0 :��N�L�^=�z,�local approxi-

mationÆSu��Taylor expansion:[��L�^=�z,�
f(x) ≈ f(x0) + f ′(x0)(x− x0) +

1

2
f ′′(x0)(x − x0)2 + · · ·s>rHV�R�� – ug�<I�z�RJR delta–gamma�<,Æ!:q`u�LSu� (f`�r 2.10 I 2.24  45 I 95 �)�;wÆ!:Aa:R��LrsI�R�RSu���<BS��g=���R��LKD�3F��R�"g�ÆU�\RfF<��\z,,Æ!:w�P/℄M�ad hocR=�����N0M,Æ!:w�3F=�z,/gRQ�"R=����=�z,R���/�g��3F�H�Ru, m�	< Pm(x;α) g#�
R�H�Æ�H�5,RJ�� α��/slRO)����H�z,�wqz,Æ�H�z,RM,��wqz,Æ�/g*	Q�H�z,�F��I5���LWN=�R���WQ���<�least squares

approximationÆg=�z,gv���WQ�ÆsgR\ xi =�z,
f Rz,�� f(xi)�=� b:�0gvWQ�0
�

min
α

n∑

i=1

[f(xi)− Pm(xi;α)]
2O!=�*vJ�R[p�,Æ!::�	<[pRTKz,���}<R����WQW=�min-max���Æ�/��3F ‖·‖∞ �,�

min
α

max
i=1,...,n

|f(xi)− Pm(xi;α)|B�Æ	<=�z,QHF bRk|�Ng�Lz, f(x)Æ!:o}�wou�5�3 z,RAgV�X�N�L�IR�<L:�Ut!:5� m L3 z,φj(x), j = 1, . . . ,m R=�Æ!:1	QN�
f(x) ≈ f̂(x) =

m∑

j=1

cjφj(x)3 z,:���H�ÆE�B�N�w�=�z,!�Fw� mLAgV�R5, cj�ouWQ��FD=�z,�Æ!:��O n L



148 ,��+3 w\jRz,�Æ�> n > mÆ�/0M8Æ��RK?u�TÆ!:[^74�L�B{w�#&�4Æou4|�5�Ag��:/Q=�z,ÆAg����
m∑

j=1

cjφj(xi) = f(xi), i = 1, . . . , n��
���
Φc = y, (3.7)�,Æyi = f(xi) I φij = φj(xi)Æ[fR�ÆUt n > mÆAg��VgI��g b�overdetermined�$�4|�t8X�nFDWQ��=�R���WQ��=�k�gv ei���WQ�Æ�,

ei = f(xi)−
m∑

j=1

cjφj(xi), i = 1, . . . , n	<B{�tRFD��ÆQNRWQ��|�
c = (Φ′Φ)−1Φ′yUtw\R,�I3 ��R,�BSÆ? m = nÆm:�QN�Lz,Æ7�Lw\qITKz,�B{w�our�ib (interpolation

conditions) QN
m∑

j=1

cjφj(xi) = f(xi), i = 1, . . . , n�/����r���interpolationÆ	<�/��:�QNAg��VR|�t8XR�ru��=��0�<Ir�R6M�
Example 3.15 !:1	=�/r��L[o�z,ÆrU log(x)�!:Ng&Lw\Æ:ou MATLAB �wÆ�?'U8�
>> xdata = [1 5 10 30 50];

>> ydata = log(xdata);

>> plot(xdata,ydata,’o’)

>> hold onQNR7AUw 3.11�!:�:�{�L�.�H� ax2 + bx+ cr��k�<!R�Æ{1U83 z,�
φ1(x) = 1, φ2(x) = x, φ3(x) = x2�/sl:��Cg3 z,ÆE�:�	<[pR�H�=��WQ��R!#8R�H�_�:�	< MATLAB Rz,polyfitFD�
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Fig. 3.11 �r 3.15 R,!w\
>> p = polyfit(xdata,ydata,2)

p =

-0.0022 0.1802 0.3544

>> xvet=1:0.1:50;

>> plot(xvet,polyval(p,xvet))�L?'FD�R7AUw 3.12 M��I,!\R,�=F�H�5,R,��Æ=���Q[�u,!\� b�Æ?	_�St�}~Æ=�z,�[�Ca[oR�UtD���J��LS<z,Æ!:0nk��L.S�1�gR[o�<�Ut	<�u�H�[^.Sk4Æ!::�oP�H�Ru,�!:B&L,!\Æ:�	<�L;u�H��0n:�QN�BR�H�r��k�<!R�Æ�H�Ru,>,!w\,m�L��G;��\Æ:�M�B�iA��u�H�x~L,!w\��LFD:�	<
MATLAB �=�
>> p = polyfit(xdata,ydata,4)

p =

-0.0000 0.0017 -0.0529 0.6705 -0.6192

>> plot(xvet,polyval(p,xvet))QN7AUw 3.13 M��=Æz,uMB,!w\Æ�<St�}~ÆE�5Ez	J�spurious oscillationsÆ�*�<z,H[��R�[�[oRÆ�<z,��L�}vRS<z,��QFD,Æ!::^LNg<QZÆUI!Xf�Lq�{X_��5�s>RJ��)-Æ!:QE�Æ�H��<Ir�Q[�Q��



150 ,��+3 

0 5 10 15 20 25 30 35 40 45 50
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

Fig. 3.12 �r 3.15 R�u�H�_�

0 5 10 15 20 25 30 35 40 45 50
−1

0

1

2

3

4

5

6
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z,=��r� 151z,Rr�I=��,�FD�+R�L"=J�K�vast sub-field�t8XRywÆ!:g<�gR�n�Z 3.3.1w,ÆN��L℄ �ad
hoc=�R�r�Z 3.3.2 w,Æ7b�ZCR�H�r��Z 3.3.4w,ÆQl�R�K�nWQ���<�!:!1:<!Æ;w,	<R��:�SuN�NR0M�
3.3.1 ℄ =�;wÆ!:5��L	<Bkz,�rational function℄ =��ad
hoc approximationR�r�ED�H�#B��=\ÆE	<Bkz,R=�StQN�rUÆFDÆU�\z, N(x) �Æ5[pR=�z,Æ�,�LU8�11�

N(x) =

{
1−N ′(x)(a1k + a2k

2 + a3k
3 + a4k

4 + a5k
5) if x ≥ 0

1−N(−x) if x < 0,�,
N ′(x) =

1√
2π
e−x

2/2, k =
1

1 + γx

γ = 0.2316419, a1 = 0.31938153

a2 = −0.356563782, a3 = 1.781477937

a4 = −1.821255978, a5 = 1.330274429�Lz,R MATLAB �pUw 3.14 M��!:Bg�p:�	<J�^D�ESR MATLAB z,q:��{J�0�
�d^D��n�Lz,I MATLAB ,Rz,normcdfQ[SRÆE�!::�{~Lz,�d>q�
>> normcdf([-1.5 -1 -0.5 0.5 1 1.5])

ans =

0.0668 0.1587 0.3085 0.6915 0.8413 0.9332

>> mynormcdf([-1.5 -1 -0.5 0.5 1 1.5])

ans =

0.0668 0.1587 0.3085 0.6915 0.8413 0.9332

3.3.2 �S�H�r��mÆ!:g~��S�H�r�Æ�	<�u,[��H��dr��F!:5��L,!=� (xi, yi), i = 0, 1, . . . , nÆ�, yi = f(xi)I xi 6=

11�Lz,:�f` [?, p. 248]�O�3F*vz,R�<Æf` [?], [?]
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function z = mynormcdf(x)

c = [ 0.31938153 , -0.356563782 , 1.781477937 , ...

-1.821255978 , 1.330274429 ];

gamma = 0.2316419;

vx = abs(x);

k = 1./(1+gamma.*vx);

n = exp(-vx.^2./2)./sqrt(2*pi);

matk = ones(5,1) * k;

matexp = (ones(length(x),1)*(1:5))’;

matv = matk.^matexp;

z = 1 - n.*(c*matv);

i = find(x < 0);

z(i) = 1-z(i);

Fig. 3.14 fFÆU�\z,�<R MATLAB �p?'
xj {F i 6= jÆ:�S�Y�N�L (W=)nu�H�	Q Pn(xi) = yi {FL!R i	s�o}!:	<UJ_P�H��Lagrange polynomialsLi(x)�UJ_P�H�Rg#�

Li(x) =

n∏

j=0
j 6=i

x− xj
xi − xj

(3.8)k�<!R�Æ5�L n u��B�
Li(xk) =

{
1 if i = k
0 otherwise�=�Lr��H��interpolating polynomial:�X��

Pn(x) =

n∑

i=0

yiLi(x)�J,Æ?Fk��TC(aEFDS�RS`Æ!:[1	<�/�RFDTKÆE�L8�QEB�
Example 3.16 !:5��L,!\Rr� bÆ!:0n:�	<�L
9 u�H�{�T,!�dr��
>> x=1:10;

>> y = [8 2.5 -2 0 5 2 4 7 4.5 2];

>> plot(x,y,’o’)

>> hold on



z,=��r� 153

1 2 3 4 5 6 7 8 9 10
−6

−4

−2

0

2

4

6

8

10

12

Fig. 3.15 	< 9 u�H�{Ng,!�dr��
>> x2=1:0.05:10;

>> p=polyfit(x,y,9);

Warning: Polynomial is badly conditioned. Remove repeated

data points or try centering and scaling as described

in HELP POLYFIT.

>> plot(x2,polyval(p,x2))

MATLAB N���TÆG�warningÆ!::���PT bÆ{tUw
3.15 M��!:�n)3N�H�ou,!=�ÆE[fR�Æ!:p�3Nr��H�WÆ�L,!\9�5�M�R	J��Q[�d��L nH�H�1:B n L��Æ�!�F�H�5 n − 1 L�^W=0WQ�Æ)-5	J�Æ}=K�Eur��H��high-degree interpolating polynomialsR	J��L}`R bÆ[u!�5�T;+�0U��T�JR��Æ�,���Æ	<Q=�Rz,=�0r��E�J,ÆWÆ�L�r,OD5��L3; b�!:sl�[��R,!=��6V [a, b] js9,!=��Æo}RsH�.\
�

xi = a+
i− 1

n− 1
(b− a), i = 1, 2, . . . , n�/sl��;t�}BS�E:��ER�ÆQ=R���sl Cheby-

shev w\�Chebyshev nodes�
xi =

a+ b

2
+
b− a
2

cos

(
n− i+ 0.5

n
π

)
, i = 1, . . . , n
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% RungeScript.m

% define inline function

runge = inline(’1./(1+25*x.^2)’);

% use equispaced nodes

EquiNodes = -5:5;

peq = polyfit(EquiNodes,runge(EquiNodes),10);

x=-5:0.01:5;

figure

plot(x,runge(x));

hold on

plot(x,polyval(p10,x));

% use Chebyshev nodes

ChebNodes = 5*cos(pi*(11 - (1:11) + 0.5)/11);

pcheb = polyfit(ChebNodes,runge(ChebNodes),10);

figure

plot(x,runge(x));

hold on

plot(x,polyval(pcheb,x));

Fig. 3.16 �r 3.17 R MATLAB�p?'�/℄ sl��=F.\sl�ROk~����;#��ÆE�!::�ou�L℄b�rX4E�L b�
Example 3.17 !:5�Z�L8GRz,�d�H�r�Æz,���Jz,�Runge function�

1

1 + 25x26V [−5, 5]j�U!:M4Æ�L<��gIKDRsl�SVKR�.\Rs9r�,!\ÆrU xi = −5,−4,−3, . . . , 4, 5��B 11 L,!\Æ!::�	<�L 10 uR�H��dr�ZCr���RMATLAB?'Uw 3.16M��s9�SVKR,!\R0M�Z�i7AÆUw 3.17M��!:3NWÆ�L,!\9�Ær�z,�=��JÆE��/0M8R�J��}PUR�pathological�s�:�G���ÆUtoPr�z,Ru,Æ�<StgQv�Ut!:	< Chebyshev w\Æ�/��R�pÆ'^�Æ!:QNR{tUw 3.18�ED{tQ[J.!ÆE$mBE;;g�WÆ�L�r,Æ?	sl Chebyshev w\Æ	<Eu�H�r��<StOD5PT b�Ut	<��R,!w\Æ!::�|�oP�H�Ru,Æ0n5�LB{ZCR���q<�y�H�z,�piecewise polynomial functions�Uw 3.18 M�ÆPT6Vz,�3;
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156 ,��+3 ��ÆXm!::�	<[pR�<�eF�y�H�r�g8�w
ir�,�n��4ER�Æ	<�S�H�r��5��L b�b.5�3 z,{XÆUt!:E�QN�L�H�=�0r�ÆCg3;z, (1,

x, . . . , xn−1) �WKDR3 z,sl�D�Æ�/3 z,slg�� (3.7) M%PU�
 Φ��
Rib,>q=Æ&F�XR��5�R,�FD b���jÆ5A/�NgbR�H�:�E?�T b�!:aN� Chebyshev w\Æ$m1:aN Chebyshev �H��Chebyshev
polynomialsÆ�g#U8�

T0(x) = 1

T1(x) = x

T2(x) = 2x2 − 1 (3.9)

T3(x) = 4x3 − 3x

. . .

Tn(x) = 2xTj−1(x) − Tj−2(x).

3.3.3 ℄.
ir��/E?�H�_�GkR���Æ�y	<TuR�H�{,!�dr��WZCR8���yAgr��piecewise linear interpolation�Ng N +1L,!w\ (xi, yi)Æ!:0n:�	< N L�u�H� Si(x)Æ7L�u�H��LBS6V (xi, xi+1) j�;DÆr�z,Rwqg�4
Si(xi+1) = Si+1(xi+1)�O!UJ_P�H�Rg# (3.8)Æ!::�QN�

Si(x) = yi
x− xi+1

xi − xi+1
+ yi+1

x− xi
xi+1 − xi

x ∈ [xi, xi+1]�/gbRr�����Ag
ir��linear spline�EDr�z,�wqRÆE�z,�[:MRÆ0n�g-�PT[}Æt�Utr�,!�[�PL3D)Jz,RHyRJÆ[:M�0[:�gU�z,RDAg�+�Ut!:�<�Lz,Æ�Lz,g[�=� bRTKz,ÆrUkUm�,RR�z,�[:M�0[:�=�FD0g-�[}Æt�!::�ouoP�H�u,R��Æ	Qr�z,wqQ:M�WÆJR
i�g N L℄u�H� Si(x) wt�XÆ℄u�H�R5,�
si0, si1, si2, si3Æ�T5,Dm.SU8ib�

S(x) = Si(x) = si0 + si1(x− xi) + si2(x − xi)2 + si3(x − xi)3
x ∈ [xi, xi+1], i = 0, 1, . . . , N − 1

S(xi) = yi, i = 0, 1, . . . , N
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Si(xi+1) = Si+1(xi+1), i = 0, 1, . . . , N − 2

S′
i(xi+1) = S′

i+1(xi+1), i = 0, 1, . . . , N − 2

S′′
i (xi+1) = S′′

i+1(xi+1) i = 0, 1, . . . , N − 2
iz, S(x) ���℄.
ir��cubic spline�j)ib�℄.
ir�wq��u��u:MRib�{F#R�L
iÆ!:DmNg 4N R5,�z,u,!\N� N + 1 ibÆ
iRwqgI�u:MN� 3(N − 1) ibÆz	�V 4N − 2 ib�)-Æ!:!B~LK?uÆk���℄fPib�o}Æ�Tib,!\ x0 I xN j09���TW}`Rib,Æ!::�s9U8ib�
• S′′(x0) = S′′(xN ) = 0Æ0�M%KD
i�natural splines�
• S′(x0) = f ′(x0) I S′(xN ) = f ′(xN ), Ut f(x) 6V~Lw\9�B�yÆ�:�	<�Lib�
• ${\�not-a-knotibÆ:�ou,!\ x1 I xN−1 �4
iz,℄.:MQN��!�F S(x) :��{\ x0, x2, x3, . . . , xN−2, xNR
iÆO)r�$u x1 I xN−1�`G℄.
i�!:k�<!R�ÆeF6V~Lw\Æ�Tibq�{�R��Jj{F6V~Lw\Æ!::�B[pRsl�B!8R�ÆAg
i,K?u� 0��.
i,K?u� 1Æ6V~Lw\[{��	hG��B.-tÆE!:o}E?	<KD
ir��O:R0�gRF�8gkÆE!:-#[�dgkR�E�12

THEOREM 3.3 Z f ′′ 6V (a, b) jwqÆa = x0 < x1 < · · · < xN = b�Ut S �KDR℄.
ir� fÆ,!\ xiÆmB
∫ b

a

[S′′(x)]2 dx ≤
∫ b

a

[f ′′(x)]2 dx�Lgk:�ougu�� y = f(x)7AR7�R��k|Æy = f(x)��
|f ′′(x) | ·

{
1 + f ′(x)2

}−3/2Ut f ′ SZQÆ!:3N | f ′′(x) | :��<�7��)-P/!#jÆKD
i�6V (a, b) jWQ7�R=��I!:[�Oz,R#0M�Æ${\�not-a-knotib�L�Qz℄Rsl���jÆ��
MATLAB r�z,RNMsH��FD
ir�z,R��5,Æ!:Dmfs�LAg��V��Lu�R7w>qJÆE!::��t	< MATLAB z,�dFD�!
12f` [?, pp. 380–381].
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Fig. 3.19 Ng,!R℄.
ir�:k�<!WNK?uRslÆAg��VR{t�℄{o�ÆUZ
3.2.4w,�nuR℄{o�
�-�ÆAg��V�{�I{ov=RÆ)-��VS�4|�
ir��U-0�Æ�$F MATLAB ,=9r&�
iR#C� MATLAB ,Æ!:B~Lz,:�<FFD℄.
ir���,�L�z,interp1Æour&�spline�f,sl℄.
ir����L�z,spline�
Example 3.18 F!:>q�r 3.16 I�r 3.17 ,Rr��r��dU8?'Æ!::�QN{tUw 3.19 M��
x=1:10;

y = [8 2.5 -2 0 5 2 4 7 4.5 2];

plot(x,y,’o’)

hold on

x2=1:0.05:10;

y2=interp1(x,y,x2,’spline’);

plot(x,y,’o’,x2,y2);!:3Nr�z,R	JN���a<z,spline:�QNp
R{tÆz,spline�%�Lr�{K�object��L{K:�	<z,ppval�dr�z,�RFD�
x=1:10;

y = [8 2.5 -2 0 5 2 4 7 4.5 2];

plot(x,y,’o’)

hold on

pp=spline(x,y);
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% RungeSpline.m

% define inline function

runge = inline(’1./(1+25*x.^2)’);

% use 11 equispaced nodes

EquiNodes11 = -5:5;

ppeq11 = spline(EquiNodes11,runge(EquiNodes11));

x=-5:0.01:5;

subplot(3,1,1)

plot(x,runge(x));

hold on

plot(x,ppval(ppeq11,x));

axis([-5 5 -0.15 1])

title(’11 equispaced points’);

% use 20 equispaced nodes

EquiNodes20 = linspace(-5,5,20);

ppeq20 = spline(EquiNodes20,runge(EquiNodes20));

subplot(3,1,2)

plot(x,runge(x));

hold on

plot(x,ppval(ppeq20,x));

axis([-5 5 -0.15 1])

title(’20 equispaced points’);

% use 21 equispaced nodes

EquiNodes21 = linspace(-5,5,21);

ppeq21 = spline(EquiNodes21,runge(EquiNodes21));

subplot(3,1,3)

plot(x,runge(x));

hold on

plot(x,ppval(ppeq21,x));

axis([-5 5 -0.15 1])

title(’21 equispaced points’);

Fig. 3.20 �Jz,R℄.
ir�R MATLAB �p?'
x2=1:0.05:10;

y2 = ppval(pp,x2);

plot(x,y,’o’,x2,y2);!::�p��Jz,�Runge functionRFD{t�̂ dw 3.20 ,R?'Æ!:QNw 3.21�k�<!R�ÆFD,	<� 21 L,!\Æ�[� 11 L,!\aT��<StÆD��Lo,R,!L,gM%{wStWv�{t;��<StOD[kEÆs�:�|�g,!\bg
−5,−3, 3, 5Æp� [−2, 2] �\ 17 L,!\Æ33StU��
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z,=��r� 161U!:M��RÆ MATLAB ,K?u� 2 R℄.
ir�RFDz,RNMib�${\�not-a-knotib�E�Utz,spline9B�L y J�Æ* y J�> x �~LN�ÆX4Z�L�WÆ�LN�:<XBg6VR9��R
iz,W��℄.
ir����/W3 R
igbÆ!B�Nn�
igb��Q,℄bR,�FD1<�Æou{NgR�5�s>R�{RJ�dr�FDq���{X (f` [?]Æ [?]Æ�f5�>)�D,ÆB�)	</
i�shape-preserving splinesÆ/
iB/
ir�R{t/�PT0DtRouMDkR℄��
3.3.4 WQ��Rz,=�k�;wR℄SBTk��Æ3;TK�aTQ�o<�ZCRz,=����;wR3;<d��LÆlJ�Rzl0�s�!:g0WNz,=�RÆo��0
�Ng�L3�AgAV�normed linear spaceE I�L E RJAV G��3��!8�AVB�Lev�,�rUÆ!:Z
3.2.1 w~�RJ��,��Ag�!#�AV G 0 E �dL!AgV�Æ:�QN��LTKAV�Ng�L�,Æ!::�g#AV,L!�{TKR$j�~LN�R$j f, g ∈ E :�ZCRg#� ‖f − g ‖�Ql�RÆf ∈ E IJAV GR$jg#��

dist(f,G) = inf
g∈G
‖f − g ‖I�{�L℄5�inner productAV�Æ3F℄5R�,g#U8AV�

‖f ‖ =
√
< f, f >℄5R℄bR�r�

< x, y > =

n∑

i=1

xiyi, (3.10){F x, y ∈ RnÆB
< f, g > =

∫ b

a

f(x)g(x) dx{F f, g ∈ C(a, b)ÆrUÆ6V (a, b) wqz,AVÆ~LN� f, g ∈
E �ÆlR�orthogonalÆG� f⊥gÆUt

< f, g > = 0Ut�LB�0$Ap� f1, f2, f3, . . . ∈ E ��LÆl5q�orthogonal
system Æmk.S�

< fi, fj > = 0 ∀i 6= j
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Example 3.19 U8�H�

p0(x) = 1

p1(x) = x

p2(x) = x2 − 1

3

p3(x) = x3 − 3

5
x

p4(x) = x4 − 6

7
x2 +

3

356V [−1, 1]Æ	�LÆl5q�Ut℄5
< f, g > =

∫ 1

−1

f(x)g(x) dxO:	�FP�H��Legendre polynomialsT,RZ��H��g<RÆeF℄5 Chebyshev �H�	�LÆl5q�
< f, g >=

∫ 1

−1

f(x)g(x)
dx√
1− x2�JjÆ5�LfsÆl5qRo<��Æ�/��gZ 4.1.2 w,Z��n�k�<!R�ÆF4I�RÆl5qÆ�ou�
R��fs��L8��Q��,>qZCÆ?g%< (�LF4I�) �|	�[BeR%<XRR�Æ7L%<R�0%<)J�V>�i_0Æ�/��E?�TGÆZ��%<L���L3�AV=��0�<RWO;{t�ÆUtAVwB�L℄5Æ�mR~Libg�SRR�

1.  G AV g �z, f W==��0�<�
2. JA f − g ⊥ G Rgv�ÆlR��E��LInAmPAVRÆlr6�orthogonal projection<d

(f`w 3.22)B�RA�<dzlÆQrAV (x, y, z) ,B�LJ�ÆUtE��� (x, y) jw��LW�RJ�Æ!::�Z�LÆl8p�t8XR�rg��U�q<�/SRe5�
Example 3.20 5� (0, 1) 6VjRwqz,AV E = C(0, 1)ÆQr!:1	JAV G �N�LW==�0�<�WQ��R!#jR n u�H�Æ!::�	<CH��monomialsgj(x) = xjÆj = 0, 1, . . . , nÆXf
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z

x

y

Fig. 3.22 Æl8p�LAgJAV G Æ�-[�3 �)- g(x) =
∑n

j=0 ajgj(x) =
∑n
j=0 ajx

j!:1		�\m~v
∫ 1

0




n∑

j=0

ajx
j − f(x)



2

dxUt f − g �ÆlRÆ{F GÆm!:Dm�4
< g − f, gi > = 0, i = 0, . . . , n,0Æ#�/�

n∑

j=0

aj < gj(x), gi(x) > = < f, gi(x) >, i = 0, . . . , n.�0M8Æz	�5�Ag��
n∑

j=0

aj

∫ 1

0

xjxi dx =

∫ 1

0

f(x)xi dx, i = 0, . . . , n.�T��:q��Æm���normal equations�[fR�Æ5,�
xB5�FD
xi+j+1

i+ j + 1

∣∣∣∣
1

0

=
1

i+ j + 1E�Æ�[��JB'R1�W℄�
�Hilbert matrixÆeF1�W℄�
!:�Z ?? �R�r ?? ,`�u���r;�Æ�LZCR��0g-��LPUib,R,� b�0,�FDRouÆsl��R3 z,��}0�RÆ�����4k�}	<Æl�H�z,T�



164 ,��+3 �-�Æl�H�Æ!:�~��wqRWQ�� b�o}Æ,�1<,Æ!:Dm4|-x n L,!\R=� (xi, yi), i = 1, . . . , n Rj^ bÆ�, yi = f(xi)�!:Ew��L=�Æ=�R�� m L3 z,�rUÆ�H�RAgV��3FnAmP�,Æ!:QNÆoRWQ�� b�
min ‖e‖22 =

n∑

i=1

∣∣∣∣∣∣
f(xi)−

m∑

j=1

cjφj(xi)

∣∣∣∣∣∣

2�/0M8ÆÆm���0Æo��QN
c = (Φ′Φ)−1Φ′y.p
�/0M8Æsl�IR3;z,gZ�Æm��R4|�Z 10 yÆ�8��<gRR;℄/ I_�,Æ!:g3N�H�Ag%nR1<�

3.4 �Ag��V4|�Q,�FD,Æ}LN�Ag���VR4|�WZCR�r�℄^�$�RFD (f`�r 2.8  34 �)Æk�4|�H�RO��L�H�����Ag��R℄ �Æ�H����F4|Æ	<P/℄g��!::�FD��H���R=^O�rUÆ!:5�
x3 + 3x2 − 2x2 + 4 = 0,a< MATLAB Rz,roots QN

>> roots([1 3 -2 4])

ans =

-3.8026

0.4013 + 0.9439i

0.4013 - 0.9439io}Æ!:M:rgR\9�w���RO�0n`1	/Q�LCI���R|ÆrU
f(x) = 00�L�I�RAg��VÆrU
F(x) = 0

MATLAB aT�4|�Ag��R�Lz,�!:�:i|�Ag��R,���R3;℄�Æ��F����bisectionIf}��Newton
methods
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a (a )1 2

b (b )0 1b2

a0

Fig. 3.23 ����r
3.4.1 �������4|K����scalar equationRWZC��

f(x) = 0���6BL��4Æ��FD0[FNg,�R f z,�������R�L0�℄�Æ)-BT0M8Æ!:6Bz, f R|+L:�Æ�$F!:[^	<Q=�R��ÆrUf}�Æ�T���4FDz,
f RM,�Qr!:��~\ a, b (a < b) 	Q f(a) < 0 I f(b) > 0ÆUtz,�wqRÆ;D6V [a, b] z,DgI�3Bl�(f`w 3.23)�p
R{tÆUtz, a I b Rz,��+- *��B�Æm [a, b]j5�L��RO�X4Æ!::L!ousz6V,\ f z,�RÆ7�R��\m?K.,�

c =
a+ b

2Ut f(c) = 0Æ:^M:rg*v��℄Æ!:�N�z,RO�Ut f(c) < 0Æ!::�QN6V [c, b]�g5�L\	Qz,���Æ'm!:Yt6V [a, c]��jÆz	�L�[\Rp��non-decreasing
sequencean I�L�[op� bn �non-increasing sequence	Q

|r − cn |≤
b0 − a0
2n+1

,�,Ær ����OI cn = (bn + an)/2�:��ER�Æ����Ag�yR��/��Æo}Q[^�N�BROÆ��QN�L��R�<|�-�Æ!:1:g#PTl�DmÆ�	QD�l�d?�:^Rsl�
• bn − an < δ

• |f(cn) |< ǫ

• W=d?.,{FESRD��robust algorithm:^[5W=RDmÆ!:Dm	<j)MBl�Dm���jÆZ�Lib9,Fp�C�sl��I�
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Example 3.21 5��L�gDt,R℄b b�!:1	w�P/h��LRJ p 	Qh�RTN S(p) Ik4 D(p) BS�!:kBgR���k4z, f(p) = D(p)− S(p) R���U!:M4�4 |f(p) |< ǫ 0nBT[����LQ~Rl�Dm� |D(p)− S(p) |< δD(p)ÆrUk4\TNB{k4SZQ����L�B{��[��-{�ibR�r��L���:^��RQZ�Æ0
�Æ`k��L6V�*z,�6V~wRÆ7�B��,�FDz,fzero0n:�|,�L bÆ)�:z,�4�L�
6V0�L�
\Æ�/0M8z,:�w�N9�RO�w�6VQB/z,�6V~wRÆ7�B�RL):�?z,Kk^d�t8XR�r,Æ!:gu�����)�=R8*�
Example 3.22 5��Ag��

1

x
= 0 MATLAB ,Æ�4z,g#R&O�

>> fzero(@(x) 1/x, 3)

ans =

-2.7776e-016!:QN�L�}QR�Æ�<��ÆE��Q[���RO�
>> 1/ans

ans =

-3.6003e+015�/0M8!QN�L�Q����ID��!:R8Æ!:g���<��L[wqRz,jÆUw 3.24 M��E���������L;I*�ÆQ[zIQVK�.SZ�L�[�.�s!Rz,��N�r�UÆx2 = 0,Æ<���$�QNL�O�
>> fzero(@(x) x^2, 3)

Exiting fzero: aborting search for an interval containing a

sign change because NaN or Inf function value encountered

during search.

(Function value at -1.8203e+154 is Inf.)

Check function or try again with a different starting value.

ans =

NaN

The problem here is that we have a root where the graph is tangent to the
x-axis and the initialization function is clearly not able to find an interval
with a change in sign.
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Fig. 3.24 ���[�1F[wqz,�=�L bRO)F!:7AI x- 3Æ)RY�5�LOÆ�
�z,�;D$��N�L*�I�RVK�	h5�T?\ÆE~��OB��;8℄\ÆUNg\��S�{z, f �d[F0�4���4E�\Æ5�g#��L4_�	�Rz,0�?W=� b.xg#Rz,�
f(x) = Eω [F (x, ω)] or g(x) = min

y∈S
G(x,y)~/0M8ÆE�0 f I g j�|Q�R_0�rUM,Rz,�ÆUtM,5<�[�bS�R�0�-�Æ���Q[�4z,:M�0:������Æ����^<F�xB�L��I�R b�

3.4.2 f}�I���[pÆf}��Newton’s method	<�z, f RQ�_0�℄M�Æf}�k�FDz, f R�uM,�f}�:�<F4|�Ag��ÆE�F!::5�U�	<f}�#kK���
f(x) = 0Qr f ∈ C2Æ�Lz,wq:��5��L\ x(0)Æ�Q[���R|Æ)� e f(x(0)) 6= 0�!:0n:�J��k�℄ ∆xÆQN℄R x = x(0)+∆x���R|�

f(x(0) +∆x) = 0�QN�� ∆xÆ!::�	<Su��Taylor expansion
f(x(0) +∆x) ≈ f(x(0)) + f ′(x(0)) ∆x
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f(x)

x

x0x2 x1

Fig. 3.25 f}�RA�u�4| ∆x R��Æ!:QN
∆x = − f(x

(0))

f ′(x(0)))�Su�5vz*vÆ!:0n$�ou�℄��/9��ROÆE�!::�	<�L8�g#�5�\�
x(k+1) = x(k) − f(x(k))

f ′(x(k))
.0A�RouÆf}�	<z, f \ x(k) R)A;f4|��ÆUw 3.25 M��I�ND�g<Æf}D��B=\I?\�

• ~N0�I���[pÆ:��R�yAu��.R�
• �N0��y��^R��!�FÆ���
\��O9�Æ'mf}�g�SÆ[uwqp���homotopy continuation methods(f`Z 3.4.5 w) :�,=Y#k�LQZ�
• ��0M8D�g)�8Æ:^M%FD����J,Æ��g�df}�k�Z���a�13

Example 3.23 U!:Z 2.6.5wM��RÆB�\W; -69�6U�:<F�D�{Tk�Æ�	Qk�MpRJI�{gpRJB{w��4R�{Tk���.xTk��implied volatility�[F�{fI�Mt
13MATLAB�p,-x{Ff}�R;�IaÆf` [?]�



�Ag��V4| 169�RTk�Æ�[�	<p�,!FDTk�Æ:^�B<R�RBÆ�/��:�<FFD VaR��Tq:�	< MATLAB FD�5��Ln�*V�<�dRJ�
$54, &LZÆN�ÆKRHy=R� $54ÆTk�� 30%Æ$%<q��
7%Æ�<RJRFDU8�
>> c=blsprice(50, 54, 0.07, 5/12, 0.3)

c =

2.8466=!:|����/��Æp��L*V�<RJ{1RTk���m�g#�LaGz,&OÆ	<z,fzeroFDTKz,RO�
>> fzero(@(x) blsprice(50, 54, 0.07, 5/12, x) - 2.8466, 1)

ans =

0.3000p
RÆ!::�	< M �b�M-fileg#�Lz,�)��<gRR\W; -69�6�BSU�#B|+�Æ!:)85	<f}��'=FZC��ÆrU����f}�k�FD�Agz,RM,ÆFDM,EDk�Q�FDÆE��TFD0n:�aE4|S����jÆMATLAB ,R�QR#C,z,blsimpvÆ:�ouf}�FDn�*V�<R.xTk��!::�gz,blsimpvIz,fzero�d{>�
>> tic, blsimpv(50,54,0.07,5/12,2.8466), toc

ans =

0.3000

Elapsed time is 0.030920 seconds.

>> tic, fzero(@(x) blsprice(50, 54, 0.07, 5/12, x)-2.8466,1), toc

ans =

0.3000

Elapsed time is 0.039830 seconds.B{��Æf}�#B�g=��f}�R;8=��:�s?QNJ���ÆrU
F(x) = 0,�,ÆF = [f1 f2 · · · fn]′�N��L�<z, x(k) = [x

(k)
1 x

(k)
2 · · · x(k)n ]′Æz,RO x∗ = [x∗1 x

∗
2 · · · x∗n]′Æ!::�X�

f1(x
(k)) + (x∗1 − x(k)1 )

(
∂f1
∂x1

)

x=x(k)

+ · · ·+ (x∗n − x(k)n )

(
∂f1
∂xn

)

x=x(k)

≈ 0

f2(x
(k)) + (x∗1 − x(k)1 )

(
∂f2
∂x1

)

x=x(k)

+ · · ·+ (x∗n − x(k)n )

(
∂f2
∂xn

)

x=x(k)

≈ 0

. . .

fn(x
(k)) + (x∗1 − x(k)1 )

(
∂fn
∂x1

)

x=x(k)

+ · · ·+ (x∗n − x(k)n )

(
∂fn
∂xn

)

x=x(k)

≈ 0,



170 ,��+3 ���LZCAg��Æ5,�
�{:>�
�Jacobian matrix�
J(k) = J(x(k)) =




(
∂f1
∂x1

)

x=x(k)

(
∂f1
∂x2

)

x=x(k)
· · ·

(
∂f1
∂xn

)

x=x(k)

(
∂f2
∂x1

)

x=x(k)

(
∂f2
∂x2

)

x=x(k)
· · ·

(
∂f2
∂xn

)

x=x(k)

...
...

. . .
...

(
∂fn
∂x1

)

x=x(k)

(
∂fn
∂x2

)

x=x(k)
· · ·

(
∂fn
∂xn

)

x=x(k)


:�ou4|8���Æ/Q�<|p�

J(k) ∆x(k) = −F(x(k))rg
x(k+1) = x(k) +∆x(k)�/��R?\�7�℄FDqk�FD{:>�
��{:>�
RFD>q&�*S��8�

3.4.3 3F=�R�Ag��4|f}�I�I/���4|�Ag��VR:d���D�Æ5�N3F=�R���ouZ 3.2.5 w,RVb_u���the conjugate
gradient methodÆ!:�fs�=���I��V4|�VRe5�4|Ag��V,ÆU��yw�nRX
Æ!::�g4|Ag��V b>��U8��

min ‖F(x)‖22=
n∑

i=1

f2
i (x)w 3.26 KYu���LE��?F���,�7Æj)z,WQ�BIF4|z,R��Æz,WQ�RI�����RO��/��:�	< MATLAB ,Rz,fsolve�z,fsolveIz,fzero[pÆS^�4|Ag��VÆ*��=�R#C�Optimization ToolboxR�^�Æ�[� MATLAB R3 z,�ouw

3.26 :�4EO)Æ{F�L�u=� bÆo}0M84|�=^RO0�^9���}QZRÆE!::�4|�T�^9��!:FD�R��RO�YF�
d?\�-�Æk�<!PT,� bÆrUt8XR�r�
Example 3.24 4|��

x3e−x
2

= 0
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Fig. 3.27 �r 3.24 Rz,!::�	<z,fsolve4|Æ#U8��:Æ!:g#z,�0:���z,7AÆUw 3.27 M�
>> f = @(x) (x.^3).*exp(-x.^2);

>> vx=-4:0.05:4;

>> plot(vx,f(vx))DÆÆNg�
d?\Æa<z,fsolve�
>> fsolve(f,1)

Optimization terminated:

first-order optimality is less than options.TolFun.

ans =

0

>> fsolve(f,2)

Optimization terminated:

first-order optimality is less than options.TolFun.

ans =

3.4891!:3NÆ��RO9,F�
d?\�[fR�ÆZ�L\[���RO�?z,RwI�ÆI → ±∞ �Æz,�5JF 0��!�FÆIz,�QFM:rgR*v
��, !:QN�L������
Example 3.25 �u�_f}��quasi-Newton methodsR=�Æ!:5��L�gD,R�r�.s�duopoly℄m.	�Cournot equilibri-
umRFD��℄mIbQg�/y��{�B~L,�ÆQ*B�V6B
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dkÆ0�MKBgW=Ry�X�=qYW=�Æ)-Æ℄mIbE��.s�zk��7Lzy����R b�ÆU�oPy��aE�V���:�,�Rh�Q�ÆE��gM%RJR8j�)�TN���)-Æ!:k�w��L	�qY�net profitW=�Ry��~L��R	;z,��
Ci(qi) =

1

2
ciq

2
i , i = 1, 2,z,�L�F}	;[o�!:QrL�{Rbk4z,�inverse de-

mand function��
P (q) = q−1/η{�TNz, q = q1 + q2Æ:�QNh�R�{RJ��� i R�q���V\	;�

πi(q1, q2) = P (q1 + q2)qi − Ci(qi), i = 1, 2�FD�℄m.	ÆQN�� 1Ry� q1 Rz,Æ�� 2y�� q2 Rz,�O!�	ib14QNU8R~L�Ag��V�
fi(q) = (q1 + q2)

−1/η − (1/η)(q1 + q2)
−1/η−1qi − ciqi = 0 i = 1, 2!:k�FD{:>�
�Jacobian matrixÆ�HFk|Æz,:�;X��

fi(q) = qe + eqe−1qi − ciqi,�,Æe = −1/η�m:�tFDQN
∂fi
∂qi

= 2eqe−1 + e(e− 1)qe−2qi − ci
∂fi
∂qj

= eqe−1 + e(e− 1)qe−2qi, i 6= jQr η = 1.6Æc1 = 0.6Æc2 = 0.8��	<f}�4|��Æ!:k�FDz,�I{:>�
ÆFD:�ouw 3.29 ,R?'�	Æ?',-xa<z,R�p�our&z,optimsetÆz,gaT{:>�
Æ!::�Ytz,M,��/B�v��<�̂ d?'QN
>> CournotJacScript

Maximum discrepancy between derivatives = 3.12648e-009

Optimization terminated:

first-order optimality is less than options.TolFun.

14`Z 6y
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function [fval,fjac] = cournotJac(q,c,eta)

e = -1/eta;

qtot = sum(q);

fval = qtot^e + e*qtot^(e-1)*q - c.*q;

fjac = zeros(2,2);

fjac(1,1) = 2*e*qtot^(e-1) + e*(e-1)*qtot^(e-2)*q(1) - c(1);

fjac(1,2) = e*qtot^(e-1) + e*(e-1)*qtot^(e-2)*q(2);

fjac(2,1) = e*qtot^(e-1) + e*(e-1)*qtot^(e-2)*q(1);

fjac(2,2) = 2*e*qtot^(e-1) + e*(e-1)*qtot^(e-2)*q(2) - c(2);

% CournotJacScript

c = [0.6; 0.8];

eta = 1.6;

q0 = [1; 1];

options = optimset(’Jacobian’, ’on’, ’DerivativeCheck’, ’on’);

[q,fval,exitflag,output] = fsolve(@(q)cournotJac(q,c,eta), q0, options);

fprintf(1,’ q1 = %f\n q2 = %f\n’, q(1), q(2));

fprintf(1,’ number of iterations = %d\n’, output.iterations);

Fig. 3.28 Code and script for Cournot duopoly.

Fig. 3.29 ℄m.	R�p?'
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function [fval,fjac] = cournotNoJac(q,c,eta)

e = -1/eta;

qtot = sum(q);

fval = qtot^e + e*qtot^(e-1)*q - c.*q;

% CournotNoJacScript

c = [0.6; 0.8];

eta = 1.6;

q0 = [1; 1];

[q, fval, exitflag, output] = fsolve(@(q) cournotNoJac(q,c,eta), q0);

fprintf(1,’ q1 = %f\n q2 = %f\n’, q(1), q(2));

fprintf(1,’ number of iterations = %d\n’, output.iterations);

Fig. 3.30 ou_f}�4|℄m.	R�p?'
q1 = 0.839568

q2 = 0.688796

number of iterations = 5�Q<!R�ÆUt!:FD{:>�
,�=*vg)n
�rUÆUtz,cournotJac,RWÆ�di;�
fjac(2,2) = e*qtot^(e-1) + e*(e-1)*qtot^(e-2)*q(2) - c(2);!:gQN8*a��
>> CournotJacScript

Maximum discrepancy between derivatives = 0.202631

Warning: Derivatives do not match within tolerance

Derivative from finite difference calculation:

-0.8406 -0.0380

-0.0380 -1.0406

User-supplied derivative, @(q) cournotJac(q,c,eta):

-0.8406 -0.0380

-0.0380 -0.8380

Difference:

0.0000 0.0000

0.0000 0.2026

Strike any key to continue or Ctrl-C to abort�E?�/  bR�zÆ!:k��LM,R,��<��:�ZCYoug#�Lz,X�=�:z,[k�FD{:>�
ÆQ	<�NMsHz,fsolve�=�#�pUw 3.30Æ:�pB{[S��8�^d?'QN
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>> CournotNoJacScript

Optimization terminated:

first-order optimality is less than options.TolFun.

q1 = 0.839568

q2 = 0.688796

number of iterations = 3!:QNBpR|Æ��R�FDRd?.,\m��0n!:�+M�Æ)�{:>�
aT�Q�_0ÆM�FDd?.,\m��D��+0n�8RÆ)�{F�Ag��V!:Q6B	<f}����jÆD�RL=9,F�L)�Æz,fsolve3F℄/=�D�Æ*B�Lf,sHÆ�Tqg{z,Rd?AuI.,yz6F�
3.4.4 4|��VR4���Qr!:Dm4|8���

g(x, f(x)) = 0 ∀x ∈ [a, b],�,Æg �Ngz,Æf ���z,�k�<!R�Æ!:1	w�N�Lg#�,6VRz,Æ���L$A�u�infinite-dimensional b�#k�g,� bRZ�℄�w��L��R��g�j^���/:dR���sl�L?�,6Vj n L\ xi X	Rj^=�ÆDÆ4|�Ag���
g(xi, yi) = 0, i = 1, . . . , n,�,Æ��R� yi = f(xi)�!::�	<r����,6Vj�0X�z,�D�5�/Q~R��Æ��w&���collocation method�:��R8���bg�L n \R=�Æ��w&w\�collocation nodesÆou n L3 ��RV�=�z, f

f(x) ≈
n∑

i=1

ciφi(x))-Æou4|�Ag��R��Æ!:R bn{�FD5, ci�
g


xi,

n∑

j=1

cjφj(xi)


 = 0, i = 1, . . . , n!:gL`�N�z,R��ÆrU~����0IkUm�BeR[n���recursive equations�w&���4|~����R�PDEsB�N���finite element methodÆ�>F4m� bRkUm���R�^D��
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3.4.5 p�wq�)�f}�Q[�=��yR�globally convergenÆ:��RFDk�[F�L=*R�
d?\��|,�L bÆaED�R=��yg�global convergenceÆ!::�g b!VNPgf,�Ib,�Qr!:E4|�� f(x; t) = 0Æ{FI� t RPL#��Ut!:�OI
t = t0 �Æ��R�L|� x0Æ!::�z	�5� bÆ�f,�M�
t0, t1, t2, . . .Æ b i �
d?\� xi−1�o}0M8ÆUt!:�O��
g(x) = 0 R�L|Æ�4| f(x) = 0Æ!::�g#

h(t, x) = tf(x) + (1− t)g(x) (3.11)g t 0 0 �kN 1���jÆ!:g�LZC b�>���L4_R b��/8�:�oup��homotopyÆ~L��AVUt:�ou�5�wqRI0�LIN��LÆX4���~L��AVp�R��KD��Ng~Lz, f, g : X −→ YÆz, f I g �VRp���Lwq8p
h : [0, 1]×X −→ Y	Q h(0, x) = g(x) I h(1, x) = f(x) �� (3.11) �Agp��f}p��

h(t, x) = tf(x) + (1− t)[f(x)− f(x0)] = f(x) + (t− 1)f(x0),�, x0 � t = 0 ���R|�!:B�gf,� bÆ	Q��5�L|R�� x(t)�}JRiÆ�!�FÆUt h(t, x) = 0Æ{FL!R t ∈ [0, 1] qB�LO�Qr9B�/g*Æ!::��N�/��QN|R��ÆQN!:Mk�R|�t8XR�rÆ3F [?, pp. 140–141]Æ!:N��L/Q|��R���
Example 3.26 Qr bMq>Rz,:�Æ!::��|��

h(t, x(t)) = 0QN
∂h

∂t
(t, x(t)) +

∂h

∂x
(t, x(t)) · x′(t) = 0z	U8����

x′(t) = − [hx(t, x(t))]
−1
ht(t, x(t)),�,Æ!::�	< hx I ht KG~�����!:{�L��5�Æou�
F}ib x(0)ÆFDQN| x(1)�rUU8 bÆ�, X = Y = R2:

F(x) =

[
x21 − 3x22 + 3
x1x2 + 6

]
= 0



178 ,��+3 	<f}p� x0 = (1, 1)ÆQN
hx =

∂F

∂x
=

[
∂f1/∂x1 ∂f1/∂x2
∂f2/∂x1 ∂f2/∂x2

]
=

[
2x1 −6x2
x2 x1

]

ht = F(x0) =

[
f1(x

0)
f2(x

0)

]
=

[
1
7

]:�{ hx 4L,
h−1
x =

1

∆

[
x1 6x2
−x2 2x1

]
, ∆ = 2x21 + 6x22WÆÆQNÆoR�����

[
x′1
x′2

]
= − 1

∆

[
x1 6x2
−x2 2x1

] [
1
7

]
= − 1

∆

[
x1 + 42x2
x2 + 14x1

]ou,�5�Æ!:QN x(1) = (−2.961, 1.978)�=Æ!:QN�
��|R��Æ�QNQ�BR|Æ:��dA.f}d?ÆQN| (−3, 2)�!:j)�r,u��8�R=^℄SÆE�5��/FD��|��R��Æp
R��:�<F=� b���jÆ!:gb.LN�/��Æ)�O�=*=�D�R3 ÆrU4|Am�R℄\��Z
6.4.4 w�DtRE�1<,Æp�wq���homotopy continuation
method��}=�*BSR��Æf` [?] I [?]��u[s#<z℄
• eF,�FD��R�yR�gTKÆf` [?]��NBe�>f`
[?]Æ [?] I [?]�
• �;0DtRou�n,�FD��R#<Æf` [?]�
• eF
ir�QD7R�nÆf` [?]�
ir��}BSR��Æl�1<FR�R��rUÆFD4/9rFIDt�eF
ir�Dt�KR1<Æf` [?]�
• eF℄ z,FDRBe�nÆf` [?]�
• eF�<�0=�k�Æf` [?] I [?]�
• eF,�D�RD�==I?'�CookbookÆf` [?]�
• 3F MATLAB GXR,��+R#<Æf` [?] I [?]�



f5�> 179�%HR
• eFM/,��+WbR�nÆf`http://www.netlib.org�
• eFMATLABG�BeR#<Æ-R,��+p`Æf`http://www.mathworks.com/support/books�





4,�5�: gg�+I;℄/ I_
,�5��,��+,RKD�DBRyw�!:g,�5�C��y�di|Æ�)�,�FD�QFD,�}0��-�Æ;y!-R�;℄/ 5��Monte Carlo integrationÆ�Np>#,Q[qxB-^�℄S�:5�o}��;℄/ I_�Monte Carlo simulationÆ0n�LG�QB.-tÆE�_;℄/ I_��,�5�SX�3 �u�XR�℄,�5���R45U�q�BgRÆ�U_;℄/ ���quasi-Monte Carlo methods�;℄/ ��3FF4�
Æ$m<dj��
ÆM�D�I<�qFBe�!:�OÆ�<gRk�FD�L3F%<,gpuR�	�Æ�	��Jj��L5���L+0<�>uz, fX(x) �\Rz, g(·) R�	���

E[g(X)] =

∫ +∞

−∞
g(x)fX(x) dx��0M8Æ!::��N�L|+|�analytical solutionÆrU\W; - 69�6U�ÆE�o}/Q5�R�+|�}QZ�UtF4I� X ��L#,�Æ:�	<ZCgg5���ÆE�ÆIFD�LF4J�R�	�Æ!:Dm�LE�uAV�d5�ÆF4�
��}D�R�F4�
�Random sampling�I_kU[BggRWKDR��ÆrU<F4����XI_RJÆKD1<��Æ���<gRÆ!BrHV�=��%<hk�<R�RFDS�

181



182 ,�5�:gg�+I;℄/ I_�Q<!R�Æ,�5�:�.xR<F[F<��Ut�b A R�zI'9,FF4I� XÆm
P(A) =

∫ +∞

−∞
IA(x)fX(x) dx,�, IA(x) ��b A R��z,�indicator functionÆUt�b A �zm IA(x) �� 1Æ'm�� 0�I A �Q<��b�Æk�ou�LESD�R�kFDQN�D[F�WÆÆBT0M8Æ!:0n)	<5�g#z,��L℄bR0M�q<,mz,R�	�Æ,mz,�YF�LC'I��L�,m)�I�LF4I��L��,m)�Æ�$�C'R)��

H(z) = EX [g(X, z)] =

∫ +∞

−∞
g(x, z)fX(x) dx���L�}ÆoRF4=� IkUm� bÆ!:1	FDz,

H(z)RW=�0WQ�Æou	<��*j^Rwq�\=�z, H�#&�4Æ!:1	z	j^0�=�XI_ R[Bgg�,���ÆrUE65���Gaussian quadratureÆ��}BSR�����jÆMBR,�5���qk�P/j^��0�
�0�J�0�N��!:k�<!R�Æ!:{F H(z)R��Aa:Æ[�)���I=�D�BeÆ�*)���IFDDAgBe�g<R0MÆ�<R�Q%<�GreeksRFD�!:g0Z 4.1 wZ�<)gg�+;y0
R℄S�!:g�n3 Rgg�+��Æ�H!:	< MATLAB z,�d3 R5�FD�!:!g�nE65��ÆE65��kUm�FD,���0�R�DÆÆ!:g 4.2w�n;℄/ 5����;℄/ I_�3FF4,FDR���jÆ!:Dm���F4,�pseudorandom numbersÆ)�FD4j6B�4�F4R�Z 4.3,!:g�n MATLAB ,z	F4,R���Ut!:gF4,r��LI_�pÆ�pR!�g��F4,p��Ng�L!�Æ!::�	<qF��[F,��!::�ouP/���[�/[FR�ggÆrU&_6V�confidence interval�0�N��Æ!:1	�dRIb��R[F*v�:CR�Z 4.4 wÆg[�I_�04FD.,Rr& b��g��ÆI_R04.,X�Æ!:R[FX:6�[fR�Æ�:N��R�uÆ0nk�"=RFD.,���\m"=R CPU ^d�VÆ!:k�jT�vRC(�aE[FR*���TjT�vC(�Z 4.5 wR7�℄S�FD,	<�F4,ÆDÆ	<qFC(B:^-�PT�t b�philosophical issues�A�Æ!:	<R,�p��BggR�:�4Æ;℄/ D�R	S!�FPT,�p�RSt�~ÆE�0n5StQ~R,�p���/E�-��_;℄/ I_Æ!:gZ 4.6w�nBe℄S�WÆ�Lk�5�R b�ÆI_:�<X�[PLm�RStÆE�I_[^KBz	m���-Æ!:g	<=�D�Æ=�D�gZ 6
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RIb[�T4_��O;$�QNÆ�����4!:)}	<;℄/ D�RO)��/gI_I=�C(B{�R��gZ 6.6 �n���Q~Yu�Be℄SÆ!:g	<ZC�r�n3 5�IÆo�<gR�!:1:G;Æo�<gRR|+U�IBe�r�Z 8 yg�nI�JBeR�r�
4.1 gg5�5�U85�g#R�<�0=� b

I[f ] =

∫ b

a

f(x) dx{FCI�z, f R5�6V [a, b]Æ)�5��Ag^DÆw��/�<��X/��/g*Æ:�6V [a, b] �9 xj X	�LN�,�B�R=��
a = x0 < x1 < · · · < xN = b,!::g#45�U��

Q[f ] =

n∑

j=0

wjf(xj)�L5�U�R℄�?<0 wj Iw\ xj ,g���BFDÆFDz,��!:<R6VR~Lw\�)-5�U�� Q[f ]Æ��#C�U��closed formulas �B�ÆIz,6VF} a 0 b [�g�Æ0�L$�6Vj5��Æ!:}	<0��U��open formulas�L�5�U�q5vz*v�
E = I[f ]−Q[f ]�L�kR�4�Æ{FI�H��
SZZCRz,Æ5�U�R*v1:���!::�g#5�U�Ru,ÆUW=u,� mÆ	Q{Fu,� m 0QF mR�H�R5�U�vz*v���#&�4ÆUt�
��:�	<�H�r�?dÆm�H�5�,!:$k5�vz*v�vz*vRo}L:���
E = γf (k)(ξ),�, γ �PL}�Æ9,F a I bÆξ �6V (a, b) jRPT��\Æk�M,Ru,�)��Lu,[�u k− 1 R�H�R k u,M,��ÆM�45���Ru,I k 5E;e5�Utz, f SZk��? n u:MÆ!::�M�EuR5�U�:�QNE�uR{t�
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4.1.1 ℄r�U��//Q5�U�R���S$w\�equally spaced nodes�

xj = a+ jh, j = 0, 1, 2, . . . , n,�,Æh = (b − a)/n�Qr fj = f(xj)�!:z,r�,iuÆ�/��Q[�W=��ÆE���L�KDsl�S$w\:�QNf}��8℄6�Newton–Cotes5�U��Ng n + 1 Lw\Æ!::�5�	< n uU_J_P�H�r��H� Pn(x):

f(x) ≈ Pn(x) =
n∑

j=0

fjLj(x)DÆÆ!::�FDBe<0ÆU8�
∫ b

a

f(x) dx ≈
∫ b

a

Pn(x) dx =

∫ b

a




n∑

j=0

fjLj(x)



 dx

=

n∑

j=0

fj

[∫ b

a

Lj(x) dx

]
=

n∑

j=0

wjfj5��B~Lw\R0MÆx0 = a I x1 = b�!::�	<�i�A{ f�dr��
P1(x) = f0

x− x1
x0 − x1

+ f1
x− x0
x1 − x0ouZCFDQN ∫ x1

x0

P1(x) dx = h
f1 + f0

2��jÆ!::�	<_N��trapezoidal elements6Vj{z,�dr�ÆUw 4.1M�Æj�Rz,N���/N���g�L8�<FQ�RJ6VÆ!:QN_�m�trapezoidal rule�
Q[f ] = h



1
2
f0 +

n−1∑

j=1

fj +
1

2
fn



NgL!6VR5�U�Æ!::�oug�L=6V�	Q6VR��ÆQN�L4�U� (composite formula)�3F n + 1 Lw\R5�U�Æ:�ou ≤ n uR�H��BYXi�X�!:�:�	<�NR��Æou℄gu,R�H�Xi5�U��5��r�
∫ 1

0

f(x) dx ≈ w0f(0) + w1f(0.5) + w2f(1),
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x

f(x)

x0 x1 x2 x3 x4 x5

Fig. 4.1 Example of the trapezoidal quadrature formula.!:k��L5�U�Æ{F ≤ 2 u�H�^Z�BFD�oubgw\Æ!::�ou4|Ag��VBg<0�
1 =

∫ 1

0

dx = w0 + w1 + w2

1

2
=

∫ 1

0

x dx =
1

2
w1 + w2

1

3
=

∫ 1

0

x2 dx =
1

4
w1 + w2,QN w0 = 1/6, w1 = 2/3, w2 = 1/6�6V [a, b] 	<p
R8�ÆQN\Æa�m�Simpson’s rule�

∫ b

a

f(x) dx ≈ b− a
6

[
f(a) + 4f

(
b + a

2

)
+ f(b)

];��`Æ�LU�{F ≤ 3 uR�H�3;6B*v�
∫ b

a

x3dx =
b4 − a4

4ouZCR?,FDÆ1<\Æa�mÆ!:QN
b− a
6

[
a3 + 4

(
b+ a

2

)3

+ b3

]

=
b− a
6

[
a3 +

1

2

(
a3 + 3a2b + 3ab2 + b3

)
+ b3

]
=
b4 − a4

4\Æa�m:�1<F6V (a, b) RJ6VÆ�HQN4�5�U��



186 ,�5�:gg�+I;℄/ I_�}0�R�!:QNR��I<�,R�V{wBe�!::�g�LwqR<��\j^�Æou�/��QNRj^�\Iwq�\��V{wRÆrU�	I�v��/8�:�<F=�0�<F4u�ÆrUou�s*0℄s*�<A�\_^kÆBe℄S!:gZ 7 yi|�{FNgRw\Æ!::�ouFD<0R��/Q�LkEu,R5����ESV$w\Rz,r�0nQ[�W=Rsl�!:0n)EÆ�'5�/g<0Iw\B{�R��Æ:�QNW=u,R5�U���/8�-��E65�U��Gaussian quadrature formulas�
4.1.2 E65��f} - 8℄6�Newton–CotesU�,Æ!:bgw\ÆDÆFD��R<0Æ	QU�Ru,	:^=�E65�U�6ÆR!;�ÆUt!:[^�:Bgw\Æ!:	K?u8oÆ�/0M8Æ5�U�Ru,v[��8o�oP�8�-�ÆE65�U�RzM3 ��L�7R<0z, w(x)�E65�U�U�

∫ b

a

w(x)f(x) dx ≈
n∑

i=1

wif(xi), (4.1)Iz, f ��H��Æ5�U���BU��k�<!R�Æ[pF��RU�Æ5� n Lw\ xi, i = 1, . . . , nÆ<0z, w(x) :�<F#A�(R5�z,�!:RQr,Æw(x) :��[�L<�>uz,���jÆ!:g<)E6 -��=℄5��Gauss–Hermite quadratureU�RXiu�Æ�, w(x) = e−x
2ÆE;�IFDÆUF4I�Rz,R�	�Be�r Y �+0KDÆU�\ N (µ, σ2) RF4I�Æm

E[f(Y )] =

∫ +∞

−∞

1√
2πσ

e−
1
2 (

y−µ
σ )

2

f(y) dy�	<E6 - ��=℄5�U�R<0Iw\Æ!:k�U8I�>#
−x2 = −1

2

(
y − µ
σ

)2

⇒ y =
√
2σx+ µ ⇒ dy√

2σ
= dx)-�

E[f(Y )] ≈ 1√
π

n∑

i=1

wif(
√
2σxi + µ) (4.1) ,Æ!:1:U�slw\I<0Æ�HQNW=u,R5�z,�!:1:s9 n u�H�R n RO[�w\Æ�LÆl�H��orthogonal polynomialsT,slÆÆl�H�{1F℄5<d(f`Z

3.3.4 w):
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< f, g > =

∫ b

a

w(x)f(x)g(x) dx:��EÆÆl�H�=�T,Æk u�H�5 k L[pR�,O�-�Æ�TOq�B�l8R�interleavedÆ�/0M8Æ6VjRL! k − 1 u�H�R k − 1 LOÆq:�ou k u�H�R�{B�O�consecutive rootsL��
∫ b

a

w(x)q(x)p(x) dx = 0 ∀p ∈ Πn−1L!�H� f ∈ Π2n−1 :�: q �|ÆQN�Lh�quotientp ��LG,�remainderr�
f = qp+ r,�,Æp, r ∈ Πn−1�=Æ n Lw\ xi, i = 1, . . . , n jÆou5�U�{z, wf �d5���, xi �z, q R���

∫ b

a

w(x)f(x) dx

=

∫ b

a

w(x)p(x)q(x) dx +

∫ b

a

w(x)r(x) dx (division)

= 0 +

∫ b

a

w(x)r(x) dx (q is orthogonal to p)

=

n∑

i=1

wir(xi) (quadrature is exact for r ∈ Πn−1)

=

n∑

i=1

wif(xi) (xi is a zero of q)ouU8��ÆXfÆl�H�V pj(x)�
p−1(x) = 0

p0(x) = 1

pj+1(x) = (x− aj)pj(x)− bjpj−1(x), j = 0, 1, 2, 3, . . .�,
aj =

< xpj , pj >

< pj , pj >
, j = 0, 1, 2, . . .

bj =
< pj , pj >

< pj−1, pj−1 >
, j = 1, 2, . . .



188 ,�5�:gg�+I;℄/ I_�m5, b0 �L!�Æ:�:r� 0�7�℄,Æ�/��qz	�L℄R�H�Æu,���L�H�u,P 1�WÆQNÆl�H�T���jÆ5[pR��:�z	[pR�H�T�E6 - ��=℄5�,Æ3F w(x) = e−x
2Æ1<j)��ÆU8[n��)z	�L��=℄�H�p� Hj�

Hj+1 = 2xHj − 2jHj−1�Q<!R�Æq<�/���d,�FD[:dÆ)�O!�F{Jq=R nÆFD�u��%�������4k�[pR��z	Æl�H�T�1�
H̃−1 = 0

H̃0 =
1

π1/4
(4.2)

H̃j+1 = x

√
2

j + 1
H̃j −

√
j

j + 1
H̃j−1 j = 0, 1, 2, 3, . . . .�FD5�U�R<0Æ!:k�Æl�H�T,/Q n u�H��-R 0u�H�R�B5��p0(x) ≡ 1Æ�!�FÆpj(x)Æj = 1, . . . , n−1RP<5�1:���Æ)�N:qIz, p0(x) Æl�ou�Tibz	U8Ag��V�




p0(x1) . . . p0(xn)
p1(x1) . . . p1(xn)

...
. . .

...
pn−1(x1) . . . pn−1(xn)







w1

w2

...
wn


 =




∫ b
a w(x) dx

0
...
0


:�3�ÆFD<0RQZH���<U8[nD��

wj =
< pn−1, pn−1 >

pn−1(xj)p′n(xj)
,�,Æp′n(xj) ��H�RM,�E6 - ��=℄0M8Æ	<�H�=�RÆlÆ[nU�n{�

wj =
2

(
H̃ ′
n(xj)

)2�,ÆZ j L�H�RM,�
H̃ ′
j =

√
2jH̃j−1

1f` [?, pp. 150–154]
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function [x,w] = GaussHermite(mu,sigma2,N)

HPoly1 = [ 1/pi^0.25 ];

HPoly2 = [sqrt(2) / pi^0.25, 0];

for j=1:N-1

HPoly3 = [sqrt(2/(j+1))*HPoly2 , 0] - [0, 0, sqrt(j/(j+1)*HPoly1];

HPoly1 = HPoly2;

HPoly2 = HPoly3;

end

x1 = roots(HPoly3);

w1 = zeros(N,1);

for i=1:N

w1(i) = 1/(N)/(polyval(HPoly1, x1(i)))^2;

end

[x, index] = sort(x1*sqrt(2*sigma2)+mu);

w = w1(index)/sqrt(pi);

Fig. 4.2 Code to implement Gauss–Hermite quadrature.QNE6 - ��=℄5�R MATLAB ?'U 4.2 M�����J�R�5!�HPoly1ÆHPoly2Æ�HPoly3�ML�[n (4.2) ,�H�
H̃j−1ÆH̃j I H̃j+1�forv ,Æ!:Dm<!iÆ)� MATLAB Rv FD,Æ�K�gI��v �K0 1 0
�v {+�ÆHPoly3�
H̃nÆHPoly1 � H̃n−1�FD�H�O,Æ!:	<KDRz,roots �)�q<l8g*�interleaving propertyÆ�[�g�W~R��Æ!::�	<:��
z,ROÆouf}D�FD7L�H�RO�2 MATLAB ?'RWÆ~d�<Xgw\�[o��ppÆJ�index�<X�B1R{<0pp�

It is interesting to check the weights and nodes we get from this function.
For instance, let us consider a normal random variable with µ = 10 and
σ2 = 20, and let us apply a quadrature formula based on five nodes:!::�Yt:�pFD�Rw\I<0�rUÆ!:Qr�LÆUF4I�+0.�� µ = 10Æ�v� σ2 = 20 RÆU�\Æ3F 5 Lw\1<5�U�FD5��
>> [x,w] = GaussHermite(10,20,5)

x =

-2.7768

3.9375

10.0000

2�/��f` [?]�MATLAB :�	<�/��FD��5�ÆBez,5FFDDtR#C,�Computational Economics ToolboxÆf` [?]�
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% GHScript.m

N = [5, 10, 15, 20];

mu = 4;

sigma2 = 4;

TrueValue = exp(mu+0.5*sigma2);

for i=1:length(N)

[x,w] = GaussHermite(mu,sigma2,N(i));

ApproxValue = dot(w,exp(x));

fprintf(1,’N=%2d True=%g Approx=%g PercError=%g \n’, N(i), ...

TrueValue, ApproxValue, abs(TrueValue-ApproxValue)/TrueValue);

end

Fig. 4.3 Script to check Gauss–Hermite quadrature.

16.0625

22.7768

w =

0.0113

0.2221

0.5333

0.2221

0.0113

>> sum(w)

ans =

1.0000

E[eX ] = eµ+σ
2/2

A script to check this is displayed in figure 4.3. Running the script, we may see
that remarkable precision is obtained with a fairly modest number of nodes:

>> GHScript

N= 5 True=403.429 Approx=398.657 PercError=0.0118287

N=10 True=403.429 Approx=403.429 PercError=5.53771e-007

N=15 True=403.429 Approx=403.429 PercError=1.90343e-012

N=20 True=403.429 Approx=403.429 PercError=3.95931e-014�JjÆO!�v0MÆk��Iaw\R,��s�0n:�	<E6 - ��=℄5�U�Æfs℄RÆon�*V�<gRz,ÆDÆIz,blsprice�d{>�z,blsprice	<R�\W; - 69�6U�FD�<RJ�
4.1.3 SuI�5�mZ 4.1.1 w,Rr��m�interpolatory rules:�ou�/��SuÆ!:g�m���T�����Æw\R,�:�kUoPÆ�N:NM



gg5� 191��uR�4��L:�ouEBm�rgXE?z,[D�R04FD��gzM�[n5�U��recursive quadrature formulasI�7J5��Romberg integration�-�Æ:�O!5�z,Rg*;�w\Rsl���z,RI�X�Æk�Rw\,�X��z,B{XbgÆk�Rw\,�Xm��/��gQNK�15�U��adaptive quadrature formulas�MB�T;�I�fq�1<N9tFD�pF,Æ-R MATLAB z,�Ig5�U�SuN��5��Æk��5�m�Product rules�Qr!:�FD�LC�s��unit hypercubeR5�
∫

[0,1]d
f(x) dx,

m1∑

i1=1

m2∑

i2=1

· · ·
md∑

id=1

w1
i1w

2
i2 · · ·wdidf

(
x1i1 , x

2
i2 , . . . , x

d
id

)���mXf��w\R���Ægw\=��7��u�dV/��5�Cartesian productQN℄R��w\=��:��=Æ{Fq=R�u5�ÆXf�
mmR�J�[)�JRÆ����fs3FF4�
R;℄/ 5���RO)�
4.1.4 MATLAB ,R,�5� MATLAB ,xB�Tz,<FFD��5��N:q�1<;�R3;D�ÆrU\Æa�mRK�1S^�adaptive extensions of Simpson’s
rule�
Example 4.1 5�5�

I =

∫ 2π

0

e−x sin(10x) dx^�5�QN
I = − 1

101
e−x [sin(10x) + 10 cos(10x)]

∣∣∣∣
2π

0

≈ 0.0988	<z,quadFDÆQN
>> f=@(x) exp(-x).*sin(10*x)

f =

@(x) exp(-x).*sin(10*x)

>> quad(f,0,2*pi)

ans =

0.0987
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>> quad(f,0,2*pi, 10e-6)

ans =

0.0987

>> quad(f,0,2*pi, 10e-8)

ans =

0.09883FK�1R �}5�Æ!:�:�	<K�1m��
>> quadl(f,0,2*pi)

ans =

0.0988

MATLAB �!:aT�FD��5�Rz,����bidimensionalib8Æ:�	<z,dblquad�℄�ib8Æ:�	<z,triplequad���jÆW�R MATLAB $;,xBz,triplequadÆg�R MATLAB,�x�Lz,�:�3NÆz,R5�[^�u℄����)�E�u5�,Æz	mmR�J�}QZÆ�E?�/ bÆ�/℄bR���F4�
�
4.2 ;℄/ 5�z,RB�5���L,�Æ,�RFD��LBgR bÆ[q>F4Be b�{Fq>F4I�R bÆ!::�	<r���gF45�I��L�	��5��LC�6V [0, 1] jR5��

I =

∫ 1

0

g(x) dx!::�g�L5��[ E[g(U)] R�	�Æ�, U �6V (0, 1) +0.\�\RF4I� U ∼ (0, 1)�!::�ouFD
;.���LF4I���[F�	���L,��!:�:z	�LB�rs+0.\�\RF4
;p� {Ui} ÆDÆFD
;R.��
Îm =

1

m

m∑

i=1

g(Ui)0=,g��The strong law of large numbersÆ100% :Q�
lim
m→∞

Îm = IFD4[^�Æ�=�;℄/ �5�,RF4�
ÆE!::�	<G�J�z	�F4,�pseudo-random numbers�
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Example 4.2 q<U8�r
I =

∫ 1

0

ex dx = e− 1 ≈ 1.7183!::�	< MATLAB z,randz	6V [0, 1] j+0.\�\RF4,��drand(m,n):�z	�L m×nR.\�\F4,R�
�k�<!R�Æf,m In[6FF4,R�\z,Æ�\z,� U(0, 1)�!::�ou
;mI� m Rz,XFDÆY�[FR:6g�
>> rand(’state’, 0)

>> mean(exp(rand(1,10)))

ans =

1.8318

>> mean(exp(rand(1,10)))

ans =

2.0358

>> mean(exp(rand(1,10)))

ans =

1.3703

>> mean(exp(rand(1,1000000)))

ans =

1.7189

>> mean(exp(rand(1,1000000)))

ans =

1.7178

>> mean(exp(rand(1,1000000)))

ans =

1.7174�k|Hrand(’state’,0)R[<Æ!::�5�FD4j�U�z	F4,R�q<�LH0rz	�Æ	Qp�:�:04Æ/QBpR{t�!:3N{F m = 10Æ[F{t�}[�gÆI m = 1,000,000�Æ[FR�vgIQ�}QÆA�t�ÆBR{t��JjÆ!:[�O�ÆR�B|Æ!:g85�RFD{tR*�I�ggR��ÆQ;�D��{F��5�Æ;℄/ D��ZIBgR5�U�B>ÆEFD��5�,Æ;℄/ 0n���Rl�o}ÆUt!:B�L5�FDÆU
I =

∫

A
φ(x) dx, (4.3)�,ÆA ⊂ RnÆ!::�ouF4�9�5�\ xi ∈ A, i = 1, . . . ,m[F IÆfs[FU�

Îm =
vol(A)
m

m∑

i=1

φ(xi), (4.4)



194 ,�5�:gg�+I;℄/ I_�,Ævol(A) �6V A R=Q��k|�LU�Æ!::�M�Æ<>r (1/m)
∑m
i=1 φ(xi) [Fz,R�.�Æz,�.���6V=Q:�QN5����J,Æ!:k�C�s�j�d5�ÆrU

A = [0, 1]× [0, 1]× · · · × [0, 1],)� vol(A) = 1�5�C�s�Æo}!:)QN�LF4I�
X =




X1

X2

...
Xn


 ,O!v�>uz, f(x1, . . . , xn)Æ!:	<;℄/ 5�[FL!z, X R�	��

E[g(X)] =

∫ ∫
· · ·
∫
g(x1, . . . , xn)f(x1, . . . , xn) dx1 · · · dxn

MATLAB �!:aTn�z	F4,Rz,ÆE�!:g3NÆ�Tz,R3;!Vf,�+0.\�\RF4, U ∼ U(0, 1)��TF4,z	��qFR#CR�^�ÆE�3 R MATLAB �RjaT�z,randnÆ:�z	+0KDÆU�\RF4,�!::�	<�Lz,1<;℄/ ��FDÆo*V�<RRJ�
Example 4.3 !:�O%<,gpu8Æn��<RJ��<R��	�O!�{q�Rk=

f = e−rT Ê[fT ],�,Æ��<N�P T �<R fT �$�Qr$%<�$��}, rÆ*� Ê[·] <X$a�	�RFD3F%<,gpu�QrRJ�A�\_^kÆ�!�FHyRJR�� µ g:$%<q� r ?d (f`Z 2.6 w)�O!�<Rg*Æ!:k�z	=
;���full sample pathsÆXZ�N�PKRHyRRJ�eF
;��Rz	��Æ!:gZ 8 y�d�nÆE�{FÆoRn�*V�<Æ!:k�{�<�$ max{0, S(T )−K}�d
Æ�, S(T ) �N�PKRHyRRJÆK ��<R�dRJ�
81�R�r 2.20,Æ!::�ouz	�L+0KDÆU�\RF4I�
ǫ ∼ N (0, 1) X|,�L b�

fT = max{0, S(0)e(r−σ2/2)T+σ
√
Tǫ −K}FD*V�<RJR MATLAB z,�pÆUw 4.4�z,R�&L!Vf,$k|�ÆN:p
q�\W; - 69�6U�Rz,blspriceM



;℄/ 5� 195

% BlsMC1.m

function Price = BlsMC1(S0,K,r,T,sigma,NRepl)

nuT = (r - 0.5*sigma^2)*T;

siT = sigma * sqrt(T);

DiscPayoff = exp(-r*T)*max(0, S0*exp(nuT+siT*randn(NRepl,1))-K);

Price = mean(DiscPayoff);

Fig. 4.4 Code to price a vanilla European call by Monte Carlo simulation.kRf,ÆWÆ�Lf,NRepl �04FDR.,Æ?!:k�R
;,��!::�p�z,f,{FD{tR6F�
>> S0=50;

>> K=60;

>> r=0.05;

>> T=1;

>> sigma=0.2;

>> randn(’state’, 0)

>> BlsMC1(S0,K,r,T,sigma,1000)

ans =

1.2562

>> BlsMC1(S0,K,r,T,sigma,1000)

ans =

1.8783

>> BlsMC1(S0,K,r,T,sigma,1000)

ans =

1.7864

>> BlsMC1(S0,K,r,T,sigma,1000000)

ans =

1.6295

>> BlsMC1(S0,K,r,T,sigma,1000000)

ans =

1.6164

>> BlsMC1(S0,K,r,T,sigma,1000000)

ans =

1.6141����
Æ!:�:0℄r&F4,z	�randn RBUÆ�Hs�:�04���
;,�� 1000�Æ!:3N[F{t5�=RIkÆFF
;,�Ro=Æ[F{tXXX�g�;DÆ!:[^�FD�L[F��!:1:FD[FR&_6V�0n!:1:�Ok��mL
;Æ[F�a:�.SM:NRR�u�4���L b�Utk�T�R
;ÆFD{t:^)QfÆ{F4_R���Y�<Æ!:[^�9=�R
����)-Æ!:k��/BSR���jT[F�v�
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function [USeq, ZSeq] = LCG(a,c,m,seed,N)

ZSeq = zeros(N,1);

USeq = zeros(N,1);

for i=1:N

seed = mod(a*seed+c, m);

ZSeq(i) = seed;

USeq(i) = seed/m;

end

Fig. 4.5 Code to generate random numbers by a linear congruential generator.�m[b04Æon�*V�<R;℄/ I_�!:k�R��{+0KDÆU�\RF4I�Æ�fF<��\z,R5�,�R�<FD���-�Æ!:g3N�<R�ZC�I_gRC'I�jT�vC(,�}B<�
4.3 z	�F4I�z	�F4I�q�0z	�F4,0
Æ�T�F4,�6V (0,1)j+0.\�\RF4,�DÆÆou�IR>#�QN+0Ng<��\RF4,�!:Z�R~��8W}`R>#�bI#���the inverse
transform method�9o��acceptance–rejection approach�PT℄M��ÆXz	KDÆUI��MATLAB RqFR#CaT�"8RF4,z	z,Æ	Q<�$kKBG�H:QNM�	RF4,�	hU-Æ��ÆB	<z,jT[F*v�aE[�*�Æ$mk��|F4,z	z,!V!�I℄^3;!;�
4.3.1 z	�F4,KDRp>#,z	 U(0, 1) I�R��Æ3FAgpG�z��LCGs

linear congruential generators��L LCG z	�5��7, Zi R��U8�Ng�L, Zi−1Æ!::�z	p�,R8�L,ÆouFD
Zi = (aZi−1 + c) mod m,�,Æa��,Æc ���Æm�I,q�M:rgf,ÆIg#��RG,�rU 15 mod 6 = 3�DÆÆ�z	C�6VjR.\F4I�Æ!:FD (Zi/m)�

Example 4.4 w 4.5,R�pÆ̂ dAgpG�z��LCGÆ�pR^dk�r& a�c I m Sf,�
>> a=5;
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>> c=3;

>> m=16;

>> seed=7;

>> N=20;

>> [USeq, ZSeq] = LCG(a,c,m,seed,N);

>> fprintf(1,’%2d %2d %6.4f \n’, [(1:N)’, ZSeq, USeq]’)

1 6 0.3750

2 1 0.0625

3 8 0.5000

4 11 0.6875

5 10 0.6250

6 5 0.3125

7 12 0.7500

8 15 0.9375

9 14 0.8750

10 9 0.5625

11 0 0.0000

12 3 0.1875

13 2 0.1250

14 13 0.8125

15 4 0.2500

16 7 0.4375

17 6 0.3750

18 1 0.0625

19 8 0.5000

20 11 0.6875�;DÆAgpG�z��LCGz	Rp�Q[�F4R�AgpG�z��LCGDm0�L�
� Z0 0
Æ�L���p�R�/J�seed��Bp/JP�:�z	�
Rp����jÆL!�VÆ MATLAB j^drandz,ÆqgQNBpR,�Ut`wq^drandz,Æ̀ g3N�Lp�<��F4�*�+0.\�\R�D�Æ�Tp�
.��
RÆ)� MATLAB 0
�r&R/J��L�B��precise value��3�X:^>qEjÆ:�^dU8�p�
rand(’seed’,sum(100*clock)),z,,F4,z	�R�/J��I�FD4R�-�Æ�<���L�CR8���JjÆ�LO;[��L~R7!����Æ�	Q�p�8IQQZ�����Æt8X!:giNRjT�vC(Æk�{F4,z	�R�/J��dC'3�eFF4,z	� bR[���:Æ�LAgpG�z��LCG,Æ!:z	R�Bk,�[��,�I m SZ=�Æ�Q[��L}0
3�JjÆ!:�{��u[Bgg4_I_�Æk�C'F4,z	�R�/J��



198 ,�5�:gg�+I;℄/ I_R b�E�eF m ��4s9q=R�B��RO)ÆF4,z	��2�gR��JjÆ!:z	Rj^, Zi RW=� mÆZi R��� 0N m − 1ÆI!:04j)FD�Æ,�p�:^04��O;[�F4R�!::�0���r,3NÆZ 16.FDÆÆ!:b.QN�
/J Z0 = 7 ��Q[�W�RÆ)�{F m = 16ÆW=:^R2�� 16�Ut!sl a = 11�c = 5 I m = 16 0M)Qf��/0M8Æ0 Z0 = 30
Æ!:gQNU8,p� Zi�
6, 7, 2, 11, 14, 15, 10, 3OR2��BW=2�R�'�W=:^R2�� mÆ!:1:g mr��L�}=R,�Æ�HB�Lq=R2��a I c RÆBslÆ/�2�RW=�Q	Q,�p�3�XIF4p���Lp�U
Ui =

i

m
, i = 0, 1, . . . ,m− 1,Ut a = c = 1ÆQNRp�9BW�2�ÆP/!#j�6V (0,1)jR.\�\ÆE�p�Q[^J.!�p�R
;\3�X<���Brs�Q�BR4Æp�:���u�qFY���Ep��B�rs*+0.\�\RF4,p�������4rF�L=*RF4,z	�U-QZ�f^R�ÆUt`Y*�ESR,�FDWbÆ�TWb��`|,�� b�

Example 4.5 5�F4,z	� Zi = (aZi−1) mod m Æ�, a = 216 +

3Æm = 231�;DÆ{Fp� Ui = Zi/mÆL:�
Ui+2 − 6Ui+1 + 9UiR9��,�4 ��jÆNg Zi�,!:QN

Zi+1 = aZi mod m = aZi − k1m{FPT, k1Æ!:�:�QN
Zi+2 = aZi+1 mod m = a (aZi mod m) mod m = a (aZi − k1m)− k2m

= a2Zi − (ak1 + k2)m = a2Zi mod m{FPT, k2Æ!�F
Zi+2 − 6Zi+1 + 9Zi = (216 + 3)2Zi mod m− 6(216 + 3)Zi mod m+ 9Zi

=
[
(216 + 3)2Zi − 6(216 + 3)Zi + 9Zi

]
− km

= (232 + 6 · 216 + 9− 6 · 216 − 18 + 9)Zi − km
= 232Zi − km.

4�rXRF [?, pp.2–25]�
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% RipleyLCG.m

m = 2048;

a = 65;

c = 1;

seed = 0;

U = LCG(a,c,m,seed, 2048);

subplot(2,1,1)

plot(U(1:m-1), U(2:m), ’.’);

subplot(2,1,2)

plot(U(1:511), U(2:512), ’.’);

%

a=1365;

c=1;

U = LCG(a,c,m,seed, 2048);

figure

plot(U(1:m-1), U(2:m), ’.’);

Fig. 4.6 Script to illustrate the lattice structure of LCGs.)-
Ui+2 − 6Ui+1 + 9Ui =

232Zi − k231
231�,Æ�!�F\ (Ui, Ui+1, Ui+2) #B�,�R����hyperplanej��r,u=R=K�?FAgpG�z�RCN{Xi	R��/<d!:gw 4.6 ,M�R MATLAB �p?',u�Æ�d�pz	R7AUw 4.7 I 4.8�w 4.6 ,Rj'^�u�R��LC�Æ�:F4\�}.\Rg.ÆF4\XR (Ui, Ui+1)Æf,r&� a = 65Æc = 1 I

m = 2048��:^LEÆ�\�.\�\Iwq
�U�T
��qFjB�rs�R�D�wZ�^�;�Æp�RZ�^�+0P/℄gRI��Z�/0M,�:^Qf��, a = 1365��/I�Uw 4.8 M��!:3NÆ{FAgpG�z�Rf,slQ[ZCÆu;n�h<RF4,z	�B�B b���R�r;�ÆAgpG�z��LCGs0n5PT�����jÆu;ÆAgpG���z	F4,RW~��Æ MATLAB R 4.X $;,��	<R�/���=B[pR��:�sl�!:[Eu�R?V7w~�ÆE�Dm�4ER�Æ℄RF4,z	��3F�L 35 �J��Q�_0f` [?]�	<Hrand(’state’,0)Æ!::�	Q MATLAB0&F4,z	�RBUJ����L0� b�ÆIz	ÆUF4I��ÆMATLAB 	<z, randn��Lz,z	+0KDÆU�\RF4I�Æ�Lz,RBUJ�Iz	.\�\F4,z	�RBUJ���jR�z,randnBU4'Iz,randBU4'g<�0�R�Æ!:k�G
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Fig. 4.7 Plots obtained by running the RipleyLCG script.;~Lz,RBUJ���jRÆ0&�Lz	.\�\z,RBUJ�Æ{z	ÆU�\I�RBUJ�6B[<��<gR,Æ!:k�0Az,randnBUJ��
4.3.2 bI#��QrNg�\z, F (x) = P{X ≤ x}Æz	+0 F RF4I��Utz, F�B{ZC:bÆ!::�1<bI#���inverse transform

method:

1. z	�LF4, U ∼ U(0, 1)�



z	�F4I� 201

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Fig. 4.8 Plot obtained by running the RipleyLCG script.

2. QN X = F−1(U)�:�3NÆou�/��z	F4I� X RB*��\z, F�
P{X ≤ x} = P{F−1(U) ≤ x} = P{U ≤ F (x)} = F (x),�,Æ!:	<�z, F RCagIz, U �.\�\R℄\�

Example 4.6 �,�\z,��L	<bI#���d���R℄�\�Ut X ∼ exp(µ)Æ�, 1/µ � X R�	ÆO�\z,�
F (x) = 1− e−µx�t	<bI#��QN
x = − 1

µ
ln(1− U)!::��=��R#C,ou exprand z,XI_F4I�M	<R���BpR�)��\z, U I (1 − U) ;*j��
RÆ�/��o}	<F4, UÆQou − ln(U)/µ FDz	�,F4I��

>> rand(’state’,0)

>> exprnd(1)

ans =

0.0512

>> rand(’state’,0)
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>> -log(rand)

ans =

0.0512!:o}	<X=u��HyRJ0_<S�I#fI�I_X=u��Poisson process�Æz	�,F4I��}B<�bI#���}ZCÆI$�/Qk��\IbI�B�,!�Æ�:�	<�/��Æ�k�O!,!=�fs�L��R�\z,?:�f` [?]��/0M8Æ	<Agr�R��fs℄R�\z,Æ{F~uyRAgz,4bB{ZC�D�ÆZz, F [:bÆ!:[^	<bI#��ÆrUj^z,��\z,�~y},Æ<�>u=,jY^��[uÆ!::�sl��R���5��Lj^R��\Æ�,!���,!B��
P{X = xj} = pj , j = 1, 2, . . . , nDÆÆ!:z	�L.\�\F4I� UÆO!U8!;�% X

X =





x1 if U < p1
x2 if p1 ≤ U < p1 + p2
...

xj if
∑j−1
k=1 pk ≤ U <

∑j
k=1 pk

...:��gR3NÆ�L�p^d�/ZCR���ED[�WBSR��Ru��Qr!:g#<��\�
0.1 0.2 0.4 0.2 0.1{1R�� 1, 2, 3, 4, 5�!:g#fF<��\
0.1 0.3 0.7 0.9 1.0,mÆ!:z	.\F4,ÆU = 0.82 {F7�LfF<�z, PÆ!:YtUt U > PÆz	�LJ�

1 1 1 0 0,�, 1 {1���Æ0 {1�Q���slÆBR�%�Æ!:gJ�,R 1 BP��m�� 3bP 1��/0M8Æ!:R�%�� 4�	< MATLABÆ-u�:�ouJ�^D�=�B1R?'Uw 4.9 M��{�L�rÆ!::�ou��w�histogramR��Ypz,�
>> rand(’state’,0)

>> values=1:5;
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function samples = EmpiricalDrnd(values, probs, howmany)

% get cumulative probabilities

cumprobs = cumsum(probs);

N = length(probs);

samples = zeros(howmany,1);

for k=1:howmany

loc=sum(rand*cumprobs(N) > cumprobs) + 1;

samples(k)=values(loc);

end

Fig. 4.9 Sampling from an empirical discrete distribution.
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Fig. 4.10 Histogram produced by calling EmpiricalDrnd.
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>> probs=[0.1 0.2 0.4 0.2 0.1];

>> samples=EmpiricalDrnd(values,probs,10000);

>> hist(samples,5)Yp{tR��wUw 4.10 M��=�,�\z,�:bRÆE�z,R4bQ[S���/0M8Æ�L:dR���<9o��acceptance--rejection method�
4.3.3 9 – o�Qr!:O!<�>uz,f(x) z	F4I�ÆE�<��\z,4b��5PTQZÆ	Q$�	<bI#���Qr!:��z, t(x) .S

t(x) ≥ f(x) ∀x ∈ I,�, I �z, f R:dK�z, t(x) [��L<�>uz,ÆE�Bez, r(x) = t(x)/c �<�>uz,Æ!:�Bsl
c =

∫

I

t(x) dxUt:�ZCI_z, r(x)Æou9o�z�z	F4I� XÆ+0<�>uz, f�
1. z	 Y ∼ r�
2. z	 U ∼ U(0, 1), rsF Y�
3. Ut U ≤ f(Y )/t(Y ), %� X = Y ; 'mÆ04�/���Ut:dK I B}Æ{F r(x) �LKDRsH� I j+0.\�\Æ!::�sl

t(x) = max
x∈I

f(x)!:g[{��RÆBg�d�EÆE��L�gRA+:�0w 4.11/Q�w,Æz, f(x) R:dK�C�6V�I f BIR�L℄b�\� beta �\�
f(x) =

xα1−1(1− x)α2−1

B(α1, α2)
, x ∈ [0, 1],QUf,.S α1, α2 > 1 �beta �\[k��LibÆE�O<�Iw

4.11 ,M�[p�beta �\Rg#��
B(α1, α2) =

∫ 1

0

xα1−1(1− x)α2−1 dx



z	�F4I� 205

x

f(x)

t(x)

A B0 1

Fig. 4.11 Graphical example of the acceptance–rejection method.I� Y +0.\�\Q*.\�\C�6Vj�5�\ AÆ)�\
A �� t(A)Æ)�>� f(A)/t(A) t� 1ÆA <�:�:t��I!:5�\ BÆ:\<�>uz, f ��QÆ!:3N>r f(B)/t(B) �Q�)-ÆU!:M�	RÆB <�[^:t��:�3NÆQN��RI���Q.�MkR�.d?.,� c�
Example 4.7 5�U8<�>uz,

f(x) = 30(x2 − 2x3 + x4), x ∈ [0, 1]s�0n1	Yt�Lz,NX�[�<�>uz,���jÆ��
beta >uz,Æ�, α1 = α2 = 3�Ut!:	<bI#�Æ!:7.FDqDm{�L&u�H�4bÆ����WÆ<B{9o���ouÆoRFDÆ!:3QN

max
x∈[0,1]

f(x) = 30/16	<.\>uz,[� r R>uz,ÆQNU8D��
1. z	~LrsQ+0.\�\RF4I� U1 I U2�
2. Ut U2 ≤ 16(U2

1 − 2U3
1 + U4

1 )Æmt� X = U1�'mÆ04Q�%℄4 1�
The average number of iterations to generate one random variate is 30/16. z	�LF4I�R�.d?.,� 30/16�
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4.3.4 ou9\K��z	ÆUI�bI#�I9o�RTKBpÆEO:Q[P��<�z	ÆUF4I�,ÆfF<��\z,4b�}4_Æ0n!::�w��/�{ÆU>uz,R$z,�majorant function�ÆU>uz,R:dK6V�$�R���jÆÆU�\z,R�<bz, MATLAB ,�
x = norminv(p,mu,sigma):z,:��%�	�mu�KDv�sigma�<���,�pRÆU�\���Lz,:�<Fz	+0KDÆU�\RF4�
�E�, �0n[�WBSR���
>> tic, Z = norminv(rand(1000000,1));, toc

Elapsed time is 1.279080 seconds.

>> tic, Z = randn(1000000,1);, toc

Elapsed time is 0.048054 seconds.�,Æz,randn	<W℄R��9\K�z	ÆUF4I���mÆ!:�{9\K���d<)Æ0n�X9\K��)�u��ÆE�T����/�}BSR���Ut X ∼ N(0, 1)Æm µ+σX ∼ N(µ, σ2)�)-Æ!:�k��/z	KDÆUF4I�R��?:�p9#,%qR���q<,^9�gk�central limit theorem�z	�I,�.\�\F4,Q4�R����/Z��9��Æ	Q�FDBSg�!:	<R.\F4I�,�R�'�{t�Æ!:QNRF4I�S�.S�"I_�?�e^
;.�RI_Rk4ÆE�ÆUtI_FDe5�^�\�Æ�/z	F4,R��0n[:dÆrU<R��VaRRFD���/���\;6 - U���Box--Muller approach�5�~LB�rsRI� X,Y ∼ N(0, 1)ÆQr (R, θ) ��o\K�Cartesian
coordinates\ (X,Y ) R9\K�polar coordinates Æ	Q

d = R2 = X2 + Y 2 θ = tan−1 Y/X

X I Y Rv�>uz,
f(x, y) =

1√
2π
e−x

2/2 1√
2π
e−y

2/2 =
1

2π
e−(x2+y2)/2 =

1

2π
e−d/2WÆ�LL:�<���L d R�,>uz,I.\�\z,R�5�*� 1/2π :�|��ou\K θ ∈ (0, 2π) jR.\�\�D�Æ�QN�,>uz,Æ!:?mPT},H��L: (d, θ) >uz,Æ!:0n1:	<0 (x, y) N (d, θ) >#R{:>.��5 ouFDQN

5f` [?]



z	�F4I� 207

J =

∣∣∣∣∣∣∣∣∣

∂d

∂x

∂d

∂y

∂θ

∂x

∂θ

∂y

∣∣∣∣∣∣∣∣∣

= 2,d?R\K,ÆÆBR>u�
f(d, θ) =

1

2

1

2π
e−d/2)-Æ!::�z	 R2 [��,I�Æ.�� 2Æo\K θ +0.\�\ÆDÆg�>#N�o\K5ÆQN~LB�rsRKDÆUI��\;6 - U��RD�{X��

1. z	~LB�rsR+0.\�\RI� U1, U2 ∼ U(0, 1)�
2. FD R2 = −2 logU1 � θ = 2πU2�
3. FD X = R cos θ, Y = R sin θ��JjÆ�LD�:�ouE?℄oz,"=RFD�Æg\;6 -U��I9o�B{�R��aED�FDS���L8�z	U8R

polar-rejection ���
1. z	~LB�rsR*+0.\�\RI� U1, U2 ∼ U(0, 1)�
2. FD V1 = 2U1 − 1, V2 = 2U2 − 1, S = V 2

1 + V 2
2 �

3. Ut S > 1Æ�%℄4 1�'mÆ�%B�rsRKDÆUI��
X =

√
−2 lnS
S

V1, Y =

√
−2 lnS
S

V2s�:�f5 [?, section 5.3]Æ/QeF polar-rejection ��RBek��
Example 4.8 !:�3NÆAgpG��:�z	�LJJ{X�?F\;6 - U����Ag>#ÆJ��R�ÆUtg�~/��BV�)yz�CRSt�!::�℄ 0M8�f` [?]p��/StÆMATLAB �p?'Uw 4.12 M��̂ d�pÆO!5, m = 2048Æz	.\�\R 2046 LN�RF4p��!:��WÆ~LF4,Æ)�F4,z	�W=2�Æg�%�
�/J�ÆUt�� 0 g-�{,FDR8*�J�U1IU2 �\-xF4,p�R�,HIo,HN��{tUw 4.13 M�ÆwRZ�^�;���R2=Stqv�Z�^�;�ÆgF4,�#:^B;FRStÆE�{F�ÆRF4,St
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% Ripley2.m

m = 2048;

a = 1229;

c = 1;

N = m-2;

seed = 0;

U = LCG(a,c,m,seed,N);

U1 = U(1:2:N-1);

U2 = U(2:2:N);

X=sqrt(-2*log(U1)).* cos(2*pi*U2);

Y=sqrt(-2*log(U1)).* sin(2*pi*U2);

figure

subplot(2,1,1)

plot(X,Y,’.’);

X=sqrt(-2*log(U2)).* cos(2*pi*U1);

Y=sqrt(-2*log(U2)).* sin(2*pi*U1);

subplot(2,1,2)

plot(X,Y,’.’);

Fig. 4.12 Script to check Box–Muller approach.I�'�#�[BeR�IDÆUt	<Q~RAgpG�z�Æ0Q~RF4,z	D�:�U��/PUR=K�D�B�	<bI#��RB�kEsl����QFD,Æk�z	��F4I�Æ+0��ÆU�\Æ.��J� µÆU�v�
� Σ�:�	<�
 Σ R8�63)J�Cholesky
factorz	��ÆUF4,ÆrU�Lj℄o�
 U 	Q Σ = UTU�f`Z 3.2.3 w�!::�QNU8D��
1. z	 n L�BrsR+0KDÆU�\RI� Z1, . . . , Zn ∼ N(0, 1)�
2. �% X = µ+UTZÆ�, Z = [Z1, . . . , Zn]

T�
Example 4.9 w 4.14 ,Æu�R��LZCR��ÆUF4,RI_��pfs�L�
Æ�
�,�F4J�R�uÆ�
d,�MkRF4J�RL,�Qrf,U8Æ
>> Sigma = [4 1 -2 ; 1 3 1 ; -2 1 5];

>> mu = [ 8 ; 6 ; 10];

>> eig(Sigma)

ans =

1.2855

4.1433

6.5712
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Fig. 4.13 Effect of swapping random numbers in the Box–Muller transformation.k�<!R�Æ!:1:�ouYt℄���B/�
 Σ �Æg�
�=Æ!:z	F4,Q��{t�
>> rand(’state’,0);

>> Z = MultiNormrnd(mu,Sigma,10000);

>> mean(Z)

ans =

8.0266 6.0234 9.9703

>> cov(Z)

ans =

4.0159 1.0193 -1.9671

1.0193 3.0011 1.0171

-1.9671 1.0171 5.0060!:Ns�aT��TaE�p*�R|3ÆYt!VJ�I!Vf,R�
=Q�%�Yt�
Sigma�{�Æg�
ÆQE?	<forv �z,mvnrnd�qFR#C,Rz,�
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function Z = MultiNormrnd(mu,sigma,howmany)

n = length(mu);

Z = zeros(howmany,n);

mu = mu(:); % make sure it’s a column vector

U = chol(sigma);

for i=1:howmany

Z(i,:) = mu’ + randn(1,n) * U;

end

Fig. 4.14 Code to simulate multivariate normal variables.

4.4 r&04.,;℄/ I_k�z	�y,�R
;ÆDÆFD[FBef,�U!:M�RX
Æ
;,�X=�04.,X�Æ[FR*�X~�O!9� BÆNg�LB�rs*+0p
R�\z,R
;p� XiÆ!::�fs
;
X̄(n) =

1

n

n∑

i=1

Xi,j)���f, µ = E[Xi] R$~[F�unbiased estimatorÆ
;�v�
S2(n) =

1

n− 1

n∑

i=1

[
Xi − X̄(n)

]2!:0n:�ou[F*v���	�R��X��[FSt�
E[(X̄(n)− µ)2] = Var[X̄(n)] =

σ2

n
,�,Æσ2 :�ou
;R�v[F�;DÆFF04., n RoP:�aE[FRSt�E�!:U�r& n �QNkE[FSt�&_0� (1− α) R&_6VÆ:�ouU8��FD�

X̄(n)± z1−α/2
√
S2(n)/n, (4.5)�,Æz1−α/2 �KDÆU�\<� 1 − α {1R��,�}J!#jiÆ����L�<�ÆUt n X�Æ�<StX~�)� X̄(n) Qt�ÆU�\�,^9�gkÆ{FK?u n− 1 R t �\Ætn−1,1−α/2 R��,5JF z1−α�



r&04., 211Qr!:�<� (1− α) C'-{*vÆ�
| X̄(n)− µ |≤ β,�,Æβ �:t�RW=*v���ou�/��fs�4.5R&_6V

P
{
X̄(n)−H ≤ µ ≤ X̄(n) +H

}
≈ 1− α,�,Æ!:g#&_6VR'��

H = z1−α/2
√
S2(n)/n�!�FÆ�<� 1− αÆ!:B

X̄(n)− µ ≤ H, µ− X̄(n) ≤ H ⇒ |X̄(n)− µ |≤ H)-Æ!::�g H I β BevÆ�4FD�N H QF0SF*v�� βÆp�d?., n .S
z1−α/2

√
S2(n)/n ≤ β (4.6)��jÆ��!:r& n R#,�Æ'm$�[F
;�v S2(n)Æ�UpC�KBR6J��/:dR���FD�IR.,ÆrU k = 30.04��Æ��	�L S2(k) R[F�DÆÆ!::�O! S2(k) 1<

(4.6) Bg n� n .04��ÆÆYt�� (4.6) I℄[F S2(n) �'�%���Æ!::�ZCYoP04.,ÆQ℄
;��Æ�N.SKD�D�Æ�/��[^C'FD.,�Ut!:B!C'B{*vÆ	Q
| X̄(n)− µ |
| µ | ≤ γ�<� (1− α) 	s� b�Æ!:g04FD�N*v'� H .S
H

| X̄(n) | ≤ γ,E�Æ�L[S�,Æ!:	<��,� X̄(n)Æ���f,� µ�-�ÆUtj)[S�	sÆ!::�QN
1− α ≈ P

{ | X̄(n)− µ |
| X̄(n) | ≤ H

| X̄(n) |

}

≤ P
{
| X̄(n)− µ |≤ γ | X̄(n) |

}

= P
{
| X̄(n)− µ |≤ γ | X̄(n)− µ+ µ |

}

≤ P
{
| X̄(n)− µ |≤ γ | X̄(n)− µ | + γ | µ |

}
(4.7)

= P

{ | X̄(n)− µ |
| µ | ≤ γ

1− γ

}
,
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function [Price, CI] = BlsMC2(S0,K,r,T,sigma,NRepl)

nuT = (r - 0.5*sigma^2)*T;

siT = sigma * sqrt(T);

DiscPayoff = exp(-r*T)*max(0, S0*exp(nuT+siT*randn(NRepl,1))-K);

[Price, VarPrice, CI] = normfit(DiscPayoff);

Fig. 4.15 Revised code to price a vanilla European call by Monte Carlo simulation.�,Æ[S� (4.7) �℄o[S�ÆWÆ�LS�:�ou0℄p�/Q�Ut#k[�xÆ�JB{*v}�� γ/(1 − γ)Æ=F!:M�AR}� γ�)-Æ!:1:sl.SU8ibR n�
z1−α/2

√
S2(n)/n

| X̄(n) | ≤ γ′, (4.8)�,
γ′ =

γ

1 + γ
< γ!:1:�d�T04FDÆ�QN
;�vRZ�L[F S2(n)� MATLAB ,:�	<z,normfitFD&_6V��Lz,�qFR#CR�^��z,Qr�!:3FÆU�\RF4�
X_��LÆU�\Æ�L_�Q[�B�E�Æz,&_6VRFD*�!:Rk4�z,normfitNM�%�L 95% R�d6VÆouf,r&:�FD[p<�R&_6V�

Example 4.10 !::�{Æon�*V�<gR�p�di;Æ�HFDRJR&_6VÆ�p?'Uw 4.15�k�<!R�Æ!:Dm�pWÆ�dÆ=z,normfitR℄L!���,Z�L!��
;�vÆ:z,o��!::�p��8z,BlsMC2 Æ�Hr&��I04.,	Q{t:NTK�B�
>> randn(’state’, 0)

>> S0=50;

>> K=55;

>> r=0.05;

>> T=5/12;

>> sigma=0.2;

>> Call = blsprice(S0,K,r,T,sigma)

Call =

1.1718

>> [CallMC, CI] = BlsMC2(S0,K,r,T,sigma,50000)

CallMC =

1.1953
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CI =

1.1704

1.2201

>> (CI(2)-CI(1))/CallMC

ans =

0.0416!:<!NÆ50000 L
;R[F{tQ[J�}.!�D�Æ���&_6V℄Æ?	O:^t�6VRYw\��J0M,Æ!:<!N&_6VBIJ�Æ�!�F:^k�=�R04FD�/Q:6R[F�
>> [CallMC, CI] = BlsMC2(S0,K,r,T,sigma,1000000)

CallMC =

1.1749

CI =

1.1694

1.1804

>> (CI(2)-CI(1))/CallMC

ans =

0.0094���4.5,Æ!:QN[F*�aER>r�AuU�ÆrU*vjTR>r�Au<�� O(1/
√
n)��J,Æ�!�F
;,�X�ÆQNR[F*�X~ÆE�FF
;,�RoPÆ[�*�aER>r�AuXXX0�)-Æ�L�-t�brute-force�R;℄/ I_0ng��=�R�V�:/QkER{t�|,�/ bR�/���<BSR
m�Æ�HjT
;�v σ2���/���<_;℄/ ���

4.5 jT�vC(Z 4.4 w,Æ!:3NaE[F*�R���oP04FD., nÆ)� Var(X̄(n)) = Var(Xi)/n�D�Æ�/�-t�brute-force�R��k�=�RFD�V��/d?���FD)J,ÆQ�tjT
; Xi R�v��:�ou�/���=Æ�T��0�0mYB\4_ÆE���QR�
4.5.1 {o�
Z�/��B{S��=Æ[k�EuR{o�
�Antithetic sampling���ÆoR;℄/ I_,Æ!:z	B�rsR
;p��D�ÆouP/�CR��/9PTBeg{jT[F��B*9�5�z	w{
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(i)
1 , X

(i)
2 ), i = 1, . . . , n

X
(1)
1 X

(2)
1 . . . X

(n)
1

X
(1)
2 X

(2)
2 . . . X

(n)
2�T
;�0��B�rsÆ!�FUt!:sl j, k = 1, 2 * i1 6=

i2ÆX(i1)
j I X

(i2)
k B�rsR�)-Æw{
;.� X(i) = (X

(i)
1 +X

(i)
2 )/2�B�rsRÆ!:0n:�.\fs&_6V�D�Æ!:[�9�)��B�rsÆ)�{FbgR iÆX(i)

1 I X
(i)
2 :^�B��YR�Ut!:3F
; X(i) FD
;.� X̄(n)Æ

Var[X̄(n)] =
Var(X(i))

n

=
Var(X

(i)
1 ) + Var(X

(i)
2 ) + 2 Cov(X

(i)
1 , X

(i)
2 )

4n

=
Var(X)

2n
(1 + ρ(X1, X2))�jT
;�vR.�Æ!:1:	Q7{
;7Be�ou���nR��:�z	F4I�7{
; X

(i)
1,2�E��T��qq<�L+0.\�\RF4p��)-Æ�fP7BegÆ7{
;RZ�.
;:�1<�LF4p� {Uk}ÆDÆ1< {1− Uk} [�7{
;,RZ�L
;�)-Æ!Vp��7BeÆ!:�	!�p��U-�

Example 4.11 F!:04�r 4.2Æ!:	<;℄/ 5�
I =

∫ 1

0

ex dx = e− 1 ≈ 1.7183	< 100 L
;Æ!:6BQN:6[F
>> randn(’state’,0)

>> X=exp(rand(100,1));

>> [I,dummy,CI] = normfit(X);

>> I

I =

1.7631

>> (CI(2)-CI(1))/I

ans =

0.1089{o
�=�XB{ZC�!:Dm/5F4,Q�9�{oR
;Æ�QN�LB{U�R>qÆ!:5� 50 L{o�
Æ�!�F)B
100 z,
;�
>> randn(’state’,0)
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>> U1=rand(50,1);

>> U2=1-U1;

>> X=0.5*(exp(U1)+exp(U2));

>> [I,dummy,CI] = normfit(X);

>> I

I =

1.7021

>> (CI(2)-CI(1))/I

ans =

0.0200=Æ&_6V�}QÆ	h
;,�B�ÆE[F�BI:6R�j�R�r,Æ{o�
<��}ZC�<Q*St[8�!:�':�P��	�Lg<R{t\�ID[^��:ÆUt!:6V [0, 1]{�,z,�d5�Æ?Fz,6V [0, 1] jA��AgRÆ)- U I
eU �V)5�$RÆBeg�!:[1:�	4_R0M8/Qp
R{t�-�Æt8XR�r4EÆ�/���Jj:^�Q��ÆM%�voP�
Example 4.12 5�z, h(x)Æg#�

h(x) =





0, x < 0
2x, 0 ≤ x ≤ 0.5
2− 2x, 0.5 ≤ x ≤ 1
0, x > 1Qr!:	<;℄/ ��[F
∫ 1

0

h(x) dx!:�5�Rz,Æ;D��L℄oÆXFIEq� 1�k�<!R�ÆI�r, 4.11 R�,z,[pÆ�[�eFI� x RCaz,��Caz,�S�℄o6Kj5��
∫ 1

0

h(x) dx⇒ E[h(U)] =

∫ 1

0

h(u) · 1 du = 1/2=Ær
XI =

h(U1) + h(U2)

2
,�,ÆU1 I U2 �B�rsR.\F4I�Æ:�ZCY0rs�
,yz�

XA =
h(U) + h(1− U)

2
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Rw{�.
;�!:>q~L�v�
Var(XI) =

Var[h(U)]

2

Var(XA) =
Var[h(U)]

2
+

Cov[h(U), h(1 − U)]

2~L�vR6M�
∆ = Var(XA)−Var(XI) =

Cov[h(U), h(1− U)]

2

=
1

2
{E[h(U)h(1 − U)]− E[h(U)]E[h(1− U)]}�/0M8Æ?F h RBÆ!:B
E[h(U)] = E[h(1− U)] = 1/2m

E[h(U)h(1− U)] =

∫ 1/2

0

2u · (2− 2(1− u)) du+

∫ 1

1/2

2(1− u) · (2− 2u) du

=

∫ 1/2

0

4u2 du+

∫ 1

1/2

(2− 2u)2 du = 1/3)-ÆCov[h(U), h(1 − U)] = 1/3− 1/4 = 1/12 I ∆ = 1/24 > 0Æ�L�r,Æ{o�
���JjoP��v���jÆ�/0M5JRk�|��~L{o�
Bp
R�
h(U) = h(1− U)Æ	Q Cov[h(U), h(1− U)] = Cov[h(U), h(U)] = Var[h(U)]Æ�/�PU0M8Æ1<{o�
g	Q�
R�v8o��r 4.12 R b��4�{o
	Q�vo~RO)�z, h(x)R�Cag�non-monotonicity���jÆF4, {Ui} I {1−Ui} RB�7BeÆE�[^/� X

(1)
i I X

(2)
i O�7Be��B/�!VF4,�7BeÆm!�RF4,1p�7Be�Æ!:Dm�4O:Re5�Caz,��,z,�Caz,ÆE�Z�L�r,R℄oz,Q[�Caz,�!:!k�<!F4,�U�z	R�bI#���3F�\z,RÆ�\z,�Caz,�)-Æ!VF4,Iz	RF4,�V�Cae5�E�9o�0\;6 - U��,�D��
�f^R�ÆI!:k�ÆUI��Æ!::�z	ZCRp� ZiÆ�, Zi ∼ N(0, 1)Æ{o�
,	<p� −Zi��u��/8�ÆW��R���g{o�
1<�<gR,�!::�n�*V�<gRz,BlsMC2,-V{o�
���MATLAB�p?'Uw 4.16�!:ZCYz	KDÆUF4I�Æ;I�+-�*�
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function [Price, CI] = BlsMCAV(S0,K,r,T,sigma,NRepl)

nuT = (r - 0.5*sigma^2)*T;

siT = sigma * sqrt(T);

Veps = randn(NRepl,1);

Payoff1 = max( 0 , S0*exp(nuT+siT*Veps) - K);

Payoff2 = max( 0 , S0*exp(nuT+siT*(-Veps)) - K);

DiscPayoff = exp(-r*T) * 0.5 * (Payoff1+Payoff2);

[Price, VarPrice, CI] = normfit(DiscPayoff);

Fig. 4.16 Using antithetic variates to price a vanilla European call by Monte Carlo
simulation.R��/Qp
Rp��k�<!R�ÆWÆR�Vf,NPairsÆ�{o
;R,�Æ�[�
;,��!::�IO
R;℄/ ��>{�vjTR�u�
>> randn(’state’,0)

>> [Price, CI] = BlsMC2(50,50,0.05,1,0.4,200000)

Price =

9.0843

CI =

9.0154

9.1532

>> (CI(2)-CI(1))/Price

ans =

0.0152

>> randn(’state’,0)

>> [Price, CI] = BlsMCAV(50,50,0.05,1,0.4,100000)

Price =

9.0553

CI =

8.9987

9.1118

>> (CI(2)-CI(1))/Price

ans =

0.0125!:3NÆ{o�
�aE�[F*�ÆE�L�r,ÆStQ[E;�;DÆ{F�L�rRp�[^4EL�{�ÆE�{o�
�RB�ZCBSR��Q*[k�T�k����Æon�*V�<R�r,Æ.S{o�
MkRCaib�KDÆU�\R
;X�Æ�<N�KRHyRRJXEÆ�<�$XE�Ut�<�$��CaÆ{o�
�:^[�<F�L�r�!::��$z,g<I�r 4.12 ,R℄oz,0M8{>{o�
RSt�
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X1 X2 X3

fT

ST

Fig. 4.17 Payoff from a butterfly spread.�\q�butterfly spread6 ��/q>BpKRHyR�<l�m�Æ�*�<RN�PBpÆE�N:R�dRJ[p��/�<V�R�$wUw 4.17 M���\q�<V�:�ouY*�L�dRJ� K1 R*V�<Æ�L�dRJ� K3 (K1 < K3) R*V�<Æp�,�~L�dRJ� K2 R*V�<Æ2K2 = K1 +K3��\q��LZCRn��<V�Æn��<:��t	<\W; - 69�6gRU���\q�<V�R�$z,��CaÆ�*:�FD��<V�RRJÆ!::�p�{o�
���\q�<V�gR,�'BS�B1R;℄/ ��R�p?'Uw 4.18�z,MCButterflyR!Vf,�o<R�<gRRf,Æ�P℄L�<R�dRJ�;℄/ I_R04FD,Æ	<J�In1IIn2 �M5!KRHyRJ#VV��$[o6V
(K1 < ST < K2) 0#VV��$[\6V (K2 ≤ ST < K3) RI_K-�rUZA.I_�UtKRHyRRJ#N~L6V�Æm�$����j)	<~LJ�:�E?forv � w 4.19 Rz,MCAVButterflyR?'�3F{o�
?'i;R�J�VepsxBKDÆU�\RF4
;Æ;I
;�+-��:�/Q{oR_�RJ
;Stocks2�k�<!R�Æ�/0M8Æ!:Dm/�
;R3pÆ�{1B1R�$�	<z,find:w�#V�$�6V��$[o6V0�$[\6VR
;�o}sl�dRJ K2 t�KRHy=R S0 R�<�[�,��<Æ)��\qm�3FKRHyR�XRJI�[=�!::�ouz,blspriceFDV�Rk�RJÆouRJ>qXYpz,MCAVButterflyRFDSt�
>> S0 = 60;

>> K1 = 55;

>> K2 = 60;

>> K3 = 65;

>> T = 5/12;

6Q�R�<l�m�:�f` [?, chapter 8]
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function [P, CI] = MCButterfly(S0,r,T,sigma,NRepl,K1,K2,K3)

nuT = (r-0.5*sigma^2)*T;

siT = sigma*sqrt(T);

Veps = randn(NRepl,1);

Stocks = S0*exp(nuT + siT*Veps);

In1 = find((Stocks > K1) & (Stocks < K2));

In2 = find((Stocks >= K2) & (Stocks < K3));

Payoff = exp(-r*T)*[(Stocks(In1)-K1); (K3-Stocks(In2)); ...

zeros(NRepl - length(In1) - length(In2),1)];

[P, V, CI] = normfit(Payoff);

Fig. 4.18 Crude Monte Carlo code to price a butterfly spread combination.

function [P, CI] = MCAVButterfly(S0,r,T,sigma,NPairs,K1,K2,K3)

nuT = (r-0.5*sigma^2)*T;

siT = sigma*sqrt(T);

Veps = randn(NPairs,1);

Stocks1 = S0*exp(nuT + siT*Veps);

Stocks2 = S0*exp(nuT - siT*Veps);

Payoff1 = zeros(NPairs,1);

Payoff2 = zeros(NPairs,1);

In = find((Stocks1 > K1) & (Stocks1 < K2));

Payoff1(In) = (Stocks1(In) - K1);

In = find((Stocks1 >= K2) & (Stocks1 < K3));

Payoff1(In) = (K3 - Stocks1(In));

In = find((Stocks2 > K1) & (Stocks2 < K2));

Payoff2(In) = (Stocks2(In) - K1);

In = find((Stocks2 >= K2) & (Stocks2 < K3));

Payoff2(In) = (K3 - Stocks2(In));

Payoff = 0.5 * exp(-r*T) * (Payoff1 + Payoff2);

[P, V, CI] = normfit(Payoff);

Fig. 4.19 Using antithetic sampling to price a butterfly spread combination.

>> r = 0.1;

>> sigma = 0.4;

>> calls = blsprice(S0, [K1, K2, K3], r, T, sigma);

>> Price = calls(1) - 2*calls(2) + calls(3)

Price =

0.6124t8XÆ!::�g~/;℄/ ���d>q�
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>> randn(’state’,0)

[P, CI] = MCButterfly(S0,r,T,sigma,100000,K1,K2,K3);

>> P

P =

0.6095

>> (CI(2)-CI(1))/P

ans =

0.0256

>> randn(’state’,0)

>> [P, CI] = MCAVButterfly(S0,r,T,sigma,50000,K1,K2,K3);

>> P

P =

0.6090

>> (CI(2)-CI(1))/P

ans =

0.0355!:3NÆ�L�r,Æ
;�vRBjT���Q[!�FÆ!:P�:�jT
;�vÆ)��9,F!VR,!�:�a�dRJp��JSt�P�Æ�.p�0I_Q[^4E bÆQ~R���>q[FRKDvÆKDv:�O!k�RJ��	�FDQ��
>> randn(’state’,0)

>> V1 = zeros(100,1);

>> for i=1:100, V1(i)=MCButterfly(S0,r,T,sigma,100000,K1,K2,K3);, end

>> V2 = zeros(100,1);

>> for i=1:100, V2(i)=MCAVButterfly(S0,r,T,sigma,50000,K1,K2,K3);, end

>> sqrt(mean((V1 - Price).^2))

ans =

0.0040

>> sqrt(mean((V2 - Price).^2))

ans =

0.0055RBÆ!:3NÆ{o�
��	Q[FRKDvoP��
4.5.2 UVF4,C(UVF4,�CRNÆcommon random numbersC(I{o�
�}B<ÆE�UVF4,C(�<F[pR0M�Qr!:	<;℄/ ��[F�L,�Æ�L,�9,Ff, α�rUÆ!:�w�dPT[FÆU�U8

h(α) = Eω[f(α;ω)],�,Æ!:ouI� ω $aF4g�!:!BeFf, α RDAgR[Fz,��
dh(α)

dα



jT�vC( 221ou�\W; - 69�6Ib[F�<DAu�Q|��;DÆ!:[^QNU�M,R|+��'mÆ�[k�	<I_R��{ h �d[F��LZCR8���ÆouI_R��[Fz,RB�v�Æ
h(α+ δα)− h(α)

δα
,��:Æ!:U�z	f, δα �QRo�Rv�
;

f(α+ δα;ω)− f(α;ω)
δαDÆ[FO:R�	��[fR�ÆIo� δα �}QR�Æ?FF4Gk0f,Tk	Q�ZouI_R��/9v�
;�3F�5�0�Æ>q~LrHV�m���g��p
R b��/0M8Æ!:k�~LF4I�vR�	��!:��K�5�~LF4I�Rv

Z = X1 −X2,�,ÆE[X1] 6= E[X2]Æ)-O::�XK~L[pRF45qÆ�:^O:R�\z,�B�Lf,[p�ou;℄/ ��Æ!::�QNB�rsR
;p�
Zj = X1,j −X2,j	<qFC(� E[X1−X2] fs�L&_6V��aE[F*�ÆjT
; Zj R�v��}BSR���

Var(X1j −X2j) = Var(X1j) + Var(X2j)− 2 Cov(X1j , X2j)�:N�LStÆ!::�I� X1j I X2j �V-VPTÆBeg�I_ X1 I X2 �	<BpRF4,Æ:�	QI� X1j I X2j�V#B�gRÆBeg�UVF4,C(I{o�
��}g<Æk�BpRCaQr�B/�L��Æ}BS� 8.5 wÆ!:g3N�T<dR1<ÆrUUVF4,C([F�<RJDAu��R1<�
4.5.3 C'I�{o
IUVF4,C(�~/�}BSR��A��$���D�Æ��4TKz,�CaÆ[k�Q�RII_BeRk����E�Q�R��:^)/QQ~R{t�Qr!:E�[F θ = E[X ]Æ����LF4I� Y ��	� νÆ�*I� Y II� X #B�gRBeg�rUÆI!:	<;℄/ I_��<gRR�Æ�<RJ�+U�����<RJ θ ��Æ� ν �B10g<RÆo�<RRJ�



222 ,�5�:gg�+I;℄/ I_I� Y ��C'I��control variate�eFI� Y Q�_0Æ:�ou�+B1RC'[F/Q
XC = X + c(Y − ν),�,Æ!:Dmsl0rgf, c��g��ÆI^d�LI_u�Æ!:)guN[F�U8

Ê[Y ] > ν,!:0nM�Æ[F Ê[X ] �[o0[\Æ9,FI� X II� YBegRÆ7�RBÆ!::�3N
E[XC ] = θ

Var(XC) = Var(X) + c2Var(Y ) + 2c Cov(X,Y )Z�LU�L�Æ{FC'f, c RL!slÆC'[��I� θ R$~[F�Z�LU�L�Æou�IRslf, cÆ:�jT[FR�v�ouslW=Rf, cÆ!:w$:�g[��vWQ�:

c∗ = −Cov(X,Y )

Var(Y )
,�/0M8Æ!:QN

Var(X∗
C)

Var(X)
= 1− ρ2XY ,�,ÆρXY �I� X II� Y RBeg�k�<!R�Æc RÆ7�9,FBegRÆ7��rUÆUt Cov(X,Y ) > 0Æm c < 0��!�FÆUt Ê[Y ] > νÆ!::�jT Ê[X ]Æ)�I� Y 
;�=F.�ÆI� X R
;:^p
U-��JjÆ)� Cov(X,Y ) I Var(Y ) :^���RÆf, c RW=�Dmou[FR��/Q��:�ou�5�04���=�ou�T04FD:�/Q�I c∗ I θ [F�D�Æ�
Zg θ [F,-VPT~vÆ�/0M8Æc∗ �9,F X KtRF4I��M�Æ��	<�IRqFC(Æ�/04��0n1::i�Æ�TC(��;#R���C'I���:�O!!:Rk�SuNQ�RC'I�Æ0�P/<�jaE[�*��IDÆ�k�eFI_{KRQ�RBe_0�aEC'f,RSt�!:ouÆo�<gRR�ru��C'I�R����L�r,ÆKRHyRRJ;D�C'I�Æ)�N�PKRHyRJR�	I�v����1<�/��Æ!:DmFD�<R�IKRHyRJ�VU�vR[��BeR MATLAB �p?'Uw 4.20�z,BlsMCCVk���R!�f,NPilotÆf,NPilot�FDU�v�
[FMkR04FD.,�k�<!R��E?[F~vÆZ�V04��1::o��

>> randn(’state’,0)
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function [Price, CI] = BlsMCCV(S0,K,r,T,sigma,NRepl,NPilot)

nuT = (r - 0.5*sigma^2)*T;

siT = sigma * sqrt(T);

% compute parameters first

StockVals = S0*exp(nuT+siT*randn(NPilot,1));

OptionVals = exp(-r*T) * max( 0 , StockVals - K);

MatCov = cov(StockVals, OptionVals);

VarY = S0^2 * exp(2*r*T) * (exp(T * sigma^2) - 1);

c = - MatCov(1,2) / VarY;

ExpY = S0 * exp(r*T);

%

NewStockVals = S0*exp(nuT+siT*randn(NRepl,1));

NewOptionVals = exp(-r*T) * max( 0 , NewStockVals - K);

ControlVars = NewOptionVals + c * (NewStockVals - ExpY);

[Price, VarPrice, CI] = normfit(ControlVars);

Fig. 4.20 Using control variates to price a vanilla European call by Monte Carlo
simulation.

>> [P,CI] = BlsMC2(50,52,0.1,5/12,0.4,200000);

>> P

P =

5.2328

>> (CI(2)-CI(1))/P

ans =

0.0149

>> randn(’state’,0)

>> [P,CI] = BlsMCCV(50,52,0.1,5/12,0.4,195000,5000);

>> P

P =

5.2008

>> (CI(2)-CI(1))/P

ans =

0.00660�TFD,:�3NÆouC'I�C(:�jT�v�0n!:1:GX�L:�5qYpC'I�C(StR�pÆ�:�[�ÆNs�R�L|3�
4.5.4 ouibjT�v<�tk�,ÆouibFD�	��/}`RC(�I!:k�FD0[F E[X ] �ÆI� X I��LF4I�ib Y {�	RFD�}B*9ÆU8U�



224 ,�5�:gg�+I;℄/ I_
E[X ] = E[E[X | Y ]] (4.9)�v�:�ouibFD�ib�vRU���[f`�� (B.2) 9� B]

Var(X) = E[Var(X | Y )] + Var(E[X | Y ]);#,Æ!:[�t	<ib�v�conditional varianceFDU�Æ)�MBq>R,�.��7�!:3NÆ�LU�!�F~L{��
1. Var(X) ≥ E[Var(X | Y )]�
2. Var(X) ≥ Var(E[X | Y ])�q<Z�L[S�Æ:�jT[FR�vÆ0�M%jT�q�
�vÆeF�q�
g8�w,�d�n�Z�L[S�	Qib�vjT�Ik��d θ = E[X ] [F�Æ5��LF4I� YÆQ�� E[X |

Y = y] R�Æib��}B*9R�0U� (4.9) 3NÆE[X | Y ] � θR�L$~[FÆib�vU�!�FÆE[X | Y ] 0n��LQ=R[F��J,Æ�	<ibjT�vÆ!:o}I_I� Y �[�I� X�I{o�
[pÆ)��q>N$BegÆouibjT��k�J��x�[�ibR�L�rÆ!:5�Ls�<�as-you-like-it option�ÆE�sl�<�chooser option��<�n��<ÆN�P� T2��V
T1 < T2Æ̀ :�sl�</g�*V�<0,��<��dRJ K ��
t = 0 ��Bg��V T1Æ!:g>q~/�<RR�QslQ#R�R�</g�3FKRHyRJ S(T1) I�<}G�� T2−T1Æ:�ou\W; - 69�6U�FD*V�<I,��<RRJ��!�FÆouib S(T1)Æ!:0n:�%<,gpu8Æ/Q�<N�P T2 �$�	R�B[F�D�ÆGX�L*4R;℄/ I_�p0n�}B!#Æ)�!:�k	<
;QN[F���/0M8Æ�Q[JÆ)� T1 �<!:DmZ��L,mÆ�I8��<g<Æ�<N�P�k�[��'d<R,g��QN�L�gRA+Æf3w 4.21�0�
w\0
ÆKRHy�\RRJ� S0Æ!:z	KRHyRJ S(T1)R;L
;Æ{F7L
;Æ!:z	℄LeFRJ S(T2) R
;�!:R*{XB 4 × 3 = 12 0��!:k��
R*{XÆ)� T1 �<R,m�!:4�*V�<0,��<Dm{FMBR��RF T1 w\R0�q��
R�Ut6B�/{XÆ!:,mg3F�X�< T2 RJRMp�E��XRRJ��:MpR�non-anticipativityÆ�*�:Mp<d�kUF4=�I8��<gRR3 ��LZCR;℄/ �<gRR�p?'Uw 4.22��,NRepl 1� T1 �<
;�04FDR,�ÆNRepl2�{F T1 �<R7Lw\
T2 �<
;,��)-ÆPR
;,�00�,��NRepl1INRepl2R�5�J�DiscountedPayoffs R~u0N�L,{1F0�,��{F T1�<7Lw\Æ�Tw\ouA�\_^kz	Æp
!::�z	 T2 R
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0=t 1Tt = 2Tt =

Fig. 4.21 Scenario tree for the as you like it option.w\Æ>q*V�<0,��<�<�$�	�DÆÆ!:O!�$0Mrg T1 �<�<RgbÆQFD T2 �<w\�<R�$Qg�k=/Q�<RJ�WÆÆ!:FD�.�I&_6VÆQYt��v���'ÆB�;DÆB>;℄/ I_�pÆ!::��dQ�R[�O!RJib
S(T1) I\W; - 69�6�<gRU�Æ!:�OU�0~/�<gb,�dsl�Be�pUw 4.23 M�Æ�p�}ZC� S(T1) �<{F7Lw\Æ!:s9W=R�R�<gb�FD�<RJ�Æ�
KRHyRJ� S(T1) Æ}GN��V� T2−T1ÆQgFD{t0 T1 k=N
t = 0 �<�>qÆo;℄/ I_Iib;℄/ I_R�pUw 4.24 M�Æ^d�p?'Æ!:QN
>> AYLIScript

Call = 6.728749 Put = 5.291478

MC -> Price = 8.698173 CI = (8.489842, 8.906504)

Ratio = 4.7902%

MC+Cond -> Price = 9.298894 CI = (9.218362, 9.379426)

Ratio = 1.7321%<!�H�
1. Ls�<RR�=F*V�<I,��<Æ��sl#B0=RR��
2. j)~L�r,Æ	<p
R
;00�,�Æib��<�:jT�v�
3. ib;℄/ I_FD�R�<R�q=�
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function [Price, CI] = AYLIMC(S0,K,r,T1,T2,sigma,NRepl1,NRepl2)

% compute auxiliary quantities outside the loop

DeltaT = T2-T1;

muT1 = (r-sigma^2/2)*T1;

muT2 = (r-sigma^2/2)*(T2-T1);

siT1 = sigma*sqrt(T1);

siT2 = sigma*sqrt(T2-T1);

% vector to contain payoffs

DiscountedPayoffs = zeros(NRepl1*NRepl2, 1);

% sample at time T1

Samples1 = randn(NRepl1,1);

PriceT1 = S0*exp(muT1 + siT1*Samples1);

for k=1:NRepl1

Samples2 = randn(NRepl2,1);

PriceT2 = PriceT1(k)*exp(muT2 + siT2*Samples2);

ValueCall = exp(-r*DeltaT)*mean(max(PriceT2-K, 0));

ValuePut = exp(-r*DeltaT)*mean(max(K-PriceT2, 0));

if ValueCall > ValuePut

DiscountedPayoffs(1+(k-1)*NRepl2:k*NRepl2) = ...

exp(-r*T2)*max(PriceT2-K, 0);

else

DiscountedPayoffs(1+(k-1)*NRepl2:k*NRepl2) = ...

exp(-r*T2)*max(K-PriceT2, 0);

end

end

[Price, dummy, CI] = normfit(DiscountedPayoffs);

Fig. 4.22 Crude Monte Carlo code to price an as-you-like-it option.

function [Price, CI] = AYLIMCCond(S0,K,r,T1,T2,sigma,NRepl)

muT1 = (r-sigma^2/2)*T1;

siT1 = sigma*sqrt(T1);

Samples = randn(NRepl,1);

PriceT1 = S0*exp(muT1 + siT1*Samples);

[calls, puts] = blsprice(PriceT1,K,r,T2-T1,sigma);

Values = exp(-r*T1)*max(calls, puts);

[Price, dummy, CI] = normfit(Values);

Fig. 4.23 Using conditioning to price an as-you-like-it option.
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% AYLIScript.m

S0 = 50;

K = 50;

r = 0.05;

T1 = 2/12;

T2 = 7/12;

sigma = 0.4;

NRepl1 = 100;

NRepl2 = 100;

[Call, Put] = blsprice(S0,K,r,T2,sigma);

randn(’state’,0);

[Price, CI] = AYLIMC(S0,K,r,T1,T2,sigma,NRepl1,NRepl2);

rand(’state’,0);

[PriceCond, CICond] = AYLIMCCond(S0,K,r,T1,T2,sigma,NRepl1*NRepl2);

fprintf(1,’Call = %f Put = %f\n’, Call, Put);

fprintf(1,’MC -> Price = %f CI = (%f, %f) \n’, ...

Price, CI(1), CI(2));

fprintf(1,’ Price = %6.4f%%\n’, ...

100*(CI(2)-CI(1))/Price);

fprintf(1,’MC+Cond -> Price = %f CI = (%f, %f) \n’, ...

PriceCond, CICond(1), CICond(2));

fprintf(1,’ Price = %6.4f%%\n’, ...

100*(CICond(2)-CICond(1))/PriceCond);

Fig. 4.24 Script to compare pricing methods for an as-you-like-it option.



228 ,�5�:gg�+I;℄/ I_WÆ�\�}ea�	<ib;℄/ D�Æ!:[��jT�vÆ�*!:��Y�=W=,mÆ�ZCR;℄/ I_,)�!:6B>q~/�<RR�Æ!::^ T1 �<�d8*Rsl�?	!: T2�<q<p
RRJ
;X[F�<�$�ÆOB:^�=�/0M�)-Æ!:5�LIv�ZCR;℄/ I_R[F�B~�~T[F�biased low estimatorÆ:^	Q!:sl�L.=Rm�Q/QqmR�$�oP
;,�0FD.,$�N��/~vÆs�:�g�p?',RNRepl1INRepl2r&� 1000Æ>q~/��RFD{t�
>> AYLIScript

Call = 6.728749 Put = 5.291478

MC -> Price = 8.930494 CI = (8.909643, 8.951345)

Ratio = 0.4670%

MC+Cond -> Price = 9.259405 CI = (9.251437, 9.267372)

Ratio = 0.1721%!:3NÆ~vOD5Æ8��<R;℄/ I_gR�f` 10,!:Dm5��� b�Ut!:	<.=m�Æ�<RRJg:T[��Q<!R�Æ�/gR b;*j���5� bÆ0n:�ou�NQBSR��|,�;w{+�Æ!:0n1:K !:M	<R���'��ÆB�Qr
;�B�rsRÆ!::�	<KD��FD&_6VÆE���JR0M)�5�0�, T1 �<R�L,Vw\I��V T2 RÆKw\��<�$R�TÆKw\�B�rsR�:�4ÆN:[�B�rsRÆ)�!:	<� T1 �V�<gb,mslR_0�ea�Æ!:,O�~L bÆZ�L b�Æou
QNW=,mmm�Z�L b�Æ{ou:mm/QR�$�d[F��L�fRu�1:k�~LrsR
uy��
ZÆ!:gB/Z�uy�
�$�B�rsRÆ!:QNR[F�~TR�?F!:	<��L.=,mmm�Z 10.4 wÆ!:g	<;℄/ �
���8��<gRÆXgb.LN�
 b�
4.5.5 �q�
QrÆ!:k�[F E[X ]ÆF4I� X P/�uj�Y��LF4I� YÆF4I� Y 5�LB�
;=�ÆQ�� yj R<��)-ÆF4I� Y B�Lj^R<��\z,Q���<�>uz,��

P{Y = yj} = pj , j = 1, . . . ,mouibÆ!:QN
E[X ] =

m∑

j=1

E[X | Y = yj ]pj)-Æ!:0n:�	<I_��[F E[X | Y = yj]Æj = 1, . . . ,m R�Æ	<j)U�FD{t�ib�vU�!�FÆIZC�
��B>Æ



jT�vC( 229�/��:^)jT�v�ouibR��<�:�jT�vÆeaR[p�!::sl Y R�Æb�d X R�
Æib��b Y = yjÆ�L�b��qR�stratum�ouibjT�vÆ̀ �k�{I� Y �d�
Æ�[�I� X�t8XR�rg4EÆ�/��:���q�
�Stratified
samplingRO)�
Example 4.13 [��LZCR�q�
�rÆ5�	<I_R��FD

θ =

∫ 1

0

h(x) dx = E[h(U)]ZCR;℄/ I_,Æ!:�k�9 n L+0.\�\RI� Ui ∼
U(0, 1) QFD
;R.�

1

n

n∑

i=1

h(Ui)3FÆo�
R�/;�R[F���Æg5�6V (0, 1) ��� mLJ6V ((j − 1)/m, j/m), j = 1, . . . ,m�7�L�b Y = yj {F�LF4,#NZ j LJ6V��/0M8Æ!:B pj = 1/m�{F7L�q
j = 1, . . . ,mÆ!::�z	 nj LF4, Uk ∼ U(0, 1) <�[F

θ̂j =
1

nj

nj∑

k=1

h

(
Uk + j − 1

m

)DÆÆ!::�fsP[F
θ̂ =

m∑

j=1

θ̂jpj!:U�Bg7L�q
;R,� nj��r 4.13 ,Æ�/.\w&B/!:R�
XRFL5�6V (0, 1)ÆE��0n[�W=R|,���5� θ̂ [FR�vÆg# Xj �7qF4I�R�
�Ut�q�B�rsRÆ!:B
Var(θ̂) =

m∑

j=1

p2j Var(θ̂j) =

m∑

j=1

p2j
nj

Var(Xj)�WQ��vÆ!:k��v Var(Xj) q=R6V�9Q�R
;�M�!:�d�V04��ou
;R�v S2
j [F Var(Xj) Æou4|�Agm�R��/97��q6VMkR�
,��

min
m∑

j=1

p2jS
2
j

nj

s.t.

m∑

j=1

nj = n

nj ≥ 0
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4.5.6 0�g�
I�NR�vjTC([pÆ0�g�
�importance sampling3F�g7�distorting�3 <�puR8��II_{`�b0�^�
�Æ0�g�
�}BS�5�[F b

θ = E[h(X)] =

∫
h(x)f(x) dx,�,ÆX ��LF4J�Æv�>uz,� f(x)�Ut!:�O��L>uz, gÆ	Q7I g(x) = 0 �B f(x) = 0Æ!::�X

θ =

∫
h(x)f(x)

g(x)
g(x) dx = Eg

[
h(X)f(X)

g(X)

]
, (4.10)�,Æ*� Eg <F$a��ÆWÆ�	�{1���Lpu�>r

f(x)/g(x) <F�Æ<�puRI�Æ�o}:��<D>�likelihood
ratio�I	<F4�
�Æ�L>r��LF4I��7 ;I3 <�pu0n�}BSÆ�{F�Q6�Rs�Q[Oz�%<,g[���U-�D�Æ�/��:�<FjT�vROkQ[E;�RBÆUtz,
g sl[IÆg�Q����g��Æ!::^)M�ÆIw�{`Q0�R�b�ÆrUFD<R��Æ!:1:{<�puI#�Æ�H0ea6K�d
<F<Z[F~v�rU���4.10,X
����℄~�U�s9��R>uz, gÆ!:�V*�

θ = Ef [h(X)]�ZC�`ÆQr h(x) ≥ 0�Uj�!:M��RÆ5~/��[F θ:

Ef [h(X)] =

∫
h(x)f(x) dx =

∫
h(x)f(x)

g(x)
g(x) dx

=

∫
h∗(x)g(x) dx = Eg[h

∗(X)],�,Æh∗(X) = h(x)f(x)/g(x)�k�<!R�Æg# h∗ ,Æ�E?eF g(x) = 0 R&�Æz, f I g R:dK�0��=ib�D�R�!::�M�:dK�0��=j�d5��~L[FI�#BBpR�	ÆE�O:R�v��4�ou�vg*Æ!:QN
Varf [h(X)] =

∫
h2(x)f(x) dx − θ2

Varg[h
∗(X)] =

∫
h2(x)

f(x)

g(x)
f(x) dx − θ2

7#BF45���Rs�0ng����Radon–Nikodym�M,�
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function out=estpi(m)

z=sqrt(1-rand(1,m).^2);

out = 4*sum(z)/m;

Fig. 4.25 Trivial code to estimate π.0Z�LS�Æ!:QNz, g Rsl
g(x) =

h(x)f(x)

θM�kEib Varg[h
∗(X)] ≡ 0�[fR�Æ�RB��kE�Æ)�	<�L>uz,�4 θ R_0Æ!:$m:�|�	<�<kER>u�f`t8XR�r�k�<!R�Æk�ib h(x) ≥ 0 �B/ g ��L>uz,�U�#kA�z, hÆf` [?, p. 122]�

∆Var = Varf [h(X)]−Varg[h
∗(X)] =

∫
h2(x)

[
1− f(x)

g(x)

]
f(x) dx0�LL:�!:3NÆ�B/jT�vÆ!:sl�L℄R>uz, g	Q {

g(x) > f(x) when the term h2(x)f(x) is large,

g(x) < f(x) when the term h2(x)f(x) is small���RG��0�g�
�XRF-�
Example 4.14 !::�	<4_R5��ru��/8��F!:5��LFD π R���!:�O8

θ ≡
∫ 1

0

√
1− x2 dx =

π

4
,���LC�Q�5R;����)-Æ[F�Lz,R5�B{F[F π ��BeR�p?'Uw 4.25M�Æ�,!Vf,m�!:�
\R,��U8�p,!:g3N 1000 .
;Æ{t;�[F�0n[X4:6�

>> rand(’state’,0)

>> estpi(1000)

ans =

3.1378

8�L�r3F [?]�
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>> estpi(1000)

ans =

3.1311

>> estpi(1000)

ans =

3.0971

>> estpi(1000)

ans =

3.1529M�ÆF!:ou0�g�
XaE[�*���L:dR8��=��0�<kE<��\z,Æoug5�6V [0, 1] ��S~u 1/L RJ6V�Z k LJ6VR~w� (k − 1)/L I k/L�k = 1, . . . , LÆ�L6VR,\� sk = (k− 1)/L+ 1/(2L)�5�RZC[F:�ouFD8�U�/Q ∑L
k=1 h(sk)

L
= θ̃ ≈ θDÆÆ!::�	<kE>uz, g(x) R�L=��0�<ÆU

g̃(x) ≡ h(x)f(x)

θ̃
=

h(x)L
∑L
k=1 h(sk)

,)� f(x) = 1�.\�\�[fR�ÆLC�6Vj>uz,5�[�g� 1��E?�/ bQZ��
Æ!::�g#�LJ6VR�
<�ÆQ7LJ6V	<.\>uz,���=�LTKÆ5�,�
qk =

h(sk)∑L
j=1 h(sj)

, k = 1, . . . , L;DÆ∑k qk = 1 I qk ≥ 0Æ)�!:Rz, h ��7z,�)-Æ,� qk :��[<��!:R�r,ÆO::�<[0Z k LJ6Vs9
;R<��P�ÆPLS℄#k�L bÆ!:B
h(x) =

√
1− x2

f(x) = 1

g(x) = Lqk, (k − 1)/L ≤ x < k/L�mÆz, g(x) ��yR},>uz,ÆL �� g(x) ,R qk �/Q~u� 1/L j.\>uz,�BeR�p?'Uw 4.26M�Æ�,m�
;,�ÆL�J6V,���p?'BIZCÆJ6VRslUZ 4.3.2wZ 203�WÆ^�A)RX
ÆXm!:g3NU�	<j^��\z,EmpiricalDrnd�d
�
>> rand(’state’,0)
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function z=estpiIS(m,L)

% define left end-points of sub-intervals

s= (0:(1/L):(1-1/L)) + 1/(2*L);

hvals = sqrt(1 - s.^2);

% get cumulative probabilities

cs=cumsum(hvals);

for j=1:m

% locate sub-interval

loc=sum(rand*cs(L) > cs) +1;

% sample uniformly within sub-interval

x=(loc-1)/L + rand/L;

p=hvals(loc)/cs(L);

est(j) = sqrt(1 - x.^2)/(p*L);

end

z = 4*sum(est)/m;

Fig. 4.26 Importance sampling-based code to estimate π.

>> estpiIS(1000,10)

ans =

3.1491

>> estpiIS(1000,10)

ans =

3.1434

>> estpiIS(1000,10)

ans =

3.1311

>> estpiIS(1000,100)

ans =

3.1403

>> estpiIS(1000,100)

ans =

3.1416

>> estpiIS(1000,100)

ans =

3.1411!:3N�L;��R�p?'ÆED[��L�}E(R��XFD πÆE;8RjT��v�Ba	<R��3�XB\K�q�
�v���jÆ~�5PTvM��q�
,!:g#��5��qÆ�q{1F��<�R�b��mÆ!:6B	<��<�R�qÆ)�!:g	<
R��[F<� qk�
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���5�ÆrUÆ�LF4J� X Rv�>uz,� fÆQr!:k�[F
θ = E[h(X) | X ∈ A],�,Æ{X ∈ A} �{`�bÆ�z<�qTÆ�*<� P{X ∈ A} ����
R�b�D�zÆH�g�u<R��VaR� ib>uz,�

f(x|X ∈ A) = f(x)

P{X ∈ A}{F X ∈ A�g#��z, IA(X) U
IA(X) =

{
1 if X ∈ A
0 if X 6∈ A,!::�;X θ �

θ =

∫
x∈A h(x)f(x) dx

P{X ∈ A} =
E[h(X)IA(X)]

E[IA(X)]
.Ut!:	<ZCR;℄/ I_Æn�
;g:`�Æ!�F�b {X ∈

A} 9m�z�=ÆQr5�L>uz, g 	Q�L�bR:^go=Æ3FB1R<�puÆDÆÆ!:O!z, g z	
; XiÆQ[F
θ̂ =

∑k
i=1 h(Xi)IA(Xi)f(Xi)/g(Xi)∑k

i=1 IA(Xi)f(Xi)/g(Xi)0�g�
B{I{o�
��0C'I���QZ1<�Ok�Q�RI_{KR_0Æ)�Æ!:Dmw��L��R�g7�<�pu�[��L�rÆF!:5�ÆouuR��deep out-of-the-money*V�<�Ut S0 �KRHyR�
RJÆKRHy�	N�RJ S0e
rTO!3F%<,gpuRA�\_^kÆUtRJ�	QFB1R�dRJ KÆN�PO[T:^	�R℄�<�in-the-money�Ut!:	<ZCR;℄/ I_Æn�04���$!#RÆ)�=�,I_R�<�$���!:1:;I�����oP�<�$�ÆI<���S��N�L����	Q ST R�	���<R�dRJ�

S0e
µT = K ⇒ µ =

1

T
log

(
K

S0

)%<,gpu8Æ!:ouz	ÆUI�R��{ ST = S0e
Z �d


Z ∼ N
((

r − σ2

2

)
T, σ
√
T

)
,
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function [Price, CI] = BlsMCIS(S0,K,r,T,sigma,NRepl)

nuT = (r - 0.5*sigma^2)*T;

siT = sigma * sqrt(T);

ISnuT = log(K/S0) - 0.5*sigma^2*T;

Veps = randn(NRepl,1);

VY = ISnuT + siT*Veps;

ISRatios = exp( (2*(nuT - ISnuT)*VY - nuT^2 + ISnuT^2)/2/siT^2);

DiscPayoff = exp(-r*T)*max(0, (S0*exp(VY)-K));

[Price, VarPrice, CI] = normfit(DiscPayoff.*ISRatios);

Fig. 4.27 Importance sampling-based code to price an out-of-the-money vanilla call.z	
;
Y ∼ N

(
log

(
K

S0

)
− σ2T

2
, σ
√
T

)
,>�,k�z	KDÆUF4I� ǫÆDÆ	<

Y = log

(
K

S0

)
− σ2T

2
+ σ
√
Tǫ

1√
2πξ

e
− (Y −α)2

2ξ2

1√
2πξ

e
− (Y −β)2

2ξ2

= e− [(Y−α)2−(Y−β)2]/2ξ2 = e− [2(α−β)Y−α2+β2]/2ξ2=Æ!:ZCRgz,BlsMC2Su�z,BlsMCISÆBe�p?'Uw 4.27 M��ou^dz,CheckBlsMCISÆ�p?'Uw 4.28 M�ÆYt0�g�
RBSg�{F�LuuR��<Æ!:	<0�g�
��IZC;℄/ I_ÆO!�B{t>q~/��R*v>r�!:k�~.0℄r&F4,z	�z,randn RBUÆ�H	<BpRÆUF4I�p��̂ d�p?'Æ!:QN
>> CheckBlsMCIS

Average Percentage Error:

MC = 3.060%

MC+IS = 1.155%!:1:<!R�Æ�/;���{�R��at-the-money option<$S�
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% CheckBlsMCIS.m

S0 = 50;

K = 80;

r = 0.05;

sigma = 0.4;

T = 5/12;

NRepl = 100000;

MCError = zeros(NRepl,1);

MCISError = zeros(NRepl,1);

TruePrice = blsprice(S0,K,r,sigma,T);

randn(’state’,0);

for k=1:100

MCPrice = BlsMC2(S0,K,r,sigma,T,NRepl);

MCError = abs(MCPrice - TruePrice)/TruePrice;

end

randn(’state’,0);

for k=1:100

MCISPrice = BlsMCIS(S0,K,r,sigma,T,NRepl);

MCISError = abs(MCISPrice - TruePrice)/TruePrice;

end

fprintf(1,’Average Percentage Error:\n’);

fprintf(1,’ MC = %6.3f%%\n’, 100*mean(MCError));

fprintf(1,’ MC+IS = %6.3f%%\n’, 100*mean(MCISError));

Fig. 4.28 Script to check effectiveness of importance sampling.
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4.6 _;℄/ I_��AwÆ!:~��A/jT�vRC(Æ�T��3FF4�
��ÆF4R8��D�ÆAgpG�z��LCGz	RF4,0ou�N=�D�z	RF4,Q[��ÆF4R�)-Æ!::�0=�RouÆ~�M/jT�vC(RBSgÆ3G;℄/ ��KtRBSg�Q)�Rg\�Æ;℄/ ���ou�R�_�E��D�RBSgÆ!:1:Q��
R{�Æ5PTBgR,�p�0z	
;	QD�BS�)-Æ:�|�'gBgR:s,�p�Æ	Q�Tp�+0P/.\�\�oug#�L,�p�Rv(�discrepancyÆ:��I	�L8�Q�B�QrÆ!:k�z	 N LF4J�p� X1,X2, . . . ,XN Æ m ��s�,�dimensional hypercubeIm = [0, 1]m ⊂ Rm�=ÆNg�L�
J�Rp�ÆUtN:�\�IÆL! Im RJ= GÆ
;\,�=%IJ=R5 vol(G) 	>r�Ng�LJ� X = (x1, x2, . . . , xm)Æ~�RJ=�rectangular subsetGx Rg#�
GX = [0, x1)× [0, x2)× · · · × [0, xm),�5� x1x2 · · ·xm�Ut!:ouz, SN (G) L�JAV G ⊂

Im ,
;\R,�Æv(R�L:dg#�
D(x1, . . . ,xN ) = sup

X∈Im
| SN (GX)−Nx1x2 · · ·xm |�LC��s�jFD��5��Æk�w��LTv(p��low-discrepancy

sequences�Tv(p�E:��_F4p��quasirandom sequenceÆ���_;℄/ I_G�R?X� ��jÆ_F4G�0nBT*MÆ)�O;[5�ÆRF4�BTk�{t��ÆTv(p�RSt=FAgpG�z�z	RF4p���Lg\XKZ 4.4 wÆ!:�O;℄/ I_R[F*vg<F O(1/
√
N)Æ�, N �
;R,��Tv(p�R[F*vg<F O(lnN)m/NÆ�, m �5�AVR�u�eFQ7w�Q}�Rk��+Æ!:�s�z℄O�g8[ [?]��>,�a��[pRp��t8XÆ!:gou~/Tv(p��n3;R8�Æv�}�HaltonIKU��Sobolp�>�1<�v(p��C�6V (0, 1) jRp�ÆO!+0Æo�\RF4p�Rz	��Æ!:k�R�O!L��\�dF4IbR1<�

4.6.1 z	v�}Tv(p�v�}Tv(p��Halton low-discrepancy sequences3F�LZCD��
• 3F b z	�L, nÆ�, b ��L�,�prime number�

n = (· · · d4d3d2d1d0)b
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function h=Halton(n,b)

n0 = n;

h = 0;

f = 1/b;

while (n0 > 0)

n1 = floor(n0/b);

r = n0 - n1*b;

h = h+f*r;

f = f/b;

n0=n1;

end

Fig. 4.29 MATLAB code to generate the nth element of a Halton sequence with a
given base.

• FD�,QfP�LQ,\ÆQN�LC�6VjR,��
h = (0.d0d1d2d3d4 · · ·)bQ}JR�ÆUt!:g�L, n L��
n =

m∑

k=0

dkb
k,3F bRv�}p�RZ n L,��

h(n, b) =

m∑

k=0

dkb
−(k+1)!:�p��� Van der Corput p��Van der Corput z	�I7�L dimensalton sequenion Bev�Æ:���AV,QN HcesÆB/7L3�I7L�uBe	<[pR�,��ZC�`Æ!:���v�}p��Z 3.1.1 wÆFD4jR��'I�	<u�/��Æ!::�qS�Yz	v�}p�,3F b RZ n L,�ÆBe�pUw 4.29 M��F!:3F 2 z	p�R� 10 L,�

>> seq = zeros(10,1);

>> for i=1:10, seq(i) = Halton(i,2);, end

>> seq

seq =

0.5000

0.2500
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function Seq = GetHalton(HowMany, Base)

Seq = zeros(HowMany,1);

NumBits = 1+ceil(log(HowMany)/log(Base));

VetBase = Base.^(-(1:NumBits));

WorkVet = zeros(1,NumBits);

for i=1:HowMany

% increment last bit and carry over if necessary

j=1;

ok = 0;

while ok == 0

WorkVet(j) = WorkVet(j)+1;

if WorkVet(j) < Base

ok = 1;

else

WorkVet(j) = 0;

j = j+1;

end

end

Seq(i) = dot(WorkVet,VetBase);

end

Fig. 4.30 MATLAB code to generate a Halton low-discrepancy sequence with a given
base.

0.7500

0.1250

0.6250

0.3750

0.8750

0.0625

0.5625

0.3125!:3Nv�}p��U�^dR�ou>#IfPQ��,Æ!::�XXX�>Rg. 0 I 1 �VR6V��Lz	�
p�R�pUw 4.30 M��!Vf,HowManyL�p�R~uÆf,BaseL�p�R3,�!:Q[��.z	p�,R7L,�Æ��ou[o;��,R��z	3F b p� 1, . . . , nÆ�
Rp�:��t>#� H(n, b)�
Example 4.15 :��gY>q�F4
;��AV2=� (0, 1) ×
(0, 1) R0M�ou MATLAB RF4,z	�Æ!:QN{tUw 4.31 M��
>> plot(rand(100,1),rand(100,1),’o’)

>> grid on
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Fig. 4.31 Random sample in two dimensions.
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Fig. 4.32 Covering the bidimensional unit square with Halton sequences.
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Fig. 4.33 Bad choice of bases in Halton sequences.�Iv�}p�#kBpÆ!:Dm	<[pR3,Æ*��,�I!:�� 2 I 7�
>> plot(GetHalton(100,2),GetHalton(100,7),’o’)

>> grid onFD{tUw 4.32 M���mRsz�B\7gÆE�:�4ÆO>v�}p�2=Q.\�����Æ	<��,[�3,ÆrU
>> plot(GetHalton(100,2), GetHalton(100,4), ’o’)

>> grid on:^M%BI[kER{tÆrUw 4.33 ,M��
Example 4.16 F!:XY[v�}Tv(p���5�6�8R1<�Qr!:�FD

∫ 1

0

∫ 1

0

e−xy (sin 6πx+ cos 8πy) dx dy�:ÆF!:fsz,Æ�H+'5�7AIa< MATLAB z,dblquadÆ	<%qR5�U���FD[F��
>> f=@(x,y) exp(-x.*y).*(sin(6*pi*x)+cos(8*pi*y));

>> dblquad(f,0,1,0,1)
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Fig. 4.34 Plot of the integrand function in example 4.16.
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ans =

0.0199

>> [X,Y] = meshgrid(0:0.01:1 , 0:0.01:1);

>> Z = f(X,Y);

>> surf(X,Y,Z)k�<!R�ÆU�ou�.�̂ Dg#z,Æ�Ht�J�0�
f,ÆQFDB1z,�R��0�
�{t7�Uw 4.34M��;DÆ10,000L
;\R;℄/ FDStQ[:6�
>> rand(’state’,0);

>> mean(f(rand(1,10000),rand(1,10000)))

ans =

0.0276

>> mean(f(rand(1,10000),rand(1,10000)))

ans =

0.0332

>> mean(f(rand(1,10000),rand(1,10000)))

ans =

0.0098M�Æ!::�	<v�}p�Æ;I3,Rp�/�
;,�Bp�
>> seq2 = GetHalton(10000,2);

>> seq4 = GetHalton(10000,4);

>> seq5 = GetHalton(10000,5);

>> seq7 = GetHalton(10000,7);

>> mean(f(seq2,seq5))

ans =

0.0200

>> mean(f(seq2,seq4))

ans =

0.0224

>> mean(f(seq2,seq7))

ans =

0.0199

>> mean(f(seq5,seq7))

ans =

0.0198!:3NÆ	<�,[�3,Æ{tIQDBQ�Æ�:��gY>qQ
;,�R{t�
>> rand(’state’,0)

>> mean(f(rand(1,100),rand(1,100)))

ans =

-0.0032

>> mean(f(rand(1,500),rand(1,500)))

ans =

0.0197
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>> mean(f(rand(1,1000),rand(1,1000)))

ans =

0.0577

>> mean(f(rand(1,1500),rand(1,1500)))

ans =

0.0461

>> mean(f(rand(1,2000),rand(1,2000)))

ans =

0.0311

>> mean(f(seq2(1:100),seq7(1:100)))

ans =

0.0267

>> mean(f(seq2(1:500),seq7(1:500)))

ans =

0.0197

>> mean(f(seq2(1:1000),seq7(1:1000)))

ans =

0.0210

>> mean(f(seq2(1:1500),seq7(1:1500)))

ans =

0.0190

>> mean(f(seq2(1:2000),seq7(1:2000)))

ans =

0.0197?	3,RW=slO�L bÆTv(p�R =����}E;�
Example 4.17 [��Jp�Æ!:0n:�	<Tv(p��Æon�*V�<�dgR��m!:	<ZCRp�v�}p���zyÆUF4I�Æ!::�	<\;6 - U�Box–Muller���fPZ 4.3.4w,A)R#��0bI#���!:[^	<9\K8p��Æ)�Tv(p�Dmg*=}R�u,�d5��!:Dm�BY�O9\K8p��8!:k��mL_F4,Æ��Q�!:^M�R�4_�<gR,Æ���}0�RÆ!:DmFG��\�!:�m:�%a�8\;6 - U����z	~LB�rsRKDÆUF4I�Æ!:g�$g#�~LB�rsRF4, U1 I U2ÆDÆr

X =
√
−2 lnU1 cos(2πU2)

Y =
√
−2 lnU1 sin(2πU2)!::�	<�~L�,[�3,R~Lv�}p�Æ�[�z	�F4,�BeR�u?'Uw 4.35 M����Ld?��3FbI#���5� 208�w 4.12Mu�R\;6 - U>#R�(StÆbI#����/Q�=R��ÆBe�p?'Uw 4.36 M��
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function Price = BlsHaltonBM(S0,K,r,T,sigma,NPoints,Base1,Base2)

nuT = (r - 0.5*sigma^2)*T;

siT = sigma * sqrt(T);

% Use Box Muller to generate standard normals

H1 = GetHalton(ceil(NPoints/2),Base1);

H2 = GetHalton(ceil(NPoints/2),Base2);

VLog = sqrt(-2*log(H1));

Norm1 = VLog .* cos(2*pi*H2);

Norm2 = VLog .* sin(2*pi*H2);

Norm = [Norm1 ; Norm2];

%

DiscPayoff = exp(-r*T) * max( 0 , S0*exp(nuT+siT*Norm) - K);

Price = mean(DiscPayoff);

Fig. 4.35 Using Halton sequences and Box–Muller algorithm to price a vanilla Euro-
pean call.

function Price = BlsHaltonINV(S0,K,r,T,sigma,NPoints,Base)

nuT = (r - 0.5*sigma^2)*T;

siT = sigma * sqrt(T);

% Use inverse transform to generate standard normals

H = GetHalton(NPoints,Base);

Veps = norminv(H);

%

DiscPayoff = exp(-r*T)*max(0,S0*exp(nuT+siT*Veps)-K);

Price = mean(DiscPayoff);

Fig. 4.36 Using Halton sequences and inverse transform to price a vanilla European
call.
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>> blsprice(50,52,0.1,5/12,0.4)

ans =

5.1911

>> BlsHaltonBM(50,52,0.1,5/12,0.4,5000,2,7)

ans =

5.1970

>> BlsHaltonBM(50,52,0.1,5/12,0.4,5000,11,7)

ans =

5.2173

>> BlsHaltonBM(50,52,0.1,5/12,0.4,5000,2,4)

ans =

6.2485Z�L�p^dÆ;��Tv(p�R t�ouB�R
;!:QN�<R�LE*�R[F�:��gY3NÆ5000 L
;R;℄/ I_RI#�
>> randn(’state’,0)

>> BlsMC2(50,52,0.1,5/12,0.4,5000)

ans =

5.2549

>> BlsMC2(50,52,0.1,5/12,0.4,5000)

ans =

5.1090

>> BlsMC2(50,52,0.1,5/12,0.4,5000)

ans =

5.2777Z�L�p	<v�}p�Æ!:p
3NÆ[F*�9,F3,Rsl�Z℄L�p	<��,R3,ÆQN�L�}vRSt�I	<_I#��Æ�LB:R=K�=��
>> BlsHaltonINV(50,52,0.1,5/12,0.4,1000,2)

ans =

5.1094

>> BlsHaltonINV(50,52,0.1,5/12,0.4,2000,2)

ans =

5.1469

>> BlsHaltonINV(50,52,0.1,5/12,0.4,5000,2)

ans =

5.1688

>> BlsHaltonINV(50,52,0.1,5/12,0.4,10000,2)

ans =

5.1789

>> BlsHaltonINV(50,52,0.1,5/12,0.4,50000,2)

ans =

5.1879
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;,�RoPCa[o���0M0n[��
ÆFF
;,�Ro~ÆRJ7A5P/GkÆE�O5j{R5��!:|�w��/5�RO)�	<3,� 2 Rv�}p�Æ!:O!U84'0C�6VRYw\NCw\g.6V�
0.5

0.25 0.75

0.125 0.625 0.375 0.875

0.0625 0.5625 0.3125 0.8125 0.1875 0.6875 0.4375 0.9375

0.0313 . . .7Lp�ou℄RWT\I℄RWE\�K0X�!:3NÆI�W=�\O!P/m�o~��T,�RE�{1FKRHyRW=RJÆ�TW=RJP/�ujaE��<RR��Ut	< 17 [�3,Æ!:QN�LCa[oRp��
>> GetHalton(17,17)

ans =

0.0588

0.1176

0.1765

0.2353

0.2941

0.3529

0.4118

0.4706

0.5294

0.5882

0.6471

0.7059

0.7647

0.8235

0.8824

0.9412

0.0035)-ÆUt!:	<�Lq=R�,[�3,Æ!:QNRRJP/�uj�QT~�more low-biased��
>> BlsHaltonINV(50,52,0.1,5/12,0.4,1000,499)

ans =

5.1139

>> BlsHaltonINV(50,52,0.1,5/12,0.4,2000,499)

ans =

5.1141

>> BlsHaltonINV(50,52,0.1,5/12,0.4,5000,499)

ans =
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Fig. 4.37 Poor coverage of the unit square when large bases are used in Halton se-
quences.

5.1148

>> BlsHaltonINV(50,52,0.1,5/12,0.4,10000,499)

ans =

5.1159

>> BlsHaltonINV(50,52,0.1,5/12,0.4,50000,499)

ans =

5.1252Ut	<\;8 - U>#��Æ	<Q=R3,Æ?	O��L�,ÆO:^)QN�L[kER{t�
>> BlsHaltonBM(50,52,0.1,5/12,0.4,5000,59,83)

ans =

5.3232

>> BlsHaltonBM(50,52,0.1,5/12,0.4,5000,101,103)

ans =

6.0244�k|��4=3,)zy�
[}R{tÆ!::���I	< 109I 113 ���p�R� 1000 L\�
>> plot(GetHalton(1000,109), GetHalton(1000,113), ’o’)z	R\Uw 4.37 M���L{t:�Iw 4.32 �d{>�)��<RgR��LE� bÆ�t1<v�}p�0n[��Æ)��k��Lq=R3,�[��Ld?��ÆFaure p�:a�X�Faure



_;℄/ I_ 249p�R3;8��Æ�	<�L3,Æ3,��,�*�=F bR�u�ou{ Van der Corput p���Rp�QN\Kp���/��RStBIFv�}	<�LqQR3,�[�W=R3,���L?d���KU�p��Sobol sequencesÆ!:g8�w�nKU�p��KU�p�,�	< 2 [�3,��z	��p�Æ3,� 2 R Van der

Corput p�ouP/&#4'I��'D(,R�H�Bev�
4.6.2 z	KU�Tv(p�;w,Æ!:g~��/>v�}p�Q=�Rp���KU�p����.��`Æ5�6V [0, 1] jz	��p��KU�p�Rz	3F�5���J,�direction number�v1, v2, . . .�lÆ!:g3NU�sl�T�J,ÆE�=!:g��[QF 1 R,��QNp�RZ n L,�Æ5�, n R��'L:��

n = (. . . b3b2b1)2ou��4(RFD0{F bi 6= 0 R�J, vi RFDQN{t�
xn = b1v1 ⊕ b2v2 ⊕ · · · (4.11)Ut�:Bg�J,Æ:�z	�LTv(p�Æf` [?]��L�J,:��[�L��',�
vi = (0.vi1vi2vi3 . . .)2,0�

vi =
mi

2i
,�,Æmi < 2i ��L�,��z	�J,Æ!::�q<:dK Z2jR;O�H��primitive polynomialsÆrU�H�R��'5,�

P = xd + a1x
d−1 + · · ·+ ad−1x+ 1, ak ∈ {0, 1}[:W�H��Irreducible polynomials�XT[^:�|R�H��;O�H��[:�W�H�RJ=ÆQI�8G'k�BeÆ8G'k���;#���:dK Z2 jRÆPT;O�H��:��Æ#f` [?, chapter 7]�Ng�L d uy;O�H�Æz	�J,R��3F[zU��recurrence formula�

vi = a1vi−1 ⊕ a2vi−2 ⊕ · · · ⊕ ad−1vi−d+1 ⊕ vi−d ⊕ [vi−d/2
d], i > dU�,^DÆ�dSt)Q~

mi = 2a1mi−1 ⊕ 22a2mi−2 ⊕ · · · ⊕ 2d−1ad−1mi−d+1 ⊕ 2dmi−d ⊕mi−dPT,� m1, . . . ,md k��
�[zÆ��7�L mi ��,* mi < 2iÆ�T,�:�L!Ysl�
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function [v, m] = GetDirNumbers(p,m0,n)

degree = length(p)-1;

p = p(2:degree);

m = [ m0 , zeros(1,n-degree) ];

for i= (degree+1):n

m(i) = bitxor(m(i-degree), 2^degree * m(i-degree));

for j=1:(degree-1)

m(i) = bitxor(m(i), 2^j * p(j) * m(i-j));

end

end

v=m./(2.^(1:length(m)));

Fig. 4.38 MATLAB code to generate direction numbers for Sobol sequences.

Example 4.18 [��L�rÆF!:3F;O�H�fs�J,=�
x3 + x+ 1[z4'R^dU8�

m1 = 4mi−2 ⊕ 8mi−3 ⊕mi−3,�,Æ	< m1 = 1Æm2 = 3Æm3 = 7 �d�
��9 ouz,bitxorÆ!:�℄�℄O!k��dFD�
>> m = [1 3 7];

>> i=4;

>> m(i) = bitxor( 4 * m(i-2) , bitxor(8*m(i-3) , m(i-3)));

>> i=5;

>> m(i) = bitxor( 4 * m(i-2) , bitxor(8*m(i-3) , m(i-3)));

>> i=6;

>> m(i) = bitxor( 4 * m(i-2) , bitxor(8*m(i-3) , m(i-3)));

>> m

m =

1 3 7 5 7 43Ng, miÆ!::�fs�J, vi��z	�J,Æ!:	<z,GetDirNumbersÆz,R?'Uw 4.38 M��z,k��L;O�H�pÆ�L�
�J�mÆ�>Mk�J,R,�nÆz,QN�
�J,vI,m�
>> p = [1 0 1 1];

9��4�T��Lq~Rsl�#O)f` [?]�
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>> m0 = [1 3 7];

>> [v,m]=GetDirNumbers(p,m0,6)

v =

0.5000 0.7500 0.8750 0.3125 0.2188 0.6719

m =

1 3 7 5 7 43�T?'[�W=R�rU�H�RZ�LIWÆ�L5,1:NM� 1Æ�*!6BYt!VJ�R=Q��J,FD�	ÆÆ!::�O!���4.11z	KU�p��D�ÆAntonov I Saleev [?] a���/;���ÆAntonov I Saleev �E�Æou	< n RJe'�Gray code�Æp�Rv([I�Je'RBe~�f` [?, chapter 20]Æ!:MkR_0U8�
1. �LJe'��L8pz,Æg�L, i >#���'L:�

G(i)�{FNgR, NÆz,{F 0 ≤ i ≤ 2N − 1 ���{1R�
2. {F, n R�LJe'L�Æ:�ouFD���'L��/Q

. . . g3g2g1 = (. . . b3b2b1)2 ⊕ (. . . b4b3b2)2

3. �
G'R7�℄��B�R, n � n+1 RG'�B��[p�
Example 4.19 ou MATLAB FDJe'B{S��rUÆ!:g#�L℄vz,�inline functionÆFD,� i = 0, 1, . . . , 15 RJe'ÆU8�
>> gray = inline(’bitxor(x,bitshift(x,-1))’);

>> codes = zeros(16,4);

>> for i=1:16, codes(i,:)=bitget(gray(i-1), [4 3 2 1]);, end

>> codes

codes =

0 0 0 0

0 0 0 1

0 0 1 1

0 0 1 0

0 1 1 0

0 1 1 1

0 1 0 1

0 1 0 0

1 1 0 0

1 1 0 1

1 1 1 1

1 1 1 0

1 0 1 0

1 0 1 1

1 0 0 1

1 0 0 0
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function SobSeq = GetSobol(GenNumbers, x0, HowMany)

Nbits = 20;

factor = 2^Nbits;

BitNumbers = GenNumbers * factor;

SobSeq = zeros(HowMany + 1, 1);

SobSeq(1) = fix(x0*factor);

for i=1:HowMany

c = min(find( bitget(i-1,1:16) == 0));

SobSeq(i+1) = bitxor(SobSeq(i), BitNumbers(c));

end

SobSeq = SobSeq / factor;

Fig. 4.39 MATLAB code to generate a Sobol sequence by the Antonov and Saleev
approach.!:	<�bitshiftgxR��'�JC�����Æz,bitget:�/Q�L#,�R��'L:��!:3NB�,� i I i+1 RJe'�B��[p� i ��'L:�,�UBD�ÆfP�M�Æ:�&{1FWC�R 0 ��1<Je'R℄�Æ!::��0A<Rz	�LKU�p�ÆNg
xn !:B

xn+1 = xn ⊕ vc,�,Æc � n R��'L�WC�R,L� bc R�&�
Example 4.20 � MATLAB j�d�LD�Æ!:k��/���N�L,���'�RWC�R�,L�!::�ou8�z,�=�LTK��QrxR��'L�W�k���,L
rightbit = inline(’min(find( bitget(x,1:8) == 0))’)=Æ!::�gMBR�p�����:Æ!:z	�J,�DÆÆ�P/��/Q�
p�ÆrU x0 = 0ÆBe�pUw 4.39 M�Æ:��t	<�k�jÆ!:k�CrFD��'Q,�D�Æz,bitxor��<F,�������4k���'�&Y�Nbits���B/!:QN��(0�,Æ!:k�{�
,��dvz�
>> p = [1 0 1 1];

>> m0 = [1 3 7];

>> [v,m]=GetDirNumbers(p,m0,6);

>> GetSobol(v,0,10)

ans =

0
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0.5000

0.2500

0.7500

0.1250

0.6250

0.3750

0.8750

0.6875

0.1875

0.9375	<�L[pRz	,=���L[pR�
\Æ!::�z	[pRp��
>> p = [1 0 1 1 1 1];

>> m0 = [1 3 5 9 11];

>> [v,m]=GetDirNumbers(p,m0,8);

>> GetSobol(v,0.124,10)

ans =

0.1240

0.6240

0.3740

0.8740

0.4990

0.9990

0.2490

0.7490

0.1865

0.6865

0.4365k�<!R�Æ�z	Q~Rp�Æk�z	Q�R,���u[s#<z℄
• eFI_��RD7R�nÆf` [?] 0 [?]Æ�~;#{;ywRGXBF0�R6F� [?] ���;Be℄p`�
• eF;℄/ ��IF4,z	R��ÆQ�k�zMf` [?]�MATLAB,F4,z	Rz,R�nf` [?]�
• eFTv(p�R#kÆf` [?]Æ���;E*�R#<�
• eF�QFD,;℄/ I_;℄/ ��ÆD7�nf` [?]�
• eFKU�p�R;O�H�RslÆf` [?]Æ [?] N���L;O��R�L�
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• eFTv(p��QR�,g�1<Æf` [?]��%HR
• eF;℄/ I_;℄/ I_RHR�LÆf`http://www.mcqmc.org�
• �:f`http://www.mat.sbg.ac.at/~schmidw/links.html�
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~���� (PDEs)�QR�,�$�0�o_�Æ�~����R0(gR	tM%�\W; - 69�6�Black-Scholes��RFz���^�!:� 2.6.2 w,�nÆ~�����	��<gRR�L0�R#����EÆ~�����4_�z�RgRaT��L$=*�%RLS�D��"0M8ÆI\W;�69�6U�X
R|+|�$�QNRÆDm}49F,����~����R,�|�,t(k�R�,R}<R#Æ�wBI4_R����uQ�	%ÆID��R4_g�9,FA|,R~����R℄ggb��"0M�Ag��V>Ag��VQPZ|Æ�*��B�)#B,�f,RDA�YgÆ:^5,7�RI�)==Y;I�L��R℄g��QR�,Æ��0M8��ZCR���S�/Q�kDBR|���jÆ!:�m#kRB{ZCRB�v����3F~M,Rvh=��?HU-Æ�L���Q[ZCÆ)�[Q^	B�v���:^)M%[�kR{t���jÆBT[�f&�~����[��LWB<RR#�z�gR,	< [?, p. 615]ÆB��T[�ÆMB�v���R[<ÆEN:M�~����R,�|4|Zu=Qf&	:^	<3F�JR�� (f`rJ, [?, p. 365])��JjÆI!:{�L��B_^�ÆP�EW=�uRq<O�f^R�Æ|,�Q bR~����R,��zQZ�Æo}!:0D�QNR;��6BE;!#RÆM�!:�S�Y�= b�E�N0M8Æ[:6R;�)B��R6F�;y,Æ!:!g�nBe�yg��%g��ggR<dÆ�H�|I~����R,�|BeR3; b�1I$aR�~�����Jj��LQZR>bÆk���R,t<d}JY#kÆE!:�)�6B{�Æ�R�\��+�
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256 ~����RB�v���: 5.1 w!:){~�����d�gÆDÆ 5.2 w!:�n[pR	<B�v��<~M,R��Æ[pR|,��)yz,��g�[�gRv(g� 5.3 w,Æ!:{FI%M��rV�℄MRe<Æ)�\W; - 69�6�Black-Scholes~�����S^u�>)Be� 5.4 w,Æ!:zlN��0MÆ5���I%M��ÆQ�nld�J.���Alternating Direction Implicit�WÆ 5.5 w,Æ!:Z�Y�nALeFB�v����ygRk�<d�
5.1 ~����R�n��g 2.6.2 w,Æ!:�nu\W; - 69�6�Black-Scholes~����Æ<XN�PL�z�>Rk�RJ f(S, t)Æ�RJ�YFP�KRHy�< t RRJ S�	<�LF4����{KRHyRJRkUu��dfIÆQq<$\qf,Æ!:�= f Dm.SR~����U8�

∂f

∂t
+

1

2
σ2S2 ∂

2f

∂S2
+ rS

∂f

∂S
− rf = 0, (5.1)�, r �$%<q�Æσ �HyRJRTk��O!!:5�R�<gbÆDmPj�IRF}iba^�N�L#|��L��Bn�℄_�

• �uR
• AgR
• �Lv(b��MB�T℄\q>N~�����U��gRÆ�mR�gI#k~����R,���RslBeÆ�,���Rsl�"�YF~����R℄����{~�����d�gÆF!:0Mq>I�R�Q|�,a{ÆQf5�L��z, φ(x, y)Æ:z,�YFI� x � y���ZC�`Æ!:�#kB~LrsI�Rz,ÆE�mR�g��:�1<QJ�Rib8��L~����Ru���,RM,RWE.,�>UÆ�LKDR�u��#BU8�

a(x, y)
∂φ

∂x
+ b(x, y)

∂φ

∂y
+ c(x, y)φ + d(x, y) = 0,�, a, b, c, d �eFrsI�RNgz,��L����uRÆ)����B�.M,�-�ÆO�AgRÆ)�z, a, b, c � d ��YKI�

x � yÆ�[�Y φ ;t�	<g<RG�ÆAg�u��RKD��
a
∂2φ

∂x2
+ b

∂2φ

∂x∂y
+ c

∂2φ

∂y2
+ d

∂φ

∂x
+ e

∂φ

∂y
+ fφ+ g = 0,



~����R�n��g 257�,ÆMBNgRz, a N gÆ��YF x � y��L�u�Ag��RrJ� (
∂φ

∂x

)2

+

(
∂φ

∂y

)2

= 1 (5.2)�L�u�Ag��RrJ
a

(
x, y,

∂φ

∂y

)
∂2φ

∂x2
+ d(x, y, φ)

∂φ

∂x
+ e(x, y)

∂φ

∂y
+ f(x, y)φ = 0 (5.3)�� (5.3) ��AgRÆE���I (5.2) [p��L��,ÆWE.M,R5, a ��YF�uM,�I�L��RWE.M,R5,��YFrsI���&z, φ �ORTuM,�Æ-�WE.M,�AgRÆ-�QNR���_Ag�����ZC�`Æ!:�#kAg��V�1:��ÆED�Q,R=^�Ibq�AgRÆEI�0�T\W; - 69�6�Black-ScholesIb6ÆRQr:^�)QN�Ag��Æ>UI-Vl�	;R��)�=�Ag��Æ̀ [?, chapter 21]�!::��}KDR�!L:� b2− 4ac R*�X{_Ag�u���d�g�

• Ut b2 − 4ac > 0, m���.7bR�
• Ut b2 − 4ac = 0, m���v(bR�
• Ut b2 − 4ac < 0, m���~QbR��S�3�sMH b2−4ac I�.?,��,RsMHBp�~Qb��).	Ib,�=�[q>N�V��L℄bRrJ�UÆU6�Laplace��

∂2φ

∂x2
+
∂2φ

∂y2
= 0�m a = c = 1 Q* b = 0ÆM� b2 − 4ac = −4∂2φ

∂t2 − ρ2
∂2φ
∂x2 = 0, t, , 4

ρ2 > 0�v(b��ROb�I%M (0�S^) ���
∂φ

∂t
= k

∂2φ

∂x2
,�, t ��VÆφ ��iAj\K� x R\R�u��/0M8Æb2 −

4ac = 0�Ut;II�Æ��:�:>#	�L$�CR��
∂φ

∂t
=
∂2φ

∂x2
(5.4)=5�\W; - 69�6�Black-Scholes��Æ�, b = c = 0ÆM����v(bR��Q[�oDÆ)�ou\KI#Æ\W; - 69�6�Black-Scholes���Jj:�n{�I%M���



258 ~����RB�v��I (5.4) ��
R��Dm{��IRiba^QN�LB!#R|�>UÆQr φ(x, t) ��OC�~uR+J�V tÆ\ x ∈ [0, 1] #R��u�Æ+JKwR�ur�
g�u u0Æ+JRMB�&Ngp
R�
�u�DÆ!:DmoP�
ib
φ(x, 0) = u(x), 0 ≤ x ≤ 1,�F}ib
φ(0, t) = φ(1, t) = u0, t > 0�mRKAVj�B}RÆ�Vj�$}R��Q b,Æ�
ib}�.�ibÆ)��<R�$�BN�Pa^�OÆ)-Æ�Kj�B}RÆ�B{FKRHyRRJRK:^�Omj�$}R�0FDRouX3ÆKDm��TE(R���d�'�F}ibRfPHFKDn��<RFD�{F�(�<Æ$'fPF}ibB�)	 bIQQ4_�>UIF}ib;tk�	<PT,����d[F���N0M8ÆF}ib�Jj)	Q bZ�Æ>U���<�8��<F}ibRsl)Q[�
Æ{FN�P�R7L�<ÆB�LKRHyRJR`�Æ:`��d<RWNRJ�` 99 �w 2.22ÆO!�<Rgb�3|03bÆ:�slEF0TF`�RJ�dd<�1 M�{F8��<!:1:#k�LK?F},Æ?O�K,R�LF}Æ:��jd<�[d<6K�!:)Z 9 y#k�T b�I%M��R�L;8℄\��L�[wqR�
ibq�P/��Æ)- t > 0 R|##:��I-B�ÆTk��,Æ[mmR|)�F℄�A2 %S�v(b��R��L℄\��0,�ouX3ÆN:>qS�4|�WÆ�L<G���R��F}ib:�,g�Lq>~����RNg b�'#B�gg� �L b��gR��Ut.SU8℄\

• 5�L|�
• |���R�$me<R�gz,8���R�
• |{F,!R�Y�u[DA�?Æ4| bR,!R�LQIk�M%|R�LQGk�!:B_!:XR��q�B!#ÆQQr!:MBR bq�#B�ggR�

1%"�8ÆKD8�3|�<_��6_0�[1:d<�
2.7b��,5~i℄�AÆ��Jj�IsMH b2 − 4ac �ÆR'gBeÆ)�-�R�u?,��5~LO�
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5.2 B�v��R,�|4|~����RB�v���3F{7L~M,�dvh�<RE����gz,��>I	�V?,���ÆUn�,�D�Æ�
\��LB��,R=���IRwq�:�RQr8ÆSgk (Taylor’s

theorem)LE�Lz, f(x) :�L�U8
f(x+ h) = f(x) + hf ′(x) +

1

2
h2f ′′(x) +

1

6
h3f ′′′(x) + · · · (5.5)Ut�� h2 H�EuHÆ!:B

f ′(x) =
f(x+ h)− f(x)

h
+O(h) (5.6)���{FM,R�J[FÆ�JjÆM,g#�j)Rv� h→ 0 �R9�Æ!B�N�T���<�uM,�oug<ROkÆ:�B

f(x− h) = f(x) − hf ′(x) +
1

2
h2f ′′(x) − 1

6
h3f ′′′(x) + · · · , (5.7)�
:�QNM,RÆJ[FÆ

f ′(x) =
f(x)− f(x− h)

h
+O(h) (5.8)~/0M8Æ!:qQN O(h) uRvz*v�0 (5.5) �,�9 (5.7)�Q0℄k:�QN�LQ~R[F�

f ′(x) =
f(x+ h)− f(x− h)

2h
+O(h2) (5.9)���,^0{�[FÆ)�vz*v� O(h2)Æ{F�QR h ���LQ~R[F�0w 5.1 ,:�3N��4��
�D�Æ�Q[!�F:����J�ÆJ[FÆO!F}ibRgbÆ3F�J�ÆJ[F:^)yzESR,�����mR��:�SuNEuM,���#k\W; - 69�6�Black-Scholes��ÆDm[F�uM,��L[F:�oug (5.5) �I (5.7) �BPQNÆyz

f(x+ h) + f(x− h) = 2f(x) + h2f ′′(x) +O(h4),0℄k:Q
f ′′(x) =

f(x+ h)− 2f(x) + f(x− h)
h2

+O(h2) (5.10)��gj�R8E1<N-x φ(x, y) z,R~����Æ�KDRE��fsj^R�J\� (i δx, j δy)Æ�, δx � δy �j^�R℄~=QÆw�-�Jj φ R��3ij	<�JL���
φij = φ(i δx, j δy)



260 ~����RB�v��

Fig. 5.1 �LM,R�J�ÆJ�,^[FRw|��O!��Rgb��<M,Æ!:QN�V0�0mS�|,R?,����L:^RQZ�F}ibÆUt���g# (x, y) AV,R�L�6KÆX4�S�fs�J	QF}\��L�Jj��N0M�[�X4S�Æ!:DmrF�LBSR[FF}ibR���D�Æ!:1	I δx, δy → 0 �Æ�V��R|)�y�P/!#8N~����R|���jÆ��B�gQZRÆ)�5M/4_0M�
5.2.1 �LB�v���R8*rJ5�U8R�uAg��3�r

∂φ

∂t
+ c

∂φ

∂x
= 0, (5.11)�, φ = φ(x, t), c > 0ÆQ*�
ib

φ(x, 0) = f(x) ∀x�S��|�U8R�
φ(x, t) = f(x− ct);#&�4Æ:|ZCY�?%SAu c R f(x) |����jÆ�/gbR��rZ%[����L�ÆR%[��o}q>z, c(x) �[��L
gRAu c(x)�!:�mQg: b��gRÆ[Z|R��gYt��LD7R[�f`f5�> [?, pp. 21--25]�=Æ��!:{�L|

3�LrJ�0f5�> [?, chapter 2]r9R�
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Fig. 5.2 ?L�LB�v�J�RFDw�R�|Q|�	<3F�J[FRB�v������ (5.11) :�	<8��d[F
φ(x, t+ δt)− φ(x, t)

δt
+ c

φ(x+ δx, t)− φ(x, t)
δx

+O(δt) +O(δx) = 0,�,��vz*vÆ	<�JKG� x = i δx, t = j δtÆB
φi,j+1 − φij

δt
+ c

φi+1,j − φij
δx

= 0, (5.12)&F�
ib
φi0 = f(iδx) = fi ∀i�Jj[,Æ��FD4j|,�L bÆ!:1:�P/���'KÆ i � j j$P�T�'�T�Æ!:ZCYQr!:�e< t > 0 �R|Æ)- j = 1, 2, 3, . . .�=!::�<�/5qR��4|�� (5.12))�Ut!:5� j = 0 �R�� (5.12)Æ:�3Nq>NR φi+1,0 �

φi0 R�:�0�
ibQNÆ��[�OR�� φi,1Æ:�:�:IZ����R;z,�/Q���jou4|���ÆQN
φi,j+1 =

(
1 +

c

ρ

)
φij −

c

ρ
φi+1,j , (5.13)�, ρ = δx/δt��LFD��:<FDwXL�Æ̀ w 5.2Æ�*�Sk|��=�[fR�ÆO[D�y$��R|�5�U8R�
ib�

f(x) =

{ 0, x < −1,
x+ 1, −1 ≤ x ≤ 0,
1, x > 0,

(5.14)ib�x
φi0 = f(iδx) = 1 ∀i ≥ 0.=Æ	< (5.13) RFD��Æ{F j = 0ÆB

φi,1 =

(
1 +

c

ρ

)
φi0 −

c

ρ
φi+1,0 = 1 ∀i ≥ 0
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Fig. 5.3 %[��;���RFDw�{FL��< (j = 2, 3, . . .) 04j�Æ�S�3NÆ$�9�QRj^�℄~�ÆqB

φij = 1, i, j ≥ 0,;D�[�ÆBR|�BTs�:^)E��'��
�RPT[mmBe���jÆf(x) RM,PT\#�[wqRÆ�*�S�3N?		<:z,R��$;�[^;I�\��LrJ�4E�:�z,:^3�XI~����R:t�|ÆE!�B�\℄dÆ)��
z,RM,Q[�##Bg#Æ{�L bRuV~�)yz�L~����R[|�L<d [?]�
5.2.2 B�v���R[�gg��Qw,i|RrJ4E�L�kR,���ÆIj^℄~XXXQvz*v5F 0 �Æ:^$��y�0,tRg\X3Æ�%g��gg��ygS<d�VB�L;��`RB�e5��L=�R~�k�uVRY[Æ!:��Z 5.5 w,ZC�n�8�L<d�0�LQP�gRg\X3Æ��RB�v����!RO)FOQ6B�1(kR%Su�Æ�,B{FAV���
ib:>�	�JC��)-Æ!:|�	<w 5.3 A)RFD��X|,�L bÆ:��ouÆJv�{
x 4~M�QN��)yz

φi,j+1 − φij
δt

+ c
φij − φi−1,j

δx
= 0, (5.15)��4| φi,j+1Æ!:QN

φi,j+1 =

(
1− c

ρ

)
φij +

c

ρ
φi−1,j (5.16)<!�mR φi,j+1 OD�YF���<R,!ÆEB{FAV�JC���F!:|�	< MATLAB |,: b�

Example 5.1 ��1< (5.16) �RFD��Æ��
ib� (5.14)�Æ!:DmX�T M �b�w 5.4 ,Æ!:u��<X4| t = 0 �<Ng\ x #R�
�R?'�w 5.5 ,Æ!::�3N<X4|��R MATLAB ?'�k�<!R�Æ!:DmvzKAV	��� x R
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% f0transp.m

function y=f0transp(x)

if (x < -1)

y=0;

elseif (x <= 0)

y=x+1;

else

y=1;

end

Fig. 5.4 <X4�%[���
�Rz,�
% transport.m

function [solution, N, M] = transport(xmin, dx, xmax, dt, tmax, c, f0)

N = ceil((xmax - xmin) / dx);

xmax = xmin + N*dx;

M = ceil(tmax/dt);

k1 = 1 - dt*c/dx;

k2 = dt*c/dx;

solution = zeros(N+1,M+1);

vetx = xmin:dx:xmax;

for i=1:N+1

solution(i,1) = feval(f0,vetx(i));

end

fixedvalue = solution(1,1);

% this is needed because of finite domain

for j=1:M

solution(:,j+1) = k1*solution(:,j)+k2*[fixedvalue ; solution(1:N,j)];

end

Fig. 5.5 %[��RB�v���R?'�=�WQ��W=��VÆB1R�V���dv9�!:	<�Lbg�3HAV,WYFR�ÆQr> x QR�
��
gR�WÆÆw 5.6 u�RTransportPlotz,�<X��[p�<R,�|Æ;L�V\K[�f,�d%[ÆB1Y:�/Q;Lw��:Æ!:4|K −2 ≤ x ≤
3,0 ≤ t ≤ 2 jR��Æ℄~=Q δx = 0.05, δt = 0.01:

Fig. 5.7 %[��R,�| (δx = 0.05, δt = 0.01; t = 0, t = 0.5, t = 1,� t = 2)�
>> xmin = -2;

>> xmax = 3;
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% TransportPlot.m

function TransportPlot(xmin, dx, xmax, times, sol)

subplot(2,2,1)

plot(xmin:dx:xmax, sol(:,times(1)))

axis([xmin xmax -0.1 1.1])

subplot(2,2,2)

plot(xmin:dx:xmax, sol(:,times(2)))

axis([xmin xmax -0.1 1.1])

subplot(2,2,3)

plot(xmin:dx:xmax, sol(:,times(3)))

axis([xmin xmax -0.1 1.1])

subplot(2,2,4)

plot(xmin:dx:xmax, sol(:,times(4)))

axis([xmin xmax -0.1 1.1])

Fig. 5.6 %[��R,�|R+wz,�
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δx = 0.05, δt = 0.01; t = 0, t = 0.5, t = 1, and t = 2.
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δx = 0.01, δt = 0.01; t = 0, t = 0.5, t = 1, and t = 2.

>> dx = 0.05;

>> tmax = 2;

>> dt = 0.01;

>> c = 1;

>> sol = transport(xmin, dx, xmax, dt, tmax, c, ’f0transp’);

>> TransportPlot(xmin, dx, xmax, [1 51 101 201], sol)!:1:<!R�Æ)� MATLAB ,R,VK-0 1 0
ÆM� t = 2 �R|�
RZ 201 ��w 5.7 ,��R|Æ:6℄>#	!:M1	RÆEO3�X�6℄:����Æ�:^�?� x 3R2j^�i	RÆM�!:|�< δx = 0.01:

>> dx = 0.01;

>> sol = transport(xmin, dx, xmax, dt, tmax, c, ’f0transp’);

>> TransportPlot(xmin, dx, xmax, [1 51 101 201], sol)

Fig. 5.8 %[��R,�| (δx = 0.01, δt = 0.01; t = 0, t = 0.5, t = 1,� t = 2)�j�R|w 5.8 ,�du�Æ3�X;�[m�M�Æ!:|�	<�LQ7Rj^�Æ>U δx = 0.005�
>> dx = 0.005;

>> sol = transport(xmin, dx, xmax, dt, tmax, c, ’f0transp’);

>> TransportPlot(xmin, dx, xmax, [1 6 7 8], sol)

Fig. 5.9 %[��R,�| (δx = 0.005, δt = 0.01; t = 0, t = 0.05, t = 0.06, �
t = 0.07)�
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δx = 0.005, δt = 0.01; t = 0, t = 0.05, t = 0.06, and t = 0.07.w 5.9 ,R|��jQ[J.!Æ�,�g�=�PT b�ÆU!:3NRÆ{Fj^�RPTrgÆB�v���)�'F,�R�gg�gu�� (5.16)Æ:�3N!:MZR�g~L��duV�g<Æ��jÆ?F c/ρ ≥ 0Æ���LuV�Æ�M���/0MÆ)�!:Qg c > 0ÆQ* c/ρ ≤ 1Æ?
c δt ≤ δx (5.17)Ut�Lib[.SÆ (5.16) AgV�,!:�B�L75,ÆE�Ut�
,!�ÆRÆ!:Q[�	7�{t�KR6F��Æ{F�ggib(5.17) :�N��LQP�JRk|Æf`w 5.10�?F,��� (5.16) R{XÆφi+1,1 R��YF φi0� φi+1,0�%[��R�B|��
RÆ\ i δx #R�
�1:�6F℄�A4jR�Æ℄�Aw 5.10 ,<lAL��℄�ARW�� 1/cÆwt\ (i δx, 0) � ((i+1)δx, δt) ARW�E;� δt/δx�w,Z�iA>Z�iRW�=ÆQ*�ggib (5.17) :
��Æ)�
δt

δx
>

1

c

4℄�A���
�/7AÆ℄�Aj|R�(g)%S�
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t

x

dt

(i+1) xdi dx

Fig. 5.10 �ggib (5.17) R(k|��0(kRouX3Æ��6B!#RÆ)��/0M8Æ:,�����
RÆ\ i δx #R�
�)6F℄�Aj�R\�#&�4Æ��/��ggÆ,���R�Au�δx/δt 1:[^>%[Au c Q��mMBR�T5��[u��T�gk|R[���gg b:�<[pR���d}J�+��L:��&m�/�Von Neumann�gg�+R��)8�LrJ�d|�Æ:��I5s��+Be���L3F�
�R��) 5.3 w,�nÆXw,!:5�I%M����Q<!R�ÆPT0M8�ggR�Q|��N�R�` 9.2.1 w�
Example 5.2 b.5�%[��ÆE	<[pR�
��

φ(x, 0) = f(x) = ǫ cos
(πx
δx

))�!:�O�B|� φ(x, t) = f(x− ct)Æ?-:�:|�##B}RÆ�I�
����<!Æj^�ÆÆ�JjB�L�
�R℄ =��
φi,0 = ǫ cos

(
πi δx

δx

)
= ǫ (−1)iJ���Vw\q{�℄Æ1< (5.16) �:Q

φi,1 =

(
1− c

ρ

)
ǫ (−1)i + c

ρ
ǫ (−1)i−1 =

(
1− c

ρ

)
ǫ (−1)i − c

ρ
ǫ (−1)i

= ǫ (−1)i
(
1− 2

c

ρ

)p
YÆ
φi,2 =

(
1− c

ρ

)
ǫ (−1)i

(
1− 2

c

ρ

)
+
c

ρ
ǫ (−1)i−1

(
1− 2

c

ρ

)

= ǫ (−1)i
(
1− 2

c

ρ

)2

,



268 ~����RB�v��
xx- xd x+ xd xx- xd x+ xd

Fig. 5.11 I%M��R�g|��I0�uER\J�uTR\%M��"��!:)QN
φij = ǫ (−1)i

(
1− 2

c

ρ

)jUt�ggib (5.17) :
�Æ?ÆUt c/ρ > 1Æ!:B
∣∣∣∣1−

2c

ρ

∣∣∣∣ > 1Q*�
,!:�L)J�=ÆI j oP�Æ:)J5F$2=�
5.3 I%M��R;��.���F!:5�I%M��R$�C��

∂φ

∂t
=
∂2φ

∂x2\W; - 69�6�Black-Scholes:�>#	�/�ÆM���Q7wj~��8�/���!:�QrKR��� x ∈ (0, 1) � t ∈
(0,∞)Æ�Jj[,Æ!:�)g�VK�'� t ∈ (0, T )�!:�
ib
t = 0 �F}�
ib� x = 0 � x = 1Æ{FL� t > 0�!:	<℄~
δx j^� xÆ	Q N δx = 1Æ	<℄~ δt j^� tÆ	Q M δt = T�<!�
R{t��L (N + 1)× (M + 1) R\
�J�	<KD��#kI%M���Æ{FI%M��R(k!#B�L�gA�:^)B*9Æt3w 5.11�w,Yn;�R�u7A�$m\ x #��^uR��/0M8ÆI)0QP�lR\ x − δx #�
x+ δx #J,^%SÆ\ x #R�u1IIE���jÆ�VR�uM,�Æ�Æ�VR�uM,��Æ��Ut�u7A��^�RÆ�/0M8Æ�uM,�7�ÆI)0,^JYC%SÆ\ x #R�u1I8jÆOB{F�VRM,�7���"YÆ�L~����,g< ∂2φ/∂x2 RH:�[S^H���
(5.11) ,Æ!:�3N ∂φ/∂x HI%[0{�=KBe���jÆg
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Fig. 5.12 I%M��R;���RFDw�<U8R��
∂φ

∂t
+ a

∂φ

∂x
= b

∂2φ

∂x2
(5.18):�[{�S^���

5.3.1 	<;���4|I%M��#k�/��RZ�/:^�	<�J[F�X�<�VRM,Æ�>	<[F� (5.10) X[F�uM,���yz�
φi,j+1 − φij

δt
=
φi+1,j − 2φij + φi−1,j

(δx)2�S3�!::�ou4|��� φi,j+1 X0℄k�L���
φi,j+1 = ρφi−1,j + (1− 2ρ)φij + ρφi+1,j , (5.19)�, ρ = δt/(δx)2�0�
ib (j = 0) 0
Æ{F[oR j = 1, . . . ,MÆ!::�4|�L���<!{FL!R jÆ?{FL!R�VqÆ)�}8R~L�F}ib�N�Æ!:Dm	<�� (5.19) X�� N − 1 L�{

i = 1, . . . , N − 1�?F����ouEBRL:�N�RÆM��/����;��!::�ouUw 5.12 RFDwL��
Example 5.3 5�U8�
,!�

φ(x, 0) = f(x) =

{
2x, 0 ≤ x ≤ 0.5
2(1− x), 0.5 ≤ x ≤ 1,�F}ib

φ(0, t) = φ(1, t) = 0 ∀t4|�L�
ib8RI%M��R MATLAB?'w 5.13,u��k�<!R�!:g{t5!�L�
mÆ!:�:��5!�V\R~LwqqÆE�/5=^{t=�gQS�A+|�{F δx = 0.1 �
δt = 0.001Æ!:4|��ÆQ*�� t = 0, 10δt, 50δt, 100δt�R{t�
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% HeatExpl.m

function sol = HeatExpl(deltax, deltat, tmax)

N = round(1/deltax);

M = round(tmax/deltat);

sol = zeros(N+1,M+1);

rho = deltat / (deltax)^2;

rho2 = 1-2*rho;

vetx = 0:deltax:1;

for i=2:ceil((N+1)/2)

sol(i,1) = 2*vetx(i);

sol(N+2-i,1) = sol(i,1);

end

for j=1:M

for i=2:N

sol(i,j+1) = rho*sol(i-1,j) + ...

rho2*sol(i,j) + rho*sol(i+1,j);

end

end

Fig. 5.13 ou;���4|I%M��R MATLAB ?'�
0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Fig. 5.14 ou;���ÆI%M��R,�| (δx = 0.1,δt = 0.001,t = 0,
t = 0.01, t = 0.05, t = 0.1)
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>> dx = 0.1;

>> dt = 0.001;

>> tmax = dt*100;

>> sol=HeatExpl(dx, dt, tmax);

>> subplot(2,2,1);

>> plot(0:dx:1,sol(:,1))

>> axis([0 1 0 1])

>> subplot(2,2,2);

>> plot(0:dx:1,sol(:,11))

>> axis([0 1 0 1])

>> subplot(2,2,3);

>> plot(0:dx:1,sol(:,51))

>> axis([0 1 0 1])

>> subplot(2,2,4);

>> plot(0:dx:1,sol(:,101))

>> axis([0 1 0 1])w 5.14 ,��R{t3�X��kRÆ)�I�6eS^Æ$w\#N����\jÆs�[��%f5�8w 2.21ÆOA)��L3|�<t�N�P�RR��w 5.14 � 2.21 �V��R6M�ÆI%M��R�V�J�z�Æ�\W; - 69�6�Black-Scholes��R�V�Æ{RÆ��jÆ{F�<!:B�LW.ib�[��L�
ib����LvMÆ�~L��R|g*B<Æ)�F}ib��L��V3jJ�0JÆ��R)7z,���v(b��R�L℄�Æ:���F}ibR[mm�B�Æ�T):.7b��%SÆÆU!:�%[��,3NR�D�Æ!:<!N{FAVRj^�B\2k�!:1IaE�uF
δx = 0.01�!::�04j�R MATLAB ?'=�Q���< t =
δt, 2δt, 3δt, 4δt #RR|Æ{tu�w 5.15 ,�!:3N|Q[�k��:ÆO�7�Æ{F�g(k|�Q[��
R��.ÆOu���LE;R[�gg�ea\�!:slRj^℄~	Q ρ = 10�8�!:)u����ggk�ib 0 < ρ ≤ 0.5�!:U�a^E��L��k|j^�℄~k�.S�4iba^/�,��gg�%[��0M8Æ!:	<u�L3F5s�I�R��Æ�m!:�n�L�
����&FF}ibÆ�� (5.19) R;���

φ0,j = f0(j δt) = f0j, φ1,j = fN(j δt) = fNj:�<�L�
�L�
Φj+1 = AΦj + ρgj , j = 0, 1, 2, . . . ,
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Fig. 5.15 ou;���ÆI%M��|R[�gg��,
A =




1− 2ρ ρ 0 · · · 0 0
ρ 1− 2ρ ρ · · · 0 0
0 ρ 1− 2ρ · · · 0 0
...

...
...

...
...

...

0 0 0 · · · ρ 1− 2ρ




Φj =




φ1,j
φ2,j
...

φN−1,j


 , gj =




f0,j
0
...

0
fN,j


<! A ∈ RN−1,N−1 ��L℄{o�
�%E!: 3.2.5 w,�dRd?D�R�yg�+Æ�S�3��/����gRÆI

‖A‖∞≤ 1=ÆI 0 < ρ ≤ 1/2Æm 1− 2ρ ≥ 0 Q*
‖A‖∞= ρ+ (1 − 2ρ) + ρ = 1E�Ut ρ > 1/2Æm | 1− 2ρ |= 2ρ− 1 Q*
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Fig. 5.16 I%M��R.���RFDw�
‖A‖∞= ρ+ 2ρ− 1 + ρ = 4ρ− 1 > 1,�gg�[^Z:/�R���QN�L{�ggibQP�gRA�Æ!:0w 5.12 ,:�3NÆ;�����L3F���VqR℄L�RAgV��?FI%M����LS^��Æ!:1:9�℄L�R�.��E�Æ�.Dm��LÆ<0RuV�Æ��jÆ�ggib/�<0 1− 2ρ �ÆR��QLS8Æ�)Bg<R|�Æ�,<0:|��%<,g<�Æ��Dm�Æ����E?[�gÆ!::�$' δt /��QÆ)�ODm.Sib

δt ≤ 0.5(δx)2�Ut!:E�QE�BuÆDm9�LQR δxÆ��Æ)IQQQÆ?-)N δt �L�}}JR�'�?F�k��}�RFD�Æ!::�YK��/.����
5.3.2 	<=.���4|I%M��Ut!:	<�J[FX�<{�VRM,ÆQN�L4|I%M��R;����Ut!:	<ÆJ[FÆ)QN�L�=[pR���

φij − φi,j−1

δt
=
φi+1,j − 2φij + φi−1,j

(δx)2�/0M8!:g�Vq j−1 ,R�L���I�Vq j ,R℄L���Bev:

−ρφi−1,j + (1 + 2ρ)φij − ρφi+1,j = φi,j−1, (5.20)�,E�. ρ = δt/(δx)2Æ̀ w 5.16 ,RFDw�)-Æ����.xYNgÆ���.���GLR?XÆI�mR��o}:��=.��!:k�4|Ag5qR7�L�Vq�)�F}ib�NgÆ!:B N −1L��ÆN − 1 L��,�<�
�Æ!:k�4|U8R�5�5q�
BΦj+1 = Φj + ρgj , j = 0, 1, 2, . . . , (5.21)
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% HeatImpl.m

function sol = HeatImpl(deltax, deltat, tmax)

N = round(1/deltax);

M = round(tmax/deltat);

sol = zeros(N+1,M+1);

rho = deltat / (deltax)^2;

B = diag((1+2*rho) * ones(N-1,1)) - ...

diag(rho*ones(N-2,1),1) - diag(rho*ones(N-2,1),-1);

vetx = 0:deltax:1;

for i=2:ceil((N+1)/2)

sol(i,1) = 2*vetx(i);

sol(N+2-i,1) = sol(i,1);

end

for j=1:M

sol(2:N,j+1) = B \ sol(2:N,j);

end

Fig. 5.17 .���R MATLAB?'��, B ∈ RN−1,N−1 ��L℄{o�
Æ
B =




1 + 2ρ −ρ 0 · · · 0 0
−ρ 1 + 2ρ −ρ · · · 0 0
0 −ρ 1 + 2ρ · · · 0 0
...

...
...

...
...

...

0 0 0 · · · −ρ 1 + 2ρ




Example 5.4 4|I%M��.���R MATLAB ?'w 5.17 ,u���m gj = 0�<!!:Q6Bq<�
 B �℄{o�
�L��Æ)�!:�ZCY�Ag��V5qR|%[N MATLABÆ 3.2.4 w,A)RC(:�Q1I�m	<�-�Æg< LU�
�|�g�B<RÆ)�!:Æ4|R5qVGBpR�
�!::��� δx = 0.1 � δt = 0.001 R0M8Æ�/#k��[)i	L� b�
>> dx=0.01;

>> dt=0.001;

>> tmax=dt*100;

>> sol=HeatImpl(dx,dt,tmax);

>> subplot(2,2,1);

>> plot(0:dx:1,sol(:,1))

>> axis([0 1 0 1])

>> subplot(2,2,2);

>> plot(0:dx:1,sol(:,11))
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Fig. 5.18 ou.���ÆI%M��R,�| (δx = 0.1,δt = 0.001,t = 0,

t = 0.01, t = 0.05, t = 0.1)�
>> axis([0 1 0 1])

>> subplot(2,2,3);

>> plot(0:dx:1,sol(:,51))

>> axis([0 1 0 1])

>> subplot(2,2,4);

>> plot(0:dx:1,sol(:,101))

>> axis([0 1 0 1])w 5.18 ,R7A3�X>w 5.14) ,R7A%�BQQÆ)���AVRj^℄~QQ���jÆ!::��E.����$ib�gR����E.���,R�� (5.21) ��gRÆ!::�0X:��
Φj+1 = B−1(Φj + ρgj),0�m�S�3��gg�YF�'� ρ(B−1)��/0M8Æ!::��t�'�j~�Æ�[�~��
�,�I B−1 R℄��R-{�>

1 QÆ:����gR���Y����'U-Æ!::�0X�
U8�
B = I+ ρT,
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T =




2 −1 0 · · · 0 0
−1 2 −1 · · · 0 0
0 −1 2 · · · 0 0
...

...
...

...
...

...

0 0 0 · · · −1 2




(5.22):�4� T ∈ RN−1,N−1 R℄���
λk = 4 sin2

(
kπ

2N

)
, k = 1, 2, . . . , N − 1!:[<D�E�L{�ÆE�:�	< MATLAB �d�LIAR�Æ�Yt:

>> N=6;

>> T = diag(2*ones(N-1,1)) - diag(ones(N-2,1),1) - ...

diag(ones(N-2,1),-1);

>> sort(eig(T))

ans =

0.2679

1.0000

2.0000

3.0000

3.7321

>> sort(4*sin((1:N-1)*pi/(2*N)).^2)

ans =

0.2679 1.0000 2.0000 3.0000 3.7321=!:%E�T�
?,,R��Æq��S��E�
• Ut λ ��
 T R�L℄��Æm 1 + ρλ ��
 I + ρT R℄���
• Ut β ��
 B R�L℄��Æm β−1 � B−1 R�L℄���g�T�����Æ!:Q��
R{��B−1 R℄���

αk =
1

1 + 4ρ sin2
(
kπ
2N

) < 1, k = 1, 2, . . . , N − 1,m=.����$ib�gR�
5.3.3 I%M��R Crank-Nicolson ��NT���Æ!:M3NR��q>�L�VqR℄L\���qR�L\��KDY)ENUt5��~LqjR℄L\�')/Q�LQ
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Fig. 5.19 I%M��R Crank-Nicolson ���~R����=�����5�\ (xi, tj+1/2) = (xi, tj + δt/2)Æ�L\�Jj�J��Æ=	<�JjR�K\X[F:\RM,�U!:
5.2 wMZR�
Æ	<Su0Æ:�QN

∂2φ

∂x2
(xi, tj+1/2) =

1

2

[
∂2φ

∂x2
(xi, tj+1) +

∂2φ

∂x2
(xi, tj)

]
+O(δx2), (xi, tj+1/2) #B{F�VRM,R�L,^v�[F

∂φ

∂t
(xi, tj+1/2) =

φ(xi, tj+1)− φ(xi, tj)
δt

+O(δt2)3F�~L[F�I�T}<R�JÆ!:QN Crank-Nicolson���
−ρφi−1,j+1+2(1+ρ)φi,j+1−ρφi+1,j+1 = ρφi−1,j+2(1−ρ)φij+ρφi+1,j , (5.23)

Crank-Nicolson ��R?'w 5.19 ,u���/��R3;℄\�OR*v� O(δx2) � O(δt2)Æ�!�F�k6�qmRFD��:�/Q.!�BuR,�|�
Crank-Nicolson ��:��LQ�"RLS8�d�+�{F 0 ≤

λ ≤ 1Æ5�<~L�uM,B�v�[FuV��
φi,j+1 − φij

δt
=

1

(δx)2
[λ(φi−1,j+1 − 2φi,j+1 + φi+1,j+1)

+ (1− λ)(φi−1,j − 2φij + φi+1,j)] (5.24)k�<!R�Æλ = 0 �Æ!:QN.���Æλ = 1 �Æ!:QN=.���Æλ = 1/2 �Æ!:QN Crank-Nicolson �����Y� Crank-Nicolson ���'�$ib�gÆ!:�Kq#kZ�L.����!::�<�
�;X�� (5.23)�
CΦj+1 = DΦj + ρ(gj+1 + gj),
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C =




2(1 + ρ) −ρ 0 · · · 0 0
−ρ 2(1 + ρ) −ρ · · · 0 0
0 −ρ 2(1 + ρ) · · · 0 0
...

...
...

...
...

...

0 0 0 · · · −ρ 2(1 + ρ)




D =




2(1− ρ) ρ 0 · · · 0 0
ρ 2(1− ρ) ρ · · · 0 0
0 ρ 2(1− ρ) · · · 0 0
...

...
...

...
...

...

0 0 0 · · · ρ 2(1− ρ)


DÆÆ	<I�� (5.22) ,BpR�
 TÆ!::�3� C−1D R℄���

αk =
2− 4 sin2

(
kπ
2N

)

2 + 4 sin2
(
kπ
2N

) , k = 1, 2, . . . , N − 1?F�T℄��R-{�QF 1ÆM�!:QN Crank-Nicolson ���$ib�gR�
5.4 4|��I%M��B��QR�,�=R~����q>~L[Bg�ÆO:����<,~/HyRRJÆ:^��LRJ��Lq�Æ�:^��LRJ��LTk���T0M8Æ!:k�#k�4_R~�����I��R�,����gR�uÆ!:Dm<;℄/ ��ÆE~L0℄L�u�Pj�V�ÆOD:�1<B�v������{Mq>R bBL�gA+Æ!:�m5�WZCR�"�I%M��Æ?Æ��I%M��

∂φ

∂t
=
∂2φ

∂x2
+
∂2φ

∂y2
, (5.25)�,��z, φ(t, x, y) ��,�\ (x, y) �V t R�u�ou-Vj^℄~� δx, δy � δtÆ!::�SuKD�J*��

φ(k δt, i δx, j δy)⇒ φkij ,�,�V�K k L��jKÆ[)IS�,O���ZC�`ÆQrNg�
��F}ibÆ!:e<�8C��5jR|
{(x, y) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1}



4|��I%M�� 279�I��R0M8Æ{F�uAVM,Æ!::�^<,^v����Ut!:<�Jv�4|{�VRM,Æ)QNB�v�R�<�
φk+1
ij − φkij
δt

=
φki+1,j − 2φkij + φki−1,j

(δx)2
+
φki,j+1 − 2φkij + φki,j−1

(δy)2��tM%��L=����
φk+1
ij = (1−2ρx−2ρy)φkij+ρx

(
φki+1,j + φki−1,j

)
+ρy

(
φki,j+1 + φki,j−1

)
, (5.26)�,

ρx =
δt

(δx)2
, ρy =

δt

(δx)2�/���=�X>qZCÆE�O#B[�gg�:��EÆ�L�ggib��
ρx + ρy ≤

1

2:ibo}:��gY|���O��B/!:QN� φk+1
ij 9R��L�Vq&LB��RuV���!�F���L{ δt BI}JRibÆ�I��R0M�D�Æ�/0M8Æ;�D�Q��ÆQk�Q�R℄5���jÆ��R0M8Æ!:gMB|5!�L�
,Æ=!:Dm4|��ÆQE?5!℄�,V�!:sl�VqÆQPM~LwqR�VqÆQFF�VRJ�z�l#O:R�&�w 5.20 N���=:;���R?'Æ-N�A\!`�

• !Vf,��
– (dt, dx, dy) ℄Lj^℄~�
– Tmax L�l�4|��R�V
– Tsnap L�1	u�|RwR�<RJ�
– !5�
ibR�L�value��L;�J�F}boundsÆ!::�Qr���8�
φ(x, y, 0) =

{
V for 0 < b1 ≤ x ≤ b2 < 1 and 0 < b3 ≤ y ≤ b4 < 1
0 otherwise�

• �AdÆ!:6KF}℄Ytj^℄~R�%gÆUtBD�Æ:�l�;Ij^℄~�DÆ!:M:FD�p7v �Rbg��Utj^℄~:^M%[�gÆm��ÆG_0�
• |:5!~LwqR=Q� (1+Nx)× (1+Ny) RqÆO:	�℄�,VqLayers��~LqB�ldÆ)��L?I��VtnowK-Æ��L?u;�VtpastK-�7v RK�Æ�~LK-�oP� 2 LI,ÆM�6BD�4'�
�
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function U = Heat2D(dt, dx, dy, Tmax, Tsnap, value, bounds)

% make sure steps are consistent

Nx = round(1/dx);

dx = 1/Nx;

Ny = round(1/dy);

dy = 1/Ny;

Nt = round(Tmax/dt);

dt = Tmax/Nt;

rhox = dt/dx^2;

rhoy = dt/dy^2;

if rhox + rhoy > 0.5

fprintf(1,’Warning: bad selection of steps\n’);

end

C1 = 1-2*rhox-2*rhoy;

Layers = zeros(2, 1+Nx, 1+Ny);

tpast = 1;

tnow = 2;

iTsnap = Tsnap/dt;

[X, Y] = meshgrid(0:dx:1, 0:dy:1);

% set up initial conditions and plot

Layers(tpast, (1+round(bounds(1)/dx)):(1+round(bounds(2)/dx)), ...

(1+round(bounds(3)/dy)):(1+round(bounds(4)/dy))) = value;

U = shiftdim(Layers(tpast,:,:));

figure;

surf(X,Y,U);

title(’t=0’,’Fontsize’,12);

% Carry out iterations

for t=1:Nt

for i=2:Nx

for j=2:Ny

Layers(tnow,i,j) = C1*Layers(tpast,i,j) + ...

rhox*(Layers(tpast,i+1,j) + Layers(tpast,i-1,j)) + ...

rhoy*(Layers(tpast,i,j+1) + Layers(tpast,i,j-1));

end

end

if find(iTsnap == t) % Plot if required

U = shiftdim(Layers(tnow,:,:));

figure;

surf(X,Y,U);

title([’t=’, num2str(Tsnap(1)) ],’Fontsize’,12);

Tsnap(1) = [];

end

tnow = 1+mod(t+1,2); % Swap layers

tpast = 1+mod(t,2);

end

Fig. 5.20 .���4|��I%M��R?'�
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dt = 0.0001;

dx = 0.05;

dy = 0.05;

value = 10;

bounds = [0.7, 0.9, 0.1, 0.9];

Tmax = 0.1;

Tsnap = [0.01, 0.02, 0.03, 0.04, 0.05, 0.06];

U = Heat2D(dt, dx, dy, Tmax, Tsnap, value, bounds);

Fig. 5.21 p�Heat2DRn;.

• �V t = 0 �k�R�Æw;�CrRw,�>B�TKb��-TRÆ!:Dm	<meshgrid��jr&\K�
Æ	<
shiftdimg℄�,VqLayers,R�Lq>#���,VU�
• WÆÆ,t,Æ8K0 0 0
Æ� MATLAB ,Æ,V�K0 1 0
�^dw 5.21 ,Rn;Æ!:QN�V7�Æ�,℄Lq;�w 5.22�:��EÆ?F�V℄~R�'Æ;������ÆQ*!:1	.����g��^BBM/��ou9{�VM,RÆJ�<Æ�S�QN�L=.���ÆE��R0M8Æ!:QN�LAg��VÆ)�6BZCR{X:<Æ4|�LAg��V���R�d?R���:a�Æ�,-Rld�J.��ADI �����7bBALI�Æ!:g�A)nSF Peaceman � Rachford R��Æ��WZC���:���4D7�+B�v�DJ�O:Rvz*vÆ���gg�+��Æg:�E��yR�?F-��qZÆ!:g;yK��s���f5�>�5 �gRE��4|u�,-VR,V�VqÆ℄~0 t N t + δtÆQ*	<�<��Æ:��B{F~�AV,R�L�u�.�RÆB{F��L�u�;�R�!::��:^<3F\ (x, y, t) � (x, y, t + δt/2) Rv���D74E�L��:

φ
k+ 1

2

ij − φkij
δt/2

=
φ
k+ 1

2

i+1,j − 2φ
k+ 1

2

ij + φ
k+ 1

2

i−1,j

(δx)2
+
φki,j+1 − 2φkij + φki,j−1

(δy)2
(5.27):��{F x �.�RÆ{F y �;�RÆ)�{F x R�uM,�ou{�Vq k + 1/2 R,^v��<R�[�{�Vq k��:^3�XB\%zÆEO-V��Lvz*vÆ�I�NH�:>qR���

(5.27) :�;X��
5#��Æ!:f& [?]R 7.3wÆ0� [?]RZ 3y�
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φ
k+ 1

2

ij − φkij =
ρx
2

(
φ
k+ 1

2

i+1,j − 2φ
k+ 1

2

ij + φ
k+ 1

2

i−1,j

)
+
ρy
2

(
φki,j+1 − 2φkij + φki,j−1

)
,:�:�ou�j��H���H:0℄p��

−ρx
2
φ
k+ 1

2

i−1,j + (1 + ρx)φ
k+ 1

2

ij − ρx
2
φ
k+ 1

2

i+1,j =
ρy
2
φki,j−1 + (1− ρy)φkij +

ρy
2
φki,j+1

(5.28)!:1:<!NCF7�Hq���RÆ�YF8K j �bgR�)-{7L jÆ!::�4|�L℄{o5qÆUNgR y���jÆ!::�3NÆ�L�� b�|	�� bRp��p
ROkÆ!::�J��℄N k + 1Æg> i � j Ro_Æ���\�B�v����
φk+1
ij − φk+

1
2

ij

δt/2
=
φ
k+ 1

2

i+1,j − 2φ
k+ 1

2

ij + φ
k+ 1

2

i−1,j

(δx)2
+
φk+1
i,j+1 − 2φk+1

ij + φk+1
i,j−1

(δy)2
, (5.29)�{ x �;�RÆ{ y �.�RÆQ*:�:0℄pp��

−ρy
2
φk+1
i,j−1 + (1 + ρy)φ

k+1
ij − ρy

2
φk+1
i,j+1 =

ρx
2
φ
k+ 1

2

i−1,j + (1− ρx)φk+
1
2

ij +
ρx
2
φ
k+ 1

2

i+1,j

(5.30)�/0M8Æ�Vq,Æ!:{7�L x �4|��L℄{o5q��LE�w 5.23 � 5.24 u�R MATLAB ?',��=��!:��d;���MZRKG�m��<Æk�PV�T��Rib�
• !:	<~L�
R LU �|Æ)�O:{F�V�},Æyz�
L1, U1, L2�U2�5qRCF5!J�Rhs1�Rhs2,�
• �V t+ δt/2 R,Vq:5!��,VAuxlayer,Æ:,VZ�L5q,���RÆZ�L5q,V	CFRH�
• Yt?'��<!0,t8KN MATLAB ,V�KR>#�ouaw 5.21 ,Rn;Æ�S�^Zp�:?'�

5.5 �yg��%g��gg!:�0��B�v���ÆQ*���ÆFFj^℄~5F�ÆPTvz*v5F�Æ!:MF�gB/v���|R�yg�D�Æ5.2.1 wR�r;�Æ�b�Q[�X4�[SOÆ)�!:1:I75�℄L<dRB�[<��yg��gg��%g� bRea�B�v���R|{Fj^℄~ δx, δt → 0 :��yN�Lz,Æ:z,[�~����R|��T<d�O:�Ve5R}��+���;#R��ÆE!:$m:��O�T7b�
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function U = Heat2DADI(dt, dx, dy, Tmax, Tsnap, value, bounds)

% make sure steps are consistent

Nx = round(1/dx);

dx = 1/Nx;

Ny = round(1/dy);

dy = 1/Ny;

Nt = round(Tmax/dt);

dt = Tmax/Nt;

rhox = dt/dx^2;

rhoy = dt/dy^2;

Layers = zeros(2, 1+Nx, 1+Ny);

Auxlayer = zeros(1+Nx, 1+Ny);

tpast = 1;

tnow = 2;

iTsnap = Tsnap/dt;

[X, Y] = meshgrid(0:dx:1, 0:dy:1);

% set up initial conditions

Layers(tpast, (1+round(bounds(1)/dx)):(1+round(bounds(2)/dx)), ...

(1+round(bounds(3)/dy)):(1+round(bounds(4)/dy))) = value;

U = shiftdim(Layers(tpast,:,:));

figure;

surf(X,Y,U);

title(’t=0’,’Fontsize’,12);

% Prepare matrices and LU decomposition

Matrix1 = diag((1+rhox)*ones(Nx-1,1)) + ...

diag(-rhox/2*ones(Nx-2,1),1) + ...

diag(-rhox/2*ones(Nx-2,1),-1);

[L1, U1] = lu(Matrix1);

Matrix2 = diag((1+rhoy)*ones(Ny-1,1)) + ...

diag(-rhoy/2*ones(Ny-2,1),1) + ...

diag(-rhoy/2*ones(Ny-2,1),-1);

[L2, U2] = lu(Matrix2);

Rhs1 = zeros(Nx-1,1);

Rhs2 = zeros(Ny-1,1);

Fig. 5.23 ADI ��4|��I%M��R?'�w 5.24 ,Kq�
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% Carry out iterations

for t=1:Nt

% first half step

for j=1:Ny-1

% set up right hand side

for i=1:Nx-1

Rhs1(i) = rhoy/2*Layers(tpast,i+1,j) + ...

(1-rhoy)*Layers(tpast,i+1,j+1) + ...

rhoy/2*Layers(tpast,i+1,j+2);

end

% solve

Auxlayer(2:Nx,j+1) = U1 \ (L1 \ Rhs1);

end

% second half step

for i=1:Nx-1

% set up right hand side

for j=1:Ny-1

Rhs2(j) = rhox/2*Auxlayer(i,j+1) + ...

(1-rhox)*Auxlayer(i+1,j+1) + ...

rhox/2*Auxlayer(i+2,j+1);

end

% solve

Layers(tnow, i+1,2:Ny) = (U2 \ (L2 \ Rhs2))’;

end

% plot if necessary

if find(iTsnap == t)

U = shiftdim(Layers(tnow,:,:));

figure;

surf(X,Y,U);

title([’t=’, num2str(Tsnap(1)) ],’Fontsize’,12);

Tsnap(1) = [];

end

% swap layers

tnow = 1+mod(t+1,2);

tpast = 1+mod(t,2);

end

Fig. 5.24 ADI ��4|��I%M��R?'�0w 5.23 Kq�
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� bÆU=O%2RI%M��Æ:g#AV/�VKj�
D × (0 < t <∞) b:���/Q�KR��L:��

Lφ = f,�, L ��Lv�DJÆf ��L��z,Æφ �!:�w4BgR��z,�Ifs��Lj^�J G∆Æ!:�ouDJ L∆ j^�DJ L�5�z, ψ �\ (Pi, tj) ∈ G∆Æ!::�5�vz*v
tψ(Pi, tj) = Lψ(Pi, tj)− L∆ψ(Pi, tj)Ut�J��7RÆj^℄~5F�Æmvz*v5F�6Æ,���:M���%R�0;*j4Æ!:M	<RB�v�L:5JF!:Aa:R~������gg b3;jq>,�|��B|�VRv(�'FF�VRz��/�B}��Q#k|Æ5� 5.3 w,RI%M��� φij �B�v���R|Æφ(x, t) �~����R�B|�!::�Y[

• {FbgRj^℄~ δx � δtÆI j →∞ � | φij −φ(i δx, j δt) | Rd�Æ
• 0�{FbgR j δt �ÆI δx, δt → 0 � | φij − φ(i δx, j δt) | Rd��Z�L bI�ggBe�Z�L bI�ygBe���B/0,�|N�B|R�ygÆ�%gib�[ZR�E�Æ:��E�Lax SRgk�f` [?]�{F�L#B�ggRAg�
� bÆ�gg��%,����yR�L��D�ib�U8�RrJM�Æ5.2.1 wR,���Q[�gÆ���O[^�yRO)�

Example 5.5 ��H�`ÆF!:%E�8 5.2.1 w,Æ>B
gAu cR%[���
φi,j+1 =

(
1 +

c

ρ

)
φij −

c

ρ
φi+1,j ,�, ρ = δx/δt�!:1<pr 5.2 ,	<uR&m�/�Von Neumann�gg�+�!:3NÆ�/0M8Æ

φij = ǫ (−1)i
(
1 + 2

c

ρ

)j?F c � ρ q�ÆRÆ!:QN�I j →∞ �Æφij 5F$2�)-Æ�L�J�$ib[�gRÆ*�yg$�/�Æ?	j^�℄~5F��#7w�+Æ[|3�
6�L1:jQQ�7�TÆ)�AV��VRj^�℄~:��L���5JF�Æ0��N:�VRPTe55F��
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• ~������Lt=�*4_R>b�Be3;�E�R<d�nÆ1f3 [?]�7

• ��;2=B{o<R~����R#<� [?]Æ�,!-R��
MATLAB ?'�
• ~����RB�v���R℄�>1f5 [?]Æ�:f3 [?] �
[?]�
• W�RBeB�v���RBe�>9�1f3 [?]�
• E�R~���� bÆU0�R Lax gkÆ1f3 [?]�
• E�t3~�����QR�,1<RrJÆ1f3 [?] 0� [?]�
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290 u=�u�M,Æ�4FD0�<FDTKz,RM,��N��$kM,_0�derivative-freeÆ�/0M8Æ�T���3Fz,�R��1�W+=�gZ 6.3 w�nÆp�!:i|�T3 k�ÆrU Kuhn--Tuckeib�0 KT ibI{ok��duality theory�W+=�R�/℄ ��Agm�Æ��Z 6.4 wR℄S����ÆZCR bq:�|��Agm�IbÆAgm���:�BS4|mIq=RAg=� b�!:gZ 6.5 wu�U�	< MATLAB 4|Ag=� bÆQ�dD7R�r���WÆÆ!:1:aG=���o}Qr#CR:dK℄:��Nz,RW=�ÆE�|+Ib:^T4_Æ0O;QN[|+IbÆ!::^k�<I_R#	QTKz,�BM���Q=�BeRI_��I=�C(Z 6.6 w�d�n�
6.1 =� bR�g�Q1<,Æ5/g�R=�IbÆ�TIb:�oup
/g�R��4|�)-Æ;yR0
Æ!:gO!=�Ibg*nY�=�IbR3;℄��
6.1.1 B�� vs $�� b;y!:e<R b:��K�

min f(x)

s.t. x ∈ S ⊆ Rn
(6.1)TKz, f ��LK�z,Æ<����L| x R��u�suitabilityÆx��L,mI�RJ�Æ�T,mI�'F:d|=� SÆS � n �AVR�LJ=�?F bR|:�L���LB��J�Æ!:g���B�� b�finite-dimensional problem�!:�5�WQ� bQ[��"gÆ)��LW=� b:�ou;ITKz,*�R��>#�WQ� b�

max f(x) ⇒ −min[−f(x)]�J,ÆMATLAB =�R#C,MBz,qQr=�TK�WQ b�4|rU (6.1) R=� bÆ!�Fw��L:d| x∗ ∈ S 	Q
f(x∗) ≤ f(x) ∀x ∈ S (6.2)

1$kM,_0R=����℄$MATLABR#CR�^℄SÆ���%D��Genetic AlgorithmI�t?K�Direct Search�!:gZ 12.4w{�%D��d<��n�
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Fig. 6.1 �H�z,R=�W=I�^W=m�L:d| x∗ :��=�W=|�global optimumÆG�optimizer0minimizer�=�W=|R��gI5gk���℄Rk�I���+��:Æ�L b:^�$}ÆrU:d|p� x(k) ∈ S 	Q
lim
k→∞

f(x(k)) = −∞-�Æ=� b:^[:d0$|ÆrUÆ:d|=� S �A=�WÆÆ=� bR|:^[��ÆrUÆ5�5��NRW=|Æ�T|.Sib (6.2) :��B�Rj^=�0$�^j^=�Æ�Utib (6.2)�� x∗ R�L�K℄	sÆm!:����^W=|�
Example 6.1 ℄bR5�^W=|RTKz,��H�z,�%E�8ÆEu�H�[�F:r�ROR�Eu�H�RTkg�f`r 3.16Æ152�:�ou�LZCR MATLAB �pu�Eu�H�R�^W==K�5�U8��

f(x) = x4 − 10.5x3 + 39x2 − 59.5x+ 30	< MATLAB ��z,7A�
>> g = @(x) polyval( [ 1 -10.5 39 -59.5 30], x);

>> xvet=1:0.05:4;

>> plot(xvet,g(xvet))z,7AUw 6.1 M�Æw,.-R:�3�5~L�^W=\�
MATLAB,Æ4|WQ� bRz,�fminunc��,�unc�L��unconstrained�$W+ÆL�!:{,mI�6BL�W+I�4�z,Rf,����
?K\�?Ku�R�\�
>> [x,fval] = fminunc(g, 0)
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Fig. 6.2 5~L=�W=|RTKz,
Warning: Gradient must be provided for trust-region method;

using line-search method instead.

x =

1.4878

fval =

-1.8757

>> [x,fval] = fminunc(g, 5)

Warning: Gradient must be provided for trust-region method;

using line-search method instead.

x =

3.6437

fval =

-0.6935!:3NÆ=�z,FD�RW=|�=�W=0��^W=�YF�
d?\� MATLAB RFD{t!�,Æ!:3N�TeF_YKIAg?KRa�_0�eF_YKIAg?KRBe℄SÆgt8XRyw,�n��L[pR0Mg�zU8�r,�
>> f = @(x) polyval( [ 1 -8 22 -24 1], x);

>> xvet=0:0.05:4;

>> plot(xvet,f(xvet))z,7AUw 6.2 M��w,:�3NTKz,B~L=�W=|�
Example 6.2 B{ZCRXf=� b:

1. $F}R:

max x21 + x22
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s.t. x1 + x2 ≥ 4

x1, x2 ≥ 0

2. [:dR�
max 2x1 + 3x2

s.t. x1 + x2 ≥ 4

0 ≤ x1, x2 ≤ 1

3. W=|=��$�R�
max x1 + x2

s.t. x1 + x2 ≤ 4

x1, x2 ≥ 0s�:�ou��:d|=�ITKz,7AR��ÆQN=� bRg*���L0�R b�ÆPT=� b:^$|�5��L3<�}R�innocent-lookingR�r
min x

s.t. x > 2�L=� b$|Æ)�:dK��L0=�Æ;DW=|� x = 2ÆE�[:dK℄Æ)-�m6BWQÆ��5�L8B}�infimum����L�K=�Wb,W+�^� ≥0 ≤RO)Æ;��`Ut�
r&R�:dKq�C6V�T���Æ!:�~��:dK� n ��,AVR=� b�$��=� b�infinite-dimensional problems,Æ:d|�,mI�V	R�L$�=��I!:w�R��Lwq6VjR�Vz,�ÆrUÆ?�LJ�����?LRwq�VkU5q�continuous-time dynamic

system
ẋ(t) = h[x(t),u(t)],�, x �BUI�J�Æu �C'!VJ��{F�L5qR�L=�C' u(t), t ∈ [0, T ]Æ:�ou4|8�=�Ib/Q

min

∫ T

0

f [x(t),u(t)] dt+ g[x(T )]

s.t. ẋ(t) = h[x(t),u(t)] ∀t ∈ [0, T ]

x(0) = x0

u(t) ∈ Ω ∀t ∈ [0, T ],



294 u=��, [0, T ] �!:Me^R�V3Æx0 ����5qR�
BUÆΩ�:dC'=��TKz,-xRo6	;�trajectory cost9,F5qRBUIC'��L.w	;�terminal cost9,F.wBU x(T )���Æ!::��g.wBURPTW+�eF�Q��R=�C'Ib��L�=�~��>��T=�IbouF4f,��$�F4I�QouF4����fIÆeFF4�����nf`Z 2 yQoukUm� (f` [?]) R��4|�{F�+B{ZCRIb00k�I��Rou�*BR�R_0Æ=�C'����/BSRR#�E�ÆBJ:^)4Æ�"0M8Æ|,4_R=� bR���fsQ4|B��Ib����L�QhAR bÆ)���Jq[p!�/g\Æ>��IOq>N�QF4Ib� (�Ng\:�f` [?])�?F;#})�'Æ[u�~��g�QIb�k�<!R�Æj^wq�VIbR���<B��Ib�<$��Ib�rUÆ��R$��u b:�>#�B�� b
min

K∑

k=1

f(xk,uk) + g(xK)

s.t. xk = h(xk−1,uk) k = 1, . . . ,K

uk ∈ Ω k = 1, . . . ,K,�,Æ�V3:j^�Ju� δt R6VÆxk = x(k δt)�k�<!R�Æxk �Z k L6VKwBU [rUÆ6V (k − 1)δt I k δt]Æ�*
uk �1<FZ k L6VRC'f,�
6.1.2 $W+ vs W+ bUt S ≡ RnÆ!:QN�L$W+ b�unconstrained problem;'m!:QN�LW+ b�constrained problem�[<4Æ�Jz-,R b�m�$W+R�D�Æ{F=�,W+=�����Æ�3 q�$W+=����{F:d|=� SÆo}	<�8��W+,mI�
• S�W+�

hi(x) = 0, i ∈ E,0J���
h(x) = 0

• [S�W+�
gi(x) ≤ 0, i ∈ I0J���

g(x) ≤ 0,�LJ�[S�W+:|���L[S�W+�:d| x̂ÆUt
gi(x̂) = 0Æm�W+ gi(x) ≤ 0 BS�Ut gi(x̂) < 0Æm�W+
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gi(x) ≤ 0 �BS��L�=F�W+ÆrU gk(x) ≥ 0Æ:�;X�
−gk(x) ≤ 0� MATLAB ,Æ[S�W+:Qr��QF����7W+ÆrU x ≥ 0Æ:�0℄g#� x ∈ R+Æ:�:�[[S�W+�E�Æo}ZCRF}W+ib:�ou℄ RD�#k�)-Æ=�D�}	<[pR��#k[S�W+IF}W+�

6.1.3 u b vs �u bO!TKz,I:dK S Rg*Æ b (6.1) :�:^S�|,�:^Z�|,�℄MÆI=� b�5�L�^W=|Æp���^W=��=�W=�Æ=� bR4|B{ZC��mRea<dÆp���=�,=� bRk�3 Æ��ug�convexity�eFu�+R6���:�f5;yRZ S6.1 w�Ut f �uz,Æ:dK S ��Lu=Æm=� b�u=��Ut
f ��z,Æ:dK S ��Lu=Æm=� b��=��QrW=� bR:d|B�Æm:�zM�U8g*�
PROPERTY 6.1 �Lu=� b,Æ�L�^W=|p���L=�W=|�
PROPERTY 6.2 �L�=� b,Æ=�W=|:dK S RF}j��u<k|=� bRZ�L℄gÆs�:�ouwR��4|8� b�

min −(x− 2)2 + 3

s.t. 1 ≤ x ≤ 4kE0M8Æ!::��N=�W=R��D�ib�E�|R�Æ�"0M8Æ!:�^QN�^W=0=�W=R��ib0D�ib�I=� b$W+*TKz,�uz,�Æ:�B{S�YQN=�W=R℄g�
THEOREM 6.3 Ut�,K Rn jRz, f �uz,�*:��0:MÆx∗� f R=�W=|ÆI*�I�.SU8��ib�

∇f(x∗) = 0�E�Ut f �uz,�*:�Æm
f(x) ≥ f(x0) +∇f ′(x0)(x − x0) ∀x,x0Utz, x∗ .SÆ

f(x) ≥ f(x∗) +∇f ′(x∗)(x − x∗) = f(x∗) + 0′(x− x∗) = f(x∗) ∀x,ZC�� x∗ �=�W=\�



296 u=��L��gib��uib�first-order condition�{F�"z,Æ��ib�second-order conditionsq>N Hessian �
Æ�B/��\B���L��^W=�
THEOREM 6.4 Ut�,K Rn jRz, f �uz,Æ:d| x∗ �z, fR=�W=ÆI*�Iz, f :d| x∗ R.���subdifferential��J��

0 ∈ ∂f(x∗)�E�eFuz, f L!\2R.:�gR�+Z� S6.1�L!\
x0Æ5�L_u=�Æ��.��� x0 \R�L_u�J� γ Q	Q

f(x) ≥ f(x0) + γ′(x− x0) ∀x:�QNÆUt 0 'F:d| x∗ R.��Æm{FL! xÆf(x) ≥
f(x∗) 	s��Q<!R�Æ�Lgk���gkRzlÆUz,:d|
x∗ :�Æm.:��-x�L_uÆ�/0M8:N��BU�k�<!R�ÆUtz, gi �uz,Æ=� S = {x ∈ Rn | gi(x) ≤ 0, i ∈ I}�u=�{FCLz, g(x)ÆQr x1,x2 ∈ S�z, g Rug!�F

g[λx1 + (1− λ)x2] ≤ λg(x1) + (1− λ)g(x2) ≤ 0 ∀λ ∈ [0, 1]?Fu=�Rl=�u=�Æ�L{t{FL!uz,.BS�S�W+R0Ml�4_TÆ)�S�W+ hi(x) = 0 :��|�~L[S�W+Æ
hi(x) ≤ 0, −hi(x) ≤ 0,�BIz, hi p�uz,��z,�Æ!:QN�Lu=���BIz, hi ��p�Æ�L{�a	sÆrU

a′ix = bi

6.1.4 Ag vs �Ag bI�LB��=� bRW+ITKz,q<�pz,L��Æm���Agm��LP,linear programming b�Agm� bR�"��
min

n∑

j=1

cjxj

2}J!#ji,��{uz,:dKjR℄\BS�
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s.t.

n∑

j=1

aijxj = bi ∀i ∈ E

n∑

j=1

dijxj ≤ ei ∀i ∈ I,;X��
��
min c′x

s.t. Ax = b

Dx ≤ eAgm� bB~L0�R℄g�N:q�uI� b�)-Æ�L�^W=p��=�W=ÆW=|:dKRF}j���jÆ��EAgm�R:dK���Æ�*W=|{1F��R�Lf\�
Example 6.3 �LAgmI�LP b�rU8�

min 2x1 + 3x2 + 3x3

s.t. x1 + 2x2 = 3

x1 + x3 ≥ 3

x1, x2, x3 ≥ 0Ut6B.S�,�LibÆrUÆUtTKz,0W+,xB�L�Agz,Æm����L�Agm� b�
Example 6.4 U8��Agm� bR�r�

min 2x1 + 3x2 + 3x3

s.t. x1 + x22 = 3

x1 + x3 ≥ 3

x1, x2, x3 ≥ 0

min 2x1 + 3x2x3

s.t. x1 + 2x2 = 3

x1x3 ≥ 3

x1, x2, x3 ≥ 0

min 2x21 + 3x22 + 3x1x3

s.t. x1 + 2x2 = 3

x1 + x3 ≥ 3

x1, x2, x3 ≥ 0



298 u=�j)WÆ�L=� bRTKz,��.z,ÆW+�Agz,��/gbR=� b���.m� b�quadratic programming problem��.m� b�WZC�Agm� bÆQ*TKz,�u�Ut�.m�TKz,R�.^�I�LU�v�
BeÆrU.��vrHV�=�IbÆmTKz,�uÆÆUU�v�
�'Æg�
�Z S6.1.1wf`gk 6.11�
6.1.5 wq vs j^ bAgm�I�.m� bR4|B{ZCÆ)�N:q�u=� b�PT,m b,Æ:^�4PT,mI��,Æ?,W+:

x ∈ Zn+,�, Z+ = {0, 1, 2, . . .} ��7,=��q>7,I�RIb�}m`�Ut,W+1<FMBR,mI�Æ!:QN�L*,m� b�pure integer program�'m!:QN�L,�,m� b�mixed-integer program��
R�'	Q=� bQZ4|Æ7�O)�j^�	Q:dK:^[b�u=�ED�Ag,4|k���IFD���	bÆE�	%Rh�Wb��<FAg,�m�R b3�I!:fs9o,mIb�Æx ∈ {0, 1} ��/}`R,W+���L℄bR�r�6- b�knapsack problem�?? ��r ??�Z
12.1.1 wÆ!:g�n�T3F!;I�RfIC(���k�4ER�Æg�$;R=�R#C[^<X4|j^W=�Ib�;#GX�Æz,bintprog:�<X4|*�N=� bÆrUÆ,mI�W+=� {0, 1}Rwqm� b����LS^B�Rz,ÆE��:���℄;�<F4|,�,m� b�-�k�4ER�Æ=mI,�,m���L:�R bÆk�=9R=�4|R#-�
6.1.6 Bgg vs F4g bNT���Æ!:��n�=^R=�IbR�g����Æ,!#BBgg�����Æ!::�fs�IR|+Ib�PT0M8Æ?F bRF4gI4_gÆ:^$�fs|+Ib�rUÆ5��5�rHV�b�	mm��Tmm�YF�5�f,Æ`:^1	^Z�N�Tf,RW=9��O:^��/0MÆouF4I_R��{rHV�b�	mm�dp���!�FÆI_u�g<�L�C8p�black box

mappingÆg�L,mI�J� x 8pN�LTKz, f(x) = E[U(x)]R[FÆ:^q>N�	S<�expected utility��/0M8Æ`DmgF4IbI=���B{�ÆBe�nf`Z 6.6 w��N0M8Æ!:0n:�fs�L=�IbÆE�,!R[Bg	Q$�	<KDR=�����/ b#k[Bg,!�>�E;Æp
3D�ÆW�℄$;R ILOG CPLEX�:�<X4|,�R�.m� b�



$W+=�R,��� 299�5�LQ�CR b�Iq>N[Bgg�Æ!:1:5�U�I���= b,!R��������jÆ�VI_0�NeaR[<Æ3F[BggR,mq>N�LkUu�ÆFFt�NR_0XXX�Æ,m�[zaR�#k�
RkU,mu�MkR��f`Z 10 yIZ 11y�
6.2 $W+=�R,���0k�jiÆ$W+=� b:�ouw��L��\R��4|�E�Æ�u0M8k��x#kÆk�Yt�uM,_0�-�Æ�"0M8!:QN�L�^W=�3;MBh��Agm�Wb-4|R{t��^W=���ibz	�5��Ag��Æou4|�T��/9�<W=|���jÆ$W+W=I�Ag��,�|�V5�gRv5�=�Ib,Æk�E?�t4|�Ag��V�=�Ib,�D�=�3Fzy�5�:d| x(k)Æ:d|p��yF�^W=\ x∗��	Q?Ku�ÆBR�Jj�dÆ{Fp�,7�L:d| x(k) Æk�w��L8j���descent directionÆrUÆ�LJ� s(k) ∈ RnÆ	Q

f(x(k) + αs(k)) < f(x(k)){FPL α > 0 	s�Ut!:5��� h(α) = f(x + αs)Æ8j�JR℄g�
dh

dα

∣∣∣∣
α=0

= [∇f(x)]′s < 0B{FD8j�ÆR��Æ�/���0FDHxgouQESÆrUÆ�LC�J� ‖s‖ = 1Æd?D�SX�� x(0) ��
d?\�
1. w�8j�J s(k)�
2. w�℄~ ~u α(k) ∈ R+�
3. Q℄ x(k+1) = x(k) + α(k)s(k)��N.SPT�yibÆd?u�l��d?u�,B�/slÆ[pRsl-�[pR,�D�Æt8X!:gZ��n�,PT,�D��k�<!R�Æ:�g�T��SuNW+=� bR4|,�t8X!:u��LZC�rÆ4|

min
x∈Rn

+

f(x)Q℄mm�0Q℄m��d��Ri;:�QN�
x(k+1) = max

{
0,x(k) + α(k)s(k)

}
,Q℄mm:��MFD�UtPTz,��7Æmr&�� 0�-Q℄mm;*jBIFg x(k+1) 8pN:dK Rn+�8p:�<FQ�"R:d=ÆFD4_u9,F8pR℄g�
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x2

x1

Fig. 6.3 WA8ju�, Zig-zagging =KwI.

6.2.1 WA8j�8j�JR�LE;sl�
s(k) = − ∇f (k)

‖∇f (k) ‖ ,QNWA8j��0_u���gradient method�℄~ α :�ou4|��?K b/Q
min
α≥0

h(α) = f(x(k) + αs(k))�L��?K bB{F�
 bQZCÆ��?K b��K�=� bÆO:�ou�/Ag?K��4|�Utq<Ag?K��#kuz,Æ:�	<�._����Qr!:B℄L:d| 0 ≤ α1 < α2 < α3,	Q
h(α1) > h(α2), h(α2) < h(α3)ouPT?K��:��N�L.S�TibR�
:d|=��DÆ!:	<�L�.7Au�℄\Æ3Fug�aÆour&M,��R��Æ!::�ZCQN�.7ARWQ���gyz��L\ α∗�Qr

α∗ > α2ÆUt h(α∗) ≥ h(α2)Æ!:QN℄R:d|=� (α1, α2, α
∗)�'mÆ!:QN (α2, α

∗, α3)���jÆ5�/Ag?K��Æ-R℄.r�I�NR?KC(��,PT��:�our& MATLAB f,R��slAg?K���	hWA8j��#BE;R8jStÆE�W=�9�R�yStqv�PT08Æ:�guN?KRPU=K����zig-zagging���zig-zagging�=KUw 6.3 M�4�-�Ævz*v�:^�tM%8j�J:6gjT�
4wITR��u��zig-zagging�=KÆwq8j�J�VRou:^Q[���R0M��guN��R�zig-zagging�=KÆs�:�|�^dMATLAB=�R#C,R�rÆH'D!VdemoÆg�=�L�ru���Æ0,s9=�R#CÆDÆsl�minimization of the banana function��r�
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6.2.2 _u�;DÆ_u��[�<F[:�z,�Z S6.1.1 w,Æ!:g�n�<F�k�z,R._uÆ._u�l#_u<d�)-ÆQr{F�Luz, f L!\ x(k)Æ!::�FD�L._u γ(k) Æ!::^) 
x(k+1) = x(k) − α(k)γ(k)�'	s�;�Q[ZCÆ)�ou;I._uR*�ÆQ[^/�!::�/Q8j�J�D�ÆUtPTib8�dR℄~� α(k)Æ:�QN._u�yFW=|��L�gRk?U8�5��L:d| x0Æγ0 �z, f  x0 R._u�O!._uRg#�

f(x) ≥ f(x0) + γ′
0(x− x0) ∀xg[S�<FW=| x∗ Q;XU�Æ!:QN

−γ′
0(x

∗ − x0) ≥ f(x0)− f(x∗) ≥ 0k�<!R�Æ!:1I0:d| x0 �FJ� x∗ − x0 �Jw�W=|�O!j)[S�ÆJ�I −γ0 	RouQF 90 u�)-Æ;I*�R._u[D�F8j�JÆE�$mO�J�W=|MR�C�'AV�
6.2.3 f}I_YK�_u��R�y bRF_u����7�_0R0M8Æ	<�z, f �^�u�<��/0M8Æ:�ou	<�u�<��Æd?J� δ�

f(x+ δ) ≈ f(x) + [∇f(x)]′δ +
1

2
δ′H(x)δ,�, H � Hessian �
�Ut H ÆgÆmz,#B�^}JugÆ{Fou4|Ag��VQNR�.�<Æ!::��N�.�<RWQ\�

H(x)δ = −∇f(x)�/��:��f}��Newton’s methodÆf}�R�yg*Q~ÆE�FD	;�QE�-�ÆUt Hessian �
�ÆÆ!:g?VQZ����/��ou�'_u��?K℄~ α�3;Ok��u�<��<FI�d?\ x(k) R�K℄��w��� δÆ!:k�5��'WQ�R b�
min
δ

f(x(k)) + [∇f(x(k))]′δ

s.t. ‖δ ‖≤ h(k)



302 u=�Su�L8�:�zM�_YKD��trust region methodsÆ
MATLAB ,Æ_YKD�:�<F=mI=� bR4|�O!f, h(k){_YK�d�IÆf, h(k) C'℄~Æp�:�{f, h(k) �dkUa�!::�gTKz,O!�<z,RM�;fI�J;f�d>q�Utv(q=ÆLE�<z,Q[:6ÆQ*1:IQ℄~�'mÆ℄~:�oP�
6.2.4 �M,D�: _f}�IC*?Kf}D�R�L b�k�FD Hessian �
�?F Hessian �
FDk�=�R,�FDÆ�*�TFDS�� bÆ��/���3F�ouz,FD���< Hessian �
��/8�-�_f}D��quasi-Newton
methodsÆ�Ag��V�r�Z 172 ��r 3.25,!:�L`u_f}D��p
R��:��<F�<FDTKz,R_u�rU!:Z 5 y,�nRÆouB���R���<�0=�_uR���

∂f(x)

∂xi

∣∣∣∣
x=x̂

≈ f(x̂+ hi1i)− f(x̂)
hi0

∂f(x)

∂xi

∣∣∣∣
x=x̂

≈ f(x̂+ hi1i)− f(x̂− hi1i)
2hi

,�, 1i �Z i LC�J��<p
��Æ!::�FDQN�L�IR�< Hessian �
�PT0M8Æ:^O;$�FD_u��/0M��ITKz,���ÆE:�ouZCI_��FDTKz,����/0M��ITKz,5[wqg�discontinuitiesÆ�T0M8Æ��6z,���FD�<_u0�< Hessian �
R����}BSR��,�/�
R��� Nelder I Mead 0�RC*?K���Nelder--Mead method5�D�6ÆR3;OkÆ� R2 jRWQ� b�rÆUw 6.4 M�Æ 
Rn R�LC*� n+1 �prs\ x1, . . . ,xn+1

6=�Ru-�convex
hull���AV,Æ�LC*��L℄oÆ℄�AV,Æ�LC*��L;��C*?KD�ouXfQ=� n+ 1 \=����d?KÆ�[�ouz	�5�Cr\R���TKz,�WvR\g:`�Q:���L\d?�rUÆ5��L℄oR℄Lf\ÆUw 6.4 M�ÆQr f(x3) �TKz,�Wv��!�FÆg x3 `�Qou��,
5�L�C*�?K��I���L8GR�4|Agm�R�C*�D�[�p�LD��
6�prs!�FJ� (x2 − x1), . . . , (xn+1 − x1) �AgB�rs�{F n = 2!�F℄L\[p�i�AA�{F n = 3!�F;L\[p�L��j�
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x2

x1

x3

Fig. 6.4 �Nelder–Mead�C*?Ku�,Wv�\R�p^R�p\?d x3��L��:�ZCYq<?,���=�Qr xn+1�Wv\�DÆÆ!::�FD� n R*^
c =

1

n

n∑

i=1

xi,Qz	℄R\
xr = c+ α(c− xn+1)�p5, α > 0 :�O!0M�da�Ut xr > xn+1 QvÆ!::���℄~�'T~ÆC*1::IQ�Ut xr �℄RW=\Æ?!:�=��L=*�JÆC*1::Su��aED�R�yAuÆn�[pR,�C(�:0��X�

6.2.5 �W+ bR MATLAB G�5�$W+=� b
min f(x1, x2) = (x1 − 2)4 + (x1 − 2x2)

2;DÆf(x1, x2) ≥ 0 � f(2, 1) = 0�)- (2, 1) ��L=�W=|�z, fR_u�
∇f(x1, x2) =

[
4(x1 − 2)3 + 2(x1 − 2x2)

−4(x1 − 2x2)

]:�S�QN ∇f(2, 1) = 0� MATLAB R=�R#C,Æ!:B~Lz,:�<F4|$W+W=��
• z,fminsearchÆ�D���/IRC*?KD��
• z,fminuncÆ-x�/D�Æ:�our&z,f,R��sl[pD��



304 u=�~Lz,k��L M �bÆ�Lz,&OÆ0�L℄vz,�FDTKz,�Æ!B�L�
:d|�=�D�sl�f,:�ouz,optimsetr&�F!:X|��8C*?KD�ÆNg�L�
:d| x0 = 0:

>> f = @(x) (x(1) - 2)^4 + (x(1) - 2 * x(2))^2;

>> x=fminsearch(f,[0 0])

x =

2.0000 1.0000

>> f(x)

ans =

2.9563e-017

>>=!:|��8z,fminunc:

>> x=fminunc(f,[0 0])

Warning: Gradient must be provided for trust-region method;

using line-search method instead.

Optimization terminated: relative infinity-norm of gradient less

than options.TolFun.

x =

1.9897 0.9948

>> f(x)

ans =

1.1274e-008FD{tQ[�B� b�WQ�9�z,Q[����R���jÆ MATLAB FD�RTKz,�t�F��!::�ou;I=�I��tolerance parametersR��aE|R�uÆE��J,6BL�!#�!:1:<!ÆMATLAB a�?m_u_0Æ�$F$�	<_YKD���Q[�T=R&�Æ)�:�ou,���[D�_u�D�Æ!::�F MATLAB Q[	<NMR�=mI�large-scale�D�Æ�/D��_YKD�Æ�<�L�,SmI�medium-scale�D��
>> options=optimset(’largescale’, ’off’);

x=fminunc(f,[0 0], options)

Optimization terminated: relative infinity-norm of gradient less

than options.TolFun.

x =

1.9897 0.9948��Æ!::�aT�Lz,<�FD_uÆMATLAB =mID�,:�q<_u_0ÆQr&��L}J=�f,�1e-13�
>> f = @(x) (x(1) - 2)^4 + (x(1) - 2 * x(2))^2;

>> gradf = @(x) [4*(x(1)-2)^3+2*(x(1)-2*x(2)) , -4*(x(1)-2*x(2))];

>> options=optimset(’gradobj’,’on’, ’largescale’,’on’, ’tolfun’,1e-13);

>> x=fminunc({f, gradf}, [0 0], options)
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Optimization terminated: relative function value changing by less

than OPTIONS.TolFun.

x =

1.9997 0.9998FD|+_uU���bS��8R�0��aEFDDBgÆ!::�g_uU�FD�I,�[F��d{>�!:k�ZR��r&Bef,Ær&derivativecheckf,�on7��m!:�p��LS^ÆaT��L8*R_uU�ÆUz,gradf1M��
>> options = optimset;

>> options=optimset(’gradobj’, ’on’, ’largescale’, ’off’, ...

’derivativecheck’, ’on’);

>> gradf1 = @(x) [6*(x(1)-2)^3+2*(x(1)-2*x(2)) , -4*(x(1)-2*x(2))];

>> x=fminunc({f, gradf1}, [0 0], options)

Maximum discrepancy between derivatives = 16

Warning: Derivatives do not match within tolerance

Derivative from finite difference calculation:

-32.0000

0

User-supplied derivative,

@(x) [6*(x(1)-2)^3+2*(x(1)-2*x(2)) , -4*(x(1)-2*x(2))]:

-48

0

Difference:

-16.0000

0

Strike any key to continue or Ctrl-C to abort

Optimization terminated:

relative infinity-norm of gradient less than options.TolFun.

x =

1.9841 0.9921B�Æ!:3N5qa��LÆGÆ��_uFDU�:^B*�
6.3 W+ bR=���5��"�W+=� bÆrU

min f(x)

s.t. hi(x) = 0 i ∈ E
gi(x) ≤ 0 i ∈ I��yw,Æ!:QrMBz,q#B��R:�g�{FW+=� bÆ��g[b��LD�ibÆ)�W=|:^:dKRF}jÆ

7�p?'Uw 3.29M�ÆZ 174�



306 u=�:dKF}jR:d|:^[#B��g��!�FF}\j58j�JÆE�MBR8j�Jq�J:dK��#k�
 bR�L:d���{O=� b�d;�Æ�	Q:�b.1<��gib��/8�-�
z,���penalty function approachÆZ 6.3.1 w���/:d���;�W=ibÆ-xP/�R�ggibIPT9bib��/8�-� Kuhn--Tucker ib�KT ibÆZ 6.3.2 w�O! Kuhn--Tucker ibÆS�W+ b-�UJ_P���Lagrange
multiplier methodÆ�UJ_P��q>:��{ok��Z 6.3.3 wR=�k�Æ{ok�S�z�$k�zMI�JD�1<���L0�R=KÆITKz,IW+z,q�Ag�ÆW+=� bBIZC���jÆAg=�k��}�f�Z 6.4 w�)-Æ0�℄RD�ÆP/�ujg�L�Ag b>��Ag=� bÆ��}B!#R�Ut=� bW+�Ag�*TKz,�uÆ�/>#B{S��=�Kelley’s)��D��cutting planes algorithmÆZ 6.3.4 w����/8��3 RÆp��/8���PTF4m���R3 �3;jÆ�kRQrAgW+ b#BPT℄ Rg*Æ:^:<F,�FDD��BS=��active set method��3F�/m��k�<!R�Æg�$;R=�R#C,ÆBS=��Agm�I�.m�R3 �?F;#g��D�<)�nÆGX����,tR}�gÆ>��;yw℄S7��=�D�k�ÆPTZ�0n)i	k|QZ0[}��)-ÆE�s�1[�!�T~v�ZCR<)g�n{F�t���L�~R�\ÆE�UtEuVt30~�=�D�Æ:�f5;y{���Rf5�>�
6.3.1 
z,�
z,��Penalty functions3F=�W+R8�ÆouP/�gW+fPNTKz,�5��LS�W+ b�

min f(x)

s.t. hi(x) = 0, i ∈ E:�ou�L$W+=� b�<�LW+=� b
minΦ(x, σ) = f(x) + σ

∑

i∈E
h2i (x)
z,{FW+z,� hi Æ7.BS�P/!#jUt σ SZ=Æ=�D��:g	Q=� b|.S
z,WQ��DÆb	Q=� b.STKz, f WQ���JjÆUt4|$W+=� bR
� σ T=Æ�g-�=�D��y b�)-Æf&<4|�5�$W+=� bR��4|Æ<��L$W+=� bR|[�8�L$W+=� bR�
:d|�?K�\�

1. sl�Lp� {σ(k)} → ∞�
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2. w� Φ(x, σ) W=| x∗(σ(k))�
3. Ut hi(x

∗) {FMB i SZQÆml�v �!::�3Nwqm�R�r�f`Z 3.4.5 w�
min f(x)

s.t. gi(x) ≤ 0 i ∈ I[S�W+R b:�<B<R��#k��/0M8Æ!:Dm�{W+z, gi RÆ��d��ou [y]+ = max{y, 0} Rz,�ÆFF
σ �RoPÆ!::�Xi�L
z,

f(x) + σ
∑

i∈I

[
g+i (x)

]20
f(x) + σ

∑

i∈I
g+i (x)Z�L
z,:�ÆZ�Lz,[:�ÆUw 6.5a M��E�Æ0,�FDRouÆZ�Lz,Q=Æ)�$k	<"=R�5,���jÆ���=�D�R�u,Æ7�8k)�����B
z,R1<� �~/0M8Æ!:q:�	<�^
z,�exterior penalty function���^
z,�G�XRFFF σ RoPÆ?K\0�^t�:dKR=KÆUw 6.5a M��Ut=� bRW=|F}j�{FPT[S�W+Æ�/0M}�=Æm�^9�0M8QN�L:d|�PT0M8Æ���Æ}Æ?FW+>q�W�0�=�Æ?�TW+�kEk4Q[�}JR�'��N0M8Æ�N!:�N�L}J!#R:d|�Æal�=�?KD���|,�L bÆ!::�ou-��L�IR��z,�barrier functionR��QN℄^
z,�interior penalty

approach��L�rU
B(x) = −

∑

i∈I

1

gi(x)I x 0:dK℄^5J:dKF}�Æ��z,5J$2=�DÆÆFF
σ R�\QÆ4|�L$W+=� b

min f(x) + σB(x),�N σB(x) SZQ�Uw 6.5b M�Æ�/0M8Æ!::�:dKF}jw�W=|��:^��L�℄Æ��!:0�L:d\0
�<d??K�Uw 6.5 M�Æ�^
z,I℄^
z,q��<kE
z,R,����
Pi(x) =

{
0, gi(x) ≤ 0

+∞, gi(x) > 0�
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x1

x2

x1

P(x)

g(x)

g(x)

P(x)

s increasing

s decreasing

S

S
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(b)

Fig. 6.5 �^ (a) I℄^ (b) 
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Fig. 6.6 �rz, 6.5�M{ σ = 0.1, σ = 0.01, σ = 0.001, σ = 0.0001 R℄^
z,7A
Example 6.5 5�=� b

min (x− 1.5)2 + (y − 0.5)2

s.t. x, y ≤ 1,;D�W=|� x∗ = 1, y∗ = 0.5��L℄^
z,:��
(x− 1.5)2 + (y − 0.5)2 +

σ

1− x +
σ

1− y	< MATLAB +wS^Æ!::�ZCY��{F[p σ f,R
z,7A�!:k�g#�Lz,Q	<meshgridz,Æg#�J\QFD�J\jRz,�Æb	<contourz,���5�7A�
>> f=@(sigma,x,y) (x-1.5).^2+(y-0.5).^2+sigma./(1-x)+sigma./(1-y);

>> [x y] = meshgrid(0.01 : 0.01 : 0.99);

>> subplot(2,2,1)

>> contour(f(0.1,x,y),30)

>> subplot(2,2,2)

>> contour(f(0.01,x,y),30)
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>> subplot(2,2,3)

>> contour(f(0.001,x,y),30)

>> subplot(2,2,4)

>> contour(f(0.0001,x,y),30)℄L7AUw 6.6 M��!:3N$W+ bRW=|0℄^5J�
 bRW=|�
z,��kdj>qZCÆQ*:��E��yg*�D�Æ{F�^
z,ÆUt σ o~Q�}=Æ=� bR4|gLN,� b�-�Æ
z,��{FPT=�=�D�/9�L�
:d|���}B*9�g
z,��IUJ_P��{��X:�/Ql#UJ_P���augmented Lagrangian methodsÆl#UJ_P����/4|Agm��}<R℄\��
6.3.2 Kuhn–Tucker ib5��"W+ b (PEI):

min f(x)

s.t. hi(x) = 0, i ∈ E
gi(x) ≤ 0, i ∈ Iz, f R��g=�D�,!#[=ÆE��LBez,R��g0n:�=�D�,�$0�[<Æ5�UJ_Pz,�Lagrangian function

L(x,λ,µ) = f(x) +
∑

i∈E
λihi(x) +

∑

i∈I
µigi(x) (6.3)z, L R��g8�ib8�$F0�[<�

THEOREM 6.5 (Kuhn–Tucker conditions) Qrz, f, hi, gi in (PEI) wq:�Æx∗ �:d|Q.SW+ibÆm x∗ ��^W=RD�ib��5�L, λ∗i (i ∈ E) I µ∗
i ≥ 0 (i ∈ I) 	Q

∇f(x∗) +
∑

i∈E
λ∗i∇hi(x∗) +

∑

i∈I
µ∗
i∇gi(x∗) = 0

µ∗
i gi(x

∗) = 0 ∀i ∈ IZ�Lib�UJ_P�JR�gib�Ut[S�W+=��AÆ�Tibn{�OBUJ_P�J�4|S�W+ b�f, λi I µi ��UJ_P�J�k�<!R�Æ[S�W+R�J��'*�RÆ8�w,Æ!:gD7�n�O)��J�:��{oI��dual variablesÆB{FOBI� x��g!#jÆKuhn-Tucker ib>q[Æ?F����^W=RD�ibÆ:^!k�:�gIPTeFW+R9Pib�D`�r 6.7ÆE�5u=� bR=�W=|R��D�ib�
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Example 6.6 [�Z�LrJÆ!::�4|:� 25 �~�uR=� b�r 2.3Æ��xB�LS�W+R�Agm� b�
max xα1 x

1−α
2

s.t. p1x1 + p2x2 =W!:-V�LUJ_P�J λ QfsUJ_Pz,�
L(x1, x2, λ) = xα1 x

1−α
2 + λ (p1x1 + p2x2 −W )?F�m[5[S�W+Æ!:�k�.S�uW=gib�

∂L
∂x1

= αxα−1
1 x1−α2 + λp1 = α

(
x1
x2

)α−1

+ λp1 = 0

∂L
∂x2

= (1− α)xα1 x−α2 + λp2 = (1− α)
(
x1
x2

)α
+ λp2 = 0

∂L
∂λ

= p1x1 + p2x2 −W = 0g��~LS�6H�|ÆDÆkQN
α

1− α
x2
x1

=
p1
p2

⇒ (1− α)p1x1 − αp2x2 = 0 (6.4)O!MD��Æ!::�QN x2�
x2 =

W − p1x1
p2

,�� (6.4) :�:d?��
(1− α)p1x1 − α (W − p1x1) = 0,QN
x1 = α

W

p1
⇒ x2 = (1− α)W

p2!:3N7/h�RN�I�RJ
�>e5Æ�/e59,F~~f,
α� ?F℄S�'Æ;#,!:[{ Kuhn--Tucker ib�dzMI�E�{F�^W=|R<d:�2�Rk|��Q=RTKz,�^:dK�QNÆ?�^W=|{FTKz,�:dK,�W= ��/k|5�g~v�k�<!R���gib!�FTKz,R_u:�L��TK_uRAgV�����!:M4RW+g*�constraint
qualification�Ut:d| x∗ W+R_uQ�AgrsÆ?!:[^�O:�3 L� ∇fÆ:^�=�JR�^W=|Q[.S Kuhn--TuckeribR0M�
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Example 6.7 �k| b6ÆRW+g*ibÆ5� b�

min x1 + x2

s.t. h1(x) = x2 − x31 = 0

h2(x) = x2 = 0;DÆ:dK��L\ (0, 0)ÆQ�W=|�Ut|�1< Kuhn–Tucker ibÆ�:k�fsUJ_Pz,
L(x1, x2, λ1, λ2) = x1 + x2 + λ1(x2 − x31) + λ2x2O!��ibQN��V

∂L
∂x1

= 1− 3λ1x
2
1 = 0

∂L
∂x2

= 1 + λ1 + λ2 = 0

∂L
∂λ1

= x2 − x31 = 0

∂L
∂λ2

= x2 = 0,��V$|�Z�LS��4 x1 6= 0ÆQI�N~L����[WSÆ��)�~LW+R_u��dR
∇h1(0, 0) =

[
−3x21
1

]

x=0

=

[
0
1

]

∇h2(0, 0) =
[

0
1

]

x=0

=

[
0
1

]
,�*Q[^�O:�3 L�z, f R_u

∇f(0, 0) =
[

1
1

]

x=0

=

[
1
1

]�>,�a��[pW+g*ibÆ#B�SRib:�E?BSW+R_uAgrs b�!:Q[kuu~��L bÆUts�4���℄t30~�Æ:�f`9� [?]�
Kuhn--Tucker k�!-xZ�VibÆ���Z=�ib�complementary

slackness conditionsÆ:k|��Ut�LW+:d| x∗ �BSÆrUÆgi(x∗) < 0Æ{1R�JDm���pkÆUt�J µ∗
i �}J�ÆÆ{1RW+Dm�BSW+�Z�R!8�Æ[;IW=|R�a8Æ:�ouS�W+d?[S�W+�
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Example 6.8 5�u b
min x21 + x22

s.t. x1 ≥ 0

x2 ≥ 3

x1 + x2 = 4�:X�UJ_Pz,�
L(x,µ, λ) = x21 + x22 − µ1x1 − µ2(x2 − 3) + λ(x1 + x2 − 4)4|8���VÆ:�QN�V.S Kuhn–Tucker ibR:d|=�

2x1 − µ1 + λ = 0
2x2 − µ2 + λ = 0
x1 ≥ 0, x2 ≥ 3
x1 + x2 = 4
µ1x1 = 0, µ1 ≥ 0
µ2(x2 − 3) = 0, µ2 ≥ 0!::�q<�Z=�ibÆ{�T:d|�d6L�+�Ut�J}J�ÆÆmB1R[S��W+BSÆ�B9F!:�NR�L,mI�R��

Case 1 (µ1 = µ2 = 0)��/0M8Æ:�g[S�W+0UJ_Pz,,`��O!�ggibÆ!:QN��V
2x1 + λ = 0
2x2 + λ = 0
x1 + x2 − 4 = 0QN�L:d| x1 = x2 = 2ÆE�[.SZ�[S�W+�

Case 2 (µ1, µ2 6= 0)�O!�Z=�ibÆQN x1 = 0, x2 = 3ÆE�[.SS�W+ib�
Case 3 (µ1 6= 0, µ2 = 0)�QN

x1 = 0
x2 = 4
λ = −2x2 = −8
µ1 = λ = −8?F µ1 R��7Æ�T:d|[.S Kuhn–Tucker ib�

Case 4 (µ1 = 0, µ2 6= 0)�QN
x2 = 3
x1 = 1
λ = −2
µ2 = 4,



314 u=�.SMBD�ib�?F���Lu bÆ!::�QN=�W=|����J{1BSW+Æ�BSW+ x1 ≥ 0 {1R�J µ1 = 0�ou MATLAB :�ZCYQNBp{t�:<quadprogz,4|�.m� bÆrU
min

1

2
x′Hx+ f ′x

s.t. Ax ≤ b

Aeqx = beq

l ≤ x ≤ u!:RrJ,ÆPTH b�A�k�<!R�ÆZCRF}W+#kITKz,R�.�DmX�℄ �Æ)��q> 1/2 )JQQr�L{� Hessian �
 H�
>> H = 2*eye(2);

>> f = [0 0];

>> Aeq = [1 1];

>> beq = 4;

>> lb = [0; 3];

>> options=optimset(’LargeScale’, ’off’);

>> [x,fval,exitflag,output,lambda] = quadprog(H,f,[],[],Aeq,beq,...

lb,[],[],options);

Optimization terminated.

>> x

x =

1.0000

3.0000

>> lambda.eqlin

ans =

-2.0000

>> lambda.lower

ans =

0

4.0000z,!�,-xW=,mI��TKz,RW=��D�R.�_0Æ�N!�_0�UJ_P�J5!{XI�lambda,�!:R�r,Æ�J{1AgS�W+I,mI�R8��;DÆ;r,!:9R��<�BT[)�JÆ�NPT��:�w�WN�JÆ�g-�{ok��{ok��8�ywR7�℄S�Kq��Æ�gYk|UJ_P�JR!#��}B!#R�
Example 6.9 5�f, b

min x21 + x22

s.t. x1 + x2 = b
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L(x1, x2, λ) = x21 + x22 + λ(x1 + x2 − b),s?:�QN x∗1 = x∗2 = b/2 I λ∗ = −b�=Æ,�af, b gU�6FW=� f∗ = b2/2�

df∗

db
= b = −λ∗�LEUt��*�, {oI�ICnW+GkRW=�R
DuBe�Ut!:QrM,�B!#RÆm�r,R�+�ÆBR�5��LS�W+ bÆW+jfP�LGk

hi(x) = ǫi, i ∈ EgUJ_P�1<FGk bÆ!:QN�L℄:d| x∗(ǫ) I�L℄R�YF ǫ �JJ� λ∗(ǫ)�Gk bRUJ_Pz,�
L(x,λ, ǫ) = f(x) +

∑

i∈E
λi(hi(x)− ǫi) (6.5)Gk bRW=|Dm.SS�W+

f∗ = f(x∗(ǫ)) = L(x∗(ǫ),λ∗(ǫ), ǫ) (6.6)!::�FDW=|7LN�{F ǫ RM,Æ
df∗

dǫi
=
dL
dǫi

= [∇xL]′
∂x

∂ǫi
+ [∇λL]′

∂λ

∂ǫi︸ ︷︷ ︸
=0

+
∂L
∂ǫi

=
∂L
∂ǫi

= −λi, (6.7)�,!:1<� L R��gib�{F[S�W+Æ�{F:d| x∗:^�BS0BS�Z�/0MÆ[S�W+qQRGk[�L�[<�Z�/0MÆ[S�W+SRFS�W+� �:^��DJR{�ÆUt�LW+{1�LA�JÆm�LW+:�0O b,a�Æ�*Q[;IW=|�Uw 6.7 M�R�rÆ�[��/0M��m!:B�Lu�.TKz,Æ{1~Lp^RI�7A�W+ g(x) ≤ 0 8Æ:dK�'�o�Æ��Jj� x2 �Lj��W=|�\ AÆW+ g(x) ≤ 0 -\$S�EUt!:d�-W+ÆmW=|� B�\ A O��^W=|��m b�ÆL b��u�
6.3.3 {ok��ALywÆ!:�nUJ_Pz,R��gW+=� b,�$F�^[<�$�{FWQ� b0W=� bÆ��gq{1F�L
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x1

x2

A

B

f(x) decreasing

S

g(x)

Fig. 6.7 Counterexample showing that a constraint may be relevant even if it has a
null multiplier.W=�ib���BI�gRÆ1I	�\mUJ_Pz,R�
I�ÆE�eF{o b\�0�R�\��!:1	rF�L,�D�4|O bI�{o bRW=|�;ywÆ!:gouW=�{oI�R{o bQNB!#R{tÆQ?--�{ok��5�[S�W+ b

(P ) min f(x)

s.t. gi(x) ≤ 0 i ∈ I (6.8)

x ∈ S ⊆ Rn�L b���
 b�primal problem�S � Rn RL!J=Æ:���Lj^=��-�Æ;yw!:[QrTKz,:�0�uÆ)-Æ!:QNR{t#B�"g�5�ou{oW+ (6.8) QNRUJ_Pz,�
L(x,µ) = f(x) +

∑

i∈I
µigi(x)Ng�L�JJ� µÆeF x ∈ S WQ�UJ_Pz,��=� b�relaxed problem�=� bR|g#�Lz, w(µ)Æ��{oz,�dual function�

w(µ) = min
x∈S
L(x,µ)5�{o b

(D) max
µ≥0

w(µ) = max
µ≥0

{
min
x∈S
L(x,µ)

}
(6.9)U8gk	s�
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THEOREM 6.6 {FL! µ ≥ 0 [{ogkÆ{oz,��
 b (P ) RW=| f(x∗) R8}ÆrU
w(µ) ≤ f(x∗) ∀µ ≥ 0�E�{F�L=� b PÆ*� ν(P ) g#TKz,RW=�� µ ≥ 0RQr8Æ:�QN

ν(P ) ≥ ν




min f(x)
s.t. x ∈ S

µ′g(x) ≤ 0


 (6.10)

≥ ν




min f(x) + µ′g(x)
s.t. x ∈ S

µ′g(x) ≤ 0


 (6.11)

≥ ν

(
min f(x) + µ′g(x)
s.t. x ∈ S

)
(6.12)[S� (6.10) 	sRib�:d|{FMB i .SW+ gi(x) ≤ 0Æp�.S�Ut µ ≥ 0 m µ′g(x) ≤ 0�ÆE��m[	s�#&�4ÆZ�L b:d|=�Z�L b:d|=RJ=�;DÆI!:=�:d=�ÆW=�[^oP�?FZ℄L bIZ�L b#BBpR:d|=Æ[S� (6.11) 	sÆE�!:�NTKz,oP��L�ÆH�WÆÆ[S� (6.12) 	s?FZ;L b�Z℄L bR=���d�W+�!:QN�L�}�"gp�>q[Re5��IRib�ug8Æ�LQ$R℄g��${o�strong duality�

ν(D) = w(µ∗) = f(x∗) = ν(P )>��{Fj^=�ÆugQr[	s�)-Æ�"0M8Æ{o�^QNj^=� bR8}�I{o bz	�
 bW=|�Æ:�fsU8gk�
THEOREM 6.7 Ut5�{ (x∗,µ∗), �, x∗ ∈ S I µ∗ ≥ 0Æ.SU8ib�
1. f(x∗) + (µ∗)′g(x∗) = minx∈S{f(x) + (µ∗)′g(x)};

2. (µ∗)′g(x∗) = 0;

3. g(x∗) ≤ 0;m x∗ ��
 b (P ) R=�W=|



318 u=�#&�4Æ�JJ� µ∗ R=� bRW=| x∗ ��
 bR=�W=|�Ut (x∗,µ∗) ��
:d|�{o:d|ÆQ*.S�Z=�ib�
min f(x)

s.t. hi(x) = 0, i ∈ E
x ∈ S,=� b�

min
x∈S

{
f(x) + λ′h(x)

}RW=| x̄ Æ{FL!�JJ� λ�[�*�Æ:�QN
f(x̄) + λ′h(x̄) ≤ f(x∗) + λ′h(x∗) = f(x∗)�|R�ÆS�W+[S�/�ug���jÆ�BAgW+:�/�ugÆrU a′ix = bi�)-Æ>BS�W+R${o�LM0M8	s��,0�R�g�Agm��f`Z 6.4.3 w�

Example 6.10 5� b
min x21 + x22

s.t. x1 + x2 ≥ 4

x1, x2 ≥ 0W=�� 8ÆW=|� (2, 2)�)-Æ���Lu bÆ!::�1<${ogÆ{oz,�
w(µ) = min

x1,x2

{x21 + x22 + µ(−x1 − x2 + 4); s.t. x1, x2 ≥ 0}

= min
x1

{x21 − µx1; s.t. x1 ≥ 0}+min
x2

{x22 − µx2; s.t. x2 ≥ 0}+ 4µ)� µ ≥ 0ÆW=| x1, x2 �
x∗1 = x∗2 =

µ

2)-Æ
w(µ) = −1

2
µ2 + 4µ{oz,RW=�� µ∗ = 4Æ!:QN w(4) = f∗ = 8��r 6.10 ,Æ!:�N�{oz,REBL:���"YÆ{oz,RW=�:�ou,���/Q��JjÆ:�	<U8d?u�/Q�Qr[S�W+R0M�
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w( )m

m

Fig. 6.8 [:�{oz,
1. rg�
� µ(0) ≥ 0�r& k ← 0�
2. 4|�J� µ(k) R=� b�
3. Ng=� bR| x̂(k)ÆFD�L?K�J s(k) I℄~ α(k)ÆQ℄FD℄R�J�QB/�J�7�

µ(k+1) = max
{
0,µ(k) + α(k)s(k)

}DÆr& k ← k + 1ÆQ>℄4 2��w��L?K��Æ!:k�FD{oz,R_u��|R�Æ{oz,:^Q�wq:�ÆrU!:t8X~�R�r�
Example 6.11 5��Lj^=� b

min c′x

s.t. a′x ≥ b (6.13)

x ∈ S =
{
x1,x2, . . . ,xm

}
, (6.14)�, c, a,x ∈ RnÆb ∈ R Q* S ��Lj^=��.0W+�6.13R�J� µ ≥ 0ÆQN{oz,�

w(µ) = min
j=1,...,m

{
(b− a′xj)µ+ c′xj

}{oz,��V�pz,R8-%�lower envelopeÆUw 6.8M��I=� b5�LW=|�Æ!:B�L[:�\�O!�r 6.11Æ!::�QN{oz,Q[�g:�R{��D�Æ�L�rR{oz,�����jÆ!::��E{oz,�g���
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THEOREM 6.8 {oz, w(µ) ��L�z,��E�{FL!�JJ� µ1 I µ2Æ!:QN

w[λµ1 + (1 − λ)µ2] ≥ λw(µ1) + (1 − λ)w(µ2), λ ∈ [0, 1]	< x̂1 I x̂2 g#�J� µ1 I µ2 =� bRW=|�
w(µ1) = f(x̂1) + µ′

1g(x̂1) ≤ f(xλ) + µ′
1g(xλ)

w(µ2) = f(x̂2) + µ′
2g(x̂2) ≤ f(xλ) + µ′

2g(xλ),�, xλ �{1�JJ� λµ1 + (1 − λ)µ2 RW=|�{t:�ouZ�L[S�� λÆZ�L[S�� 1− λÆb4�QN�?FW=��L�z,SRIWQ��Luz,Æ���L�}B!#R{t��JjÆ!::�1<�L_uD��f`Z 6.2.2 w�E�{F�JRL!9�Æ!:q:��N�L{oz,R_u�
THEOREM 6.9 {F�JJ� µ̂Ær x̂ �=� bRW=|�DÆ g(x̂) �{oz, µ̂ R_u��E��4ER� g(x̂) ∈ ∂w(µ̂)Æ{FL!R µÆ!:QN

w(µ) ≤ w(µ̂) + g(x̂)′(µ− µ̂)?F w ��Æ�m[S�Ig#�Luz,R_u�B�R�!:�OÆ̂x �{F µ̂ =� bRW=|
w(µ̂) = f(x̂) + µ̂

′g(x̂) (6.15)EQ���Lo<R µ

w(µ) = min
x∈S
{f(x) + µ′g(x)} ≤ f(x̂) + µ′g(x̂) (6.16)0[S� (6.16) \;S� (6.15)Æ!:QNU8U�Q3�KDYQN{t�

w(µ)− w(µ̂) ≤ g′(x̂)(µ− µ̂),O!gk 6.9Æ!::�	<�L_uD�4|{o b (6.9)�?	z,R|+���Æ!::�{z,�d=�FDÆ!:��OU��N�L_u��L{��<F�=� b.�g#R{oz,Æp��<FCKz,ÆrU!:F4m�,M`R�f`Z 11 y�
µ(k+1) = max

{
0,µ(k) + α(k)g(x̂(k))

}�, x̂(k) �Z k =� bR|�k�<!R�Æ�L|:^[��
 bR:d|�Ut${o	sÆD��yF�
 bRW=|�I��
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x

f(x)

Fig. 6.9 Kelley’s )���D��r<F[{o�Æ!:QN�
 bW=|R8}I:d|KÆO!PTBe��0n:�0,/Q�L�<W=|�k�<!R�Æ{ogk;tQ[^�tyz�/ESR,�D��-�Æ{ogk:�BSY<FPT℄ R{X� b��J,ÆU!:�r 6.10 M`Æ�0�W+:�g�L=� b�|�~LB�rsRJ b�PTIbU�:�ou�N�RB�W+g��|�-�Æ{ogk��<R3;k�R#Æ�=�D�R�u_g�k�3 �
6.3.4 Kelley’s )���j�yw,Æ!::�W=�{oz,Æ?	[Bg{oz,EBR|+U��O!{oz,��Rg*Æ!::�FD�z,�QFD�Ng\R_u��Lg<R8�-�WQ�uz,R Kelley’s )����Kelley’s cutting plane method�Qr!:4|�Lu b minx∈S f(x)Æ�,TKz, f R|+U����Utz,:dK S j�u*:�Æ{FL!Ng\ xkÆ!:[�:�FDz,� f(xk) = αkÆ�*:�FD_u γk�#&�4Æ!::��N�L�pz,	Q

f(xk) = αk + γ′
kx

k (6.17)

f(x) ≥ αk + γ′
kx ∀x ∈ S (6.18)�����R:QgLEÆouUw 6.9 M������Rj-%Æ!::�t8XQN�<z, f R<��Kelley’s )��D�Æ�q<�L8�ÆouXfQ[z;�z,8}�N.SP/�yib�℄4 0. Ng x1 ∈ S ��
:d|��
�d?F,f, k ← 0Æj}

u0 = f(x1)Æ8} l0 = −∞ÆDÆr&8}z, β0(x) = −∞�



322 u=�℄4 1. oPd?F,f, k ← k+1�w� xk z, f R�L_uÆ	Q�� (6.17) Iib (6.18) 	s�℄4 2. Q℄j}z,
uk = min{uk−1, f(x

k)}I8}z,
βk(x) = max{βk−1(x), αk + γ′

kx}℄4 3. 4| b
lk = min

x∈S
βk(x),QQN xk+1 �W=|�℄4 4. Ut uk − lk < ǫÆl�FDÆQN{t�xk+1 �.!RW=|�<�'mÆ>℄4 1�k�<!R�ÆUt:dK S ���Æm!:M4|RJ b� LP b�Kelley’s )��D��PTF4m�D�R3 ÆrUF4m�R

L �|Æf`Z 11.4 w�
6.3.5 BS=�ED{ok�D�k�ID��_,q��L�}$=RR#ÆE�{oD�B�L??Æ?�9��:�/Q�L:d|�n�=�D�RTK�g?K��/�:dK℄�Ut b�AgW+Æ�B{S��=�5� b

min f(x)

s.t. Ax = b,�,�
 A ∈ Rm,nÆm < nÆ�ZC�`ÆQg�
d.)�Ng�L:d| x̂Æ!:U�/Q8j�J δ 	Q℄R| x̂+αδ {FPT α > 0 /�:dÆ?F�~/|,��qDm:dÆB
A(x̂+ αδ) = b+ αAδ = b ⇒ Aδ = 00C(jiÆJ� δ Dm�
 A R�AVj�?F���LAgAVÆDg5�L3�Qr Z ∈ Rn,(n−m) ��L�
Æ��J���LAVR3�m!:B

AZ = 0,�J δ ��
 Z �RAgV��
δ = Zd



W+ bR=��� 3233-x (n−m) LJ�Æ5� m LS�W+N� n L,mI�R mLK?u�QNO)�tFÆ!:�^�L (n −m) K?uRAV℄�k��F:d�J�LGk\R�uSu��
f(x̂+ ǫZd) ≈ f(x̂) + ǫd′Z′∇f(x̂)I d′Z′∇f(x̂) < 0 �Æ:�QN�L8j���-�Æ�uW=D�ib�

Z′∇f(x∗) = 0 (6.19)J� Z′∇f ��ZW_u�reduced gradientÆ!:3NZW_uk��L�ggib�p�Æib (6.19) !�F_u ∇f ��
 A dJ�RAgV���!�F
∇f(x∗) = A′λ,�p
:�ouUJ_P�J�/Q�Z!::��N�L��R�
 ZÆ:�S�YrF��LD�Æ!:DmZ�8j��Qsl��℄~ α �H\mTKz,Q/�d?:d��L:d���ou QR �|/Q�
 Z�QR  MATLAB ,�|Æ:�ouqrz,�=ÆrU

A′ = Q

[
R
0

]
=
[
Q1 Q2

] [ R
0

]
= Q1R,�, Q ∈ Rn,n ��LÆl�
�orthogonal matrixÆ��ÆlJ�ÆR ∈ Rn,n−m �j℄o�
�)� Q RÆlg!�FÆZ = Q2 .S!:�4

A = R′Q′
1 ⇒ AZ = R′Q′

1Q2 = 0�
 Z�8j�JI℄~FDqB[pR��Æ�T��f`�>�!1:aNR�ÆUtz, f �umk�Yt�uib��/��:�SuNAg[S��#kU8 b
min f(x)

s.t. Ax ≤ b,�L:dR8���e<BSW+ÆrUÆS�W+��JjÆUt�OWTW=|W+�BSRÆ!:H:�<#kS�W+ bR��4| b�BS=m��active set strategy�3F�VBSRÆQ�w�MgXTW+YV0`�BS=�ZC��ÆUt!:�=�F:d�J��k�TÆ�P�L=�W+Æm1:g�LW+YVBS=�p
Æga��L�BSW+�D�R7w0n>q4_Æ!:�k�OD�!;I MATLAB 	<BS=�4|�.m�IAgm�R��?:�f`Z 6.5.1 w�
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6.4 Agm��LÆoAgm� (LP)  b:�A)�

min c′x

s.t. a′ix = bi, i ∈ E
a′ix ≥ bi, i ∈ I,�, c, ai,x ∈ Rn, bi ∈ R�I4| LP  b�ÆQr�#B�L℄ ��Ut�L LP  b�q>[S�W+Æ�*M�I�#B*��'Æ�L LP  b:��m���WQ�Agm� bRm���

max c′x

s.t. Ax ≤ b

x ≥ 0,�, c,x ∈ Rn, b ∈ Rm, A ∈ Rm,n��
 A Z i d a′i�{1Z i W+Æ�
 A Z j � Aj�{1Z j LI��Ut�q>S�W+ÆLP b��KD��standard form�
min c′x

s.t. Ax = b

x ≥ 0,KD�Im��Bp
RL����;DÆ!:DmB m < nÆ'mAg��V5�L|�s�:^)M�Æm���KD�0n5PTW+��JQ[��
Æ)��" LP  b:�ouU8I�Z��m��0KD��
• Ut�LI� xj 6B*�W+Æ�:�0℄g#� xj = x+j − x−j Æ�, x+j , x

−
j ≥ 0

• �L[S�W+
a′ix ≥ biou-V�L=�I� si ≥ 0Æ:�>���LS�W+

a′ix− si = bi

• �LS�W+
a′ix = bi:�>��~L[S�W+�

a′ix ≥ bi, −a′ix ≥ −bi



Agm� 325O!�u�+3 �Æ!:�O�L LP  bR:dK�uQ*����-�ÆAgm� bp�#BugI�g��!�F:dKRF}j:��=�Ut5�LW=|�Q#YÆW=|�:d=���R�Lf\�ZC:��=Æ:dK S �9�\ Xk, k = 1, . . . , I Ru-�}J!#jUt S $}Æ!::�5��9pA�E�ÆUt!:QrW=��B�Æm[5��LpA5J$2=R:^��9\ Xk R	;� Ck L�Æ!::�g LP  b>��
min c′x

s.t. x ∈ S>��SR b
min

I∑

k=1

λkC
kXk

s.t.

I∑

i=1

λk = 1

λk ≥ 0�L b�B�LW+ÆEI�,�:^��t=�-�ÆWQ	;9�\:��N�LW=|�Ut b�KD�Æ9�\{1Ag��V Ax = b R℄ |��TgZ 6.4.1 w,�nÆp���C*��simplex algorithmR3 Æf`Z 6.4.2 w�g{oOk<F LP  bgQN�LB:Rk�ÆrUZ 6.4.3 w�nR�C*�$��4| LP  bRW8GRD�ÆE��Q[� MATLAB,4|Agm�R�����=�R#C�<�aT~/D��{F,SmI bÆ:	<BS=��{F=mI bÆ:	<℄\��℄\�RD�8�gZ 6.4.4 w,�n�k�4ER�ÆW�0M8ÆC*�Q[��L�H�4_uD�Æ�℄\��:�E��L�H�4_uD����jÆ℄\�B>=�,D�FDAu�IÆE[P��
�
6.4.1 Agm�RA�I?,℄�Ng�L LP  bÆ)B�8℄/0M���z�
1. :d|=�AÆ b$|�
2. �}J!#jiÆW=|��$}���/0M�z�I:d|=�$}��ÆQ*!::��F�L$�9pAoPTKz,��
3.  b5�LB�W=|ÆQ{1:d|=R�L9\�k�<!R�ÆUtTKz,7AI��R�L��dÆm!:B$�LW=|�f`�r 6.2�
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Ax =

[
A1A2 · · ·An

]




x1
x2
...

xn


 =

n∑

j=1

xjA
j = b�L��VB$�L|ÆE�Q��=^.SW+ x ≥ 0�-�Æ!:1	/QPT:d|Æ�T:d|�:dKjR9�\�Ut5�W� mL	� xj X	R|}J�ÆÆ�G n−m LN���R:d|℄Æj)E���S��=R��g|��3;|�basic solutions�GLRF mL�J�{1 m L�AI�S�L: m �J� b�L!3;|q{1?

A R m L�J�X	AV Rm R�L3�m LI�{1s,R�J�Æ��3 I��basic variables��NI����3 I��non-basic
variablesÆ#B��N��L3 |��3;:d|�basic feasible

solution�
Example 6.12 5�U8Ag��V�




−1 1 1 −1 0
0 1 0 4 0
0 0 2 2 1








x1
x2
x3
x4
x5


 =




1
3
1



�L3 |�
x1 = 2, x2 = 3, x3 = x4 = 0, x5 = 1,�L|:dÆ�{1R3:�?�J� A1,A2,A5 X	�Ut3?

A2,A3,A5 X	Æ!:QN3|
x1 = 0, x2 = 3, x3 = −2, x4 = 0, x5 = 5,�[:dÆ)� x3 < 0�3:d|{F:d|=R9��}0�Æ)-3:d|�3 �-�ÆNg�LI�9�\ÆB�R9�\:�oug�L3I�#��L�3I�/Q��!�FÆoug�L3I�03,`�QPV�L�3I�R��Æ!::�0:dKR�Lf\�kN��Lf\�

6.4.2 C*�C*���Ld?D�Ng�LI�9\�03:d|Æ03Æq<Ow��LB�9\�aETKz,�ÆI$��N:�aETKz,�RB�\�d?l��Qr!:B�L3:d| x�eFU�/Q�L�
3:d|Æ!:gÆ��n�!::�gJ� x ��~LJJ��3I�RJJ� xB ∈
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Rm I�3I�RJJ� xN ∈ Rn−m�ou�L�IRI��&I#Æ!::�gAg��VX�
Ax = bU

[ABAN ]

[
xB
xN

]
= ABxB +ANxN = b, (6.20)

If x is basic feasible, it may be written as �, AB ∈ Rm,m,AN ∈
Rm,n−m ���(�
�Ut x �3 :d|Æ�:�L��

x =

[
xB
xN

]
=

[
b̂
0

]
,�,

b̂ = A−1
B b ≥ 0{1 x RTKz,��

f̂ = [c′B c′N ]

[
b̂
0

]
= c′Bb̂. (6.21)=!:Dm�EÆUtZC;I3ÆrUÆ	<�3I�?d3I�Æ�':�;�T�:d|���[g�3I�-V3,R $#Æ!:0n:�S� (6.21) ,N�3I��	<S� (6.20)Æ!::�g3I�|��

xB = A−1
B (b−ANxN ) = b̂−A−1

B ANxN ; (6.22)DÆÆ!:gTKz,�0X�
c′x = c′BxB + c′NxN = c′B(b̂−A−1

B ANxN ) + c′N = f̂ + ĉ′NxN ,�,
ĉ′N = c′N − c′BA

−1
B AN . (6.23),� ĉN ��jTR	;ÆO:p�TKz,B{F�3;I�RFJI��Ut ĉN ≥ 0Æ?[:^b;�TKz,��/0M8Æg�L�3I�-V3,g$�jT	;�)-ÆT�3�W=ÆUt ĉN ≥ 0�Ut��Æ5�L q ∈ N 	Q ĉq < 0Æm:�oug xq -V3:�;�TKz,���LZCRm��sl q 	Q

ĉq = min
j∈N

ĉj�LslQ[�gD�j:NW=St�!:1:[�5�TKz,�RI�Æ�*5�℄3I�M^:NRSt�-�Æ:^)�z!VI�5JF�Q[;ITKz,�R0M��/0M8Æ�V3j:^5



328 u=�v %<�eFU�E?�/ bR��Æ:�t[f5�>�I xq :-V3Æ�L3 I�Dm�j0��/� Ax = b�U�sl�j0�I�zkU8�NgT�3Æ!::�<�|� b I�J� Aq M{1R!VI��
b =

m∑

i=1

xB(i)A
B(i) (6.24)

Aq =

m∑

i=1

diA
B(i), (6.25)�, B(i) �Z i L3I�Rp, (i = 1, . . . ,m)Æ

d = A−1
B AqUt�� (6.25) ��L, θÆQ0�� (6.24) \`OÆ!:SN

b =

m∑

i=1

(
xB(i) − θdi

)
AB(i) + θAq (6.26)O!�� (6.26)Æ!:3N θ �℄|,-VRI��Æ6FI�3�R��9,F di R*��Ut di ≤ 0ÆI xq oP�ÆxB(i) O��7�E�ÆUt5�Lp, i 	Q di > 0Æm!:$�oP xqÆ)�5�L9��*�LI�3I�I����L9�ou!VI� xq /QÆQ`�Z�LI��R3I��

xq = min
i=1,...,m
di>0

b̂i
diUt d ≤ 0Æm xq Ro~$�ÆW=|$}���H0
d?Æk��L�
3Æ�/:d����8W+,-V/9JRI� z�

Ax+ z = b

x, z ≥ 0Qr0p���	Q b ≥ 0�m�L3:d|� z = b�g[	sR�WQ�ÆB
φ = min

m∑

i=1

ziO!C*�ÆUt φ = 0Æ!::��N�L3:d|�'mÆ�
 b:d�0n!:1	�O LP  bRC*�I:�Z 6.2.4 w,aNRC*�VB�4v5���jÆ~/D��4|[p bR[pD��



Agm� 329C*����O!D�3F\mR�3I�AVR�LC*�X��LAVÆ�
{1I�3:d|Æ)��3I�,���C*R9�\{1FB�3�C*�g�\mRAV,Yt�'59�\:�;�TKz,�
6.4.3 Agm�R{ogZ 6.3.3 w,Æ!:�n��Agm�R{og�LP  bR{og$k5�Q�"R�Ag0MÆE�!:!�g���"SX8�d~��k�<!R�ÆAgm�#BugÆM�Agm�#B${og�!:� LP  b (P1) Rm��0
�

(P1) min c′x

s.t. Ax ≥ bUt!:	<{oI� µ ∈ Rm+ RJ�g[S�W+{o�Æ!:QN{o b
max
µ≥0

min
x
{c′x+ µ′ (b−Ax)} = max

µ≥0

{
µ′b+min

x
(c′ − µ′A)x

}?F x [�'*�Æ℄^W=� bB�LB�|I*�I
c′ − µ′A = 0;'mÆ�YF{1	;5,R*�Æx R7LN�� ±∞Æ�{F{oz,�L{t�� −∞�?F!:1	W=�{o bÆ!::�q<j)ibÆm{o b (D1) >��

(D1) max µ′b

s.t. A′µ = c

µ ≥ 0g b I c l#Q>� A QNR{o bO��L LP  b�(P1)I (D1) �VR{oe5:�|�����/�<�



max x′c
s.t. Ax = b

x ≥ 0



 ⇐⇒
(

min b′ν
s.t. A′ν ≥ c

)Ng�L LP  b (P2) RKD�
(P2) min c′x

s.t. Ax = b

x ≥ 0,
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Table 6.1 Duality Relationships

Primal Dual

min c′x maxµ′b

a′ix = bi µi unrestricted

a′ix ≥ bi µi ≥ 0

xj ≥ 0 µ′Aj ≤ cj
xj unrestricted µ′Aj = cj!:O!j)e5Æ�N�{o b�




min c′x
s.t. Ax = b

x ≥ 0


 ⇐⇒




max x′(−c)
s.t. (A′)′x = b

x ≥ 0




⇐⇒
(

min b′ν
s.t. A′ν ≥ −c

)
⇐⇒

(
min −b′µ
s.t. −A′µ ≥ −c

)

⇐⇒
(

max b′µ
s.t. A′µ ≤ c

)
,�,Æ!:-V µ = −νÆQN b (P2) R{o b (D2)�k�<!~/{o�RBpI[p�IO bRW+�[S��Æ{oI�#B*��'�IO bRW+��N0M�Æ{oI�6B*��'��*� Kuhn--Tucker ib�IO bRI�#B*��'�Æ{o b,B[S�W+ÆUt6B*��'�Æ{o b,BS�W+�!:L 6.1 P{�fs�" LP  b{o bR��m��Ng�{O bI{o bÆg�z8�0M�

• ~L bqB�LB�W=|Æ�/0M8Æ~LTKz,W=|R�Bp�
• ~L bq[:d�
• �L b$}Æ�/0M8Æ���L b[:d�k���R�ÆKD� bR{o:dW+ A′µ ≤ cÆ:��[jT	;R�7ibÆSpF µ′ = c′A−1

B �O!=�W=��ib (6.7)ÆO:BIF
• O b:d
• {o b:d
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• �Z=���jÆC*�ou/�O b:dI�Z=��dw=?KÆQ�NQN{o:d�d?u�al��ouO bI{o b�VRo_>#Æ:�3�{oC*�{O b:d�{oC*�PT�>OC*��QBS�E�Æ!5Z℄/:^�!::�/��{O bI{o bqB:d|Q*.S�Z=�g��-�O - {oD�Æ�/��:1<F℄\�,Æ8�w!:g�n℄\��
6.4.4 ℄\�C*���F:d|=R9�\�d?K�℄\�R?K��:dK℄�5�/gbR℄\��!:��nW3;R℄\�Æ��O
 -{o�����primal--dual barrier method Æ)�Os��O bI{o bR�te5�>�L℄^�z,��ZC�`Æ!:�W=�
LP  bRm���r8�

max c′x

s.t. Ax ≤ b

x ≥ 0,oufP=�I� w g�>#�KD��
max c′x

s.t. Ax+w = b

x,w ≥ 0Qr!:{FC*��$M�ÆE:�q<W+=�k�RBe����L8��ou-V�L�IR
z,#k�7W+Q	<UJ_P�J��3F{,��z,	<℄^
z,�ÆQN b
(PP ) max c′x+ σ

∑

j

log xj + σ
∑

i

logwi

s.t. Ax+w = b?F�L b�B�LS�W+Æ!::�ou-��LUJ_P�JJ�Æz	UJ_Pz,
L(x,w,y) = c′x+ σ

∑

j

log xj + σ
∑

i

logwi + y′(b−Ax−w)�u�gib�
∂L
∂xj

= cj + σ
1

xj
−
∑

i

yiaij = 0 ∀j

8:L)3F [?]�
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∂L
∂wi

= σ
1

wi
− yi = 0 ∀i

∂L
∂yi

= bi −
∑

j

aijxj − wi = 0 ∀i	<*�
X =




x1
x2

...

xn


 , e =




1
1
...

1


 ,W=���:�X��
��

A′y − σX−1e = c

y = σW−1e

Ax+w = bfP/9J�
z = σX−1e,ouZC;I��QNU8=���V�

Ax+w = b

A′y − z = c

XZe = σe

YWe = σe�T��B�L�~R|��!::�%EW�RAg bI{o b�
min b′y

s.t. A′y ≥ c

y ≥ 0,fP=�I� zÆ
min b′y

s.t. A′y − z = c

y, z ≥ 0!:QN��V�ZCÆ?O b:dÆ{o:dÆQ* (Ut σ = 0)�Z=�RZCib�f`gk 6.7�{1 σ > 0ÆO:��Ag��V�
F(ξ) = 0,
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ξ =




x
y
w
z


 ,�:�ouf}��Z 3.4.2 w4|�3;jÆ{F σ R[p�4|�L�Ag��VÆ!:/Q�L��

(xσ,yσ,wσ, zσ)��i����,^���central pathÆFF σ → 0Æ�i��o�O LP  bRW=|�0,�FDRouÆ�%QR σ ��
Æ0{F7L σ �B4|�Ag��Vq[T�H��L8��f}�Rd?u�,\m
f,�Æ�	Q,^��$u:d=℄^oJW=|��Q<!R�Æ�/,^��Ip������f`Z 3.4.5 wBB<g�~/0M8Æ!:ou4|�5�ZC b/Q�yFO b|R��X4|4_ b�℄\�#B�L�H�RFD4_u�PTPU0M8C*�RFD4_Q*q��,�ÆM�k�jÆ℄\�FD4_u��=FC*��9 k�$aR�ÆES�dC*�I℄\�qk���,�FDC(��TC(��;#��ÆE�Dm.�R�ÆED~/��q:�QNBpR|ÆE�~/D�5;*R[p�
6.5 W+=� bR MATLAB G���ywÆ!:gZ��n=�R#C,4|W+=� bRz,Æ>��4|Agm�Rlinprogz,Æ4|�.m�Rquadprogz,Æ4|�"W+=�Rfmincon z,�	h$�2=MBR=� bÆE�!::��n�TI�QBeR=� b#kz,�
6.5.1 Agm�R MATLAB G�=�R#C-x�Lz,linprogÆ�<X4|U8�R LP  b

min c′x

s.t. Ax ≤ b

Aeqx = beq

l ≤ x ≤ u!:3N4|Agm�5�/D��X MATLAB ,�U�4|Agm�R�5�U8ZCR LP  b�
max x1 + x2

9eFFD4_uR�nfPZ 3.1.3w�
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s.t. x1 + x2 ≤ 1

x1, x2 ≥ 0;DÆAgm� bR~L3 W=|� (1, 0) I (0, 1)��~L9�\�VR|p�SSIW=�!:MFR�ÆC*D�:�QN~L9�\,R�L�	<linprogz,Æ!:k�;ITKz,5,*�ÆQg[k�Rf,3�A��
>> x=linprog([-1 -1],[1 1],1,[],[],[0 0])

Optimization terminated successfully.

x =

0.5000

0.5000!:3N MATLAB FDQNR|�SS|��jR,^\ÆQ�3 W=|���)� MATLAB 4|Agm�RNMD��℄\���JjÆlinprogz,:�sl℄/D��d=�FD�
• UtLargeScalef,r&�onÆm MATLAB 	<�/℄\��dFD�
• UtLargeScalef,r&�offÆm MATLAB 	<�/BS=��dFDÆquadprogRNMD���BS=��
• ILargeScalef,r&�offÆ!::�our&Simplexf,slC*���℄/���
:d|�j[pÆBRD�$k�
:d|��p��\Æ!::�s9[pf,�dFD�

>> options = optimset(’LargeScale’,’off’);

>> x=linprog([-1 -1],[1 1],1,[],[],[0 0],[],[],options)

Optimization terminated successfully.

x =

0.5000

0.5000

>> x=linprog([-1 -1],[1 1],1,[],[],[0 0],[],[0 0.5],options)

Optimization terminated successfully.

x =

0.2500

0.7500k�<!R���r&f,Æ!:Dm!V{1I�8}I�
:d|�:^�ARJ��!:3NÆ0�
:d|0
ÆD��F_u�J?KÆ�Nt"N:dKF}Æ?W+>�BS?Ku�l��	<BS=��ÆFDQNRW=|�YF�
:d|�Ut!:slC*�Æ!:gQN�L[pR?Ku��
>> options = optimset(’LargeScale’,’off’, ’Simplex’, ’on’);
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>> x=linprog([-1 -1],[1 1],1,[],[],[0 0],[],[],options)

Optimization terminated.

x =

1

0

>> x=linprog([-1 -1],[1 1],1,[],[],[0 0],[],[0 0.5],options)

Warning: Simplex method uses a built-in starting point;

ignoring user-supplied X0.

> In linprog at 215

Optimization terminated.

x =

1

0!:3NÆFDQN�L3 |ÆC*����NgR�
:d|Æ℄\�����NgR�
:d|�
>> options = optimset(’LargeScale’,’on’);

>> x=linprog([-1 -1],[1 1],1,[],[],[0 0],[],[0 0.5],options)

Warning: Large scale (interior point) method uses

a built-in starting point; ignoring user-supplied X0.

> In linprog at 205

Optimization terminated.

x =

0.5000

0.5000k�G;R�Æ��sl�C*�Æ'mQNRW=|:^[�3 |�Utlinprogz,:!V�L�4/Q3 W=|RD�Æ:^gyz}0Æt�rUÆPT#B℄ {XR b,Æ<C*�FDQN�L,|�ÆUI:d|=��L��*��Rf\�,\K���jÆ	<��g}��f`Z 12 y4|,�,m� b�mixed-integer
programming problem�ÆDm	<C*��
6.5.2 s>rHV�hkR LP IbZ 2 yÆ!:{s>rHV�?�m��d~��f`�r 2.12Æ 49 ��!:5�℄Ls>ÆO!Ng���ugXfrHV�ÆXf=� bQ	Q��5��|�Q�4,A�Ls>�I5��s>:Tsl�Æ bR|[b����/0M8Æ�k�:d|,w��W=�|Æg#�W=�Q[�bS�R�0�!:0nk�PT^ZEBL=q�[BggR℄�Æ�gq>NF4m� b�f`Z 11 y�-�Æ?F�g<Hy - 7shk bÆ�[��LZCrHV�hk bÆ!:!k�A)7sR[Bgg�E�Æ��d
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MATLAB RG�p�Æ!:��LZCAgm�Ib��r10��L:d8��NgrHV�R�� D Iug CÆW=�rHV�R�.�$��!:0n!:�fPPTW+ÆrU[℄n,A�{tU8�Agm��LPIbM��

max

N∑

i=1

Yiwi

s.t.

N∑

i=1

diwi = D

N∑

i=1

ciwi = C

N∑

i=1

wi = 1

wi ≥ 0 ∀ik�<!R�ÆUt<0I� wi 6B�7W+Æ!::�ZCQN�L$}|11�GX�L MATLAB z,4|�LAgm� bÆ�pUw 6.10M��
MATLAB ,eFs>Rz,�d,�FD�q�J�f,R��dÆM�!:k�gs>℄�f,X�J�R�12�QrÆ!:��7Ls>R�R�clean priceÆQ	<bndyieldz,FDB1R�$�Æ	<bndduryz,Ibndconvyz,�MFDs>R��Iug�k�<!R�ÆIa<linprogz,�Æ?F!:1	W=�ÆM�Dm;ITKz,5,R*���GR;Lf,-x5,�
�S�W+I[S�W+C�RJ��?F�LIb,�xBS�W+Æ�~Lf,�A�WÆÆ!:<�L�J�?L,mI�R8}��:Æ!:5��V&Ls>ÆDÆ!:bJV�,fP&Ls>�̂ d�pÆ!:QNU8{t:

>> LPbonds1

Optimization terminated.

weights1 =

0.4955

0.0000

0.4361

0.0684

0.0000

10!:0n1:4�Z�R���ZCR�:Ib� [?] ,��F[pRTRIb���
11eFB/|RBAgIIbR�"gÆf` [?]�
12eF#kZCs>R MATLABz,�nÆs�:�f`Z 2.3.4w�
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% SCRIPT LPBonds1.m

% BOND CHARACTERISTICS FOR SET 1

settle = ’19-Mar-2006’;

maturity1 = [’15-Jun-2021’ ; ’02-Oct-2016’ ; ’01-Mar-2031’ ; ...

’01-Mar-2026’ ; ’01-Mar-2011’];

Face1 = [500 ; 1000 ; 250 ; 100 ; 100];

couponRate1 = [0.07 ; 0.066 ; 0.08 ; 0.06 ; 0.05];

cleanPrice1 = [ 549.42 ; 970.49 ; 264.00 ; 112.53 ; 87.93 ];

% COMPUTE YIELDS AND SENSITIVITIES

yields1 = bndyield(cleanPrice1, couponRate1, settle, maturity1, ...

2, 0, [] , [] , [] , [], [] , Face1);

durations1 = bnddury(yields1, couponRate1, settle, maturity1, ...

2, 0, [] , [] , [] , [], [] , Face1);

convexities1 = bndconvy(yields1, couponRate1, settle, maturity1, ...

2, 0, [] , [] , [] , [], [] , Face1);

% SET UP AND SOLVE LP PROBLEM

A1 = [durations1’

convexities1’

ones(1,5)];

b = [ 10.3181 ; 157.6346 ; 1];

weights1 = linprog(-yields1,[],[],A1,b,zeros(1,5))

% BOND CHARACTERISTICS FOR SET 2

maturity2 = [maturity1 ; ...

’15-Jan-2019’ ; ’10-Sep-2010’ ; ’01-Aug-2023’ ; ...

’01-Mar-2016’ ; ’01-May-2013’];

Face2 = [Face1 ; 100 ; 500 ; 200 ; 1000 ; 100];

couponRate2 = [couponRate1 ; 0.08 ; 0.07 ; 0.075 ; 0.07 ; 0.06];

cleanPrice2 = [ cleanPrice1 ; ...

108.36 ; 519.36 ; 232.07 ; 1155.26 ; 89.29 ];

% COMPUTE YIELDS AND SENSITIVITIES

yields2 = bndyield(cleanPrice2, couponRate2, settle, maturity2, ...

2, 0, [] , [] , [] , [], [] , Face2);

durations2 = bnddury(yields2, couponRate2, settle, maturity2, ...

2, 0, [] , [] , [] , [], [] , Face2);

convexities2 = bndconvy(yields2, couponRate2, settle, maturity2, ...

2, 0, [] , [] , [] , [], [] , Face2);

% SET UP AND SOLVE LP PROBLEM

A2 = [durations2’

convexities2’

ones(1,10)];

weights2 = linprog(-yields2,[],[],A2,b,zeros(1,10))

Fig. 6.10 fss>rHV�Ag=�IbQ4|�
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Optimization terminated.

weights2 =

0.0000

0.0000

0.3813

0.0000

0.0000

0.0800

0.0000

0.5387

0.0000

0.0000`0n<!NÆ~/0M8ÆrHV�,�B℄Ls>��:^;QB\�dÆ)�o}0M8!:)M�rHV�,s>,�X�X:�Q~R�^%<���jÆ�Q[�oD�zRÆ�9,FAgm� bW=|R{X�Ut!:Agm�,�B M LS�W+Æ��� b�B}I:dRm5�LW=|Æ�$mB M LI������?F�m
M = 3ÆW=rHV�gP��x℄Ls>Æ?	5Q�9ss>Æ��5�NW=|��/0M8ÆMATLAB FD�RW=|9,Flinprogz,RD�sl���L b�rÆ[5�NW=|Æ℄\�IC*�FDR{tBp�Ut!:�5���W+Æ!:g�QN~Ls>Æ~Ls>R��TK��~n�
6.5.3 	<�.m�XfrHV�BS��Z 2.4.3 wÆ!:g�n MATLAB +'.� - �vBS�����=TKÆ!:Dm4|�5� (2.13) R=� bÆ��H�`Æ!:�m%a�

min w′Σw

s.t. w′r̄ = r̄T
n∑

i=1

wi = 1

wi ≥ 0,{F[pRTK�	� r̄T�!:3NÆ���L�.m� bÆ:�	<quadprogz,4|�GX�Lz,�d�TFD��}BD�RÆ?�LZ�$Rfrontconz,�z,NaiveMV�p?'Uw 6.11 M�Æz,R!Vf,��ERet�HyR�	�$J�ÆECov�HyRU�v�
ÆNPts�rHV�BS��\R (!:1	FDR) L,�!�z,��PRisk�z	RrHV�R%<�rH�$�RKDvÆPRoR�V��$�ÆPWts�rHV�<0�
��
7�d?L�LrHV���r&TK�$�Æ!:DmFD�:�:NRW=�$���$�{1RWQ%<RrHV�ÆZ�LTK�$�:�ou4|U8 b/
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function [PRisk, PRoR, PWts] = NaiveMV(ERet, ECov, NPts)

ERet = ERet(:); % makes sure it is a column vector

NAssets = length(ERet); % get number of assets

% vector of lower bounds on weights

V0 = zeros(NAssets, 1);

% row vector of ones

V1 = ones(1, NAssets);

% set medium scale option

options = optimset(’LargeScale’, ’off’);

% Find the maximum expected return

MaxReturnWeights = linprog(-ERet, [], [], V1, 1, V0);

MaxReturn = MaxReturnWeights’ * ERet;

% Find the minimum variance return

MinVarWeights = quadprog(ECov,V0,[],[],V1,1,V0,[],[],options);

MinVarReturn = MinVarWeights’ * ERet;

MinVarStd = sqrt(MinVarWeights’ * ECov * MinVarWeights);

% check if there is only one efficient portfolio

if MaxReturn > MinVarReturn

RTarget = linspace(MinVarReturn, MaxReturn, NPts);

NumFrontPoints = NPts;

else

RTarget = MaxReturn;

NumFrontPoints = 1;

end

% Store first portfolio

PRoR = zeros(NumFrontPoints, 1);

PRisk = zeros(NumFrontPoints, 1);

PWts = zeros(NumFrontPoints, NAssets);

PRoR(1) = MinVarReturn;

PRisk(1) = MinVarStd;

PWts(1,:) = MinVarWeights(:)’;

% trace frontier by changing target return

VConstr = ERet’;

A = [V1 ; VConstr ];

B = [1 ; 0];

for point = 2:NumFrontPoints

B(2) = RTarget(point);

Weights = quadprog(ECov,V0,[],[],A,B,V0,[],[],options);

PRoR(point) = dot(Weights, ERet);

PRisk(point) = sqrt(Weights’*ECov*Weights);

PWts(point, :) = Weights(:)’;

end

Fig. 6.11 +'.� - �vBS���RZC MATLAB �p
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max w′r̄

n∑

i=1

wi = 1

wi ≥ 0�JjÆ���LZCR LP  bÆ�W=��W=�	�$�-�ÆUtNrHV�fPW+Æ!:Dm4|��L LP  b����!:�p,	<linprogz,FDMaxReturnRO)�Z�TK��N:�:NTK�$RWQ%<rHV��
min w′Σw

n∑

i=1

wi = 1

wi ≥ 0QFD�L�$��Qr�L=� bR|���Qr5~L9wRBSrHV�ÆUtN:BSÆm5��RW=rHV��$�IWQ%<�E��J,[:^�zÆz,�5�N��\��/0M8ÆBS��\RL,NumFrontPoints� 1�'m��!Vf,NPts��w��NBS��rHV�Æ!:	<linspacez,/Q~L9�VNPtsLTK�$RJ��DÆÆ!:4|�5�%<WQ� bÆ/Q7LrHV�R%</�$g*����=�LTKÆ�.m� bAgS�W+CFJ�B,Æ!:�k{1TK�$ÆZCY;I�LN�?:�{Fp�ZC bÆ!::�p�NaiveMVz,Ifrontconz,R{t�'Bp�
>> ExpRet = [ 0.15 0.2 0.08];

>> CovMat = [ 0.2 0.05 -0.01 ; 0.05 0.3 0.015 ; ...

-0.01 0.015 0.1];

>> [PRisk, PRoR, PWts] = naiveMV(ExpRet, CovMat, 10);

>> [PRoR , PRisk]

ans =

0.1143 0.2411

0.1238 0.2456

0.1333 0.2588

0.1428 0.2794

0.1524 0.3060

0.1619 0.3370

0.1714 0.3714

0.1809 0.4093

0.1905 0.4682

0.2000 0.5477
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6.5.4 �Agm�R MATLAB G�4|W�"�Agm�Rz,�fmincon�U�a<z,9,FTK bR�ÆW+��AgW+I�AgW+ÆU8�
min f(x)

s.t. Ax ≤ b

Aeqx = beq

g(x) ≤ 0

geq(x) = 0

l ≤ x ≤ u�
�I�j8}�J�f,Æ��AgS�W+I[S�W+DmX� M �bJ�0aGz,�rUÆ4|
min ex1(4x21 + 2x22 + 4x1x2 + 2x2 + 1)

s.t. x1x2 − x1 − x2 ≤ −1.5
x1x2 ≥ 10!::�X�~L M �bÆZ�L�bDm�%~LJ�Æ{F�[S�IS��AgW+�

function [c, ceq] = confun(x)

% non-linear inequality constraints

c = [1.5 + x(1)*x(2) - x(1) - x(2);

-x(1)*x(2) - 10];

% non-linear equality constraints

ceq = [];)�6BS�W+Æ�mZ�J��A�p
k�<!Z�LW+R�Æ7��I�����L�b�TKz,�
function fval = objfun(x)

fval = exp(x(1)) * ( 4*x(1)^2 + 2*x(2)^2 + 4*x(1)*x(2) + 2*x(2) + 1);�T M �b:��%Bez,_uR|+��DÆÆ!:a<fminconz,�
>> x0 = [-1,1];

>> options = optimset(’LargeScale’,’off’);

>> [x, fval] = fmincon(@objfun,x0,[],[],[],[],[],[],@confun,options)

Optimization terminated: first-order optimality measure less

than options.TolFun and maximum constraint violation is less

than options.TolCon.

Active inequalities (to within options.TolCon = 1e-006):

lower upper ineqlin ineqnonlin

1

2
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x =

-9.5474 1.0474

fval =

0.02361:<!R�Æfminconz,Q[P�W~Rsl�rUÆIbRD�Ibf,_�:�q>U8�R=�Ib
min

m∑

i=1

f2
i (x),|,�/�AgWQ�� bR���lsqnonlinz,�

6.6 I_I=�|+Ib0n�Z#k4_RF45qÆ�I_Ib�0��Ib�#k�g bR�/ZCBSR���D�ÆI_Ib�^O!NgR�V!Vf,FDIb���<gR,Æ�0n�!:k�RÆEp�Æ!:1	w�W=Rf,V��#&�4Æn�f,r&,ÆrUrHV�=�Æ!:1	:�gI_��I=���{��X�f` [?]��
R��g�B!#RÆ)�O:��!:aT�/�{4_*F4R5qR=���Æ��T4_*F4R5q$�	<Bg0�F4m���#k�E�Æ!:Dm�{$m�/0�/U8 b�
• TKz,:^��u�
• PT!Vf,�j^I���wqI��
• TKz,�RFD:^�PTh*>G�
• $�FDz,_uÆ%	3F_uD�$S�F!:0WÆ�\0
Æ�ZC�`ÆQr!:k�4|�L$W+=� bÆTKz,�P/F4�KR�	ÆF4�K�YF�LJ�f, x ∈ Rn�

min f(x) = Eω [h(x, ω)]��==�FDÆk��/FDTKz,L!\R_u ∇f(x)�UZ 4.5.2 wM��RÆ:�ouBSv�R��FD[Fz,_uÆE�Ut[F,5>GÆ�/��0n[:d�!:$m:�	<UVF4,jT[F�v���/:d���	<P/%n��
g(x) = α+

n∑

i=1

βixi = α+ β′x



I_I=� 343!::�ouFD�5�p�� xj Rz,� f QWQ�%ngvz,R��[F� α I β�Qr f̂j �{1p�\ xj(j = 1, . . . ,m) R
f z,�Æ!::�QN

f̂j = α+ β′xj + ǫj ,�, ǫj ��L*vH�0gvÆf`Z 3.3 w�	<WQ���Æ!::��N α I β 	Q ∑
j ǫ

2
j WQ��F!:g#�


X =




1 x11 x12 · · · x1n
1 x21 x22 · · · x2n
...

...
...

...
...

1 xm1 xm2 · · · xmn


 ,�, xji �I� xi RZ j Lf,�:��ER��	Qgv���WQ�R|� [

α̂

β̂

]
= (X′X)

−1
X′ f̂ ,�, f̂ �z, f , m R[F�J��DÆÆ!::�r ∇̂f (k) = βÆQ	<�L_u=�D��I!:6B�NW=|�Æ�<�u_����I!:5�WQ\�Æ:�<�L�uz,�d_��

f(x) = α+ β′x+
1

2
x′Γx,�, Γ ��L�
Æ:�	<�.m���FDOIbRW=f,ÆQ:��.Q℄OIb�N.SP/�yib�f` [?]��/��g<F4|�Agm�R_f}���quasi-Newton method�3FF1��response surface��R�L;8??�FD�9=����T��ÆrUGk�+�perturbation analysis�0��XouZCI_��[F�<RDAg�eF[F�<DAgR�r:�f` [?]�Z 8.5w!:g5��LZCR�r��T��k�>q=�R,tk�Æ)-Ut1	uV~��T��:�f3 [?]�!:�k���	<_u��#kI_=�R�T b��J,Æ!:1:FD

∇f(x) = ∇Eω[h(x, ω)],EI_�JjQNP/{t�
Eω[∇h(x, ω)]�	�O;$�FD_u�eF�L bRuV~�:�f` [?]�eF�QR���R~�:�f` [?]�O!MBj)RO)Æ{FI_=� bÆXT[qF_u_0R�Agm����}B<��/�
R�����Z 6.2.4 w�nuR



344 u=�C*?K���simplex search procedure�eF�L bW℄R~�	tf` [?]13�EDC*?K�#BPT=�ÆE!�$�|,?FTKz,�u0j^�R,mI�MM%R b�{F�T0MÆ:�gI_��I����D��metaheuristicB{�ÆrU�I?K�tabu search0�%D��genetic algorithmsÆBeD��nf`Z 12.4 wÆ0n�:^���:dR�����jÆ�Th�RF4I_R#-x�TD���/C�3 R��1<ÆrU�%D�0�I/D�Æ#k�W+qmh*z,���#BE;=��
S6.1 u�+3 ug:�4�=�k�,W0�R<d�t8X~w,Æ!:g�:�nu=Iuz,R<dÆDÆZ��n��k�R<dÆ�T<d{FAgm�I,�,m��}0��
S6.1.1 =� b,Rugug�=� b:d= S RP/g*�g#�L=� S ⊆ Rn �u=��convex setÆUt.S

x,y ∈ S ⇒ λx + (1− λ)y ∈ S ∀λ ∈ [0, 1]

Example 6.13 ugR<d�gRk|�{F λx+ (1− λ)y �R\Æ�, 0 ≤ λ ≤ 1Æ?zt x I y �AjR\ÆUtL!�{\ x,y ∈ S wtAjR\q'F SÆm=� S �u=�5� R2 R℄LJ=ÆUw 6.12 M��S1 �u=ÆE� S2 [�u=ÆS3 �j^=�Q[�u=�Æ��j^W=� bR�Lea{��u=�Rg*��
PROPERTY 6.10 u=Iu=Rl=�u=�k�<!R�Æu=RQ=Q[�g�u�p L\ x1,x2, . . . ,xp ∈ RnRuV�g#�

x =

p∑

i=1

µixi, µ1, . . . , µp ≥ 0,

p∑

i=1

µi = 1Ng�L=� S ⊂ RnÆ=� S \RuV�X	R=���=� SRu-�convex hullÆG� [S]�Ut S �u=�Æm S ≡ [S]��LÆ
13�Q<!R�Æ MATLABRkUI_� SIMULINK,℄ngC*?KI�N�M,������
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x1

x2 x2 x2

x1 x1

S1 S2 S3

Fig. 6.12 uI�u=�
x2

x1

x2

x1

x2

x1

x2

x1

Fig. 6.13 �u=�IO:Ru-o=� S Ru-�-x S RWQu=�O�:���-x S R=�Rl=�~L�u=�IO:Ru-Uw 6.13 M��g#�LK�z, f :Rn → R�g#�Lu=j S ⊆ Rn�� S jRuz,ÆUt{FL! x I y =� S ,Æ{FL! λ ∈ [0, 1]Æ!:B
f (λx+ (1 − λ)y) ≤ λf(x) + (1 − λ)f(y)Ut{FMBR x 6= y }J.S[S�Æmz,�}Ju�strictly convex�g#�Lz, f ��ÆUt (−f) �u�uz,<dUw 6.14 M��Z�Lz,�uÆ�Z�z,Q[�uÆZ℄Lz,�u�uz,Q[k�##:��uz,Rg#|�U8�NgL!~\ x I yÆ5����\� x I y RuV��:\Rz,�QF f(x) I f(y) RuV�Æ
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x

f(x) f(x)f(x)

x x

Fig. 6.14 uI�uz,)�zt (x, f(x)) I (y, f(y)) RAEF x I y �VRz,7A�#&�4Æ�Lz,�uUt� epigraphÆ>Uz,wI�jR6KÆ�u=�eFu=Iuz,�tRv5�ÆUt g �uz,Æm=� S = {x ∈
Rn | g(x) ≤ 0} �u�PT^D:�/�z,ug�℄M�ÆUt{FL!
iÆλi ≥ 0Æuz, fi RAgV�Æ

f(x) =
n∑

i=1

λifi(x),OD��Luz,�{!:��Æuz,W0�R�Ng*U8�Ut f ��L:�z,Æ���=� S jRu=�ÆI*�I
f(x) ≥ f(x0) +∇f ′(x0)(x− x0) ∀x,x0 ∈ S (6.27)<!U8�����L}mR)���tangent hyperplaneÆrU f \ x0 R�uSu��

z = f(x0) +∇f ′(x0)(x− x0){F�L:�z,Æug!�F,^\ x0 R�uM,�<�QF�N\ x ∈ S Rz,��)��R<d��<F:�Ruz,ÆE��:�ou������support hyperplaneR<d{)���dSu�g#�Ng�Luz, f I�L\ x0Æ���� Rn+1 ,? z = f(x0)+

γ′(x−x0) g#Æ:��Iz, f  (x0, f(x0)) jR epigraph B)ÆTF epigraph R�����z, f \ x0 R�����������R<dUw 6.15 M��\ x0 R�L���:�ou�LJ� γ g#
f(x) ≥ f(x0) + γ′(x− x0) ∀x ∈ S. (6.28)
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x

f(x) f(x)

x

Fig. 6.15 uz,R�����[S� (6.28) ,J� γ I[S� (6.27) ,_uR[<Bp�Utz, f \ x0 :�Æ������Æo)��Q* γ = ∇f(x0)������4�L	Q[S� (6.28) 	sRJ� γ ��z, f \ x0 R_uRO)�Utz, f [:�Æm�����[�g��Æ?5�5�8j_u�\ x0 R8j_u=���z, f \ x0 R.���subdifferentialÆg#� ∂f(x0)�:��ER�Æuz,=� S ,℄\.:�Æ?!:P:�w�N�L_u�=� S RF}jÆ?F[wqg0n5PT bÆE�t8X!:$ke5�LC(7w�{F�.:�uz,��Æ#BU8g*�
THEOREM 6.11 Ut f ��.:�z,ÆQ*g#�L�AR0u=�
S jÆmI*�I���D�ibz, f R Hessian �
=� S RL!\�'ÆgRÆz, f �uR�

Hessian �
 H(x) �z, f(x) R�u���{��
�
Hij =

∂2f

∂xi ∂xj�L{����
 A(x) =� S j�ÆgÆUt
x′A(x)x ≥ 0 ∀x ∈ SUtj)[S�{FMB x 6= 0 }J	sÆm�
�Æg�Utz,R Hessian �
�ÆgÆmz,�}Ju�E�Æ��m[�g�	s�
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S6.1.2 u��5��L Rn ,R��� a′ix = biÆ�, bi ∈ R I ai,x ∈ Rn ��J�14��L���g Rn ��~'AVÆL��Ag[S� a′ix ≤ bi I
a′ix ≥ bi�g#��L�� P ⊆ Rn �\=�Æ�T\.S�5�Ag[S�ÆrU

P = {x ∈ Rn | Ax ≥ b})-Æ����LB�'AV=�Rl=�
PROPERTY 6.12 �L���u�?F��u=�Rl=�g#��L���B}ÆUt5�LÆ, M 	Q

P ⊆ {x ∈ Rn | −M ≤ xj ≤M j = 1, . . . , n}�LB}R���polyhedron�������polytope� �L��I�L$}��Uw 6.17 M��g#�L\ x ��� P R9�\ÆUt x ∈ P Q* x [^L�� x = 1
2x

′ + 1
2x

′′Æ�, x′,x′′ ∈ PI x′ 6= x′′��L�� P 5�LB�,�R9� x1, . . . ,xJ��L�� P ,L!\ x :�L���9�\R�LuV��
x =

J∑

j=1

λjx
j ,

J∑

j=1

λj = 1, λj ≥ 0;#&�4Æ�L���9�\Ru-�E$}��,Æ�Q[	sÆ!:Dm-V���L<d�g#��LJ� r ∈ Rn ����R�LpAÆUt.S
P = {x ∈ Rn | Ax ≥ b}* Ar ≥ 0�Ut x0 ��� P ℄R�L\Ær ��� P R�LpAÆm

y = x0 + λr ∈ P ∀λ ≥ 0;DÆ�B$}��BpA�g#��L�� P :���9pAI9�\R�A)Æ{FL!\ x ∈
P :�L)�9�\I9pARuV��

x =

J∑

j=1

λjx
j +

K∑

k=1

µkr
k

J∑

j=1

λj = 1, λj , µk ≥ 0

14��4E,!:QrMBJ�q��J��
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x1

x2

(a)

(b)
x1

x2

Fig. 6.16 Two-dimensional polytope (a) and unbounded polyhedron (b).

Fig. 6.17 ���� (a) I$}�� (b)
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• eFP�n=�k�R#<f` [?]�
• eF�Agm�f` [?] IeFAgm�f` [?]�
• eF℄\��nf` [?]�
• eFu=�R6�k�f` [?] 0 [?]�eF=���R,�D�f` [?]�
• eF�n�Agm��Q1<��R#f` [?]�
• eFrHV�hk��R��f` [?]�
• eFI_��I=���B{�Rp`f` [?]ÆB{>q=�R,t��R�nf` [?]�
• eFC*?K��I_,1<Be�nf` [?] I [?]��%HR
• �LeF=���M/ b,�J1<R�x�http://e-OPTIMIZATION.COM�
• :�KRBet(V��

– ^�tIhk9t~�t)http://www.informs.org

– R�I1<,tt)http://www.siam.org

– ,tm�t)http://www.caam.rice.edu/~mathprog

• �LeF℄\�=�R�x�http://www-unix.mcs.anl.gov/otc/InteriorPoint�
• Michael Trick R��Æ�,���TB*9R�1�t)�t�S�http://mat.gsia.cmu.edu�
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7�<gRR�s*I℄s,Ib
;yÆ!:gi|�<gRR�s*I℄s*Ib�Binomial and

Trinomial Lattices�Z 2.1 w,Æ!:�nN�s*Ib��/�KRHyRJ[BggfIR3;����s*IbgKRHyRJRF4u�j^�ÆQq<w\R0V	QIbRFD�I5!�C':�j[R��℄� 2.6.1 w,Æ!:t3N�3F$\qOkRZC�<R�u�s*gRIb��QN�/�J:<R�<gR��Æ!:Dmg�u�s*R8ESuN�uy�s*Ib,ÆE�Æ!:�:k�w��/fs*{XR��Æ�	Q*{X?LKDHyRJIbÆ�LIb�wq�V�wqBURF4�����DÆÆ!::�g�/�uyR�s*IbSu�℄s*Ib�Z 7.1 wÆ!:0ZCR�s*Ib0
ÆouIKRHyRJ�?RJF4u�R��I�v,gRj^<��\${wR��fs�s*Ib�0��\��Æk|�s*RRDC(I;℄/ I_Re5<���}0�R�${wC(�Moment matching��/�vjTm�ÆO:��[��/BSR
C(�DÆÆ!:g~�ES!5hkC(R^[Ok�Z 7.2 wR7�℄S�~�8��<RgR��Q<!R�Æ!:k�k|8��<I�N�<Re5�8��<gR��Æ;D��/ZCRkUm����dynamic programming�Z 10 ygD7Y~�kUm����Z 7.3 wÆ!:g~��YF~LKRHyR�<����WZCR�KRHy�<�r�;DÆBSR℄5hk�|,�g bR3 �Z 7.4 w,Æ�s*IbgSu�℄s*IbÆ℄s*Ib:��[QÆoRB�v���R�/℄ 0M�!:gZ 9.2.1 w�nB�v����WÆÆZ 7.5 w!:gnYP{*{XR=\I?\�
353
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uS

f
0

u

dS

f
0

d

S

f
0

0

Fig. 7.1 ZCR�uR�s*Ib
7.1 �s*gRIbZ 2.6.1 wÆ!:�~��3F$\qOkR�u�s*�<gRIbÆIb{XUw 7.1 M�� :��R8��	<~/Hy4'�<Æ$%<HyI�<RKRHy�	<�~/HyÆ!::�4'�<L!~/BU8R�$�Ut	<~L<�f, u I dÆ!:3N�<RU℄RJ f0 �

f0 = e−r·δt [pfu + (1 − p)fd] (7.1)�,Æfu I fd �M�KRHyRJj{I8j�R�<�$Æ}JRiÆp �KRHyRJj{R%<,g<��
p =

er·δt − d
u− d�Q~Yfs[BggRIbÆ!:1:oP�s*IbRu,��4'�<R�$Æ!::�	<Q�RHy0℄nN�P��dl��Z�/��Q*��JÆ>�{F8��<Æ)�8��<℄nN�P�RL��<d<�P/�ujÆ�/��-���Lwq�VIb\W; - 69�6SX�I\W; - 69�6SX$�-��+|�0|+|�Æ!:Dm0℄fsPTj^���Æ�Tj^���3F;℄/ 
Æ�[F%<,gpuÆ:�fs�L�J{XQ1<B�v���4|BeR~�����PDE��L�uyR�s*IbÆ��/:dRj^���ÆUw 7.2 M��!:�:�5�*{XÆE�w\0VDm/�FDR4_u:CR��℄� �mÆ!:1<�H�� u = 1/d�0n��6BD�RÆ!:Æ�)jNÆE�Æ�/��	Q�LRJj{uytF�LRJ8juyR�
RJBp�

S0ud = S0du = S0U!:0w,3NRÆ�/��[�0Vw\Æ�*�	<B�,�RRJ��dFD�/���Æ�/{X#B=���N u I d sl�kR�Æ!:1:RD{XÆ�	QRJ*{X�<�0=�KRHyRwq�Vu��
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Fig. 7.2 0V�s*Ib
7.1.1 RD�s*Ib�s*{X�U8%<,gu�RBS�<�0=�

dS = rS dt+ σS dW)-Æ!:k�w���Rf,fs{XÆ��
�/��Æ/�wq�VIbRPT3;g*Æ�Lu���RD�calibration�� St �0
Æu�LQR�VVK δtÆO!Z 2.5 wR℄SÆ℄RRJ�F4I�
St+δtÆ�	Q

log(St+δt/St) ∼ N
((
r − σ2/2

)
δt, σ2δt

)O!{,ÆU�\Rg*�f`9� BÆB
E[St+δt/St] = er δt (7.2)m

Var[St+δt/St] = e2r δt
(
eσ

2δt − 1
)

(7.3)j^kU�discretized dynamicsR�L�I�4��V{w�k�<!R���B~LibÆE�!:B℄Lf,�pÆu I d�M�Æ!:�B�LK?uÆQsl u = 1/d�0FDRou��Æ�
RslBqFFDÆE��[���R:d���!:BU8{X�
E[St+δt] = pu · St + (1− p)d · St,�,Æ{��7.2z	

pu · St + (1− p)d · St = er δtSt ⇒ p =
er δt − d
u− d
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Var(St+δt) = E[S2

t+δt]− E2[St+δt] = S2
t (pu

2 + (1− p)d2)− S2
t e

2r δtO!�7.3QN
Var[St+δt] = S2

t e
2r δt

(
eσ

2δt − 1
)
,gWÆ~L�����ÆQN

S2
t e

2r δt
(
eσ

2δt − 1
)
= S2

t (pu
2 + (1− p)d2)− S2

t e
2r δt,�n{�

e2r δt+σ
2δt = pu2 + (1 − p)d2WÆ�L��C�Æ?d p QZ�QN�

er δt − d
u− d u2 +

u− er δt
u− d d2

=
u2er δt − u2d+ ud2 − d2er δt

u− d

=
(u2 − d2)er δt − (u − d)

u− d = (u+ d)er δt − 1,W.R���
e2r δt+σ

2 δt = (u+ d)er δt − 1,�,Æ	< u = 1/dÆ:�g��>#��.���
u2er δt − u

(
1 + e2r δt+σ

2δt
)
+ er δt = 0��RO��

u =

(
1 + e2r δt+σ

2δt
)
+

√(
1 + e2r δt+σ2δt

)2 − 4e2r δt

2er δt	<�uSuÆ�F δt Ru,Æ!::�Z�L:�����O�Æ!:QN
(
1 + e2r δt+σ

2δt
)2
− 4e2r δt ≈

(
2 + (2r + σ2)δt

)2 − 4(1 + 2r δt) ≈ 4σ2δt)-�
u ≈ 2 + (2r + σ2)δt+ 2σ

√
δt

2er δt

≈
(
1 + r δt+

σ2

2
δt+ σ

√
δt

)
(1− r δt)

≈ 1 + r δt+
σ2

2
δt+ σ

√
δt− r δt = 1 + σ

√
δt+

σ2

2
δt
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√
δt RL:��WÆQNf,

u = eσ
√
δt, d = e−σ

√
δt, p =

er δt − d
u− d , (7.4)�:�� CRR Ib�Cox, Ross, and Rubinstein�1I4ER�Æ�[���:dR��Æ5�N:df,��ÆD`f5�>�rUÆ!::�F!sl p = 0.5ÆuPT5�:�M�

p =
1

2
, u = e

(

r−σ2

2

)

δt+σ
√
δt
, d = e

(

r−σ2

2

)

δt−σ
√
δt
,�:�� Jarrow--Rudd f,�Ib�-�Æ!:��kt|,BI4_RFDÆ�TFDq>�Ag��V�3F{,RJRFD��Æ!::�E?�TQZ�t8Xg�n#R���Qrqx�V℄Æ$%<�$�IRJRTk��},Æ�*!::�g�Tf,1<NIb{X,�{F�<RgRÆ!:1:fs�;�0.�KRHyRJR{X���jÆN�P�<RR���Æ��<R�$�DÆÆ!:1:[n1<U��7.1Æ7.JÆ�z�℄Æ�NN:�
w\�{FÆon��<Æ�s*{X�}~Yu��KRHyRJXi��R1<�

Example 7.1 Qrk�FD�LÆon�*V�<RRJÆS0 = K =

50�r = 0.1�σ = 0.4�N�P�&LZÆ�O!\W; - 69�6IbÆ!:�O|��
>> call=blsprice(50,50,0.1,5/12,0.4)

call =

6.1165Ut	<�s*Ib�<�0=�{tÆ�:Dmfs{Xf,ÆQr7�LuyR�V����LZÆmB
δt = 1/12 = 0.0833

u = eσ
√
δt = 1.1224

d = 1/u = 0.8909

p =
er δt − d
u− d = 0.5073_�RJR�s*{XI�<RR�ÆUw 7.3 M���s*{XRWC�*V�<RRJ:�ouFD�<R�$/Q����FDu�Æ!:5�UtFDL,Z�LuyWj�XLw\R�<RJ�

e−r·δt [p · 39.07 + (1− p) · 20.77]
= e−0.1·0.0833 [0.5073 · 39.07 + 0.4927 · 20.77] ≈ 29.77O![nFDÆ!:3N�<RRJW� 6.36Æ[Tt�DBRRJ��QNQ�BR�<Æ!:k�7LuyR�V℄~Qx�
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function [price, lattice] = LatticeEurCall(S0,K,r,T,sigma,N)

deltaT = T/N;

u=exp(sigma * sqrt(deltaT));

d=1/u;

p=(exp(r*deltaT) - d)/(u-d);

lattice = zeros(N+1,N+1);

for i=0:N

lattice(i+1,N+1)=max(0 , S0*(u^i)*(d^(N-i)) - K);

end

for j=N-1:-1:0

for i=0:j

lattice(i+1,j+1) = exp(-r*deltaT) * ...

(p * lattice(i+2,j+2) + (1-p) * lattice(i+1,j+2));

end

end

price = lattice(1,1);

Fig. 7.4 3F�s*IbRn�*V�<gRR MATLAB �p?'� MATLAB ,�d�/��Æ!:k��LJÆzMFDR?,L:��Qr fij ��<w\ (i, j) RR�Æ�, j {1�V\ j δt (j =

0, . . . , N)ÆiL�Z j L�VyRZ iLw\��s*,ÆFF i = 0, . . . , jÆw\,�[zoP�N ��VuyR,��M�*{XB N + 1 qÆ�,
Nδt = T��<N�P�O!�TQrÆKRHyRRJw\ (i, j) �
Suidj−iÆN�P!:B

fi,N = max{0, SuidN−i −K}, i = 0, 1, . . . , NFF�VJÆz�FF j R\mÆQN
fij = e−r δt[pfi+1,j+1 + (1 − p)fi,j+1] (7.5)	<MATLAB�t�=�/��RBe?'Uw 7.4M��z,LatticeEurCallR!Vf,�o<f,ÆrUKRHy=R��dRJ�$%<q�I}G��SÆ�P�VRuy,N�FFWÆ�Lf,RoPÆ!:QNQ�BRRJ�p�oP�FD�V�

>> call=LatticeEurCall(50,50,0.1,5/12,0.4,5)

call =

6.3595

>>call=LatticeEurCall(50,50,0.1,5/12,0.4,500)

call =

6.1140
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% CompLatticeBLS.m

S0 = 50;

K = 50;

r = 0.1;

sigma = 0.4;

T = 5/12;

N=50;

BlsC = blsprice(S0,K,r,T,sigma);

LatticeC = zeros(1,N);

for i=(1:N)

LatticeC(i) = LatticeEurCall(S0,K,r,T,sigma,i);

end

plot(1:N, ones(1,N)*BlsC);

hold on;

plot(1:N, LatticeC);

Fig. 7.5 ou\Q p��s*IbRDBg
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Fig. 7.6 FF�s*IbuyRoPÆ>q�<RJR�B�I�<��s*Ib�yN=RJRBe�pUw 7.5 M�Æ�pRFD{tUw 7.6 M���/0M8Æ*v��/F4GkFFuy,�RoP�o=���=j)��0n5PT b���Æ	<�Lq=R�
5!�s*{XÆA��
R�'q�AR�!:�k�!�L�s*{XÆ0nYtIb{X��s*{X�B*9RÆE��JFD,0nQ[k�L�s*{Xw���jÆ!:�k�5!~LwqR�Vuy



�s*gRIb 361MkR_0Æ)-!:BD�;��p�-�Æv {X,Æ7Luyq��k=)J�/�%<,g<��:�g�LFDv ��dÆ�w|�p^d�V�Z 7.1.3 wÆ!:gKq�d�T;��8�w,Æ!:gu��s*�KD�<�non-standard optiongR,R1<�
7.1.2 Æ6�<RgR!:�m5��LÆ6*V�<�pay-later call optionÆQQrKR_�[��1�Æ6�<R℄����$k�6�<%R��<	;ÆE�I�<N��Æ0nk��6�<%R�N�PÆUt�<�R℄�<Æ�<k�d<Q�6�<%RN�<,���'mÆ�<N�6BR�Q$k�6�<%RN�<,���k�<!R�Æ�<�BJR��$:^�7ÆI�<Q[�uuR℄�<�Æ�$F�<R�$QF�<%R�:ZCY3NÆO!$\qOkÆUt�<��$P���7Æm�� t = 0Æ!:�BR�<�WR���7�U�FD�kR�<%R\�Ng�L�<%RÆ�<�$�

f(ST , P ) =

{
ST −K − P Ut ST ≥ K
0 'm{F�LNgR PÆ!:0n:�ou�s*Ib��<gR�=!:k�w��L��R P /Q�<R%<,gpuR�	Æ{1KRHyRJ STÆ:�	����
Ê [f(ST ;P )] = 0�mk�<!R�k=)JÆ!:QrLFDu�,q��},��4| P R��Æ!:k�g�s*IbI���B{�Æ4|�Ag���f`Z 3.4.1 w��:Æ!:Xf�Lz,FDNg P R�	��Be MATLAB �p?'Uw 7.7 M��F!:5��L_��<ÆKR_�R=RJ� $12ÆTk�� 20%�$%<�$�� 10%��<R�dRJ� $14��<R}G��� 10 LZ�-#!:	<�s*IbÆIbR7Luy{1R�V��LZ�)-Æ�s*Ruy,� 10�!::�fs�LaGz,ÆFDNg P R�<�$Rk=ÆDÆ!:	<���z,fzero I�L�
d?\FD�

>> f = @(P) L11(P,12,14,0.1, 0.2, 10/12, 10)

f =

@(P) L11(P,12,14,0.1, 0.2, 10/12, 10)

>> fzero(f,2)

ans =

2.0432

1�L�r3F [?, chapter 13, exercise 11]�
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% exercise 11 chapter 13 from Luenberger, Investment Science

function ExpPayoff = L11(premium,S0,K,r,sigma,T,N)

deltaT = T/N;

u=exp(sigma * sqrt(deltaT));

d=1/u;

p=(exp(r*deltaT) - d)/(u-d);

lattice = zeros(N+1,N+1);

for i=0:N

if (S0*(u^i)*(d^(N-i)) >= K)

lattice(i+1,N+1)=S0*(u^i)*(d^(N-i)) - K - premium;

end

end

for j=N-1:-1:0

for i=0:j

lattice(i+1,j+1) = p*lattice(i+2,j+2) + (1-p)*lattice(i+1,j+2);

end

end

ExpPayoff = lattice(1,1);

Fig. 7.7 3F�s*IbÆ6�<gRR MATLAB �p?'!:3NÆ�<gRR|+U���Q6BM,_0R0M8Æ	<z,fzero:�QN�<��	<�s*Ib0n5P/FDQZÆE��s*Ib:��[�L,��<�
7.1.3 �L�s*IbR;�0 CPU FD�VI℄5hkRouÆ$�!:M	<R�s*IbOD:�;���:Æ[k�forv {X,04�dk=<�FD�!::�	<��k=)JI<��.gFD�-�Æ	< CRR {XRDÆ�, ud = 1Æ!::�ou	<J�5!KRHyRJR��Æ�B{	<�L���
R��Qw|℄5�rUÆUw 7.3 M�ÆKRHyRJ�B 11 L[pR,��O!�/{XRD��ÆUt5 N L�VuyÆm!:B 2N + 1 L[pRR��)-Æou����Æ�T,�:�:5!�LJ�,�Ut�QNQ�BR{tÆ!:k� 1000 L�VuyÆ1000 × 1000 LN�R�
I 2001 LN�RJ��V5"=6M��L5!RJ,!R:d��Uw 7.8 M�� w,M�R,�5!J�,�J�N� 1 ,5!RJRWQ�Æ{tJ���L[\p��J�R�,�{1WÆ�LuyRRJ,�Æo,�{1L,Z�LuyR,���s*{XORRJ��,0o,9,F*{XRu,�p
R���<F5!�<RJ�OmjÆ!:1:	<~LJ�{1~L�Vuy�D�Æ!::�q<J�R�,�5!�LuyR,�Æ
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function price = SmartEurLattice(S0,K,r,T,sigma,N)

% Precompute invariant quantities

deltaT = T/N;

u=exp(sigma * sqrt(deltaT));

d=1/u;

p=(exp(r*deltaT) - d)/(u-d);

discount = exp(-r*deltaT);

p_u = discount*p;

p_d = discount*(1-p);

% set up S values

SVals = zeros(2*N+1,1);

SVals(1) = S0*d^N;

for i=2:2*N+1

SVals(i) = u*SVals(i-1);

end

% set up terminal CALL values

CVals = zeros(2*N+1,1);

for i=1:2:2*N+1

CVals(i) = max(SVals(i)-K,0);

end

% work backwards

for tau=1:N

for i= (tau+1):2:(2*N+1-tau)

CVals(i) = p_u*CVals(i+1) + p_d*CVals(i-1);

end

end

price = CVals(N+1);

Fig. 7.9 ;�R3F�s*IbRn�*V�<gR�p



364 �<gRR�s*I℄s,Ibo,�5!��Luy,�Æ	<�L 2N + 1 N�RJ�?:5!�T,!�Be�p?'Uw 7.9 M��Be<�U8�
• Z�^�R?'M:FDBe}�Æ-Rk=��
• IFDKRHyRJJ�SVals�Æ!:0WQRN�0
FDÆWQRN�� S0d

N�DÆ�� u��/�FDR�BuÆW~g S0 5!SVals(N+1),Æ��J�R,VN�ÆDÆKqJj�J8�dFD�
• k�<!R�ÆIFD*V�<R�CVals�Æ!:k�O!~L�K�dÆ�BIF{1�s*RB�~LuyÆldFD�,�Io,�R�<R��
• N�P τÆ!:�k�5�,VCValsWm�RN� 2(N − τ) + 1��<RRJ5!*{XRO^Æ{1R�&�N+1�!::�p��8Æ=�/FD��0n>O:X/FD��QBS�

>> blsprice(50,50,0.1,5/12,0.4)

ans =

6.1165

>> tic,LatticeEurCall(50,50,0.1,5/12,0.4,2000),toc

ans =

6.1159

Elapsed time is 0.262408 seconds.

>> tic,SmartEurLattice(50,50,0.1,5/12,0.4,2000),toc

ans =

6.1159

Elapsed time is 0.069647 seconds.!::�|�ouJ��G�0�N��aED�S��;#,Æ?FJ��G���:^	Q�p[�k|ÆM�!:[�n�TG����T�3XÆw|R CPU �V:^[b;QX
0�ÆE�I!:#k���<�Æ�/w|℄5R��!��}BSR�
7.2 8��<R�s*gR��jw,Æ!:i|�n��<R�s*gR���8��<JR�\�k�5�g�d<R b� ;wÆ!:~��LÆoR8�,��<ÆQrKR_�[�d��2��<gRR�s*Ib,Æ5�WÆ
2�m!:6B�8�*V�<Æ)�:��EÆ8�*V�<g�d<q[�WNRslÆ��KR_��6_0�



8��<R�s*gR�� 365�LuyR (i, N) w\�UtN�P�<�R℄�<Æ;DW=m��d<�)-ÆWÆ�LuyB
fiN = max{K − SiN , 0},�,ÆSiN = SuidN−i ��Lw\�KRHyRRJ�=5�L,Z�Luy,R�L\ÆUt�<��R℄�<!:[k�d<ÆrU Si,N−1 >

K�E�ÆUt�<�R℄�<Æ!:k�5�=�'d</Q�$ K−
Si,N−1 Æ0SA�X RQ~Rd<4)�#&�4Æ!:k�|,�LW=l��optimal stopping bÆ7�L�VuyÆ!:qk�gp�{RJÆQ,g�'1:a�d<Æs?/q0�1:KqSA�!::�ou�<R℄R��intrinsic value �?s?d<R�$I�<R�BR��continuation value�d>qÆ,gI��'d<�UtÆ!:Kq�B�<Æ�<R�BR��

f ci,N−1 = e−r δt(pufi+1,N + pdfi,N ),�,Æpu I pd �%<,g<��Ut�<R℄RJ=F�<R�BR�Æ!:s?d<�)-ÆL,Z�LuyR7Lw\R�<R��
fi,N−1 = max{K − Si,N−1, e

−r δt(pufi+1,N + pdfi,N )}[nFD��,Æ7L��Vuy!:qk�04p
R>q��!�FÆ!:1:0WÆ�L�Vuy0
ÆXLuy�<R���<�$ÆDÆou{Æok=�	���7.5iÆ�d�JFD�
fi,j = max{K − Sij , e−r δt(pfi+1,j+1 + (1 − p)fi,j+1)} (7.6)�L��3<ZCÆE�BF�}l�R1<ÆO:��kUm��Z 10 y!:g3NÆkUm�Okk�j�}B<ÆE��J1<,5PT��,`Z�curse of dimensionality���s*Ib,Æ!:1<�L:FDKRHyRJF4u�Rj^����D�Æ�/��k��FZ 2.6.6 wR~��J�x1<���jÆ!:�dRzk0n5PT*MÆ)�!:1:x�<�BJRouÆN:1	�W=R��d<�E�Æ!:0n) Æ��4!:�5��	�Æ���%<��� �L�xRszQ[4_Æ	h�0nq>N$\qOkÆ0�<,��(r�<Q,��RouÆN:1:e^W�R0MÆ?�<�BJ�W=Rm�ÆBYd	�<�gk� b��FÆ!::�g:�GXRn�*V�<R�p1<F8�,��<ÆBeR�p?'Uw

7.10 M��!:	<�Ll�[pR��Xf�s*{XÆ:���JÆLD,5E;R6MÆ?k�>q�<R℄R�I�BR���QR#C�Financial toolboxaT�z,binpriceÆz,binpriceS^�FDÆo8�*V0,��<RRJÆQ℄nKRHywq��0=,���!::�ou^dz,binpriceIz,AmPutLatticeX>q~�(p�
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function price = AmPutLattice(S0,K,r,T,sigma,N)

% Precompute invariant quantities

deltaT = T/N;

u=exp(sigma * sqrt(deltaT));

d=1/u;

p=(exp(r*deltaT) - d)/(u-d);

discount = exp(-r*deltaT);

p_u = discount*p;

p_d = discount*(1-p);

% set up S values

SVals = zeros(2*N+1,1);

SVals(N+1) = S0;

for i=1:N

SVals(N+1+i) = u*SVals(N+i);

SVals(N+1-i) = d*SVals(N+2-i);

end

% set up terminal values

PVals = zeros(2*N+1,1);

for i=1:2:2*N+1

PVals(i) = max(K-SVals(i),0);

end

% work backwards

for tau=1:N

for i= (tau+1):2:(2*N+1-tau)

hold = p_u*PVals(i+1) + p_d*PVals(i-1);

PVals(i) = max(hold, K-SVals(i));

end

end

price = PVals(N+1);

Fig. 7.10 3F�s*IbR8�,��<gRR MATLAB �p?'
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>> S0 = 50;

>> K = 50;

>> r = 0.05;

>> T = 5/12;

>> sigma = 0.4;

>> N = 1000;

>> price = AmPutLattice(S0,K,r,T,sigma,N)

price =

4.6739

>> [p, o] = binprice(S0,K,r,T,T/N,sigma,0);

>> o(1,1)

ans =

4.6739z,binpricek��L��K�ÆUtFD,��<Æmg flag r&� 0�FD*V�<Æmg flag r&� 1��Lf,�j��pRWÆ�Lf,�p
k�<!R�Æz,binpricek��<R��TÆ�V℄~dt�!:k�rgdt = T/N�!:|�slf,Æ�Tslf,:�<FKR_����<RgR�z,binpriceR!�f,�~L�s*{XÆ�L�KRHyRJR�s*Æ��L��<RJR�s*�0�R�ÆI�V℄~dtqQ�Æ	<������d�s*{XR�y!��
7.3 ���<R�s*gR���g�s*IbRC(SuN���<�multidimensional optionsÆ!:5��L3F~LKRHyR8�Rv�<�American spread option��<R�$�

max{S1 − S2 −K, 0}Qr!:[q>4_R���YÆ3;��:�SuNl#�<�[�Q��℄RSuÆ!:p
:�5�wq_0�$� q1 I q2���jÆ�Q[;I bR;*Æ!:�ka%<,gkU5qÆ%<,gRU��
[f3U� (2.42)]:

dS1 = (r − q1)S1dt+ σ1S1dW1

dS2 = (r − q2)S2dt+ σ2S2dW2,�,Æq>N~LBeR�Yu�I�mm dW1 dW2 = ρ dt R1<�f`Z 2.5.5 w�RDu�,�E?�Ag bR4_gÆ	<{,RJ�dfI�r
xi = logSiÆO!�^-k�Ito’s lemmaÆQN~F4�����

dX1 = ν1S1 dt+ σ1 dW1

dX2 = ν1S2 dt+ σ2 dW2,



368 �<gRR�s*I℄s,Ib�,Æνi = r − qi − σ2
i /2, i = 1, 2�[��L℄bR�s*IbÆ!:Qr~LHyRJ:^�{,RJR�j{08j δxi��RDIb{XÆ!:k�Z�u��Z�u�B{w�!:B~L_�Æ_�RJ:^j|08j�)-ÆIb,7Lw\B;LÆKw\Æ;LÆKuyR<�K���puuÆpudÆpdu I pdd��:Æ!:k��LM��Ro� δXi R{wib�

E[δX1] = (puu + pud)δx1 − (pdu + pdd)δx1 = ν1 δt

E[δX2] = (puu + pdu)δx2 − (pud + pdd)δx2 = ν2 δt,�,Æ!:	< δXi I ±δxi L�F4I�I�JI��DÆÆ!:k��Lg<R�u��second-order momentsib�
E[(δX1)

2] = (puu + pud + pdu + pdd)(δx1)
2 = σ2

1 δt+ ν21 (δt)
2 ≈ σ2

1 δt

E[(δX2)
2] = (puu + pud + pdu + pdd)(δx2)

2 = σ2
2 δt+ ν22 (δt)

2 ≈ σ2
2 δt,�,Æ!:	<�U� Var(X) = E[X2]−E2[X ]Æ�,�� δt REuH�)�<��� 1ÆZ��TU���

δx1 = σ1
√
δt, δx2 = σ2

√
δt{Fs50��5Æ!:p
1:5�U�v0g<RqF��

E[δX1 · δX2] = (puu − pud − pdu + pdd) δx1 δx2

= ρσ1σ2 δt+ ν1ν2(δt)
2 ≈ ρσ1σ2 δt=Æ!:B�L;L��I;L��<�X	R��V�

puu + pud − pdu − pdd =
ν1
√
δt

σ1

puu − pud + pdu − pdd =
ν2
√
δt

σ2
puu − pud − pdu + pdd = ρ

puu + pud + pdu + pdd = 1��V:�ou�
4bFD0�IRAgV�4|�



1 1 −1 −1
1 −1 1 −1
1 −1 −1 1
1 1 1 1




−1

=
1

4




1 1 1 1
1 −1 −1 1
−1 1 −1 1
−1 −1 1 1


 ,
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puu =

1

4

{
1 +
√
δt

(
µ1

σ1
+
µ2

σ2

)
+ ρ

}

pud =
1

4

{
1 +
√
δt

(
µ1

σ1
− µ2

σ2

)
− ρ
}

pdu =
1

4

{
1 +
√
δt

(
−µ1

σ1
+
µ2

σ2

)
− ρ
}

pdd =
1

4

{
1 +
√
δt

(
−µ1

σ1
− µ2

σ2

)
+ ρ

}�TibB�L�gR|��I~LRJRF4u�����q=�B{FBeRTk�*Be5,�Æ�Æ~LRJj|R<�q=�RJj|R<�� S1ÆRJ8bR<�� S2ÆZ����µ2 �7�����X=�Æ8jR<�XQÆ7Begg	Q�/ls^<QE;�g<R8��<F
pduÆ�I����q=� pdd qQÆIBe5,�Æ� pdd q=�FD�
R��{XÆk��xR℄5hk�!:[^ZCR5!U-"=R℄��
�)�Æ~LHyRRJj{08jo�R-{�BpÆ!::�~^Z 7.1.3 wR8�ÆBeR�p?'Uw 7.11 M��-#$ku�|�z,R!Vf,��:Æ!:FD[IR}��k�<!R�ÆRJ{X,;�RQ�RJR{,��)-ÆRJRj|g#��

ui = eδxi = eσi

√
δt�,Ædi = 1/ui, i = 1, 2�<�k=FD7v ��d�~LKRHyRRJ5!J� S1valsIS2vals,Æ�~LJ�R^dOkIÆoRn��<RFD,C�KRHyRRJJ�g<��<RRJ5!���
Cvals,Æ�
Cvals	<�<�$�d�
���m8Ki{1KRHy 1Æj{1KRHy 2�{F~LB�R�VuyÆ!::�	<�L�
5!Æ)��,Io,�:�<FB�~L�Vuy�?F�r,R�<�8��<Æ!:k�FD�<R�BR�Æg��[%<,g�	�DÆÆ!:g�<R�BR�I℄R��d>q��p��pÆ!:	<U8�r3�

>> S10 = 100;

>> S20 = 100;

>> K = 1;

>> r = 0.06;

>> T = 1;

>> sigma1 = 0.2;

>> sigma2 = 0.3;

>> rho = 0.5;

3p
R�r<F [?, pp. 47–51]�
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function price = AmSpreadLattice(S10,S20,K,r,T,sigma1,sigma2,rho,q1,q2,N)

% Precompute invariant quantities

deltaT = T/N;

nu1 = r - q1 - 0.5*sigma1^2;

nu2 = r - q2 - 0.5*sigma2^2;

u1 = exp(sigma1*sqrt(deltaT));

d1 = 1/u1;

u2 = exp(sigma2*sqrt(deltaT));

d2 = 1/u2;

discount = exp(-r*deltaT);

p_uu = discount*0.25*(1 + sqrt(deltaT)*(nu1/sigma1 + nu2/sigma2) + rho);

p_ud = discount*0.25*(1 + sqrt(deltaT)*(nu1/sigma1 - nu2/sigma2) - rho);

p_du = discount*0.25*(1 + sqrt(deltaT)*(-nu1/sigma1 + nu2/sigma2) - rho);

p_dd = discount*0.25*(1 + sqrt(deltaT)*(-nu1/sigma1 - nu2/sigma2) + rho);

% set up S values

S1vals = zeros(2*N+1,1);

S2vals = zeros(2*N+1,1);

S1vals(1) = S10*d1^N;

S2vals(1) = S20*d2^N;

for i=2:2*N+1

S1vals(i) = u1*S1vals(i-1);

S2vals(i) = u2*S2vals(i-1);

end

% set up terminal values

Cvals = zeros(2*N+1,2*N+1);

for i=1:2:2*N+1

for j=1:2:2*N+1

Cvals(i,j) = max(S1vals(i)-S2vals(j)-K,0);

end

end

% roll back

for tau=1:N

for i= (tau+1):2:(2*N+1-tau)

for j= (tau+1):2:(2*N+1-tau)

hold = p_uu * Cvals(i+1,j+1) + p_ud * Cvals(i+1,j-1) + ...

p_du * Cvals(i-1,j+1) + p_dd * Cvals(i-1,j-1);

Cvals(i,j) = max(hold, S1vals(i) - S2vals(j) - K);

end

end

end

price = Cvals(N+1,N+1);

Fig. 7.11 3F���s*IbR8�Rv�<gRR MATLAB �p?'
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>> q1 = 0.03;

>> q2 = 0.04;

>> N = 3;

>> AmSpreadLattice(S10,S20,K,r,T,sigma1,sigma2,rho,q1,q2,N)

ans =

10.0448;DÆ℄uyR*{X[S�/Q�L:�t�R�<|ÆE�Æou�LZC�rR�℄FDÆ!::�k|�
Cvals �U�5!w\_0R� MATLAB ,Æ�:�ou6℄a���=Æ�mÆ!:;�QNR3;_0��
R�
{XU8��.��`Æ!:	<`�* L��Be,!�I	<a��;��
Cvals �Æ̀ )3N�T,L�
10.2473 * 0 * 0 * 0

* * * * * * *

28.6198 * 3.9982 * 0 * 0

* * * * * * *

51.7652 * 27.1436 * 0 * 0

* * * * * * *

80.9233 * 56.3017 * 21.4873 * 0�
d?ÆÆN�PR��LuyÆBe,!�
* * * * * * *

* 9.3123 * 0.5653 * 0 *

* * * * * * *

* 28.2778 * 5.3263 * 0 *

* * * * * * *

* 54.2561 * 25.8626 * 3.0381 *

* * * * * * *k�<!R�Æ℄R,!�ou�.;LB�R5!,!/QÆ�,;LB�,w\�8�LuyR5!,!�DÆÆLD�℄Æ!:QN
* * * * * * *

* * * * * * *

* * 9.4563 * 0.9635 * *

* * * * * * *

* * 28.1353 * 6.7420 * *

* * * * * * *

* * * * * * *WÆR{tÆ?*{XRO^��
* * * * * * *

* * * * * * *

* * * * * * *

* * * 10.0448 * * *

* * * * * * *

* * * * * * *
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x x

xx d+

xx d-

up

mp

dp

Fig. 7.12 Cuy℄s*Ib
* * * * * * *!:3NÆ�pFD{K��L5�[n�LQ{XÆ�/{X5^�E�O:t�R℄5`��

7.4 ℄s*gR�<℄s*{X�trinomial latticep
��s*{XRSu�℄s*{X,Æ7�Lw\B℄LÆKw\Æ{1RRJj|�RJ8b0RJ[I��JjÆRJ[I��/:^�{XRDR��℄nw\R0VÆQI wqF4I�RW�~L�B�%���RK?u:�<XaEp�R�yg0�oP9Pib�℄s*{X{F����<gR�}BS��/0M8Æ!::��4℄s*{X,-x�<R��RJ�℄s*{Xp
BqFF4u� X(t) = logS(t) RA)��LqQR�V℄~ δtÆ!::�℄L�J�kÆ{1RRJ�{,RJ�o��M� +δxÆ0 I −δx�℄L0M�zR%<,g<��M� puÆpmI pdÆ��{XUw 7.12 M��Ng�"��
dX = ν dt+ σ dW,�,Æν = r − σ2/2Æ${w���

E[δX ] = puδx+ pm0− pdδx = ν δt

E[(δX)2] = pu(δx)
2 + pm0 + pd(δx)

2 = σ2δt+ ν2(δt)2

pu + pm + pd = 14|��VÆQN
pu =

1

2

(
σ2δt+ ν2(δt)2

(δx)2
+
νδt

δx

)

pu = 1− σ2δt+ ν2(δt)2

(δx)2
(7.7)

pu =
1

2

(
σ2δt+ ν2(δt)2

(δx)2
− ν δt

δx

)
,
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14.6494

28.3287

11.2214

3.1993

51.1472

22.1403

82.2119

49.1825

24.1078

8.4163 0.0000

0.0000

0.0000

0.0000

0.0000

0.0000

Fig. 7.13 ℄s*Ib!:3NÆoPR�LK?u<Fsl δx���jÆ[^B�rsRsl
δx I δtÆ�Lo<R��m� δx = 3

√
δt�I!:#kB�v����gg�Æ�L�m�}B<�!:!k�<!Æ�L[�IRsl:^M%<��7�[��L�rÆ5��Ln�*V�<RgRÆQr�<RKRHy[���S0 = 100ÆK = 100Ær = 0.06ÆT = 1 I σ = 0.3�Ut!:fs�L℄uyR*{XÆQrg δx = 0.2Æ!:QNR℄s*{XUw

7.13 M�Æ�,
pu = 0.3878, pm = 0.2494, pd = 0.3628�=℄s*FDR MATLAB �p?'Uw 7.14 M��o}Æk=<�7forv ��dFD��m!:�k�Lgp{K�I�s*Ib[pÆ!:Dm5!$m~LB�uyÆ)��m6BJ�R�,Io,�sl�)-Æ!:Dm	<~��2N + 1 dR�
Æ�
R~��M5!�=����X�~Luy�!:	<�Ko�I 2 R��l#~LuyRo_��=�0��X�Æ	<��I�knowIkthenÆ~LI�9��M� 1 0 2. �mFD:�R{X�

>> S0=100;

>> K=100;

>> r=0.06;

>> T=1;

>> sigma=0.3;

>> N=3;

>> deltaX = 0.2;

>> EuCallTrinomial(S0,K,r,T,sigma,N,deltaX)

ans =

14.6494��aNÆeFf, δx sl�L bÆO!��m δx = σ
√
δtÆ!:sl δx f,�
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function price = EuCallTrinomial(S0,K,r,T,sigma,N,deltaX)

% Precompute invariant quantities

deltaT = T/N;

nu = r - 0.5*sigma^2;

discount = exp(-r*deltaT);

p_u = discount*0.5*((sigma^2*deltaT+nu^2*deltaT^2)/deltaX^2 + ...

nu*deltaT/deltaX);

p_m = discount*(1 - (sigma^2*deltaT+nu^2*deltaT^2)/deltaX^2);

p_d = discount*0.5*((sigma^2*deltaT+nu^2*deltaT^2)/deltaX^2 - ...

nu*deltaT/deltaX);

% set up S values (at maturity)

Svals = zeros(2*N+1,1);

Svals(1) = S0*exp(-N*deltaX);

exp_dX = exp(deltaX);

for j=2:2*N+1

Svals(j) = exp_dX*Svals(j-1);

end

% set up lattice and terminal values

Cvals = zeros(2*N+1,2);

t = mod(N,2)+1;

for j=1:2*N+1

Cvals(j,t) = max(Svals(j)-K,0);

end

for t=N-1:-1:0;

know = mod(t,2)+1;

knext = mod(t+1,2)+1;

for j = N-t+1:N+t+1

Cvals(j,know) = p_d*Cvals(j-1,knext)+p_m*Cvals(j,knext)+...

p_u*Cvals(j+1,knext);

end

end

price = Cvals(N+1,1);

Fig. 7.14 3F℄s*IbRn�*V�<gRR MATLAB �p?'
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>> blsprice(S0,K,r,T,sigma)

ans =

14.7171

>> N=100;

>> deltaX = 0.2;

>> EuCallTrinomial(S0,K,r,T,sigma,N,deltaX)

ans =

14.0715

>> deltaX = 0.5;

>> EuCallTrinomial(S0,K,r,T,sigma,N,deltaX)

ans =

10.9345

>> deltaX = sigma*sqrt(T/N);

>> EuCallTrinomial(S0,K,r,T,sigma,N,deltaX)

ans =

14.6869

>> N=1000;

>> deltaX = sigma*sqrt(T/N);

>> EuCallTrinomial(S0,K,r,T,sigma,N,deltaX)

ans =

14.7141

7.5 P{�<gR,Æ�s*Ib�!:L`RZ�L℄R,���Æ�*�s*{XOkZC�FDZH�!:gÆ�^�b.A)-��Æ�Hg���LQ�o<RLS℄�d~��{X���JI;℄/ ���B�v���Be�eF;℄/ ��Æ�s*IbI℄s*Ib?L�/3F�{w�moment
matchingRj^�
����{w����/�I�j�v��Æ�:0��X��B{F;℄/ ��Æ{X�C(R=\���{T�u b�ÆFDAuI�IFD4_���Y�<�Æ{X���Q[�<�rU#k%	�<�lookback optionsgR��Æ=�J�0��BS��ÆE��T��5�ygq[R b�)-Æ{F4_R0E��<Æ;℄/ I_��0n����J:dR�������Æq<{X���#kg�d< bB{ZCBS�BT[�M�Æ;gRB�v�J��explicit
finite difference schemes:�[�℄s*{XR�LSu���jÆZ 9.2.1 w,��;��`RÆ�BSRj^���S�i	{X,,�FD[�gÆ0�:^M%℄s*Ib,7<� b�)-Æs�:^)M�ÆQ
-R�J0.gRDBJ�R��:^)9?{X�C(�lattice techniques�E�Æ��jÆB����L3i b�3FESRRD���!:�m�q>NNR�oÆou{X�C(���V�r,q:�/Q�BgR{t�!:1:��Æ!:RFDq�3F�=�{R�BgRTk�SkEQr�-�Æ!:RR[=�q�



376 �<gRR�s*I℄s,Ib3Fp�Tk�Æ�*!:�O.xTk�}[��L�{0MRf5�K�	<�{RJRD{XR���:z�Æ��.x{X�implied
lattices�Q�R��:�f5Be�>�E�!:1:G;Æ{X���)<dZC�FDBSS℄\Æ�<gR��=F\W; - 69�6����u[s
• eF{X����L�}~RHR� [?]Æ�,BeFB�v�I℄s*Ibe5R7%�+�
• ℄�> [?] -R�/3;��RSu��Æ����<I%	�<RgR��ÆK�1w\��S�,���ywÆp
:��=3F�s*IbRj^��_��<RgR���MATLAB �QR#C,aT�/��R�=z,binprice�
• s�:�f5 [?]Æ�,-x.g{X��IaEFDS�R���
• Uts��	uV~��s*IbR MATLAB �= bÆ:�f3
[?]�



8�<gRR;℄/ ��
�QFD,Æ;℄/ I_��L�}0�RR#�O:�<FrHV�hk��<gR�{�m�I_I<R� VaR RFD�;℄/ D�R7�=\��o<g��<gI
-g�;℄/ I_,Æ!::�	<F4Tk�ÆO!�(�<iKr&4_ib�;℄/ Ib#kE� b#B:eR=�Æ�{X���IF4����o}[�<FE� b�;℄/ I_R ?\�FD�q=��QNJ.!R&_u6V}}k�=�R04FDÆ�
R b:�ou�vC(0Tv(p�|,�;yRTR�u�;℄/ ��AL�r,R1<Æ-RP/���Y�<RgR�Z 4 y,!:�n�;℄/ ��5�FDR1<Æ;y���s�Dm$aR�Æ?	!:	<Q=R�I_�0��
�Æ;℄/ D�<djq��/,�5�R#�!:k�G;R�Æ;℄/ I_,Tv(p�RSt=F�F4,RSt��IR�Æ!:gI_R{tIU�R{t�d{>Æ;DÆ!:�
ZRTR�*4Rk��+�Ut!:k�FD�L~�R�5Æ�k�d~�R~��J?:�D�Æ!:�:1:g℄tNR��<FZCR�rÆ�HYp[p��R{t�%g�-�Æ!:!g3NÆ{F5�+�0|+gRU�R�<ÆO!gRU�:�QNBSjT�vRC'I����;℄/ I_1<,ÆNg�LA)kURJ�0�{q�RF4����I�
\Æ:�z	�L
;���Z 8.1 w,Æ!:g�nA�\_^k��Rz	���QI_~L{�m�[�#�rÆ!:!g1<\_&�Brownian bridge��Æ���/z	I_
;��d?���Z 8.2 w,g#k�*�<�exchange optionÆQou�LZC�ru�;℄/ ��Su$��F4u��multidimensional

377



378 �<gRR;℄/ ��
processes�Z 8.3 wÆ!:g5�[���Y�<�weakly path-dependent

option�J8%��,��<�down-and-out put option�!:gib;℄/ ��I0�g�
��B{�<FjT[F�v�Z 8.4 w,Æ!:g#k�L$���Y�<�strongly path-dependentÆXm!:gu�U�1<C'I���ITv(p�����LD,�.|��<gR�;y{+�Æ!:gu�U�	<;℄/ ���d�<DAg�+�Z 8.5 wÆ!:g�Æo*V�<R ∆ FD[��r�Z 10.4 wgu�F4I_�<gRR���/1<Æ?8��<RgR�g�d<R℄�g	QZCRI_���SÆ)-!:Dm5�F4kU=� b�
8.1 ��z	�<gRR;℄/ 1<,Æ�:k�z	KRHyRJR
;��� Æon��<gR,Æ[k�z	
;��ÆU!:Z 4 yM`�n��<gR�e^KRHyN�PRRJ�E�ÆUt�<����YÆm!:k�KRHyRLRJ
;��Æ0Ng�5��V\jRKRHyRJ�UtKRHyRRJ3FA�\_^kÆ!:g���L�F#kR0M���jÆ
;��z	5~L R*vR�
• �
*v�Sampling error
• j^�*v�discretization error�
*vRF;℄/ ��RF4gÆ:�oujT�vm�|,�L b���HFk|�4�j^�*vÆF!:5�U�j^�L℄bRwq�VIbÆrU�^F4�����

dSt = a(St, t) dt+ b(St, t) dWt.WZCRj^����ÆnUI��Euler schemeÆz	U8j^�VIb�
δSt = St+δt − St = a(St, t)δt+ b(St, t)

√
δt ǫ,�,Æδt �j^�℄~Æǫ ∼ N (0, 1)��/��<djIB�v���BeÆBgR����,	<�/��gyzvz*vÆIj^�℄~qQR�Æ�Tvz*v�:���[F1�F4����,�yg��Lea<dÆ)�!:#kRF4u��E�Æ!:0n)M�ÆouKDÆU�\,{F4I� ǫ �d�
Æ!::�I_�Lj^�VF4u�Æ��Iwq�V��RR|Be�FF
;��RoPÆ004.,RoPÆ!:1::�jT�
*v�

1Z 5y,Æ!:3Nj^���R�yg�+Q[ZC�



��z	 379j�Rzk�E:�Qmm��!:1:M�NÆj^�*v0n:�;I b|R<��\℄��rUÆ5��LA�\_^kIb�
dSt = µStdt+ σStdWt. (8.1)O!nUI��Euler schemeÆQN

St+δt = (1 + µ δt)St + σSt
√
δt ǫ.�/���S�{"�FDÆE�7L� Si = S(i δt) RF}�\�ÆU�\Æ�[�{,ÆU�\���jÆ9�L�}QR δt :�jT*vÆE��
g=)aEFD���L#�r,Æ!::�ou�t1<�^-kR��N�j^�*vÆE��"0M8Æ��[:^R�{F4_RF4����Æ�jTj^�*vÆ?	!:�k�N�PRKDRHyRJÆ!:!�k�z	L
;����/0M8Æ!:k�Q�BRj^���Æ#:�t[f5�>�

8.1.1 I_A�\_^kO!�^-k Æ!::�g���8.1>��U8�
d logSt =

(
µ− 1

2
σ2

)
dt+ σ dWt. (8.2)bO!{,ÆU�\g*2 ÆQr ν = µ− σ2/2Æ!:QN

E[log(S(t)/S(0))] = νt

Var[log(S(t)/S(0))] = σ2t

E[S(t)/S(0)] = eµt (8.3)

Var[S(t)/S(0)] = e2µt(eσ
2t − 1). (8.4)���8.2�}B<Æ)�O:�:�B5�ÆQN

St = S0 exp

(
νt+ σ

∫ t

0

dW (τ)

)
.�I_6V (0, T ) jRHyRJ��Æ!:DmO!�V℄~ δt g�Vj^��O!WÆ�L��IKD�Yu�Rg*�f`Z 2.5 wÆ!:QN

St+δt = St exp
(
ν δt+ σ

√
δt ǫ
)
, (8.5)

2f`9� B�
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function SPaths=AssetPaths(S0,mu,sigma,T,NSteps,NRepl)

SPaths = zeros(NRepl, 1+NSteps);

SPaths(:,1) = S0;

dt = T/NSteps;

nudt = (mu-0.5*sigma^2)*dt;

sidt = sigma*sqrt(dt);

for i=1:NRepl

for j=1:NSteps

SPaths(i,j+1)=SPaths(i,j)*exp(nudt + sidt*randn);

end

end

Fig. 8.1 3F;℄/ D�z	HyRJ
;��R MATLAB �p?'�,Æǫ ∼ N(0, 1) �+0KDÆU�\RF4I��3F���8.5Æ:�ZCYz	HyRJR
;����L3FA�\_^kz	HyRJ
;��R�p?'Uw 8.1 M��z,AssetPathsz	�L
;���
Æ�,�
7�d��L
;��Æ�
7��{1�L�V\�{FMBR
;��Æ�
RZ���BpÆ.��
RJ�O!�
RJS0����0��mu�Tk�sigma��V~uT��Vuy,�NSteps�>04FD.,NReplÆ!::�N�RJz,�k�<!R�Æf, µ �z,R!Vf,ÆDÆbFDf, ν�rUÆF!:z	℄i��
;��RHyRJÆ�
RJ� $50���� 0.1�Tk�� 0.3��ÆQr�V℄~��eÆQ���℄i
;��3�
>> randn(’state’,0);

>> paths=AssetPaths(50,0.1,0.3,1,365,3);

>> plot(1:length(paths),paths(1,:))

>> hold on

>> plot(1:length(paths),paths(2,:))

>> hold on

>> plot(1:length(paths),paths(3,:)){tUw 8.2 M��I	<z,randnz	+0KDÆURF4,�ÆUt�
/J[pÆgQN[pRF4,p��w 8.1 ,R�p?'3F~L℄!Rfor v � MATLAB ,ÆB�:�	<J��G��vectorizing codeaEFDS�� �HFJ�
3�m!:Qr�B 365 Ll�PÆeFU�#k�l�P5PT���f`Æ[?, pp. 251–252]�
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;���G�Æ!::�g���8.5R�;X�
logSt+δt − logSt = ν δt+ σ

√
δt ǫ.!::�z	[p{,�RHyRJÆDÆ	<z,cumsumQr&f,� 2ÆFD�
7dRfF��NMf,�FD�
7�RfF��z,AssetPathsV R{tUw 8.3 M��k�<!R�ÆWÆ�dÆ!:g�
RJ5!�
RZ�����OO)Æ:�p�U8?'�

>> format long

>> exp(log(50))

ans =

49.99999999999999�Q~YE?�/*v�ED��[SORÆEÆ�g3NÆ!::�>q�~/�RFDAu�
>> tic, paths=AssetPaths(50,0.1,0.3,1,100,1000);, toc

Elapsed time is 0.029226 seconds.

>> tic, paths=AssetPathsV(50,0.1,0.3,1,100,1000);, toc

Elapsed time is 0.034177 seconds.�/0M8ÆJ��G�R=�)�S�!:k��OR�Æ?Fj[5qÆR^dL)ÆHticIHtoc�%R�V05PTTk�EGX;#RZ�$�ÆJ��G�#BE;R=����jÆ��0M8ÆJ��G�q#BqERFDS�� b�ÆFFFD47bIWbR�u��/0M8ÆMATLAB R|��RS��aE�	QP/G���R=�[45�B�ÆJ��GXk�"=R�
Æ��/���NFD4℄5R�'��/0M8Æ	<7rAV[�l_℄5)?F℄5I7rR,!l#u�oP�pRFD�V�)-Æ!:1:!�NMB:^RG�C(ÆE�L bjR�S�WB��<�
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function SPaths=AssetPathsV(S0,mu,sigma,T,NSteps,NRepl)

dt = T/NSteps;

nudt = (mu-0.5*sigma^2)*dt;

sidt = sigma*sqrt(dt);

Increments = nudt + sidt*randn(NRepl, NSteps);

LogPaths = cumsum([log(S0)*ones(NRepl,1) , Increments] , 2);

SPaths = exp(LogPaths);

Spaths(:,1) = S0;

Fig. 8.3 z	
;��RJ��G�
8.1.2 I_{�m�B�z	F4
;��Rz,Æ!::�|�Z�L��Æ>qÆon�*V�<R{�m��O!Z 2 y!:�OÆ�<RJ7���<,���d delta- {�R	;Æ���{�*V�<k��B ∆ ,�RKRHy��LqZCRm���H{�m��stop-loss hedging4�m�R8���I�<#FR℄BU�Æ!:1:�B:2=%<�DRh���_KR_�ÆI�<#FR�BU�Æ!:1:/�Ah��JjÆI_�RJj|Q5J�dRJ K �Æ!:1:*V_��I_�RJ8jQTj�dRJ K �Æ1:,�_���/m��}�gÆE[HF�dwq�V�+5�	h�
Æ!:O:�ou;℄/ I_R��I_:m�j^�VjR�$0M�j^�Vj^<:m�R b�Æ!:R*V,�RJ[:^���R�<�dRJ�IYpNRRJEF�}��Æ*VKR_�RRJEF KÆIYpNRRJTF�}��Æ,�KR_�RRJTF K�?H[5�l�	;Æ�p
6F delta- {�StÆ:`�Hm�5  b��L[F�Hm�R�.	;R MATLAB �p?'Uw 8.4 M��z,!Vf,��L
;���
Æ�:�?z,AssetPathsz	�k�<!R�Æ�/0M[pF�<gRÆ0�I_,Dm5�����mu��pp��Æ!:1:<!N��Ruy,��V6V>
;���
�,m 1�!:!1I5�NÆUtk�*VKRHy_�Æ!:0nk�~VH��E�Æ?F!:Qr�{q��Bg*bgR},Æ!:g[5�~VH��ougM:FDRk=)J5!J�DiscountFactors ,Æ!::��S�gl�=��k=N t = 0 �<�!:	<�LBUJ�L�Jj�u�dRJ0J8$u�dRJ�?F!:*V_�R�Æ=���7�,�_��Æ=���Æ�)-�<RJ:�ou&FF�+-�*�;IR�.P=��k=�X/Q�!:p
1:e<N�PR0M�U
4f` [?, pp. 300–302]�
5f` [?]�
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function P = StopLoss(S0,K,mu,sigma,r,T,Paths)

[NRepl,NSteps] = size(Paths);

NSteps = NSteps - 1; % true number of steps

Cost = zeros(NRepl,1);

dt = T/NSteps;

DiscountFactors = exp(-r*(0:1:NSteps)*dt);

for k=1:NRepl

CashFlows = zeros(NSteps+1,1);

if (Paths(k,1) >= K)

Covered = 1;

CashFlows(1) = -Paths(k,1);

else

Covered = 0;

end

for t=2:NSteps+1

if (Covered == 1) & (Paths(k,t) < K)

% Sell

Covered = 0;

CashFlows(t) = Paths(k,t);

elseif (Covered == 0) & (Paths(k,t) > K)

% Buy

Covered = 1;

CashFlows(t) = -Paths(k,t);

end

end

if Paths(k,NSteps + 1) >= K

% Option is exercised

CashFlows(NSteps + 1) = ...

CashFlows(NSteps + 1) + K;

end

Cost(k) = -dot(DiscountFactors, CashFlows);

end

P = mean(Cost);

Fig. 8.4 [F�H{�m��.	;R MATLAB �p?'t�<�R℄BUÆ�<�B�gd<Æp�!:g/Q-x=��,Rd<RJ�!:�OÆB�J��G� �}BSÆBeRJ��G�?'Uw 8.5 M���m7�RC(�	<�J�OldPriceÆ�7��
;��R�L��1;Æ-#RJgJj0J8$X�}0��RJj{�u�dRJR�V\G�J�UpTimes,Æ-�V\5�L7=���J�DownTimespk�=Æ!::�p�~Lz,{t�'�%ÆJ��G��'#BqERFDS��
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function P = StopLossV(S0,K,mu,sigma,r,T,Paths)

[NRepl,NSteps] = size(Paths);

NSteps = NSteps - 1;

Cost = zeros(NRepl,1);

CashFlows = zeros(NRepl,NSteps+1);

dt = T/NSteps;

DiscountFactors = exp(-r*(0:1:NSteps)*dt);

OldPrice = [zeros(NRepl,1), Paths(:,1:NSteps)];

UpTimes = find(OldPrice < K & Paths >= K);

DownTimes = find(OldPrice >= K & Paths < K);

CashFlows(UpTimes) = -Paths(UpTimes);

CashFlows(DownTimes) = Paths(DownTimes);

ExPaths = find(Paths(:,NSteps+1) >= K);

CashFlows(ExPaths,NSteps+1) = CashFlows(ExPaths,NSteps+1) + K;

Cost = -CashFlows*DiscountFactors’;

P = mean(Cost);

Fig. 8.5 �H{�m�RJ��G�?'
>> S0 = 50;

>> K = 50;

>> mu = 0.1;

>> sigma = 0.4;

>> r = 0.05;

>> T = 5/12;

>> NRepl =100000;

>> NSteps = 10;

>> randn(’state’,0);

>> Paths=AssetPaths(S0,mu,sigma,T,NSteps,NRepl);

>> tic, StopLoss(S0,K,mu,sigma,r,T,Paths), toc

ans =

5.5780

Elapsed time is 3.100619 seconds.

>> tic, StopLossV(S0,K,mu,sigma,r,T,Paths), toc

ans =

5.5780

Elapsed time is 0.735455 seconds.�mIz	Hy
;��[pÆ!:3NJ��G�FDS���R=��!:�0��\RO)FÆouJ��z,z	HyR
;��ÆÆBr&�
HyRJ�}0�ÆUw 8.3 ,?'WÆ�dM���/0M8Æ�<��RÆ!:P��
*V_��E�ÆUt�
RJ� 49.9999Æ!:[)*VÆ;DÆ�+,�L�[SOR*vi	�}0Æt�=Æ!:k�g�H{�m��delta- {�m�R	;I�<Rk�RJ�d>q��LFD delta- {�m��.	;R�p?'Uw
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function P = DeltaHedging(S0,K,mu,sigma,r,T,Paths)

[NRepl,NSteps] = size(Paths);

NSteps = NSteps - 1;

Cost = zeros(NRepl,1);

CashFlows = zeros(1,NSteps+1);

dt = T/NSteps;

DiscountFactors = exp(-r*(0:1:NSteps)*dt);

for i=1:NRepl

Path = Paths(i,:);

Position = 0;

Deltas = blsdelta(Path(1:NSteps),K,r,T-(0:NSteps-1)*dt,sigma);

for j=1:NSteps;

CashFlows(j) = (Position - Deltas(j))*Path(j);

Position = Deltas(j);

end

if Path(NSteps+1) > K

CashFlows(NSteps+1) = K - (1-Position)*Path(NSteps+1);

else

CashFlows(NSteps+1) = Position*Path(NSteps+1);

end

Cost(i) = -CashFlows*DiscountFactors’;

end

P = mean(Cost);

Fig. 8.6 delta- {�m�StR[F
8.6 M���L�p?'I�Hm�?'g<ÆE[�J��G�R���RJ���a<z,blsdeltaÆ�FD�<
;��j7L�V\R ∆��k�<!R�Æ∆ RFDDm	<KRHyR=RI�J}G���z,blsdelta� MATLAB �QR#C,Rz,�=uy_�Rf,?NgR
∆ ��dQ℄Æ?-FDk==���>q~/{�m�R?'Uw 8.7 M���d�pÆ!:QN�
>> HedgingScript

true price = 4.732837

cost of stop/loss (S) = 4.826756

cost of delta-hedging = 4.736975

cost of stop/loss (S) = 4.828571

cost of delta-hedging = 4.735174Z�V�~L�p^d� 10 L{�uyÆZ�V�~L�p^d� 100 L{�uy�!:3NÆI delta- {�m�R	;[pÆ�Hm�I_<�Q6B�yN�ÆR�<RJ���jÆ1:	<[pR��>q~/m�ÆQ*1:5�{�	;RTkg�
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% HedgingScript.m

S0 = 50;

K = 52;

mu = 0.1;

sigma = 0.4;

r = 0.05;

T = 5/12;

NRepl =10000;

NSteps = 10;

%

C = blsprice(S0,K,r,T, sigma);

fprintf(1, ’%s %f\n’, ’true price = ’, C);

%

randn(’state’,0);

Paths=AssetPaths(S0,mu,sigma,T,NSteps,NRepl);

SL = StopLossV(S0,K,mu,sigma,r,T,Paths);

fprintf(1, ’cost of stop/loss (S) = %f\n’, SL);

DC = DeltaHedging(S0,K,mu,sigma,r,T,Paths);

fprintf(1, ’cost of delta-hedging = %f\n’, DC);

%

NSteps = 100;

randn(’state’,0);

Paths=AssetPaths(S0,mu,sigma,T,NSteps,NRepl);

SL = StopLossV(S0,K,mu,sigma,r,T,Paths);

fprintf(1, ’cost of stop/loss (S) = %f\n’, SL);

DC = DeltaHedging(S0,K,mu,sigma,r,T,Paths);

fprintf(1, ’cost of delta-hedging = %f\n’, DC);

Fig. 8.7 >q~/{�m�R�p?'
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8.1.3 \_&��Ryw,Æ!:�n�O!KDu�z	HyRJR��R�����jÆ�Yu�BPT℄ Rg*Æ�Tg*	!::��[pR��z	
;���5��L�V6VÆ6VRYCw\�M� tl I trÆ6V℄R�L�< sÆB tl < s < tr�q<KDR
;��z	��Æ!:�Yu�R
;��R3p� W (tl)ÆW (s)ÆWÆ� W (tr)�	<\_&���Brownian bridgeÆ!::�O! wl =W (tl) I wr =W (tr) �Ribz	 W (s) �:��E W (s) ��� wl = W (tl) I wr = W (tr) ��ibRÆ*+0ÆU�\Æ��	��
(tr − s)wl + (s− tl)wr

tr − tl�v��
(tr − s)(s− tl)

tr − tl
.�Lp�#B�NÆU�\�multivariate normal distributionRib�\�conditional distributionRP/g*�!:Q[{j)U��d�E6ÆE�Æ;D W (s) Rib�	:�ou wl I wr RAgr�/Q�W (s) R��~Lw\ tl I tr 9�qTÆ6V,\W=�	<\_&��Æ!::�ou�5��Im��bisection strategyz	
;���Ng W (0) = 0Æ!::��
/Q W (T )�DÆÆ!::��
/Q W (T/2)�Ng W (0) I W (T/2)Æ!::��
/Q W (T/4)�Ng W (T/2) I W (T )Æ!::��
/Q W (3T/4)Æ�-gz���jÆou�.\R�V��Æ!::�O!L�3pz	
;����
4_R���M�BSÆ�$m5~LO)�

1. �q�
R��:�jT
;�v� �q�
��[�<F�� bÆE�Æ!::��{N�P0�VP��<RHyRJ<�q�
��ÆDÆ!::�ou\_&z	,V��
2. {�	<Tv(p��Æ\_&���}BS�!:3NÆZ 4.6w,ÆTv(p�Q[�<FE� bÆ)�BT�u[^:�~R2=�3F
\[�ibR\_&��Æ!::�	<E*�Rp�A)�Yu����DÆÆ!::�	<�Np�R2=o6Æw$�d;℄/ �
�3F\_&��z	KD�Yu�R
;��R MATLAB ?'Uw 8.8M�ÆO!# b{�V6V [0, T ] �d�I�rUÆ6V�I,� 2R�,��/C(:�1<Ql�R0M��/0M8Æ!::�Z�j)U��d W (s) 
�Utr δt = tl − trÆ!:QN

6�LZ��Ef` [?, pp. 82–84]
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W (S) =

wr + wl
2

+
1

2

√
δtZ,�,ÆZ �KDÆUF4I��z,!Vf,��V6VR~uTI:�I	RJ6V,�NStepsÆ!�f,��L
;��J��Qr�VJ6V,�� 8�Dm� 2 R�,LÆ?�d 3 .���

• Ng�
ib W (t0) = 0Æ!:Dm�:�
/Q W (t8)Æ�!�F�GX��L~u� T R6VÆ��p,K��TJump�)�!:g�5!�LxB�LN�J�,�0�& 1 0
Æ-R W (t0)Æ�5!℄R,�Æ!:Dm�LJ�,jY 8 LY�ÆjY�&R,�5!IJump,�
• DÆÆ0
Z�Lforv �Z�LuyÆNg W (t0) I W (t8)Æ!:
/9 W (t4)�Ng�&left = 1 Iright = IJump + 1Æ!::�zy℄R
;�Qg�5!�&i = IJump/2 + 1Æ�/E38 4+1 = 5��m!:�z	�L�ÆDÆg~LjYq�� 2.

• Z�Ld?,Æ!:Ng W (t0) I W (t4)Æ
/9 W (t2)�Ng W (t4) I W (t8)Æ
/9 W (t6)��d~.!\v Æ�&�KleftÆrightIi oP 4�
• Z℄.IWÆ�.d?,Æ!:z	}GR 4 L��s�:���℄ouz,p�IaÆ���!:BaMA)R���p�Æ!:N���LFDF4u�F}�\R�p?'ÆUw 8.8 M���	�1��ÆKDv1��VR��O�

>> CheckBridge

m =

0.0025 0.0015 0.0028 0.0030

sdev =

0.5004 0.7077 0.8646 0.9964

ans =

0.5000 0.7071 0.8660 1.0000!:3NÆ���
*vÆ{t3<ÆB�Ng�/z	KD�Yu�R��Æ:�ZCRI_A�\_^k� Be�p?'Uw 8.9 M�Æg<��RJ��G�z,�AssetPathsV�!:Mk�<!R�Æ	<z,diff z	Hy{,RJRo�J�Increments���jÆKDR;℄/ I_,Æ!:ouwqo�R��z	KRHyR�Yu��3F\_&��Æ!::��t/QF4p�,[p�V\R�Æ�/Q{tRB{v(Æ!:k�	<z,diff�P/0M8Æz,diffRStIz,cumsumB�ÆU8�rM��
>> diff([1 5 7 10 20])

ans =

4 2 3 10
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function WSamples = WienerBridge(T, NSteps)

NBisections = log2(NSteps);

if round(NBisections) ~= NBisections

fprintf(’ERROR in WienerBridge: NSteps must be a power of 2\n’);

return

end

WSamples = zeros(NSteps+1,1);

WSamples(1) = 0;

WSamples(NSteps+1) = sqrt(T)*randn;

TJump = T;

IJump = NSteps;

for k=1:NBisections

left = 1;

i = IJump/2 + 1;

right = IJump + 1;

for j=1:2^(k-1)

a = 0.5*(WSamples(left) + WSamples(right));

b = 0.5*sqrt(TJump);

WSamples(i) = a + b*randn;

right = right + IJump;

left = left + IJump;

i = i + IJump;

end

IJump = IJump/2;

TJump = TJump/2;

end

% CheckBridge.m

randn(’state’,0);

NRepl = 100000;

T = 1;

NSteps = 4;

WSamples = zeros(NRepl, 1+NSteps);

for i=1:NRepl

WSamples(i,:) = WienerBridge(T, NSteps);

end

m = mean(WSamples(:,2:(1+NSteps)))

sdev = sqrt(var(WSamples(:,2:(1+NSteps))))

sqrt((1:NSteps).*T/NSteps)

Fig. 8.8 3F\_&��z	KD�Yu�F4
;��R�p?'
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function SPaths = GBMBridge(S0, mu, sigma, T, NSteps, NRepl)

if round(log2(NSteps)) ~= log2(NSteps)

fprintf(’ERROR in GBMBridge: NSteps must be a power of 2\n’);

return

end

dt = T/NSteps;

nudt = (mu-0.5*sigma^2)*dt;

SPaths = zeros(NRepl, NSteps+1);

for k=1:NRepl

W = WienerBridge(T,NSteps);

Increments = nudt + sigma*diff(W’);

LogPath = cumsum([log(S0) , Increments]);

SPaths(k,:) = exp(LogPath);

end

Spaths(:,1) = S0;

Fig. 8.9 3F\_&��Rz	+0A�\_^kR
;��
8.2 l#�<gR;ywgu�U�g;℄/ ��<F���<�!:g	<�L�}ZCR�rÆ>q;℄/ D�I�<R�B��!:g��Ln�l#�<gRÆ�<RK�~LHyRRJ�%<,gpu8Æ~LKRHyRRJ:�ou��A�\_^kfI�

dU(t) = rU(t) dt+ σUU(t) dWU (t)

dV (t) = rV (t) dt+ σV V (t) dWV (t),�,ÆBe�Yu�R2�Be5,� ρ�N�P TÆ�<R�$�
max(VT − UT , 0)��L�<�Rv�<�spread optionR℄ �ÆRv�<R�$9,F~LKRHyRJv�Z 7.3 w!:~�u�L8�Rv�<��M�:���l#��<Æ�)��L�<℄n!:N�P<�LKRHyl#���LKRHy�rUÆUt�BHy U I�Ll#�<ÆN�PR�$�

UT +max(VT − UT , 0) = max(VT , UT ).{F�L�<Æ5�LgR�+U�Æ�LgRU�:��t?\W;
- 69�6U�Su�X�

P = V0N(d1)− U0N(d2)

d1 =
ln(V0/U0) + σ̂2T/2

σ̂
√
T
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function p = Exchange(V0,U0,sigmaV,sigmaU,rho,T,r)

sigmahat = sqrt(sigmaU^2 + sigmaV^2 - 2*rho*sigmaU*sigmaV);

d1 = (log(V0/U0) + 0.5*T*sigmahat^2)/(sigmahat*sqrt(T));

d2 = d1 - sigmahat*sqrt(T);

p = V0*normcdf(d1) - U0*normcdf(d2);

Fig. 8.10 FDl#�<gRU�R�p?'
d2 = d1 − σ̂

√
T

σ̂ =
√
σ2
V + σ2

U − 2ρσV σU!:QN�LgbU�RO)���<�$#B�.��homogeneous
formÆ?:�ou~LRJR>r V/U {B1R~�����dZ��!:��k��+�Æ;℄/ I_,Utz	~L#B�gBegR�Yu�R
;���Z 4.3.4 wÆeF�NÆU�\,Æ!:	<�p
R8��!:1:�N~LKDÆUI�U�v�
R~LBe5,� ρ R Cholesky )JÆ*~LI�RBe5,� ρ�

Σ =

[
1 ρ
ρ 1

]ouZCR�� Σ = LL′ÆQN
L =

[
1 0

ρ
√
1− ρ2

]
.)-Æ�I_��BeR�Yu�Æ!:k�z	~LB�rsRKDÆUI� Z1 I Z2ÆQ	<U8U�z	
;���

ǫ1 = Z1

ǫ2 = ρZ1 +
√
1− ρ2Z2�/0M,Æ�kz	~LHyN�PRv�
;�Be MATLAB?'Uw 8.11 M�Æp�{t��

>> V0 = 50;

>> U0 = 60;

>> sigmaV = 0.3;

>> sigmaU = 0.4;

>> rho = 0.7;

>> T = 5/12;

>> r = 0.05;

>> Exchange(V0,U0,sigmaV,sigmaU,rho,T,r)
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function [p,ci] = ExchangeMC(V0,U0,sigmaV,sigmaU,rho,T,r,NRepl)

eps1 = randn(1,NRepl);

eps2 = rho*eps1 + sqrt(1-rho^2)*randn(1,NRepl);

VT = V0*exp((r - 0.5*sigmaV^2)*T + sigmaV*sqrt(T)*eps1);

UT = U0*exp((r - 0.5*sigmaU^2)*T + sigmaU*sqrt(T)*eps2);

DiscPayoff = exp(-r*T)*max(VT-UT, 0);

[p,s,ci] = normfit(DiscPayoff);

Fig. 8.11 l#�<R;℄/ I_gR�p
ans =

0.8633

>> NRepl = 200000;

>> randn(’state’, 0)

>> [p,ci] = ExchangeMC(V0,U0,sigmaV,sigmaU,rho,T,r,NRepl)

p =

0.8552

ci =

0.8444

0.8660

8.3 %����3b�<RgR;w,Æ!:g~��L[���YR�<��LJ8%��,��<�down-and-out put optionQr7Ll��r��d��RJTp�Z 2.7.1 y,Æ!:�+�g�LwqTpR�+�0|+U�>#�j^TpRU��;℄/ I_,Æ!:	<z,DOPutTp��RJ�0�R�\�Æ�J,���<{FF4Tk��}DA�����<gR,Æ:�g;℄/ I_IF4TkIb{�	<�
8.3.1 ZC;℄/ I_�LZCR;℄/ I_�p?'Uw 8.12 M��f,NSteps�_�RJI��RJ Sb R>qR.,�IRJ8bTF��RJÆ�<RR����k�<!R�Æ?	�<5q�VRJ8bTF��RJÆ!:��z	�R�����RPT^�RB6�4R�ÆE�!::�a<AssetPaths IanyJ�^Dz�Rz	�
���z,DOPutMCR!�f,NCrossed�b$��RJR
;��R,��Qr{�L}G��� 2 LZR�<�dgRÆ7LZRe,q�
30Æ��RJ� $40ÆI_7eTpRJ�'b$��RJ�
>> DOPut(50,50,0.1,2/12,0.4,40*exp(-0.5826*0.4*sqrt(1/12/30)))
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% DOPutMC.m

function [P,CI,NCrossed] = DOPutMC(S0,K,r,T,sigma,Sb,NSteps,NRepl)

% Generate asset paths

[Call,Put] = blsprice(S0,K,r,T,sigma);

Payoff = zeros(NRepl,1);

NCrossed = 0;

for i=1:NRepl

Path=AssetPaths(S0,r,sigma,T,NSteps,1);

crossed = any(Path <= Sb);

if crossed == 0

Payoff(i) = max(0, K - Path(NSteps+1));

else

Payoff(i) = 0;

NCrossed = NCrossed + 1;

end

end

[P,aux,CI] = normfit( exp(-r*T) * Payoff);

Fig. 8.12 j^���<R;℄/ I_
ans =

1.3629

>> randn(’seed’,0)

>> [P,CI,NCrossed]=DOPutMC(50,50,0.1,2/12,0.4,40,60,50000)

P =

1.3600

CI =

1.3393

1.3808

NCrossed =

7392

8.3.2 ib;℄/ I_Z 4.5.1 w,Æ!:�O�/0M8Æ{o�
0nQ[BSÆ)�N�P�<�$�{1KRHyRJRI�Q[�CaR��m0nQ4_Æ)�-#�RHyRJ���}0��C'I���0n:��m	<�C'I���W�<FÆo,��<RgRÆÆo,��<p
:�	<\W; - 69�6U�FD�D�Æ~L�<RBeg$u0n5 b�)-Æ!::�|�[pR��ÆrUouib��jT�vÆeFib�v#f`Z 4.5.4 w�;w{�Æ!:g3NÆib���}�<FJ8%V�,��<�down-and-in putRgR�%
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Pdo = P − PdiQrÆ!:g�<5q��I�~u� δt R M L6V�!:R�r,Æj^6VR~u��eÆ? T =Mδt�5�HyRJ���

S = {S1, S2, . . . , SM}3F�i��Æ!:[F�<RRJ��
Pdi = e−rTE[I(S)(K − SM )+],�,��z, I ��

I(S) =
{
1 if Sj < Sb for some j
0 otherwise.=ÆQr j∗ �HyRJ2$�0GX��RJR�V�)-ÆUt�<5q�℄ÆHyRJQ�2$��RJÆm j∗ =M+1��V j∗δtÆ�<:7-Æ?2V�,��<>��Æo,��<��V t∗ = j∗δt IRJ Sj∗Æ!:�=�<��:2$�0GX7�!::�	<\W; -69�6U�FD�<�$R�	�)-ÆN�P�:7-R�<Æ!:B�

E
[
I(S)(K − SM )+ | j∗, Sj∗

]
= er(T−t∗)Bp(Sj∗ ,K, T − t∗),�,ÆBp(Sj∗ ,K, T − t∗) �Æo,��<R\W; - 69�6gRÆ�<�dRJ� KÆKRHyR�
RJ� Sj∗Æ}G��� T − t∗�O!�<"��\IN�P�VR�VÆ�d�,�Rk=FD�Ng�LI_�� SÆouU8[F�

I(S)e−rt
∗

Bp(Sj∗ ,K, T − t∗)I{o�
��[pÆib;℄/ ��O! bR#0M�g�!:�OR_0X�Æ!:X[j0,�5��eFjT�vC(z,DOPutMCCond?'Uw 8.13 M�����Q<!R�Æ?FS�RO)Æk�O!J�f,a<�.z,blspriceÆ�[�7.q04FD�M�ÆIb$��RJ�Æ!:k�G�J8%V��<:7-R�VTimesÆII�_�RJStockVals�I6Bb$��RJ�Æ�<RR�� 0�p
k�<!R�Æ%[Nz,blspriceRJ�f,,-xNCrossedLN�Æ5![F�RJ�Payoff~u�NRepl�
>> DOPut(50,52,0.1,2/12,0.4,30*exp(-0.5826*0.4*sqrt(1/12/30)))

7wqTp,ÆI S(t∗) = Sb �Æ!:�=��RJ:2$�0GXÆEj^Tp[��
�
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% DOPutMCCond.m

function [Pdo,CI,NCrossed] = ...

DOPutMCCond(S0,K,r,T,sigma,Sb,NSteps,NRepl)

dt = T/NSteps;

[Call,Put] = blsprice(S0,K,r,T,sigma);

% Generate asset paths and payoffs for the down and in option

NCrossed = 0;

Payoff = zeros(NRepl,1);

Times = zeros(NRepl,1);

StockVals = zeros(NRepl,1);

for i=1:NRepl

Path=AssetPaths(S0,r,sigma,T,NSteps,1);

tcrossed = min(find( Path <= Sb ));

if not(isempty(tcrossed))

NCrossed = NCrossed + 1;

Times(NCrossed) = (tcrossed-1) * dt;

StockVals(NCrossed) = Path(tcrossed);

end

end

if (NCrossed > 0)

[Caux, Paux] = blsprice(StockVals(1:NCrossed),K,r,...

T-Times(1:NCrossed),sigma);

Payoff(1:NCrossed) = exp(-r*Times(1:NCrossed)) .* Paux;

end

[Pdo, aux, CI] = normfit(Put - Payoff);

Fig. 8.13 j^���<Rib;℄/ I_
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ans =

3.8645

>> randn(’seed’,0)

>> [P,CI,NCrossed] = DOPutMC(50,52,0.1,2/12,0.4,30,60,200000)

P =

3.8751

CI =

3.8545

3.8957

NCrossed =

249

>> randn(’seed’,0)

>> [P,CI,NCrossed] = DOPutMCCond(50,52,0.1,2/12,0.4,30,60,200000)

P =

3.8651

CI =

3.8617

3.8684

NCrossed =

249

8.3.3 0�g�
j�w,Æ;�ouib��jT�vRStRB�}BSÆE�!:[1uFdg���Æ/Q�LBSR{tQ[^�E�4�QfR�Æ!:�d 200,000 .04FDÆE�b$��R.,�B 249 .��!�FÆ-=�,��RFD�$SR8�#&�4Æ3F�<R,!Æb$��RJR<�9T��L℄bR�r,Æ0�g�
��0�}BS�f`ÆZ 4.5.6 w��L:d���;IHyRJR��Æ�HaEb$��RJR<�9�!:1:{Æ�℄Æ5�1:n
z	HyRJ�� S�{F7�L�VuyÆ!:z	ÆUI� ZjÆ�	�
ν =

(
r − σ2

2

)
δt�v� σ2 δt��TI�q�B�rsÆouU8r&z	RJ

logSj − logSj−1 = Zjr Z �ÆUF4I�J�Æf(Z) �v�>u�Ut!:	<iÆ�	�
ν − b,

8�:�M�Æ�/0M8Æ!:0nQN�Lq~R{tÆ)��<RJ��T\W; - 69�6Ibk�RJÆ!:	<ib%	b$��R<�qT�
9��f` [?]�



%����3b�<RgR 397!::�MFNÆb$��RJR.,gj{�r g(Z) �3FiÆ�	RÆUI�Rv�>uz,�DÆÆ!:Dm���LiÆHI0�g�
[FB{wÆU<D>�likelihood ratio�g0�g�
��Iib�	B{�Æ!:QN�UtN�P�b$��RJ�
Eg

[
f(Z)I(S)(K − SM )+

g(Z)

∣∣∣∣ j
∗, Sj∗

]

=
f(z1, . . . , zj∗)

g(z1, . . . , zj∗)
Eg

[
f(Zj∗+1, . . . , ZM )

g(Zj∗+1, . . . , ZM )
I(S)(K − SM )+

∣∣∣∣ j
∗, Sj∗

]

=
f(z1, . . . , zj∗)

g(z1, . . . , zj∗)
Ef
[
I(S)(K − SM )+

∣∣ j∗, Sj∗
]

=
f(z1, . . . , zj∗)

g(z1, . . . , zj∗)
er(T−t∗)Bp(Sj∗ ,K, T − t∗)j)L:�,Æ!:k�<!Æz I Z �VR[pÆNgib_0ÆZ�L
;��u�	R,!���JjÆ!:1:z	�	� (ν − b)RÆUI�ÆDÆgib[FI<D>B�Æ0�
RouÆ<D>��LF4I�10�=Æ��R b�U�FD<D>�9� BÆ!:g~��NÆUI�Rv�>uÆ�,�NÆUI�R�	� µÆU�v�
�

Σ�
f(z) =

1

(2π)n/2 | Σ |1/2 e
− 1

2 (Z−µ)TΣ−1
(Z−µ)!:RrJ,Æ?FF4I� Zj B�rsÆU�v�
�{o�
�diagonal matrixÆ{oN�� σ2 δtÆ�	J��

µ =

(
r − σ2

2

)
δt>uz, f R�	� µ�>uz, g R�	� g�M�Æ!:B

f(z1, . . . , zj∗)

g(z1, . . . , zj∗)

= exp



−

1

2

j∗∑

k=1

(
zk − µ
σ
√
δt

)2


 exp





1

2

j∗∑

k=1

(
zk − µ+ b

σ
√
δt

)2




= exp



−

1

2σ2 δt

j∗∑

k=1

[
(zk − µ)2 − (zk − µ+ b)2

]




= exp



−

1

2σ2 δt

j∗∑

k=1

[
−2(zk − µ)b− b2

]




10#BF45���Rs��O Radon–Nikodym ����LF4I�
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= exp



−

1

2σ2 δt



−2b
j∗∑

k=1

zk + 2j∗µb− j∗b2








= exp





b

σ2 δt

j∗∑

k=1

zk −
j∗b
σ2

(
r − σ2

2

)
+

j∗b2

2σ2 δt



^d�pR{tUw 8.14 M��z,DOPutMCCondISIz,DOPutMCCondg<��6M�!:Dmz	HyRJ��QJ�vetZ,5!ÆUI��)-Æ!::�FD<D>ÆQg�5!J�ISRatio,�!:�7vpRWÆO!\W; - 69�6U�FD�<RJ�f, b RFD0n5*v�z,DOPutMCCondIS,ÆQr<�aT�L>rbpÆDÆO!U8��FDiÆ�	�

(1 - bp)(r-0.5*sigma^2)*dt)-ÆO!ÆB�	�Q��>Bgf, b�k�<!R�ÆbpR�:�=F 1Æ�jT���=!::�p��80�g�
�
>> randn(’seed’,0)

>> [P,CI,NCrossed] = DOPutMC(50,52,0.1,2/12,0.4,30,60,10000)

P =

3.8698

CI =

3.7778

3.9618

NCrossed =

12

>> randn(’seed’,0)

>> [P,CI,NCrossed] = DOPutMCCondIS(50,52,0.1,2/12,0.4,30,60,10000,0)

P =

3.8661

CI =

3.8513

3.8810

NCrossed =

12

>> randn(’seed’,0)

>> [P,CI,NCrossed] = DOPutMCCondIS(50,52,0.1,2/12,0.4,30,60,10000,20)

P =

3.8651

CI =

3.8570

3.8733

NCrossed =

43

>> randn(’seed’,0)

>> [P,CI,NCrossed] = DOPutMCCondIS(50,52,0.1,2/12,0.4,30,60,10000,50)
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% DOPutMCCondIS.m

function [Pdo,CI,NCrossed] = ...

DOPutMCCondIS(S0,K,r,T,sigma,Sb,NSteps,NRepl,bp)

dt = T/NSteps;

nudt = (r-0.5*sigma^2)*dt;

b = bp*nudt;

sidt = sigma*sqrt(dt);

[Call,Put] = blsprice(S0,K,r,T,sigma);

% Generate asset paths and payoffs for the down and in option

NCrossed = 0;

Payoff = zeros(NRepl,1);

Times = zeros(NRepl,1);

StockVals = zeros(NRepl,1);

ISRatio = zeros(NRepl,1);

for i=1:NRepl

% generate normals

vetZ = nudt - b + sidt*randn(1,NSteps);

LogPath = cumsum([log(S0), vetZ]);

Path = exp(LogPath);

jcrossed = min(find( Path <= Sb ));

if not(isempty(jcrossed))

NCrossed = NCrossed + 1;

TBreach = jcrossed - 1;

Times(NCrossed) = TBreach * dt;

StockVals(NCrossed) = Path(jcrossed);

ISRatio(NCrossed) = exp( TBreach*b^2/2/sigma^2/dt +...

b/sigma^2/dt*sum(vetZ(1:TBreach)) - ...

TBreach*b/sigma^2*(r - sigma^2/2));

end

end

if (NCrossed > 0)

[Caux, Paux] = blsprice(StockVals(1:NCrossed),K,r,...

T-Times(1:NCrossed),sigma);

Payoff(1:NCrossed) = exp(-r*Times(1:NCrossed)) .* Paux ...

.* ISRatio(1:NCrossed);

end

[Pdo, aux, CI] = normfit(Put - Payoff);

Fig. 8.14 3Fib;℄/ I_I0�g�
��Rj^���<gRR�p?'
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P =

3.8634

CI =

3.8596

3.8671

NCrossed =

225

>> randn(’seed’,0)

>> [P,CI,NCrossed] = DOPutMCCondIS(50,52,0.1,2/12,0.4,30,60,10000,200)

P =

3.8637

CI =

3.8629

3.8645

NCrossed =

8469a<z,DOPutMCCondISÆQgf,bpr&� 0Æ�g<Ia<z,DOPutMCCond�FFbpRoPÆ!:3Nb$��R<�XXXEÆQp�aE[F*��k�<!R�Æ�Q[�g!�F b X=Æ{tX~�r&-f,Rf&Uw [?] M��
8.4 D(�.|��<RgR�m!:g~�|��.q�*V�<�Asian average rate call

optionÆ�.q�RFD���j^D(�.��<�$�
max

{
1

N

N∑

i=1

S(ti)−K, 0
}
,�,Æ�<R��� T Æti = i δt I δt = T/N���ZC�`Æ!:Qr�pWgRJ
�S$�<
�ZCR;℄/ D�,Æ!:k�Z�HyRJ��QFDk=RJR.��Be�p?'Uw 8.15 M�����Q<!R�Æf,NSamples�FDD(�.�MkR
;\,�Æ�?I04FD.,NReplB,O��/0M8Æ!:k�z	L
;�����Æ�k��<�pmgR�V\�d,!�
ÆE�!:Ok�z	=�R,!������46B	<J��G�RO)Æ�E?#k=b�
R&��Æqyw,Æ!:g~�ouC'I�0Tv(p�R��jT�v�

8.4.1 C'I��ouC'I���:�aT;℄/ I_R[F*���L�r,Æ!:#B�/C'I�Tsl�
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function [P,CI] = AsianMC(S0,K,r,T,sigma,NSamples,NRepl)

Payoff = zeros(NRepl,1);

for i=1:NRepl

Path=AssetPaths(S0,r,sigma,T,NSamples,1);

Payoff(i) = max(0, mean(Path(2:(NSamples+1))) - K);

end

[P,aux,CI] = normfit( exp(-r*T) * Payoff);

Fig. 8.15 3F;℄/ I_R|��<gR
• !::�	<HyRJR�Æ[�Z�LC'I��11:

Y =

N∑

i=0

S(ti) (8.6)���L�kRC'I�Æ)�!::�FDOR�	�Æ�* YI�<�$e5EB�k�<!R�Æ4�-R S0ÆS0 Q[�F4,�!::�g�04�,`�ÆE�!:[^�
ZÆ�H"|U8 b�
• Z�LÆ<�:^<FÆo*V�<RgRÆÆo*V�<#B�+�0|+RgRU��D�Æ�LC'I�R�<�$�9,FN�PHyRRJ�
• Z℄LÆQ=�RC'I��A��.�<R�$�A��.�<5�+�0|+RgRU�ÆB>Æo�<RgRU�Æ�St0nQ=�!:gi|Z�/IZ℄/��R1<�_�RJ Y �R�	�Æ�8.6),RÆg#��3F%<,gpu�

E[Y ] = E

[
N∑

i=0

S(ti)

]
=

N∑

i=0

E[S(i δt)]

=

N∑

i=0

S(0)eri δt = S(0)

N∑

i=0

[er δt]i = S(0)
1− er(N+1)δt

1− er δt ,�,Æ!:<NU8U��
N∑

i=0

αi =
1− αN+1

1− α

11#��f` [?, chapter 9]�
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function [P,CI] = AsianMCCV(S0,K,r,T,sigma,NSamples,NRepl,NPilot)

% pilot replications to set control parameter

TryPath=AssetPaths(S0,r,sigma,T,NSamples,NPilot);

StockSum = sum(TryPath,2);

PP = mean(TryPath(:,2:(NSamples+1)) , 2);

TryPayoff = exp(-r*T) * max(0, PP - K);

MatCov = cov(StockSum, TryPayoff);

c = - MatCov(1,2) / var(StockSum);

dt = T / NSamples;

ExpSum = S0 * (1 - exp((NSamples + 1)*r*dt)) / (1 - exp(r*dt));

% MC run

ControlVars = zeros(NRepl,1);

for i=1:NRepl

StockPath = AssetPaths(S0,r,sigma,T,NSamples,1);

Payoff = exp(-r*T) * max(0, mean(StockPath(2:(NSamples+1))) - K);

ControlVars(i) = Payoff + c * (sum(StockPath) - ExpSum);

end

[P,aux,CI] = normfit(ControlVars);

Fig. 8.16 3FC'I��R|��<R;℄/ I_gRjT�vm�R MATLAB �p?'Uw 8.16 M��<�k�r&��g04FDR.,NPilotIC'I���,RC'f,c�ou|�8�R;���Æ!:QN�
>> randn(’state’,0)

[P,CI] = AsianMC(50,50,0.1,5/12,0.4,5,50000)

P =

3.9939

CI =

3.9418

4.0460

>> CI(2) - CI(1)

ans =

0.1042

>> [P,CI] = AsianMCCV(50,50,0.1,5/12,0.4,5,45000,5000)

P =

3.9562

CI =

3.9336

3.9789

>> CI(2) - CI(1)

ans =

0.0453
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function P = GeometricAsian(S0,K,r,T,sigma,delta,NSamples)

dT = T/NSamples;

nu = r - sigma^2/2-delta;

a = log(S0)+nu*dT+0.5*nu*(T-dT);

b = sigma^2*dT + sigma^2*(T-dT)*(2*NSamples-1)/6/NSamples;

x = (a-log(K)+b)/sqrt(b);

P = exp(-r*T)*(exp(a+b/2)*normcdf(x) - K*normcdf(x-sqrt(b)));

Fig. 8.17 A��.|��<R�+gRU�FDR MATLAB �p?'d?C'I�k�q<QuVR���j^�V�A��.|��<R�$��
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?F{,ÆUI�R�5O�{,ÆUÆ0n:��N�LA��.�<gRR�+�0|+U�ÆU�3�Xg<�Li;R\W; - 69�6U��U�XRF [?, pp. 118--119]Æ�, m �:guNRWÆ�<RKRHyRJÆq �wq���ÆGt �=A��.��
PGA = e−rT

[
ea+

1
2 bN(x) −KN

(
x−
√
b
)]
,�,

a =
m

N
log(Gt) +

N −m
N

[
log(S0) + ν(tm+1 − t) +

1

2
ν(T − tm+1)

]

b =
(N −m)2

N2
σ2(tm+1 − t) +

σ2(T − tm+1)

6N2
(N −m)(2(N −m)− 1)

ν = r − q − 1

2
σ2

x =
a− log(K) + b√

bUt!:�5� t = 0 �<�<RJÆj)U�:�Z���/0M8Æm = 0ÆMATLAB �pR^d{tUw 8.17 M��ZA��.�<Z�LC'I�Æ!:k�i;w 8.16 R?'ÆQN�p?'Uw 8.18 M��w 8.18 ,!-RZC;℄/ D�I~LC'I���>qR�p?'�
>> CompareAsian

P1 =
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3.6276

CI1 =

3.4814

3.7738

P2 =

3.4694

CI2 =

3.3907

3.5480

P3 =

3.4452

CI3 =

3.4356

3.4549C'I�:��dBe bRQuV~�Æ�L=��};8�
8.4.2 v�}p�R1<aE|��<gR*�R��/R#�3FTv(p�R�;℄/ I_��mÆ!:g	<v�}p��Halton sequencez	.\�\R��F4�,ÆQ	<bI#���inverse transform methodgKD.\�\>#�*��4R
;����WZC��Æ!::�	<KU�p�0�Np�Æ0\�6 - U�Box--Muller>#��z	ÆUI��Z�Lk�|,R b�Æouv�}p�z	A�\_^kR
;���Ut!:k�{�L}G����R|��<gRÆ!:k�ZuRRJ
,!�k�5�AVR�u��4�{F 12 �uAV�d5�Æ!:k�3F 12 �R Van der Corput p�Rv�}p��k�k|R�Æ7Lp�DmB�L���V��Tp��[BeR
;���!:1:	<\�6 - U�Box--Muller��g.\�\>#�KDÆUI�Æ!:gk�~L�
Rp��p
k�<!R�Æ!:[^	<9o��acceptance--rejection
methodz	F4I�Æ�/0M8Æ[S�g#AVR�,�{F7��uÆ!:k��L�,Z�3,��z	RZ�z N L�,Æ!::�	<z,myprimesÆf`Z A.3 w�z,HaltonPathsR�p?'Uw
8.19 M�Æ:z,�J��z,AssetPathsVRSuÆ:�z	F4
;����/��ou��v�}p��{F�L�,Æz	�
NormMatR7���!:3N��
Rd04Æ7��{F�L�V\�Ng�TÆ!::�FDHy{,RJRo�ÆDÆg�Tf5>��HyRJ�ouz,HaltonPathsz	
;��Æ!::�ZCRGX�LD(�.|��<RgR�pÆUw 8.20 M���pFD,Æ!::�3NTv(p�R ^Æ3F�/��Qou=�R04FD!:/Q�L�}�BR�<RJ�;℄/ I_B�L:6R3D�benchmark�
>> randn(’state’,0)

>> [P,CI] = AsianMC(50,50,0.1,5/12,0.4,5,500000)

P =
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function [P,CI] = AsianMCGeoCV(S0,K,r,T,sigma,NSamples,NRepl,NPilot)

% precompute quantities

DF = exp(-r*T);

GeoExact = GeometricAsian(S0,K,r,T,sigma,0,NSamples);

% pilot replications to set control parameter

GeoPrices = zeros(NPilot,1);

AriPrices = zeros(NPilot,1);

for i=1:NPilot

Path=AssetPaths(S0,r,sigma,T,NSamples,1);

GeoPrices(i)=DF*max(0,(prod(Path(2:(NSamples+1))))^(1/NSamples) - K);

AriPrices(i)=DF*max(0,mean(Path(2:(NSamples+1))) - K);

end

MatCov = cov(GeoPrices, AriPrices);

c = - MatCov(1,2) / var(GeoPrices);

% MC run

ControlVars = zeros(NRepl,1);

for i=1:NRepl

Path = AssetPaths(S0,r,sigma,T,NSamples,1);

GeoPrice = DF*max(0, (prod(Path(2:(NSamples+1))))^(1/NSamples) - K);

AriPrice = DF*max(0, mean(Path(2:(NSamples+1))) - K);

ControlVars(i) = AriPrice + c * (GeoPrice - GeoExact);

end

[P,aux,CI] = normfit(ControlVars);

% CompareAsian.m

randn(’state’,0)

S0 = 50;

K = 55;

r = 0.05;

sigma = 0.4;

T = 1;

NSamples = 12;

NRepl = 9000;

NPilot = 1000;

[P1,CI1] = AsianMC(S0,K,r,T,sigma,NSamples,NRepl+NPilot)

[P2,CI2] = AsianMCCV(S0,K,r,T,sigma,NSamples,NRepl,NPilot)

[P3,CI3] = AsianMCGeoCV(S0,K,r,T,sigma,NSamples,NRepl,NPilot)

Fig. 8.18 3FC'I��RA��.|��<gR



406 �<gRR;℄/ ��
function SPaths=HaltonPaths(S0,mu,sigma,T,NSteps,NRepl)

dt = T/NSteps;

nudt = (mu-0.5*sigma^2)*dt;

sidt = sigma*sqrt(dt);

% Use inverse transform to generate standard normals

NormMat = zeros(NRepl, NSteps);

Bases = myprimes(NSteps);

for i=1:NSteps

H = GetHalton(NRepl,Bases(i));

RandMat(:,i) = norminv(H);

end

Increments = nudt + sidt*RandMat;

LogPaths = cumsum([log(S0)*ones(NRepl,1) , Increments] , 2);

SPaths = exp(LogPaths);

SPaths(:,1) = S0;

Fig. 8.19 3Fv�}p�z	RHyRJ
;��
function P = AsianHalton(S0,K,r,T,sigma,NSamples,NRepl)

Payoff = zeros(NRepl,1);

Path=HaltonPaths(S0,r,sigma,T,NSamples,NRepl);

Payoff = max(0, mean(Path(:,2:(NSamples+1)),2) - K);

P = mean( exp(-r*T) * Payoff);

Fig. 8.20 3Fv�}p���R|��<gR
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3.9639

CI =

3.9474

3.9803

>> AsianHalton(50,50,0.1,5/12,0.4,5,1000)

ans =

3.8450

>> AsianHalton(50,50,0.1,5/12,0.4,5,3000)

ans =

3.9103

>> AsianHalton(50,50,0.1,5/12,0.4,5,10000)

ans =

3.9461

>> AsianHalton(50,50,0.1,5/12,0.4,5,50000)

ans =

3.9605!:[^ou�F4,R��/Q[F�R&_6V12ÆE�Æ!:ouB�R04FD:QN�L:t�R{t��mÆ!:3FZu
~��L}G���&LZR�<�Ut!:g}G��oPN~ÆB1RZu
,�oPÆFD{tg)n
�
>> randn(’state’,0)

>> [P,CI] = AsianMC(50,50,0.1,2,0.4,24,500000)

P =

8.3859

CI =

8.3495

8.4222

>> AsianHalton(50,50,0.1,2,0.4,24,1000)

ans =

6.6219

>> AsianHalton(50,50,0.1,2,0.4,24,5000)

ans =

7.9257

>> AsianHalton(50,50,0.1,2,0.4,24,50000)

ans =

8.3424!:3NÆ�L�r,Æv�}p�RL=�}fFÆ��)�!:k� 24 L3,Æ3,��}=R�,Æf`Z 4.6 w�XmÆ!	<q=R�,QN�}vR{t�!::�MFÆUt�<�Wk�Q�R
,!Æv�}p�R0M0nQv��L:dR���<Q=�R��ÆrUKU�p�����L8�Æ�	<\_&{X�Brownian bridgeÆg�=*�qQR3,I�V\
12I	<Tv(p����Æ:�QN;℄/ ��[F�R&_6V�
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{�/Q\_&��MkRK?�milestones�q=R3,<Fg�
;��ÆE!:[1	�z[qR6F�8�,Æ��ZC�`Æ!:g	<3Fv�}p�R\_&��Æp
R��:�<FL�Tv(p��!:p
k�~�	<Tv(p�[��V\RK?ÆQou�F4,��g�
;���Z�℄Æouv�}p�I\_&��I_KD�Yu��!:Suw 8.8 ,Rz,WienerBridge�/Qw 8.21 ?'�z,WienerHaltonBridgeIz,WienerBridge6M��
• ?Fz	7�qMB
\R,!�S�Æ!:^�<J��G��	Qv�}p�QP�1�:sÆz,g!��L-x�.��R�
�
• �
NormMatxBKDÆU�\R
;Æ�Iz,HaltonPaths,�
Æ7��{1�L�,��L�<�
• !Vf,p
-R04.,NReplI�'v�}p��uRf,Limit�<!FFBe�,oPÆ7forv ,RI�HUseU�oP�s�t8XR�u�If,HUse�uf,Limit �Æ!:>�F4
�Æ~gZ�KGR
;���k�<!R�Æ!:Rz,�}B�ÆI�V\,�� 2 R�,�Æ!:�^	<\_&�����!:�pFDR�'Æ�[�C(;tR�'� Z�℄�gKD�Yu�>#�A�\_^k�w 8.22 ,Rz,GBMHaltonBridge ^d��Iw 8.9 ,Rz,GBMBridgeg<�!:�k�<!ÆO�J��G�k�	<z,diff3F�
dFD��FDf,IncrementsÆ�
Wa<diff(W,1,2)Æ�
W-xKDR�Yu����f,1!�F!:k�FD�u��Æf,2!�Fk��F�
dFDÆ�NM���F�
�FD�g<Iz,mean 0z,cumsum�=Æ!:k�dl�8Æ3F!:eFA�\_^kR��ÆU���8.3I�8.4M�ÆYt[p�V\Æ!:�'z	ÆB�	I�vRp��>��Æ!:1	Ytou;℄/ Iv�}p�{�\_&��z	Rp��p�R
;.�0
;�v�>BeR*v���ZN��\Æ!:k�	<w 8.23 ,Rz,�Ng�L
;���
Æz,�%�L~�R�
�Z���{F7L�V\�-xJ�Tvet ,ÆeF.�R*v��>ÆZ����vR*v�p�Lw,Æ!:�s�aT>q~L{tR�p?'�?'!��L 6 � 16 dR�
�

>> CheckHaltonScript

ans =

0.2510 0.0269 0.0927 0.9473 0.4045 1.0480

0.4838 0.0701 0.0983 0.9765 0.8147 1.1005

0.5893 0.1042 0.1685 0.4233 1.1434 1.9098

0.3609 0.1651 0.1235 1.0490 1.9696 1.4138

0.5580 0.2644 0.2351 0.9005 3.1095 2.7626

0.4847 0.3787 0.2251 1.0232 4.2511 2.8336

0.5960 0.4814 0.2826 3.7522 5.4619 3.3645
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function WSamples = WienerHaltonBridge(T, NSteps, NRepl, Limit)

NBisections = log2(NSteps);

if round(NBisections) ~= NBisections

fprintf(’ERROR in WienerHB: NSteps must be a power of 2\n’);

return

end

% Generate standard normal samples

NormMat = zeros(NRepl, NSteps);

Bases = myprimes(NSteps);

for i=1:NSteps

H = GetHalton(NRepl,Bases(i));

NormMat(:,i) = norminv(H);

end

% Initialize extreme points of paths

WSamples = zeros(NRepl,NSteps+1);

WSamples(:,1) = 0;

WSamples(:,NSteps+1) = sqrt(T)*NormMat(:,1);

% Fill paths

HUse = 2;

TJump = T;

IJump = NSteps;

for k=1:NBisections

left = 1;

i = IJump/2 + 1;

right = IJump + 1;

for j=1:2^(k-1)

a = 0.5*(WSamples(:,left) + WSamples(:,right));

b = 0.5*sqrt(TJump);

if HUse <= Limit;

WSamples(:,i) = a + b*NormMat(:,HUse);

else

WSamples(:,i) = a + b*randn(NRepl,1);

end

right = right + IJump;

left = left + IJump;

i = i + IJump;

end

IJump = IJump/2;

TJump = TJump/2;

HUse = HUse + 1;

end

Fig. 8.21 3Fv�}p�I\_&��I_KD�Yu�
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function Paths=GBMHaltonBridge(S0,mu,sigma,T,NSteps,NRepl,Limit)

if round(log2(NSteps)) ~= log2(NSteps)

fprintf(’ERROR in GBMBridge: NSteps must be a power of 2\n’);

return

end

dt = T/NSteps;

nudt = (mu-0.5*sigma^2)*dt;

W = WienerHaltonBridge(T,NSteps,NRepl,Limit);

Increments = nudt + sigma*diff(W,1,2);

LogPath = cumsum([log(S0)*ones(NRepl,1) , Increments], 2);

Paths = exp(LogPath);

Paths(:,1) = S0;

Fig. 8.22 3Fv�}p�I\_&��I_KD�Yu�A�\_^k
0.8787 0.6607 0.2053 4.4059 7.5672 2.5914

1.2209 0.8061 0.3353 5.3788 9.6047 4.1374

1.1240 1.0044 0.3299 2.8125 11.1005 4.4781

0.8548 1.2322 0.3945 0.0401 12.3976 5.2199

1.0240 1.4891 0.2976 1.0730 14.0780 4.1875

0.9923 1.6941 0.4268 0.7693 14.5632 5.9899

1.2271 1.9678 0.3922 3.2472 15.2210 5.8546

1.1193 2.2621 0.4274 0.8804 16.4125 6.2836

1.5650 2.6552 0.3018 0.1313 18.6872 4.9231�℄����L�V\R[F�	RBe*vÆ�M�;℄/ ���v�}���{�\_&���v�}��{�\_&���Z��Æ!:3NÆUt6B{�\_&��Æ*vFF�Vo=���BOkRÆ)�!:Æ�R�Vyj	<q=���3,ÆUt>qZ��IZ℄�Æ:�B{FZC;℄/ ��Æv�}p�{�\_&R��R*vqQ�WÆ℄�;��g<R�v*vÆUt!:	<�{�\_&Rv�}��ÆFF�V*v;8oP�;℄/ ��R*vQ6BE;RI��!:3NÆ{�\_&Rv�}p���R*vQ�E;R=F;℄/ ��R*v�0n)�!:�	<�ZCv�}p��-�Æs�:���ÆoP
;��R,��':�;8RaE[F*�� �	�TR[ÆÆ:�GX�L3Fv�}p�I\_&��RD(�.|��<RgRz,�p�Be�u?'Uw 8.24 M�Æ!:BD�Yt�/��B{FC�Tv(p���R=���:N�LTRÆ!::�	<w
8.25 M�R�p?'�8�U8�
1. �:Æ	<ÆoR;℄/ D�Ær&04.,��500,000ÆFD�<RRJ�
2. DÆÆ�t	<v�}p���Ær&04.,��10,000ÆFD�<RRJ�
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function PercErrors = CheckGBMPaths(S0, mu, sigma, T, Paths);

[NRepl, NTimes] = size(Paths);

NSteps = NTimes-1;

Tvet = (1:NSteps).*T/NSteps;

SampleMean = mean(Paths(:,2:NTimes));

TrueMean = S0 * exp(mu*Tvet);

RelErrorM = abs((SampleMean - TrueMean)./TrueMean);

SampleVar = var(Paths(:,2:(1+NSteps)));

TrueVar = S0^2 * exp(2*mu*Tvet) .* (exp((sigma^2) * Tvet) - 1) ;

RelErrorV = abs((SampleVar - TrueVar)./TrueVar);

PercErrors = 100*[RelErrorM’, RelErrorV’];

% CheckHaltonScript.m

randn(’state’,0)

NRepl = 10000;

T = 5;

NSteps = 16;

Limit = NSteps;

S0 = 50;

mu = 0.1;

sigma = 0.4;

Paths = AssetPaths(S0, mu, sigma, T, NSteps, NRepl);

PercErrors1 = CheckGBMPaths(S0, mu, sigma, T, Paths);

Paths = HaltonPaths(S0, mu, sigma, T, NSteps, NRepl);

PercErrors2 = CheckGBMPaths(S0, mu, sigma, T, Paths);

Paths = GBMHaltonBridge(S0, mu, sigma, T, NSteps, NRepl, Limit);

PercErrors3 = CheckGBMPaths(S0, mu, sigma, T, Paths);

[PercErrors1(:,1), PercErrors2(:,1), PercErrors3(:,1), ...

PercErrors1(:,2), PercErrors2(:,2), PercErrors3(:,2)]

Fig. 8.23 [FA�\_^k
;*vR MATLAB �p?'
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function P = AsianHaltonBridge(S0,K,r,T,sigma,NSamples,NRepl,Limit)

Payoff = zeros(NRepl,1);

Path=GBMHaltonBridge(S0,r,sigma,T,NSamples,NRepl,Limit);

Payoff = max(0, mean(Path(:,2:(NSamples+1)),2) - K);

P = mean( exp(-r*T) * Payoff);

Fig. 8.24 3Fv�}p�I\_&��RD(�.|��<
3. YtFD.,qmRÆoR;℄/ D�R{tÆQ04FD 20 .QN 20 LFD{tÆFD�T{tR.�I�v�
4. ou{�\_&Rv�}p���ÆFD�<RJQIj){t�d>q�I�	<v�}p����Æ[�d04FDÆ)��/0M8FD{t6BI�ÆM�[k�
=KDv�{tU8�

>> CompareAsianH

Extended MC 9.068486

Halton 8.800511

MC mean 9.135870 st.dev 0.135540

HB (limit: 1) mean 9.074675 st.dev 0.077153

HB (limit: 2) mean 9.017819 st.dev 0.035962

HB (limit: 4) mean 9.307306 st.dev 0.010279

HB (limit: 16) 9.367783!:3NÆ�t	<v�}p���Q[^/Q�LJ.!R{tÆqm04.,R;℄/ ��^ZQN:�t�R{t�!:1:<!Æ�$Rg#��.�Æ�IÆo�<�$�9,FN�PKRHyRJ[p�v�}p���<FN�PKRHyRRJÆou\_&IF4,R��g�
;��Æ:�BSRC'
;�v�/Qq~R[F{t�ouQ�Rv�}p�:�N�TkÆIDÆO�-JF-V~v���jÆ�	<{�\_&Rv�}p���Q�BSÆ�*)E[��<RJ��/9�,O)Æ!::��dQ7%R�+ou\_&�v�}p���z	RKRHyR�.RJÆE�m[�dD74E�ouZCR;℄/ ��/Q�.RJQ[4_ÆE�0n5PTC~�right-skewedÆ�!�FÆI�<#FR℄BU�Æ�\�^��5Jz	�Lq=R�$�P�Æv�}p�Q[�}J.!Æ0n1:w��N���-�Æ\_&��<���L[8R��ÆWÆ�.FD,yzW=R{tÆ)�\_&:�q<HyRJN�PR�qSt�
R4'�
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% CompareAsianH.m

randn(’state’,0)

S0 = 50;

K = 55;

r = 0.05;

sigma = 0.4;

T = 4;

NSamples = 16;

NRepl = 500000;

aux = AsianMC(S0,K,r,T,sigma,NSamples,NRepl);

fprintf(1,’Extended MC %f\n’, aux);

NRepl = 10000;

aux = AsianHalton(S0,K,r,T,sigma,NSamples,NRepl);

fprintf(1,’Halton %f\n’, aux);

for i=1:20

aux(i) = AsianMC(S0,K,r,T,sigma,NSamples,NRepl);

end

fprintf(1,’MC mean %f st.dev %f\n’, mean(aux), sqrt(var(aux)));

Limit = 1;

for i=1:20

aux(i) = AsianHaltonBridge(S0,K,r,T,sigma,NSamples,NRepl,Limit);

end

fprintf(1,’HB (limit: %d) mean %f st.dev %f\n’, ...

Limit, mean(aux), sqrt(var(aux)));

Limit = 2;

for i=1:20

aux(i) = AsianHaltonBridge(S0,K,r,T,sigma,NSamples,NRepl,Limit);

end

fprintf(1,’HB (limit: %d) mean %f st.dev %f\n’, ...

Limit, mean(aux), sqrt(var(aux)));

Limit = 4;

for i=1:20

aux(i) = AsianHaltonBridge(S0,K,r,T,sigma,NSamples,NRepl,Limit);

end

fprintf(1,’HB (limit: %d) mean %f st.dev %f\n’, ...

Limit, mean(aux), sqrt(var(aux)));

Limit = 16;

aux = AsianHaltonBridge(S0,K,r,T,sigma,NSamples,NRepl,Limit);

fprintf(1,’HB (limit: %d) %f\n’, Limit, aux);

Fig. 8.25 ;℄/ ��I3F\_&Rv�}p�R>q
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function [Delta, CI] = BlsDeltaMCNaive(S0,K,r,T,sigma,dS,NRepl)

nuT = (r - 0.5*sigma^2)*T;

siT = sigma * sqrt(T);

Payoff1 = max(0, S0*exp(nuT+siT*randn(NRepl,1))-K);

Payoff2 = max(0, (S0+dS)*exp(nuT+siT*randn(NRepl,1))-K);

SampleDiff = exp(-r*T)*(Payoff2 - Payoff1)/dS;

[Delta, dummy, CI] = normfit(SampleDiff);

Fig. 8.26 3F;℄/ ��[F�<R ∆ R�p?'
8.5 ;℄/ �
�FD�< GREEKSNT���Æ!:�~���<gR b�D�Æ�<DAgR[F����L0� b���ZC�`Æ;w!:g~�Æo�< ∆ RFD��IZ 6.6 wR℄SBeÆXm!:�+I_I=��VRB�[<�!:g�m%aI_I=�RD�LS�Qrz, f(S0)Æ?�<RJ9,FKRHyR�
RJ S0Æ�<RDAg�

∆ ≡ df(S0)

dS0
= lim

δS0→0

f(S0 + δS0)− f(S0)

δS0UtÆ!:	<;℄/ I_FD�<RJÆZ�℄k�z	
;��ÆouFDk=�$B�v�R
;.�R��[F ∆�Be�p?'Up 8.26 M�� D�Æ�/��<�TZC����Æk��x�+ bÆ)�!:	<�	?d9����jÆ!:k�R�
lim

δS0→0

Eω[C(S0 + δS0, ω)]− Eω[C(S0, ω)]

δS0
,�,ÆC(S0, ω) �*V�<Rk=RJÆKRHyR�
RJ� S0Æ�L
;��{1�b ω�E�Æ!:�JFDR��

Eω

[
C(S0 + δS0, ω)− C(S0, ω)

δS0

]?	t�q<B�v��<�0=�9�ÆE!:[1:M�B�v�I9��=SS��Q�gM�  bÆ!:{�L5���	�g#Rz,�d���D�ÆUt!:{���d5�Æ!:g?VQ��qF!#jÆ~/^D�9�Iv�B�d?:^	Q[F{t5�g~v13�?	!:$��T�CR bÆO:��S�Y3NÆj)z,�
13#f` [?, chapter 7]
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function [Delta, CI] = BlsDeltaMCNaive(S0,K,r,T,sigma,dS,NRepl)

nuT = (r - 0.5*sigma^2)*T;

siT = sigma * sqrt(T);

Payoff1 = max(0, S0*exp(nuT+siT*randn(NRepl,1))-K);

Payoff2 = max(0, (S0+dS)*exp(nuT+siT*randn(NRepl,1))-K);

SampleDiff = exp(-r*T)*(Payoff2 - Payoff1)/dS;

[Delta, dummy, CI] = normfit(SampleDiff);

Fig. 8.27 ouUVF4,��aE�< ∆ R[F*�ZJ.!�Ut!:g[F{tI\W; - 69�6U�FDR�B{t�d{>Æ14 g�=[F{t�}v�
>> S0=50; K=52; r=0.05; T=5/12; sigma=0.4;

>> blsdelta(S0,K,r,T,sigma)

ans =

0.5231

>> randn(’state’,0)

>> NRepl=50000;

>> dS = 0.5;

>> [Delta, CI] = BlsDeltaMCNaive(S0,K,r,T,sigma,dS,NRepl)

Delta =

0.3588

CI =

0.1447

0.5729�JjÆ!::�aE[F{tR*��B�v�k�,�Z 5.2wÆ!:�O,^v��central differenceRFDStStW~�
C(S0 + δS0, ω)− C(S0 − δS0, ω)

2δS0!:R�r,ÆF4�
Rhy0n)jT[FRSt���L b�Æ�jT�vÆ!::�	<UVF4,���common random numbers�f`Z 4.5.2 w�#&�4ÆIFD~L�<�$�Æ!:1:	<+0KDÆU�\RBp
;ÆBeR�p?'Uw 8.27 M��!::���Æ	<�~LC(Æ$�:�aE ∆ R[�*��
>> randn(’state’,0)

>> [Delta, CI] = BlsDeltaMC(S0,K,r,T,sigma,dS,NRepl)

Delta =

14MATLABR�QR#CÆxBFD ∆Rz,blsdelta�
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0.5296

CI =

0.5241

0.5350!:3NÆ1:	<,^v����central differencesIUVF4,���common random numbers[F�<RDAg�D�ÆUt!k�FD�<RRJÆ!:3;jk�B℄.04p
RFDÆ�MFD S0I S0 ± δS0��<DAgRFD��}=Æ)�!:k�FD�NRDAg�KÆp�!:k�s9ÆBR℄~ δS0�Ut�ou�.FDH:�[F��<RJI ∆Æg:�=)aEFDS����jÆ��0M8ÆUt!:Q��℄�+BeRFD℄415Æ!::��=�
RTK�k=R�<�$��LF4I�
C = e−rT max{ST −K, 0},�,
ST = S0e

(r−σ2/2)T+σ
√
TZ

Z �KDÆUI��O!��Rz��m�chain rule for differentiationÆ!:QN
dC

dS0
=

dC

dST

dST
dS0W.����

dST
dS0

=
ST
S0�u��05PT bÆE�!:3N

d

dx
max{x−K, 0} =

{
0, if x < K
1, if x > K .I x = K �Æ0g5PT bÆ)�z,:\[:FD�E���EÆ�z�
�b�x = KR<�� 0Æ)-�L b:���[F�F�Æ!::�QN

dC

dST
= e−rT I{ST > K}�,ÆI ���z,�gMBz,{���Æ!:QNU8R ∆ [F�

e−rT
ST
S0

I{ST > K}O!�Xi��Æ�/gbR[F:����[F�pathwise estimator�!:�$aR�Æ�Q[���R�����[FRL:�,Æ!:�`���T7w℄SÆBeR�p?'Uw 8.28 M��
15#f` [?, pp. 388–389]�
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function [Delta, CI] = BlsDeltaMCPath(S0,K,r,T,sigma,NRepl)

nuT = (r - 0.5*sigma^2)*T;

siT = sigma * sqrt(T);

VLogn = exp(nuT+siT*randn(NRepl,1));

SampleDelta = exp(-r*T) .* VLogn .* (S0*VLogn > K);

[Delta, dummy, CI] = normfit(SampleDelta);

Fig. 8.28 ou��[FR��[F�< ∆

>> randn(’state’,0)

>> [Delta, CI] = BlsDeltaMCPath(S0,K,r,T,sigma,NRepl)

Delta =

0.5297

CI =

0.5241

0.5352�L�p?'u�R��JR[Fu��7^Rs�0n<!NÆFD,��R�#Y�d6V�R0M�Jj:^�z�s�:��^dA.�pÆ�HYp����'�qE<�#V&_6V℄��u[s#<z℄
• eF
;��Rz	IF4���vR,�|ÆD7�nf` [?]�Beu MATLAB ?'f` [?]�
• eF�Q,R;℄/ ��Æ7�f5�>f` [?]Æ�> [?] I
[?]�
• eF�<gR;℄/ ��Æg���f` [?]ÆW�R<)f`
[?]�
• eF;℄/ ��Æ�L�}BR�R�>*GÆf` [?];

• eF�z�gR,Tv(p���ÆBeHRf` [?] I [?]�E� bR
;��z	��I[F*vÆBeR�nf` [?] I [?];

• eF�Q,R_;℄/ ��ÆBe��f` [?]Æ�, Faure Tv(p�Be℄Sf`Æ;#,�q> Faure Tv(p�;

• ;y,Æ!:�~��<gRR;℄/ ��Æ;℄/ ���N�KR1<ÆrU<R��VaRFDBe�>f` [?]Æ�,Æ`:��=jT�vFD:�PA<R��VaRRFD�
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• eF;℄/ ��I_;℄/ I_ÆBeR���http://www.mcqmc.org

• eF�Q,Tv(p���ÆBe���http://www.cs.columbia.edu/~traub

http://www.cs.columbia.edu/~ap/html/information.html�
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;yÆ!:gN�ALZCRrJX4E~����U�1<F�<gR��7�8E�^<Z 5 y�nRB�v��X|\W; - 69�6�Black-Scholes~������:Æ!: 9.1 w%aM,[F��ÆQ*���{℄gR�<fIk�fs��RF}ib� 9.2 w,Æ!:^<�L�t;����Æon��<gR�!:��OÆ�L��S�yz,�[�gÆ��\�:�0�Qou|�� 9.3 w,Æ!:EB��L=.�R��U�;+[�gR b�Crank-Nicolson �� 9.4w1<F���<Æ:��:�M��;��=.���R�/,��WÆÆ 9.5 wÆ!:EB�d?�=���U�<=.���|,8��< bÆ?Fa�d<R:^gi	F}[5	Q:��[pF�N�
9.1 B�v��\W; - 69�6�BLACK-SCHOLES��R1< 2.6.2 w!:��|KRHyRJ S(t) �z, f(S, t) R�< t�<RR�.S8)~����Æ

∂f

∂t
+ rS

∂f

∂S
+

1

2
σ2S2 ∂

2f

∂S2
= rf, (9.1)>�:�<��g�<℄�RF}ib�UtQr;IÆ0�-V���YÆ��g);IÆE�j)U��t3U�g3FB�v�R,���1<F�<gRR�\�ÆU!:Z 5 y�|NRÆ��<B�v��4|~����Æ!:Dmfsj^�JÆ�LrJ,���V�HyRJ�r T ��<N

419



420 �<gRRB�v���PÆSmax ��L�I=RHyRJ�$F S(t) $��V��℄:N�!:k� Smax �)�~����R6K{FHyRJ�$F}RÆE��FD:dI�HÆ!:DmP��uj�'OÆSmax %�� +∞ Ro_��J?U8R\ (S, t) V	
S = 0, δS, 2 δS, . . . ,M δS ≡ Smax,

t = 0, δt, 2 δt, . . . , N δt ≡ T!:g	<�JG� fi,j = f(i δS, j δt)�F!:%a�8�<�� (9.1) ~MR[p���
• �Jv��

∂f

∂S
=
fi+1,j − fi,j

δS
,

∂f

∂t
=
fi,j+1 − fi,j

δt

• ÆJv��
∂f

∂S
=
fi,j − fi−1,j

δS
,

∂f

∂t
=
fi,j − fi,j−1

δt

• ,^ (0{�) v��
∂f

∂S
=
fi+1,j − fi−1,j

2 δS
,

∂f

∂t
=
fi,j+1 − fi,j−1

2 δt

• $F�uM,Æ!:B
∂2f

∂S2
=

(
fi+1,j − fi,j

δS
− fi,j − fi−1,j

δS

)/
δS

=
fi+1,j − 2fi,j + fi−1,j

δS2?F!:j^���,	<��RV�[pÆ!:)QN[pR;�0.���Æ8�Rywg�dp��!:Dm�<!R��L b�rgF}ib�{F�dRJ� K R3|�<�WN�RW.ib��
f(S, T ) = max{S −K, 0} ∀S{F3b�<
f(S, T ) = max{K − S, 0} ∀SI!:5�HyRJRF}ib�Æ�L bQ[��[SORÆ)�!:�F}6K℄<,���4|��Æ��L6K{FHyRJ�$�R�!::�<ALrJXzE�L b�
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Example 9.1 F!:�:5��LÆon�3b�<�IHyRJ S(t)�=�Æ�<6BR�Æ)�!:A�:�?g-��<�l��<�
f(Smax, t) = 0��	F}ib�$[<ÆSmax R�DmB{q=�IHyRJ S(t) = 0�Æ!::�4Æ̂ FHyRA�\_^kIbÆHyRJg/�� 0�)-Æ�WN��R�$g� K�Ut�=N�V tÆ!:QN

f(0, t) = Ke−r(T−t)	<�JG��
fi,N = max[K − i δS, 0], i = 0, 1, . . . ,M

f0,j = Ke−r(N−j)δt, j = 0, 1, . . . , N

fM,j = 0, j = 0, 1, . . . , N

Example 9.2 !::���g<r 9.1 ,Rzk#kÆon�3|�<�IHyRJ S(t) = 0 �ÆL��< tÆ�<N��g6BR��
f(0, t) = 0{FqERHyRJ S(t)Æ!::�?gN�������<Æ!:gQN�$ S(T )−K�t �<R�<R�k�g K �=ÆQ*ZCYM� t�<KRHyR$\qRJ� S(t)�X4�L�kRF}ib��

f(Smax, t) = Smax −Ke−r(T−t)	<�JG��
fi,N = max[i δS −K, 0], i = 0, 1, . . . ,M

f0,j = 0, j = 0, 1, . . . , N

fM,j =M δS −Ke−r(N−j)δt, j = 0, 1, . . . , N�Lq= S �Rd?F}ibk��<R ∆ � 1��/0M8Æ!:{��z,RM,�[�{z,;t5F}ib����m�/F}ibÆ,t(k,�ÆJ�!:[)9�/��Æ)�O	,�|IQB\4_�I#k���<�Æ�0�IQZC��%��<R08ÆrU�LJ8%�3b�<ÆF}j�<R�� 0�Jj%�3|�<R0g<Æ��=��!:Dm�5�R6K�KDB}R�?Fa�d<RF}Æ8��<QZF#k�!:1:5���4RJ�4�V�UtBd<�W=R�)-Æ4|u�,!:Dm�N�LK?F}��(�<DmBM/F}ib���ÆBRF}ibÆQ<,����<OÆ��L�<�Y b�



422 �<gRRB�v��
9.2 Æon��<R;���gR[�4|�� (9.1) R�.|�ÆF!:5��LÆon�3b�<�!:<,^v�X�<{ S RM,Æ<ÆJv�X�<{�VRM,��[���R:^ÆE�L�slDm�P/��IF}ibWS�{t�<r 9.1 ,RF}ib4|8����

fi,j − fi,j−1

δt
+ ri δS

fi+1,j − fi−1,j

2 δS

+
1

2
σ2i2 δS2 fi+1,j − 2fi,j + fi−1,j

δS2
= rfi,j , (9.2)1:<!NÆHD!:B�V.wibÆ�Dm�VjÆJ4|����� (9.2) ,Æ j = NÆNg.wibÆ!:B�L��� fi,N−1ÆL��℄L���Rz,�Ut!:EK�V%zÆ7�L�Vq�Bp
R5��0f��Æ!:QN�L;����

fi,j−1 = a∗i fi−1,j + b∗jfi,j + c∗jfi+1,j

j = N − 1, N − 2, . . . , 1, 0; i = 1, 2, . . . ,M − 1, (9.3)�,
a∗i =

1

2
δt(σ2i2 − ri)

b∗i = 1− δt(σ2i2 + r)

c∗i =
1

2
δt(σ2i2 + ri)�L���S� MATLAB ,�=Æ?'�w 9.1 ,4EÆQ*k� Smax R��>~Lj^℄4���k�<!R�\�,t*�,Æ<0 0 0
R�K�q�HRÆ� MATLAB ,�
�K�0 1 0
R�-�ÆUt�
HyRJ[�JjÆ!:Dm~LB�\�Vr��!:�m	<2�RAgr��Q4_R
iA:^��LQ~RslÆ℄M�Ut!:Ba:�<FD�<RJDAg��_,Æ�U-�

>> [c,p] = blsprice(50,50,0.1,5/12,0.4);

>> p

p =

4.0760

>> EuPutExpl(50,50,0.1,5/12,0.4,100,2,5/1200)

ans =

4.0669

>> [c,p] = blsprice(50,50,0.1,5/12,0.3);

>> p

p =
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function price = EuPutExpl(S0,K,r,T,sigma,Smax,dS,dt)

% set up grid and adjust increments if necessary

M = round(Smax/dS);

dS = Smax/M;

N = round(T/dt);

dt = T/N;

matval = zeros(M+1,N+1);

vetS = linspace(0,Smax,M+1)’;

veti = 0:M;

vetj = 0:N;

% set up boundary conditions

matval(:,N+1) = max(K-vetS,0);

matval(1,:) = K*exp(-r*dt*(N-vetj));

matval(M+1,:) = 0;

% set up coefficients

a = 0.5*dt*(sigma^2*veti - r).*veti;

b = 1- dt*(sigma^2*veti.^2 + r);

c = 0.5*dt*(sigma^2*veti + r).*veti;

% solve backward in time

for j=N:-1:1

for i=2:M

matval(i,j) = a(i)*matval(i-1,j+1) + b(i)*matval(i,j+1)+ ...

c(i)*matval(i+1,j+1);

end

end

% return price, possibly by linear interpolation outside the grid

price = interp1(vetS, matval(:,1), S0);

Fig. 9.1 Æon�3b�<�t;���gRR MATLAB ?'�
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fij fi,j+1

fi+1,j+1 fi+1,j

fij

fi-1,j

fi,j+1

fi-1,j+1

(a) (b)

Fig. 9.2 ;� (a)�.� (b)��4|\W; -69�6�Black-Scholes~�����
2.8446

>> EuPutExpl(50,50,0.1,5/12,0.3,100,2,5/1200)

ans =

2.8288:�3NÆ,�FD��N��BIDBR{tÆ!::�|�	<Q�7R�JXaE{t�
>> EuPutExpl(50,50,0.1,5/12,0.3,100,1.5,5/1200)

ans =

2.8597

>> EuPutExpl1(50,50,0.1,5/12,0.3,100,1,5/1200)

ans =

-2.8271e+022�m!:3NR���L,�[�gRrJÆ�LrJ!:�Z 5y�+u��E?&�R�/:^��<.���Æ��/:^���d�gg�+ÆQ*zM�j^℄4RF}�!:[)�m<Z�/��Æ��!:Z 5 y{ZCR%[���I%M��MZR�}g<�B�Æ8�w,Æ!:gA)[�ggR�Q|���LE!B��/:^�<��RI�0f���
9.2.1 ;���R[�gg�Q|�;���,Æ!:QN�<R� f(S, t)Æ�� f(S+δS, t+δt), f(S, t+δt)� f(S − δS, t + δt) RV���3�XB\I℄s\
��Æ:��!: 7.4 w���nu�`w 9.2a�!::�ouzM�;���R�Ld?4�X	�L|�Q.��O! [?, chapter 18]Æ!::�Qr S R�u��uM,\ (i, j) I\ (i, j + 1) BS�

∂f

∂S
=

fi+1,j+1 − fi−1,j+1

2δS
∂2f

∂S2
=

fi+1,j+1 − 2fi,j+1 + fi−1,j+1

δS2
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��R���< fi,j−1 9? (9.2) �CnR fi,j���-V��L*vÆ�L*v�B�RÆQFF�JR7�5JF 0�1=B�v����
fi,j+1 − fi,j

δt
+ ri δS

fi+1,j+1 − fi−1,j+1

2δS

+
1

2
σ2i2 δS2 fi+1,j+1 − 2fi,j+1 + fi−1,j+1

δS2
= rfi,j ,:��!:�L:��{F i = 1, 2, . . . ,M − 1 � j = 0, 1, . . . , N − 1

fi,j = âifi−1,j+1 + b̂ifi,j+1 + ĉifi+1,j+1,�,
âi =

1

1 + r δt

(
−1

2
ri δt+

1

2
σ2i2 δt

)
=

1

1 + r δt
πd

b̂i =
1

1 + r δt

(
1− σ2i2 δt

)
=

1

1 + r δt
π0

ĉi =
1

1 + r δt

(
1

2
ri δt+

1

2
σ2i2 δt

)
=

1

1 + r δt
πu�L��p
�;�R�>,�[�gR�D�Æ5, âi, b̂i � ĉi N���L�~R|�Æ�H�0℄H�\
,Æ�Lw\QN�L�<R�Æ:�<R��Æqw\�k=R�	Æ-#�	?%<,g<�pu4Q���jÆj)5,-R�L 1/(1 + r δt) HÆ:H:�k|��V6V~u� δt Rk=)J�-�Æ!:!B

πd + π0 + πu = 1�!�F:��5,|��<���k=)J�O:�'�%<,g<��!:1:�:Y��V6V δt HyRJo�R�	��
E[∆] = −δSπd + 0π0 + δSπu = ri δS δt = rS δt,�Æ�!:%<,gÆ},M�	R�o�R�v��
E[∆2] = (−δS)2πd + 0π0 + (δS)2πu = σ2i2(δS)2 δt)-Æ{FqQR δt

Var[∆] = E[∆2]− E2[∆] = σ2S2 δt− r2S2(δt)2 ≈ σ2S2 δt,%<,gRÆ}Æ�IA�\_^kB�%�)-Æ!:3NÆ���LQ bÆ;���RB:�[�℄s\
���<��πd � π0 :^�7
1 5.4w,zM ADI���Æ	<�g<Rzk���



426 �<gRRB�v����7^Rs�)�=�L04RI�Æ)�Z 5 yÆ{FAgV�R5,�:N�gRib�{F%[���I%M��Æ!:Dm/��/V��uRÆrUÆ5,�Æ*BP� 1ÆÆUj^<��\��/E?&�R:^�;II�Æ��\ [?] ,�4E�ou{
Z = lnS ;X\W; - 69�6�Black-Scholes��Æ:^QN{�gRZCib�D�ÆI�RI�{FPT�(�<�D�~7!�8�w,Æ!:�=��=E?�gg bR=.����
9.3 Æon��<R=.���gR��;+;���R�gg bÆ!::�<.���Æ��ou<�Jv��<{�VR~M,QNR�!:QNR�J��

fi,j+1 − fi,j
δt

+ ri δS
fi+1,j − fi−1,j

2 δS

+
1

2
σ2i2 δS2 fi+1,j − 2fi,j + fi−1,j

δS2
= rfi,j ,:��!:�L:��{F i = 1, 2, . . . ,M − 1 � j = 0, 1, . . . , N − 1

aifi−1,j + bifi,j + cifi+1,j = fi,j+1, (9.4)�,Æ{7�L iÆ
ai =

1

2
ri δt− 1

2
σ2i2 δt

bi = 1 + σ2i2 δt+ r δt

ci = −1

2
ri δt− 1

2
σ2i2 δt-Æ!:B℄L���I�L����`w 9.2b��:�<!R�Æ{F7L�VqÆ{ M − 1 L���!:B M − 1 L���F}ib{7L�Vqyz~L?��ÆQ*)8�L�VqN��T��ÆU;�R0M8Æ!:Dm�VjJÆÆ{ j = N − 1, . . . , 0Æ4|�5�Ag����Vq j R5�:




b1 c1
a2 b2 c2

a3 b3 c3
...

...
...

aM−2 bM−2 cM−2

aM−1 bM−1







f1j
f2j
f3j
...

fM−2,j

fM−1,j
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=




f1,j+1

f2,j+1

f3,j+1

...

fM−2,j+1

fM−1,j+1




−




a1f0,j
0
0
...

0
cM−1fM,j


!::�<!NÆj)�
�℄{o�
ÆQ*{7�L�Vq i q�
gR�)-Æ!::�ou<LU- �|PIFDAu2��Tqouw 9.3,R MATLAB ?'�=��

>> [c,p] = blsprice(50,50,0.1,5/12,0.4);

>> p

p =

4.0760

>> EuPutImpl(50,50,0.1,5/12,0.4,100,0.5,5/2400)

ans =

4.0718�L{t�BIDBÆQ*!:�ou7��JaE�BuÆ��[)^d%<yz,�[�gg���/aE�BgR���q< Crank-Nicolson��Æ8�y!:{���<gR�g	<:���
9.4 ���<R CRANK-NICOLSON ��gR 5.3.3 w��nu Crank-Nicolson ��ÆO��/ou{�;��.�aE�BgR��Æg�LE�1<F\W; - 69�6�Black-Scholes��ÆM��8�J���

fij − fi,j−1

δt
+
ri δS

2

(
fi+1,j−1 − fi−1,j−1

2 δS

)
+
ri δS

2

(
fi+1,j − fi−1,j

2 δS

)

+
σ2i2(δS)2

4

(
fi+1,j−1 − 2fi,j−1 + fi−1,j−1

(δS)2

)

+
σ2i2(δS)2

4

(
fi+1,j − 2fi,j + fi−1,j

(δS)2

)

=
r

2
fi,j−1 +

r

2
fij�T��!:�L:�

−αifi−1,j−1 + (1− βi)fi,j−1 − γifi+1,j−1 = αifi−1,j + (1 + βi)fij + γifi+1,j ,
(9.5)

2?F�
R/"{XÆ:�GX�L#R?'4|Ag��VRp���m!:	<�=	R MATLABS^�
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function price = EuPutImpl(S0,K,r,T,sigma,Smax,dS,dt)

% set up grid and adjust increments if necessary

M = round(Smax/dS);

dS = Smax/M;

N = round(T/dt);

dt = T/N;

matval = zeros(M+1,N+1);

vetS = linspace(0,Smax,M+1)’;

veti = 0:M;

vetj = 0:N;

% set up boundary conditions

matval(:,N+1) = max(K-vetS,0);

matval(1,:) = K*exp(-r*dt*(N-vetj));

matval(M+1,:) = 0;

% set up the tridiagonal coefficients matrix

a = 0.5*(r*dt*veti-sigma^2*dt*(veti.^2));

b = 1+sigma^2*dt*(veti.^2)+r*dt;

c = -0.5*(r*dt*veti+sigma^2*dt*(veti.^2));

coeff = diag(a(3:M),-1) + diag(b(2:M)) + diag(c(2:M-1),1);

[L,U] = lu(coeff);

% solve the sequence of linear systems

aux = zeros(M-1,1);

for j=N:-1:1

aux(1) = - a(2) * matval(1,j); % other term from BC is zero

matval(2:M,j) = U \ (L \ (matval(2:M,j+1) + aux));

end

% return price, possibly by linear interpolation outside the grid

price = interp1(vetS, matval(:,1), S0);

Fig. 9.3 Æon��<=.���gRR MATLAB ?'
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αi =

δt

4
(σ2i2 − ri)

βi = −δt
2
(σ2i2 + r)

γi =
δt

4
(σ2i2 + ri)-Æ!:5�J8%�3b�<Æ:�<!:� 2.7.1 w�nu�QrwqR��TpÆ�/0M8Æ!:�k�5�6K Sb ≤ S ≤ SmaxÆF}ib�

f(Smax, t) = 0, f(Sb, t) = 05�N�TF}ibÆ!::�g�� (9.5) L���
��
M1fj−1 = M2fj , (9.6)�,

M1 =




1− β1 −γ1
−α2 1− β2 −γ2

−α3 1− β3 −γ3
...

...
...

−αM−2 1− βM−2 −γM−2

−αM−1 1− βM−1




M2 =




1 + β1 γ1
α2 1 + β2 γ2

α3 1 + β3 γ3
...

...
...

αM−2 1 + βM−2 γM−2

αM−1 1 + βM−1




fj = [f1j , f2j , . . . , fM−1,j ]
T

MATLAB ?'Uw 9.4 M�Æ�{t:^I 2.7.1 w,|+gRU�QNR{tB{w�
>> DOPut(50,50,0.1,5/12,0.4,40)

ans =

0.5424

>> DOPutCK(50,50,0.1,5/12,0.4,40,100,0.5,1/1200)

ans =

0.5414���<L=�M/�������<R~����1<�ÆQ��g [?] ,�N�
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function price = DOPutCK(S0,K,r,T,sigma,Sb,Smax,dS,dt)

% set up grid and adjust increments if necessary

M = round((Smax-Sb)/dS);

dS = (Smax-Sb)/M;

N = round(T/dt);

dt = T/N;

matval = zeros(M+1,N+1);

vetS = linspace(Sb,Smax,M+1)’;

veti = vetS / dS;

vetj = 0:N;

% set up boundary conditions

matval(:,N+1) = max(K-vetS,0);

matval(1,:) = 0;

matval(M+1,:) = 0;

% set up the coefficients matrix

alpha = 0.25*dt*( sigma^2*(veti.^2) - r*veti );

beta = -dt*0.5*( sigma^2*(veti.^2) + r );

gamma = 0.25*dt*( sigma^2*(veti.^2) + r*veti );

M1 = -diag(alpha(3:M),-1) + diag(1-beta(2:M)) - diag(gamma(2:M-1),1);

[L,U] = lu(M1);

M2 = diag(alpha(3:M),-1) + diag(1+beta(2:M)) + diag(gamma(2:M-1),1);

% solve the sequence of linear systems

for j=N:-1:1

matval(2:M,j) = U \ (L \ (M2*matval(2:M,j+1)));

end

% return price, possibly by linear interpolation outside the grid

price = interp1(vetS, matval(:,1), S0);

Fig. 9.4 	< Crank-Nicolson����gRJ8%�3b�<R MATLAB?'
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9.5 8��<R#kEDouB�v����Æon��<gRB�g�MgÆEQ[���<�!::�g�LE�1<F8��<ÆE!:$�QN8��<R�BU��8��<gRR7�QZFa�d<R:^gM%5K?F}���E?\qÆ (S, t) AV,7�\jR�<R�[^TF℄R��rUÆUt�<d<Æ℄R��I8R�$�{FÆo8��<Æ!�F
f(S, t) ≥ max{K − S(t), 0}0}JR�Jou3Æ;���,5��Lib[��QZ�!::�ZCY1<u�QaR 9.2 w,Ru�ÆFD fij ÆÆ!:1:Yta�d<R:^gÆQ*rg
fij = max[fij ,K − iδS],�I!:{�H�\
MZR�
�?F5[�g bÆ!:QU!9.�����/0M8)�=�L��R bÆ)�j)e5k� fij��Æ��[*�.���,R0M���;+�LQZÆ!::^)9�/d?��4|Ag��VÆ�[�3F LU �|R�t��� 3.2.5w,Æ!:5��>B�=�ibR Gauss-Seidel�����H�`Æ�m!:%a�L8EÆ5�U8Ag��VÆ

Ax = b,0�L�
\ x(0) 0
Æ̂ <8�Rd?���
x
(k+1)
i = x

(k)
i +

ω

aii


bi −

i−1∑

j=1

aijx
(k+1)
j −

N∑

j=i

aijx
(k)
j


 , i = 1, . . . , N,�,Æk �d?F,�Æω ��=�ibRf,Æ�N�yDm:.SÆU

‖x(k+1) − x(k) ‖< ǫ,�,Æǫ �SKf,�=ÆQr�^< Crank-Nicolson ��gR8�3b�<Æ!:Dm�|g< (9.6) R��VÆE-#RF}ib[b�
Æ)�-��<R���6B���!:k���V%z4|U8R��VÆ
M1fj−1 = rj ,�,ÆCF���

rj = M2fj + α1




f0,j−1 + f0,j
0
...

0
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 M1 R℄{o�
g*ÆQ*O�1:�a�d<a� gi,�i =
1, . . . ,M − 1� S = i δS �R℄R��{F7�L�Vq jÆ!:QNd?��
f
(k+1)
1j = max

{
g1, f

(k)
1j

+
ω

1− β1

[
r1 − (1− β1)f (k)

1j + γ1f
(k)
2j

]}

f
(k+1)
2j = max

{
g2, f

(k)
2j

+
ω

1− β2

[
r2 + α2f

(k+1)
1j − (1− β2)f (k)

2j + γ2f
(k)
3j

]}

...

f
(k+1)
M−1,j = max

{
gM−1, f

(k)
M−1,j

+
ω

1− βM−1

[
rM−1 + αM−1f

(k+1)
M−2,j − (1− βM−1)f

(k)
M−1,j

]}I0�L�Vq%[N��L�Vq�Æ<I���VqR{tBSR�
J��d�
�d?�n��kRÆ?';�w 9.5 ,�?F MATLAB0 1 0
K-J�Æ?'BTJ��/0M8Æ!:!6Bfs��L-xMB fij �RR�
ÆQ*/"�
 M1 Q6B5!�j)d?W~<J� α,β � γ �t�d��y?':���QR#C,Rbinpricez,�d>qÆ:z,ou�H�\
��gR8��<�` 7.1 w�
>> tic,[pr,opt] = binprice(50,50,0.1,5/12,1/1200,0.4,0);,toc

Elapsed time is 0.408484 seconds.

>> opt(1,1)

ans =

4.2830

>> tic,AmPutCK(50,50,0.1,5/12,0.4,100,1,1/600,1.5,0.001),toc

ans =

4.2815

Elapsed time is 0.031174 seconds.

>> tic,AmPutCK(50,50,0.1,5/12,0.4,100,1,1/600,1.8,0.001),toc

ans =

4.2794

Elapsed time is 0.061365 seconds.

>> tic,AmPutCK(50,50,0.1,5/12,0.4,100,1,1/600,1.2,0.001),toc

ans =

4.2800

Elapsed time is 0.023053 seconds.

>> tic,AmPutCK(50,50,0.1,5/12,0.4,100,1,1/1200,1.2,0.001),toc

ans =
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function price = AmPutCK(S0,K,r,T,sigma,Smax,dS,dt,omega,tol)

M = round(Smax/dS); dS = Smax/M; % set up grid

N = round(T/dt); dt = T/N;

oldval = zeros(M-1,1); % vectors for Gauss-Seidel update

newval = zeros(M-1,1);

vetS = linspace(0,Smax,M+1)’;

veti = 0:M; vetj = 0:N;

% set up boundary conditions

payoff = max(K-vetS(2:M),0);

pastval = payoff; % values for the last layer

boundval = K*exp(-r*dt*(N-vetj)); % boundary values

% set up the coefficients and the right hand side matrix

alpha = 0.25*dt*( sigma^2*(veti.^2) - r*veti );

beta = -dt*0.5*( sigma^2*(veti.^2) + r );

gamma = 0.25*dt*( sigma^2*(veti.^2) + r*veti );

M2 = diag(alpha(3:M),-1) + diag(1+beta(2:M)) + diag(gamma(2:M-1),1);

% solve the sequence of linear systems by SOR method

aux = zeros(M-1,1);

for j=N:-1:1

aux(1) = alpha(2) * (boundval(1,j) + boundval(1,j+1));

% set up right hand side and initialize

rhs = M2*pastval(:) + aux;

oldval = pastval;

error = realmax;

while tol < error

newval(1) = max ( payoff(1), ...

oldval(1) + omega/(1-beta(2)) * (...

rhs(1) - (1-beta(2))*oldval(1) + gamma(2)*oldval(2)));

for k=2:M-2

newval(k) = max ( payoff(k), ...

oldval(k) + omega/(1-beta(k+1)) * (...

rhs(k) + alpha(k+1)*newval(k-1) - ...

(1-beta(k+1))*oldval(k) + gamma(k+1)*oldval(k+1)));

end

newval(M-1) = max( payoff(M-1),...

oldval(M-1) + omega/(1-beta(M)) * (...

rhs(M-1) + alpha(M)*newval(M-2) - ...

(1-beta(M))*oldval(M-1)));

error = norm(newval - oldval);

oldval = newval;

end

pastval = newval;

end

newval = [boundval(1) ; newval ; 0]; % add missing values

% return price, possibly by linear interpolation outside the grid

price = interp1(vetS, newval, S0);

Fig. 9.5 	< Crank-Nicolson ��gR8�3b�<R MATLAB ?'
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4.2828

Elapsed time is 0.036693 seconds.

>> tic,AmPutCK(50,50,0.1,5/12,0.4,100,1,1/100,1.2,0.001),toc

ans =

4.2778

Elapsed time is 0.009989 seconds.0�TrJ,!::�3N�=�f,{d?��R�yStB;86F�^DAu��ÆB�v��<��u��H�\
��ÆE!:Dm�}Q^�>q~L��R�=�=��q�:�;fR�-�Æ��FD{
CPU R�4:^�N MATLAB |��R[��R6F3�$�U�Æ9BL�JR�Æ�[��H�\
jw\R�Æ	!:^Z/QQ~Y�dDAgR^�[F�\W; - 69�6��,Mq>RDAg�-�Æ#k4_�(�<�ÆB�v���:^�Q~Rsl��u[s
• [?] 0 [?] ,N���QR�,q<~������Rn�rJÆ�,-RB�v���RB:yw�p
Æ [?] ��B�gR�R�
• !:�gB�v����t1<F\W; - 69�6�Black-Scholes���E�ÆI�I#:^){�+R�ggyz*9Æ:f` [?]RBeyw��;#,Æ!:��NB�N#k��Æ��>ZCRB�v����7Q��
• [?] � [?] ℄M�{�QR�,RB�v����
• Ut{B�N��Ba:Æ�:�f5 [?]�

3;#Z�$Rs�g�=Z�$N��BI[pRFD{t�binprice��
14.17 BÆ�.^dAmPutCK�� 59.48 B�!::�3NBAuRa{Æ�/a{[^�nSFQIR7bÆMATLAB |��R;f�p
��:g�
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10 kUm�
kUm�:�4�=�,W0�ROkÆO:�:l�Y1<F|,vD[p℄\R b��U�kUm���LGLMLERÆ�L���0
:<F|,kU=� b�rUO:�1<Fj^�wq�VIbÆBg�F4IbÆ�>B��$�0�Ib���jÆO�:�:<F�kUR b�rUÆO:�:<F|,I6- b�
RV�W=� b1�IDMBR 1<q�6�T?R��:ÆkUm���LOkÆ�[��Lg#�=R:��t1<RD��ODmO! b�KBg'D��-�ÆORFD����~�EQ[�=��
��T08ÆkUm�OkR1<yz���B<R,�D�Æw$�|+D�Æw$IkUm�Q[yz|;t�ÆO�^aT2qRgg'gÆ�!:aT�}BR�R|�E�Æ��R�r,Æ)�:����,`Z�R=K5Æ�t1<kUm�Ok�[:^R��T#kC(:�<FjT bR�,ÆE�kUm�}}�[t(<dR5u�[hn4
Æ!:�j�y;�n��QR�
• {kUm��℄R�|Æk��|W��uR<;℄/ ���E�8��<gRRIb�B�v�>J\���}��8��<gRÆEOE�08Q[Th<�����Æ;℄/ ��E���}S�FDÆE�g�d<uyQ[S��Sug�d<4)k�>�RJÆzDÆ)�AVR7�\Æ!:k��5q�Vd<Æ����<P�<RR�Z>q��<�IJ:DmC6OR66Æ

1`r [?]
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Fig. 10.1 Wx� b)�J�I_k�!:��O�<R��Z>�J:ÆJM�I_[):<F8��<ÆE�=0M��z;I�
• EDkUm�R!�1<:^uFQZÆEu�O:^tR�<m�|,�J b,00:�u�X�#Y4Æ7bFD^tRo~���=R[<ÆEQ[�=^�
• k|kUm��k��TF4G�Æ��8�yR7b�<�y{kUm��d�L�R�n�6 bR�!:R7�TK��n;℄/ ��8��<gR,R1<Æ��LTK�N�N��<FB�R�VGuIbR=�V�� 10.1 w!:�:<ZCRrJ��w�,RWx� bN�kUm�6ÆROk�DÆÆ 10.2 w!:N�WZCrJ�QÆJRBggwqR,mu��VRv5���w,Æ!:!�%2Bgr&,RkUm�Ok� 10.3 w!:u�U���LOkSuNF40�WÆ 10.4 w,Æg�n3F%nR;℄/ ��R8��<gR�

10.1 Wx� b0
�nkUm��ÆF!:5�OWKDR1<��w��%,RWx��w��%W=�[��Q�D,R}`�bÆE���IAR3�8w 10.1Æ�:�k|!:g�[�R b��L�%?w\=�!:RrJ,Æ< 0 N 7 K��wtw\��=V	���jK�R,L:�:|�	��R~u�0�<�!:RTR��%,�N�i0{\
0 N{\ 7 R��Æ	Q�i��RP~uWQ�rUÆ5� (0, 1, 4, 7) �i��ÆFDOR��~u��� 18Æ� (0, 1, 3, 5, 7) R~u� 16. 7�Lw\Æ!:Dmsl8�L{\��L bIkU,mBF�Tg



Wx� b 439<�#�N�!:=MRBUÆ!:k�,gU�;Za^	QWÆL��jR�$W=�7�℄RV^,mÆQ[>XW=R{tÆrUÆj�RrJ,Æ$0
{\ 0 W�R{\�{\ 2ÆE�Q[^/��iFWx��,�IDÆ!::�ZCR�MB�����XÆDÆ;�W=R�i��m!:�BB�/slÆ*�m[q>[BggÆM���k�j:dR(��D�Æ�/���Jj[,ÆI�%RmIoP�(jIQ[~<�ÆM�!:k�E��L/ER��;E?=^R���kUm��:N�LTRR�/sl��m�<!R�Æ{Wx� bB�NQESRD�ÆE�!:�m�nR���<F$2�BUAV�:,0[:,�[Bg,!R0� N = {0, 1, 2, . . . , N} �{\=ÆA �FR=�Æ�\�.\�M�
0 � N���ZC�`Æ!:Qr�%�$ wÆFR~u� cij, i, j ∈ N��7R�Ut!:B:^:Q�L7~uFX	R%�mÆ��RWQ�<�� −∞Æ!:[5��/(}0M��:�w�W=|R℄�Æ#&�4!:k��LXigRD��
Vi L�0w\ i ∈ N N{\ N RWx���G[ i

∗→ NÆQr{℄ R i ∈ NÆ{\ j Wx�� i
∗→ N jÆX4 j

∗→ N � i
∗→ N RJ���#&�4Æ�L bRW=|:�ougJ bRW=|V��X/Q��k|�
ZRO)Æ!::�5�g�� i

∗→ N �|� i → j �
j → NÆ���� i

∗→ N R~SF�~LJ��~R��
Vi = L(i→ j) + L(j → N) (10.1)<!NÆZ�LJ��Q[�!:slWiO�N: j 6F��I(�9(kU5qRBU<d>)Be�!:U�N: j, {gX�zR�b6B6F�t8XQrÆJ�� j → N [�0 j N N RW=��Æ�
R�!::�;�� (10.1) RZ�L�HÆou5��� i→ j I j

∗→ NRV������℄��R~u
L(i→ j) + L(j

∗→ N) < L(i→ j) + L(j → N) = Vi,�I!:QrR Vi �Wx�~u1~�3Fj�RguÆ!:QN0L!w\ i N.{\ N RWx�~uR[n�
Vi = min

(i,j)∈A
{cij + Vj} ∀j ∈ N (10.2)#&�4Æ;w�0{\ i N{\ N RWx��Æ!:k�5�0 i N

i RMBÆK{\ j RMB?��� cij I0{\ j N.{\ N RW=��R��<!N!:[��O!V^OkÆk5��tFR8�.��Æ��Pj�07�L!:8.^N:RBU0
NWÆRW=�����	Q�/��[�x�R�?� (10.2) [nYN�R Vi ��	; 0R�z,�BUAVR7L\RR�z,GC!:0�\0
9W=m�gXRW=����m��/[n�����Lz,��ÆO9,F#R bÆ�kUm�R�^�Wx� b,ÆBU=B�ÆQ*R�z,��LJ��wqBUIb,ÆR�z,��L$2�{K�
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{\{1R V0Æ�k�!:JÆ{�2 !::�j�R[z�,ÆW.Rib VN = 0��
!::�ou5�.{\ N RMB�M{\ i Xu0j�[n�Æ{7�L{\
iÆ:s��~u�� ciN�DÆ!:KqJÆK�R�z,,7�LBeR{\��L�{X�R�%,Æ�BI�L{\RMBÆK{\qK��Æ!:a^K��L{\��
!:��L�2�R�%�,P:��NÆBR3p�
Example 10.1 F!:w�w 10.1 N�R�%,RWx���{.{\Æ!:B.wib V7 = 0Æ8�X3{\ 7 R�Mw\ 4� 6�!:6B5�{\ 5Æ)�{\ 6 �ORÆK{\Æ:�QN

V4 = c47 + V7 = 10 + 0 = 10

V6 = c67 + V7 = 8 + 0 = 8=!:5�KG{\ 5:

V5 = min

{
c56 + V6
c57 + V7

}
= min

{
1 + 8
5 + 0

}
= 5t8X5�{\ 3 �ORÆK{\ 4Æ5Æ6:

V3 = min






c34 + V4
c35 + V5
c36 + V6




 = min






3 + 10
2 + 5
1 + 8




 = 7<p
R��Æ!:QN�
V1 = min

{
c13 + V3
c14 + V4

}
= min

{
2 + 7
1 + 10

}
= 9

V2 = min

{
c23 + V3
c25 + V5

}
= min

{
4 + 7
7 + 5

}
= 11

V0 = min

{
c01 + V1
c02 + V2

}
= min

{
7 + 9
6 + 11

}
= 16.��QNWx�R~u 16Æ!:!:�ou5�7.CL,gRWx�~uXQN0{\ 0 0
RWx���

0→ 1→ 3→ 5→ 7�<���L<(�ÆE�?	�LZCRWx� b,��>D	R��=^:^�~���Æp
R8E:�<Fq>[BggR0Æ��R�z,:g#	�	��
2!:�m�5�kUm�RJÆgbÆ{Wx� b0�NRBgV�=� bÆ!:�:�1<J��� (`r [?, appendix D])�!:�5�JÆgb�)��/gb�<FF40�
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10.2 wqR,mu�;w,Æ!:gzlj�wWx� bQNRz,���5��Lj^�V5qÆORBU����
xt+1 = ht(xt,ut), t = 0, 1, 2, . . . , (10.3)�,Æxt ��Vy t 0
�RBUI�Æut ��Vy t ,RC'I���m!:[5�[Bgg�N�BUI� xt RI��ÆslC'I� utÆDÆ!:�:�O!z, ht A)RI�ÆX�=BggXRBU�Ut5qR��[F�VI�Æ!::�;` ht RnK t��
BU x0 �N�RÆDÆ5�0 t = 0 N t = T R�Vy�!:E�NW=RC'p�

(u∗
0,u

∗
1, . . . ,u

∗
T−1) QNRBUp� (x∗

0,x
∗
1, . . . ,x

∗
T )Æ^	8�RTKz,WQ�

T−1∑

t=1

ft(xt,ut) + FT (xT ) (10.4)!:QrTKz,#BPR�Æ�
)	QkUm�R^DIQZCTÆE��NR��BB1R�|���TKz,-R,V	;�W.	;�W=�Dm.Sj�RkUW+ (10.3)ÆQ*	:^R.SC'I��BUI�RW+�
Example 10.2 [��LBgR,gp�u�Æ!:5��L���!oN� b�!:B�?�
H�W0Æ!:k�,g�< t = 0, 1, 2 . . . , T−
1 �Æ�,�m<F!oÆ�m<FN��!oR^�:�:<F$%<RrHÆ�$�� rÆ-�Æ!:!Bm���℄R�V��BUI� WtL�I�Rb80��C'I���I�RN� Ct, Ut!:�~�R:^p��Æ�� Ct ≤WtÆ��aNRm���℄R�V�� ItÆBU��:�L�	

Wt+1 = (Wt − Ct)(1 + r) + It, t = 0, 1, . . . , T − 1!:E	Q5�k=5, β < 1 RfPS<z,W=�
max

T−1∑

t=0

βtu(Ct) + βTB(WT ),�,Æu ��S<z,ÆB(·) �W.R�R���Ut!:[5���RS<R�ÆWÆR,m�E;��N�`MBRH���LIb,6B[BggÆE�S<z,R�g-JFP$N��,R�Tm��3

3�Jj:^BJ)M�ÆU-ZCR:Pgz,$�YE3i	R6F�



442 kUm��T0M8ÆW.R�z, B RslDm;+?F��{+S1i	Rx�-J�I!:�� bIQ:CÆ0��E?5��V2�	Q$�A)<�jR[Bgg�{F�R���dvz�Æj�4R0M�)�=�IDÆ$�R�V��IbDt,}	<�
max

∞∑

t=0

βtu(Ct)�mÆk=/Q�LB}RTKz,,�D[:mR��.	;/qYDm�:�	<�
lim
T→∞

1

T

T−1∑

t=0

u(Ct),E��LR�1<,Q}`��Lpj,m b:�<Z 6 yR%q,tm���|,�E�Æk|U�<kUm�R(�|,OgB9F	℄R#BQl�1<R���
10.2.1 W=�Ok�|z,��TKz, (10.4):��:�jRÆ��{�LNgR, rÆWÆ r .,mR6F��I�BU xT−r � r LC'I�R6F�-�ÆoA.S�Lg<R:�g*�(�9(BUg*Æ�L!#8BU xt �PC'I� ut I	 xt+1 �,gF xt � utÆ����R x0, . . . ,xt−1 6Be5�[��jg*R�L{tÆ!:QN�W=�Ok��LW=,m (u∗

0,u
∗

1, . . . ,u
∗

T−1) �Æ$��
BU x0 �Z�LC'I� u
∗

0 n
s9Æou1<Z�LC'I� u
∗

0ÆFÆRC'm� (u∗

1, . . . ,u
∗

T−1) g��
BU x1 R (T − 1) �R bRW=m��M�Æ!::�X�8�R[nz,��XQNW=m��
Vt(xt) = min

ut

{ft(xt,ut) + Vt+1(ht(xt,ut))} , (10.5)�,ÆWQ�:�ou5�C'I�RW+�'�:N�j�R��:��7�/ (Bellman) ��Æ���LdkUm�R:8�z, Vt(xt) �!:0 t �<RBU xt ��R=�m�M>XR�<�Æ�E��LÆJRÆk4��
z,� V0(x0) Rz,����Lz,��B�LF}ib*9!:u0�L[n��
VT (xT ) = FT (xT )��!:%N t = T − 1 �R℄4Æ�{F7�L:^RBU xT−1, !:;|8�RW=� b:

VT−1(xT−1) = min
uT−1

{fT−1(xT−1,uT−1) + FT (hT−1(xT−1,uT−1))}
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x0

x1 x2 xT-1

xT

f (x ,u )0 0 0

f (x ,u )1 1 1

f (x ,u )T-1 T-1 T-1

Fig. 10.2 �LB�3p,mu�Wx�RL� (��ZCÆ6B;�MBR>�)ÆW.BUQr�bgR�{7�LBUI� xT−1 ��Æ���L:^RW+W=� b�!:;`�kUW+ (10.3)ÆE�!:B�BUI��C'I�RW+�Qr!:�OR�z, VT−1(·)Æ!:�:�J�Æou8�/QR�z, VT−2(·)

VT−2(xT−2) = min
uT−2

{fT−2(xT−2,uT−2) + VT−1(hT−2(xT−2,uT−2))}J���N�
BU x0Æ!:�.���℄Æ�N|,�L b�<!NÆUt!:�OMBRW=R�z,ÆNgZ,g��MguRI�BUÆ!::��N7L,muyRW=C'�!:E�O�mRpj,m b���aNRWx� bB�[p:

• pj,m,BUAV�wqR�
• pj,mB�LEBR�VI��
• pj,mC'I�=:��wqRÆ�Wx� b,Æ��sl=�B�RÆ��:{\RMBÆK{\�wqRBUAV!�FÆOmjÆ!:k�7�L�Vy;|�L$2=RW=� b�Ut�/Q|+|Æ�B�Q^�0^ZE?[�$2 bÆE����Lr��[�mm��L:^R#k���;j^�BUAV�Ut!:EK�87L�Vyq�
ZÆ!:g)w 10.2,3N�Wx� b,B<R{XÆ?�Lj^BUR�%� ��$aOIWx� b,RBp^�Æ!:��L�%�ÆQrW.BU xT �B



444 kUm�gR��/08Æ)��%��qRÆ!::��S�YKG{\ÆFR~u?B1BU>�>XR����.�ÆUt!:E�NBUAVR�L��Rj^�Æ!:B�L:dRFD���E�0Z 4 y!:��OÆ{E�BUAVÆUt9ÆmJ\R��j^�Æ)>qQZ��L�	�kUm�,R�,`Z�D�Æ!:�:�3NÆ�ÆR b�R�z,R�<�Ut!:�OR�z,RMB:^Æ0�O:R�k�<Æ!::�BUAV,R7�L\�NW=C'�ouq< 3.3 w�nR<dÆ!::�gR�z,�<	�L3 z,=RAgV��
Vt(xt) ≈

M∑

k=1

αk,tψk(xt), (10.6)�,Æ!::�Qr3z,=[F�V;IÆE�<0 αk,t F�V;I�)-Æ�L$��R b�>�	��LB��R bÆ�L b,Æour�0WQ��;w���R<0�)-!:�NR|R*��9,F!:{3z,RslÆ�>BUAV,{\Rsl��T!:4|z,=� b�}LNÆORZ�? b,gÆB�Q[S�ÆE�j�y!:~�Rz,=��,�=�S,����,�kUm�R3 �Ut!:!5�[Bg0Æ��,�5����$[<��
10.3 <kUm�|,F4,m bBgRr&,Æ!:k��NW=C'p��>B1RBUp�ÆE�{F4g bÆI�BU xt �C'f, ut Q[^�=,g8�℄RBUÆ��^N�ORib<��\�j^BU b,Æ!::�ou-V�LC'>�<��drg���Z�G�Æ!:Qr>�<� [F�V;I:

qij(u) = P{Xt+1 = j | xt = j, ut = u}�,ÆXt+1 L�8�LBU���LF4I�����HÆ!:<,XZBUR�KÆwqBU8Æ!:g5�8�RI���:

Xt+1 = h(xt,ut, ǫt+1), (10.7)�, ǫt+1 ��LF4GkÆF4I�Pj8K t+1 ���$aO:�!:,g�C'k[ ut Æa�=R�!:[^M�?8�[n��R|.�BgRC'p�Æ
Vt(xt) = min

ut

{f(xt,ut) + Et [Vt+1(h(xt,ut, ǫt+1)])} , (10.8)�� (10.5) �J�R�/zlÆF40,ÆXR�<���Lib�	ÆEt �LG�LE�	�?!:=�ORI�BUXD�XR�
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Example 10.3 ��4E (10.7) � (10.8) �Æ!:gourH4),-R%<HyXzlr 10.2ÆQr!:B�?%<HyÆwq�V8ÆORRJ St +0g<� µ ���HÆ� σ �TkHRA�\_^k�j^�VÆ!:B�
S̃t+1 = Ste

Ỹ�, Ỹ ∼ N
(
(µ− σ2/2)δt , σ

√
δt
)Æδt ��V℄~��m	< Ỹ X�� t �<ÆWT�F4RÆWT[�F4R�UtG αt ∈ [0, 1] �%<rH,R/��,ÆR�RkU���

W̃t+1 = (Wt − Ct)
[
α
S̃t+1

St
+ (1− α)(1 + r)

]
+ It t �<R[nR7�/�Bellman���

Vt(Wt) = max
Ct,αt

{
u(Ct) + βEt

[
Vt+1(W̃t+1)

]}
,.�ib�

VT (WT ) = B(WT )BgR�pu�,Æ!:Ew�W=�C'��ÆF4kUm�,Æ!:�ÆE�R�7�L,myR�z,R=��ou7L,muyN�R�z,Æou|�uRW=� b��W=C'�!:k�E?x�:R�z,R,gÆM�!:.�YQN��P�8RW=C':ut = φt(xt)�ÆU!:�aNRÆwqBUIb,ÆR�z,��L$2�{KÆ!:k��OZ���LB��{K.�}<R���ou3z,Rr��=��ÆU!: 3.3 w3NRÆslw\z,=���}0���!�F!:k�BUAV,<jJJÆQ*.\K0Q[�L~(�4�F40Æ�L9PRZu� (10.8) �N�Rib�	�UtF4RGk�wq�\RF4I�Æ[n��gq>�L,�5� b��IZ;y3NRÆ!::�^<BgR0F4R��ÆrUE6Æl�0;℄/ 9
��℄M<!R�Æ!:k��<�L?�	g#Rz,Æ�[���<gR,�LM���Æ��PRrJgu�E6Æl�ib�	j^�,�9�BR�R�5

Example 10.4 F!:5��L�}%J�RHyw& b��LrH�T�Rb8� W0ÆN:��wq4qR$%<q� r XrH��L�VGu� T R�V℄LgÆPB%3 R = erT�[��/d?��ÆN:�5
4`r [?]Æ�,B�TB<R,�C(<X|,j^�VkUm�Ib�
5�IBCK<RF4m�>)BeÆf` 11.3w



446 kUm���/I�R�� S0 R%<_��T �<R%<HyRJ��LF4I�
S̃TÆQrO+0A�\_^kÆ!::��XRRJL���

S̃T = S0e
Ỹ ,�,ÆỸ �� (µ− σ2/2)T �.�Æσ2T ��vRÆU�\� 4.1.2wÆ!:A)�E6 - �=℄Æl�:�<Xj^��
�LF4I�Æ!:�:��d MATLAB z,GaussHermiteX:N-TR�[�d?��Æ!:g	<*;℄/ �
R(��!:�LrJ,5�*VQ�Bm�ÆQ*6B,VN��)-Æ��R,mI��!:R,m���Hy,R δ XY*%<_�Æ!:p
[5�~K0,AÆ)- δ Dm# [0, 1] 6V,�Qr�L�RS<z,

u(·)Æ�L b�I�
max
0≤δ≤1

E
[
u(W̃T )

]
,�,Æ�Xby W̃T �

W̃T =W0

[
δ
S̃T
S0

+ (1− δ)R
]
=W0

[
δ
(
eỸ −R

)
+R

]�,ÆH eỸ −R :�:|��$%<HyR��3� R���|,j^��L bÆ!:k�z	 K L��Æ?�= Yk I<� πk Bg�Ut!:	<;℄/ �
ÆmB πk = 1/KÆUt<E6 - �=℄Æl�Æ<���Æl�U�mR<0ÆF��XR b��
max
0≤δ≤1

K∑

k=1

πku
[
W0

(
δ(eYk −R) +R

)]�
ZCRW=� b:�< MATLAB z,fminbndX|,Æ<X�d;℄/ �
R MATLAB ?'U8w 10.3 M���Lz,t�[�KERf,Æ-Rz,f,utilf<XL�S<z,�Ut!:Qr{,S<Æ:�QNU8|�
>> randn(’state’,0)

>> share = OptFolioMC(1000,50,0.1,0.4,0.05,1,10000,@log)

share =

0.3092

>> share = OptFolioMC(1000,50,0.1,0.4,0.05,1,10000,@log)

share =

0.3246

>> share = OptFolioMC(1000,50,0.1,0.4,0.05,1,10000,@log)

share =

0.3112

>> share = OptFolioMC(1000,50,0.1,0.4,0.05,1,10000,@log)

share =
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function share = OptFolioMC(W0,S0,mu,sigma,r,T,NScen,utilf)

muT = (mu - 0.5*sigma^2)*T;

sigmaT = sigma*sqrt(T);

R = exp(r*T);

NormSamples = muT + sigmaT*randn(NScen,1);

ExcessRets = exp(NormSamples) - R;

MExpectedUtility = @(x) -mean(utilf(W0*((x*ExcessRets) + R)));

share = fminbnd(MExpectedUtility, 0, 1);

Fig. 10.3 ZCR[Bggib8RHyw& b�;℄/ �
���
0.3763

>> share = OptFolioMC(1000,50,0.1,0.4,0.05,1,10000,@log)

share =

0.3341

>> share = OptFolioMC(1000,50,0.1,0.4,0.05,1,10000,@log)

share =

0.3436

>> share = OptFolioMC(1000,50,0.1,0.4,0.05,1,10000,@log)

share =

0.2694{t;�|,B;8RI(Æ��?��z	�R�
I(gi	RÆ10000LR
;:^[:6ÆEUt!:oP��RL,Æ�L|�IQ�g�
>> randn(’state’,0)

>> share = OptFolioMC(1000,50,0.1,0.4,0.05,1,5000000,@log)

share =

0.3049

>> share = OptFolioMC(1000,50,0.1,0.4,0.05,1,5000000,@log)

share =

0.3067

>> share = OptFolioMC(1000,50,0.1,0.4,0.05,1,5000000,@log)

share =

0.3074D�Æ4_ b,Æ!:[^7BU-=R��,Æ,�kUm���℄!:!g�4|,�L b�M�Æ!:k�|�<E6�=℄Æl�;�OÆq<Z 4 yRGaussHermitez,ÆQNw 10.4 ,R?'Æ��z	�/E�TÆ!:)k�QmR��X/Q:6R|�
>> share = OptFolioGauss(1000,50,0.1,0.4,0.05,1,2,@log)

share =

0.3139

>> share = OptFolioGauss(1000,50,0.1,0.4,0.05,1,3,@log)

share =
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function share = OptFolioGauss(W0,S0,mu,sigma,r,T,NScen,utilf)

muT = (mu - 0.5*sigma^2)*T;

sigmaT = sigma*sqrt(T);

R = exp(r*T);

[x,w] = GaussHermite(muT,sigmaT^2,NScen);

ExcessRets = exp(x) - R;

MExpectedUtility = @(x) -dot(w, utilf(W0*((x*ExcessRets) + R)));

share = fminbnd(MExpectedUtility, 0, 1);

Fig. 10.4 ZCR[Bggib8RHyw& b�E6 -�=℄5����
0.3061

>> share = OptFolioGauss(1000,50,0.1,0.4,0.05,1,4,@log)

share =

0.3064

>> share = OptFolioGauss(1000,50,0.1,0.4,0.05,1,5,@log)

share =

0.3064

>> share = OptFolioGauss(1000,50,0.1,0.4,0.05,1,100,@log)

share =

0.3064�LZCR��LEE6Æl�,�kUm�,��}BR�RR#�IDÆ���,LA6Æs�1:�F;�|Q�RW=|�+��RPTggg*��rX4Æ!:�r 2.14(56 �) ,3N{,S<�B{%<��Rz,ÆM�Æ!:1:1	|Q[�YF0
RR� W0Æ,������E[��E��\�
>> share = OptFolioGauss(100,50,0.1,0.4,0.05,1,5,@log)

share =

0.3064

>> share = OptFolioGauss(10,50,0.1,0.4,0.05,1,5,@log)

share =

0.3064!:�:�q<[pRS<z,ÆrU�,S<z, u(W ) =W 1−γ/(1−γ)Æ;<�%<���,�
>> gamma = 0.3;, powU = @(W) W.^(1-gamma)/(1-gamma);

>> share = OptFolioGauss(1000,50,0.1,0.4,0.05,1,5,powU)

share =

0.9999

>> gamma = 0.4;, powU = @(W) W.^(1-gamma)/(1-gamma);

>> share = OptFolioGauss(1000,50,0.1,0.4,0.05,1,5,powU)

share =
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0.7887

>> gamma = 0.5;, powU = @(W) W.^(1-gamma)/(1-gamma);

>> share = OptFolioGauss(1000,50,0.1,0.4,0.05,1,5,powU)

share =

0.6295<!powUg#,\ (.) ^D*R^<���jÆUt!:;IgammaÆk�0℄g#z,Æ)�Iz,g#ÆÆz,{I�gamma��B}R���RrJ,Æ!:BB,�j|,�kUm�,�L:^RJ b�!:p
:�ou�+7�/�Bellman��ÆQN{W=|R{X��LrJX4Æ^<kUm�;|,�Lg< 10.3 RN�!o bÆ:��EÆ{,S<g7�.,m,M��LbgRN���6�"��LrJÆUt!:<E6Æl�;j^�Lib�	ÆS�
(10.8) gI	

Vt(xt) = min
ut

{
f(xt,ut) +

K∑

k=1

πkVt+1(h(xt,ut, ǫk))

}EDE6Æl��B<ÆE�OQ[^|,MB bÆE� b,Æ!:!�:�	<;℄/ �
�Q�YÆ!:k�;j^�BUAVQ|,�QZRW=� bÆE�MBR�Tq)IQ�ZCÆUt!:^Z��L�~Rj^��ÆQ*Ut,mI���}ZCÆUp8�M��
Example 10.5 =!:�|�kUm�ÆO0℄℄�8��<gRR�H�\
�� (f` 7.2 w) �g)�}B<�IDÆ{F�� (7.6)Æ��H�`Æ�mL)kUm�[nRZC0�

fi,j = max{K − Sij , e−rδt(pfi+1,j+1 + (1− p)fi,j+1)})���?Ij^�RA�\_^kB{wR�<MyzRB�BUAVÆQ*C',m=�B�R��4Kq�BÆ�4d<ÆM���}ZC�R�z, fi,j ��< jÆHyRJ� i R�<R��W=�C'<R,g�k�slÆUt!:d<Q/Q℄R�0�!:�Kq�B�{Z�/0ÆwqR��%<,g	�8Æ3FI�BURÆq~LBURM�R�Rk=z,�!:ouN��T#k$���kUm� bRAKX{+��wÆQr	<k=)J7ÆBIKDR_p�[n�� (10.8) :�:<F;`�V8K:

V (x) = min
u
{f(x,u) + E [V (h(x,u, ǫ̃)])} (10.9)

6f`Z [?, chapter 11]y,{G�N��rHV�slR{,��,S<RD7�+�
7�r��.	;/qY�QZÆ̀ r [?]



450 kUm��m�$���w�bg|Æ?	QC',m{7�LBUB{�R���B�RÆB���,ÆI!:�V��RWÆ1<�Æ�m:�;I�bgW=,mR5g[�kMIDR8ÆE:��:��gRQr8�d}JR:d�<!NÆ�/0M8Æ|,7�/�Bellman���4j[��N�Lbg\�d?��:<F��TR�B��0M8R7�/�Bellman��:n{��Ag��V�
Vi = min

u



f(x,u) + β

N∑

j=1

qij(u)Vj



 , (10.10)�,Æqij(u) �C'�YRuv<��
R�LN��:5q:�|,Rd?��Æ-Rf}�RI�$��0M8Æ!::^)9Z 3.4.4w�nuR9w����k�sl�V3Dz,�B*�Rw\��<RR�z,�
V (x) ≈

M∑

j=1

αjψj(x)Ut5� M R3 S^Æ!:1:� M 9ww\ x1, . . . , xM�!:!1:j^#kF4�2�Qr!:<E645Æ�<0� πkÆw\�
ǫkÆk = 1, . . . ,KÆm7�/�Bellman��R7LBU xi �

M∑

j=1

αjψj(xi) = min
u



f(xi, x) + β

K∑

k=1

M∑

j=1

πkαjψj (h(xi,u, ǫk))



���V#B��<0 αj R�Ag��Æ<|Uf}�:�|,- b�9

10.4 8��<gRR;℄/ I_r 10.5 LEUt!:	<JXj^�A�\_^kÆX4kUm�:�n{��LZCRgR���E�ÆB{F�VRj^!�F!:�Jj�gR�L�S=�<; )�d<R4):�'N�Vj^�VÆ!:QNR��<RJR8���Jj!::�wq�Vj1<kUm�L
8�L�}�dR0M8Æ:^)�=4)W+RBU����4ÆI!:k�� R�LJ=R���BUR<���TRÆO:^�zRW=m��F4R����4ÆIPTBU8Æ!:1:O!�L<��\XslC'd�ÆfP [?, pp. 255–257]�
9!:f&s�f5 [?] RQ�7wÆ�VrJ��L3F MATLAB R#CX�	�LL)�



8��<gRR;℄/ I_ 451SÆE��3;j�BK?F}R\W; - 69�6�Black-Scholes~�������:�|,RÆ>U	<B�v����J�B�v���#k�F4)�R^tB�ÆE��;℄/ �Monte CarloI_Me~R�)-Æ�KD)B�
R� ��';℄/ �Monte CarloI_:�1<F>Bagd<℄\R�<gR�;��ÆF4kU=�LS℄!::�	<;℄/ (Monte Carlo) ����w,Æ!:A)��/���Longstaff�Schwartz [?]Æ3F�V3z,	<Ag%nX�g|��<kUm�RR�z,�)�!:�[FR�z,ÆM�AR��/.=R|Æ�*�V�j^RÆ)-!:QNR�RJRT~v[F��>,A)R��:�QNEB~[FÆ�{RJRW+�B<R���ZC�`Æ!:�5��LC�R[�6_0RKD8�3b�<�;DÆ�/��Q4_R0M��B<R�Io};℄/ �Monte
CarloI_�
Æ!:z	
;�� (S0, S1, . . . , Sj , . . . , SN )Æ�, j �j^�VR8KÆSj = S(j δt)ÆT = M δt ��<RBS��Ut!:<
Ij(Sj) XL��<�V j R℄R�ÆmkUm��z, Vj(Sj) R[n��

Vj(Sj) = max
{
Ij(Sj) , E

Q
j

[
e−r δtVj+1(S̃j+1)

∣∣∣Sj
]}

(10.11)KD8�3bR0M8Æ!:B Ij(Sj) = max{K − Sj , 0}���r 10.5,�LwqBUR[n��IbR���!:�mLNRQZ�k�#kwqRRJÆ)��V�j^R�*C'd�Rr&�B�R��4d<�4Kq�B�0�R��M�NÆ!:[^L
;��jZ��L,gÆUt!:�?;℄/ �Monte Carlo�
MyzR���LNgR
;\jÆ!:�$�/QXi��j�XRJBeR_010�!::�ZR�{FPTsgR3z, ψk(Sj), k = 1, . . . ,KÆ	<!:R��Xfs (10.11) �,ib�	R[F�!:^ENRWZCRsl��{Fib�	�CH�3�ψ1(S) = 1, ψ2(S) = S, ψ3(S) = S2 SZ%n��Jj[,ÆÆl�H��):<N��m�<!Æ{F7LbgR�<!:	<R3z,�BpRÆEAgV�,R<0��YF�VR�
EQj

[
e−r δtVj+1(S̃j+1)

∣∣∣Sj
]
≈

K∑

k=1

αkjS
k−1
j<0 αkj �Vj�+ÆRÆ:�ouAg%nQN�{ Sj R[F��AgRÆEO#BAgR<0���4E�L��Æ!:1:0u;�y�V0
ÆQg�z	 NL
;��Æ< Sji L��< j 
;�� i = 1, . . . , N jRRJÆI

10��\Z 11.2w,Æ!:[��uyF4m�,R[:MpgR[<R��)�d|���1f`Z 4.5.4 w,Æ!:	<;℄/ I_gR�Lsl�<�
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j =M �Æ?�WN��Æ-��z,��ÆR�

VM (SMi) = max{K − SMi, 0}j�{F7�L
;�� i 	s��T��:�	<RÆP/!#j:�IZAg%n,R Y �ÆB1R X ���< j =M − 1 RRJ�QP�BY4Æ!::�5�8��L%nIb�
e−r δtmax{K − SMi, 0} =

K∑

k=1

αk,M−1S
k−1
M−1,i + ei, i = 1, . . . , N,�, ei �7L
;��jRgv�ou	<}`RWQ����Æ:�4�<0 αk,M−1�k�<!R�!:5�R��R%3Æ�
:��tgOI℄R��d>q�j�R%nIb,Æ!:�5��MBz	R
;�����Æ�5�
;��RJ=)Q~Æ)�!:��< j = M − 1 j�dj[��
RJ=����< j = M − 1 �<#F��BUR
;��R=����jÆUt�<#Fl�BU!:�6Bk?;d<Æ��	<�<#F��BUR
;��rZ�R�BU�moneyness�KDÆO^aE��Rg^�G�LJ=� IM−1ÆQr K = 3Æmk�|,U8RWQ�� b�

min
∑

i∈IM−1

e2i

s.t. α1,M−1 + α2,M−1SM−1,i + α3,M−1S
2
M−1,i + ei

= e−r δtmax{K − SMi, 0}, i ∈ IM−1 (10.12)- bR!���V<0Æ�	Q!:^Z�<����<!<0���V6VBevRÆ[��
;��ev�ou{ IM−1 ,R7L
;��	<p
R[FÆ!::�,g�'d<�!:dl�8	<�LQ,�rJX|��8!:I8R�u�!:	<If5�> [?] ,�
RrJÆ5�KD8�3b�<Æd<RJ�
K = 1.1ÆL 10.1 N� 8 L
;���{F7L
;��Æ!:�B�VN�PR=��Æ#F��BU�<R=���Æ� =���=N�<
j = 2 <FZ�LAg%n�Qr7�R$%<q�� 6

E[Y | X ] ≈ −1.070 + 2.983X − 1.813X2=3F�L[FÆ!::�>q j = 2 �<R℄R���qR�Æ`L 10.3�Ngd<,mÆ!::�Q℄=���
Æ<!�mRd<,mQ6B<N�XR_0�5�
;�� 4�!: 0.13 8Nd<Æ?F!::��< j = 3  0.18 8Nd<ÆM�!:){ 0.13 8N�d<�L,gANÆ'�!:1:<!NPT
;��j!:� j = 2�<jd<Æ��\��8LJ,=���
RQ℄j�
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Table 10.1 �LKD8�3b�<R
;���N�PR=���
Path j = 0 j = 1 j = 2 j = 3

1 1.00 1.09 1.08 1.34
2 1.00 1.16 1.26 1.54
3 1.00 1.22 1.07 1.03
4 1.00 0.93 0.97 0.92
5 1.00 1.11 1.56 1.52
6 1.00 0.76 0.77 0.90
7 1.00 0.92 0.84 1.01
8 1.00 0.88 1.22 1.34

Path j = 1 j = 2 j = 3

1 - - .00
2 - - .00
3 - - .07
4 - - .18
5 - - .00
6 - - .20
7 - - .09
8 - - .00

Table 10.2 {F�< j = 2 R%n,!�
Path Y X

1 .00 × .94176 1.08
2 - -
3 .07 × .94176 1.07
4 .18 × .94176 0.97
5 - -
6 .20 × .94176 0.77
7 .09 × .94176 0.84
8 - -

Table 10.3 �< j = 2 ℄R���qR�R>qÆ�>?-yzR=���
�
Path Exercise Continue

1 .02 .0369
2 - -
3 .03 .0461
4 .13 .1176
5 - -
6 .33 .1520
7 .26 .1565
8 - -

Path j = 1 j = 2 j = 3

1 - .00 .00
2 - .00 .00
3 - .00 .07
4 - .13 .00
5 - .00 .00
6 - .33 .00
7 - .26 .00
8 - .00 .00
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Table 10.4 �< j = 1 �R%n,!�

Path Y X

1 .00 × .88692 1.09
2 - -
3 - -
4 .13 × .94176 0.93
5 - -
6 .33 × .94176 0.76
7 .26 × .94176 0.92
8 .00 × .88692 0.88j�Ru��b�VY04�d�Æ��d%nFDÆ!:Dm5�7L��ja�d<R=���>U!:�< jÆ5��� iÆ{F7L�� iÆB�L{1Rd<�< j∗eÆUt�L�<�X:T[d<Æ!:�irg�d<�<r� M + 1Æm%n b (10.12) 1::;XÆ{Fo<R�V� jÆU8�

min
∑

i∈Ij

e2i

s.t. α1j + α2jSji + α3jS
2
ji + ei (10.13)

=

{
e−r(j

∗

e−j) δtmax{K − Sj∗e ,i , 0} if j∗e ≤M
0 if j∗e =M + 1

i ∈ Ij)�{F7L��d<�<$��LÆ>q�℄R���qR�ÆÆd<�< j∗e ):rgNQgR�L�V6V�L{N j = 1Æ!:BL 10.4,R%n,!��=)J e−2·0.06 = 0.88692 :1<N�� 1 N 8�)��< j = 1 jÆ=��� 0Æ-��=�6B!#RÆE!:O<�/�X��0�< j = 3 g=���=�Ut j = 3 B�LÆR=��Æ j = 2 =��� 0ÆX4�L�=)J��1:	<�WQ���QNR[FU8�
E[Y | X ] ≈ 2.038− 3.335X + 1.356X2�L[F3�X<�[�kÆ)�!:MF=RHyRJ)QNQR%3ÆE�mEu�H��B�LÆ5,�:���Æ!:5�R X ���℄Æj�Rz,�\z,�3F�L�qR�R[FÆ!::�QNUL 10.5,Rd<,g�gMB=���=N j = 0Æ�. 8 L
;��Æ!:QN�L�qR� 0.1144 8NR[F�Æ> 0.1 8NR℄R�=Æ)-�L�<[1:(j�dd<�8�wmÆ!:i|U�	< MATLAB X�=�Lu��
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Table 10.5 �< j = 1 ℄R���qR�R>qÆ�>?-yzR=���
�
Path Exercise Continue

1 .01 .0139
2 - -
3 - -
4 .17 .1092
5 - -
6 .34 .2866
7 .18 .1175
8 .22 .1533

Path j = 1 j = 2 j = 3

1 .00 .00 .00
2 .00 .00 .00
3 .00 .00 .07
4 .17 .00 .00
5 .00 .00 .00
6 .34 .00 .00
7 .18 .00 .00
8 .22 .00 .00

10.4.1 �L MATLAB �=RWQ����!:B$m~/Ag%n����/�	<qFR#C,Rregressz,�-S^�!�=�RqFtBe_0; E�Æ)�!:	<R%n��[�z,=�R#Æ[�MBRs�B4)/Q:R#CÆ)-!:g	<%2R�WD\^D*�I	<�L��
 A �B1=QRJ� bÆ:^D*^Z|,�5q Ax = b�'mÆO�%�L!:�	RWQ��|�Z�℄�X�L^4'!:��85uR�#RrJRz,�BeR
MATLAB ?';�w 10.5ÆOX	z,�ÆE�JjO�n;�rJ,R
;��:5:�
SPaths ,ÆEQ[-R�
RJ S0�=����
:5:J�CashFlows,�?F:�B$��LÆN�:�
,R7�djÆ!:	<J�; !:	<��LJ�ExerciseTime5:�<7i��jRd<�VÆB1R�V8K� j∗eÆ:�<�J�discountVet,sl��R�=)J�Ut:�<�i��j�:d<Æ!::�g
j∗e r&�℄�,TÆ)�!:Xi��j�=� 0�7v �VjJÆ�d�J�InMoney -xXT#F��BUR
;��RK-Æ�T��q#F!:5�R�V\℄�{Be,!!:	<WQ����d%nÆ:�QN5,J�alphaÆ�T5,:�<XFD7�\Rwq��J�Index-xXT!:d<�#F��BUR
;��RK-; �TK-��T
;��RJ=Be���
RegrMatRd���{1e5�O

;��RK-[�{1RÆ�Tj,:5:J�ExercisePaths,��dMB%n�ÆÆ!:�.��==���/Q�V j = 0 #Rwq�Æ�k�Is?d<R℄R��d�{�yz�<RJ�s�:�	<a��℄�gu�Lz,XYt�#rJ,RBeFDu��=�S�Su�Lz,	<L!3z,ÆgR�L8�3b�<�GenericLSR�=?'�<�H�JJ�dYtRn;w 10.6 ,N��0 8.1.1 w,Æ:�	<AssetPathsz,Xz	
;��Æ!::�[<r&�
RJ��Lz,IExampleLS�IÆ��R6M�!:	<�N,�
ÆfhandlesÆ
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function price = ExampleLS;

% this function replicates example 1 on pages 115-120 of the

% original paper by Longstaff and Schwartz

S0 = 1; K = 1.1; r = 0.06; T = 3;

NSteps = 3; dt = T/NSteps;

discountVet = exp(-r*dt*(1:NSteps)’);

% generate sample paths

NRepl = 8;

SPaths = [

1.09 1.08 1.34

1.16 1.26 1.54

1.22 1.07 1.03

0.93 0.97 0.92

1.11 1.56 1.52

0.76 0.77 0.90

0.92 0.84 1.01

0.88 1.22 1.34

];

%

alpha = zeros(3,1); % regression parameters

CashFlows = max(0, K - SPaths(:,NSteps));

ExerciseTime = NSteps*ones(NRepl,1);

for step = NSteps-1:-1:1

InMoney = find(SPaths(:,step) < K);

XData = SPaths(InMoney,step);

RegrMat = [ones(length(XData),1), XData, XData.^2];

YData = CashFlows(InMoney).*discountVet(ExerciseTime(InMoney)-step);

alpha = RegrMat \ YData;

IntrinsicValue = K - XData;

ContinuationValue = RegrMat * alpha;

Index = find(IntrinsicValue>ContinuationValue);

ExercisePaths = InMoney(Index);

CashFlows(ExercisePaths) = IntrinsicValue(Index);

ExerciseTime(ExercisePaths) = step;

end % for

price = max( K-S0, mean(CashFlows.*discountVet(ExerciseTime)) );

Fig. 10.5 �L MATLAB z,�=f5�> [?],Rr 1�



8��<gRR;℄/ I_ 457<XG�-x3z,=�Rz,&O�3z,=�R7�LN�<XFD%n�
R7�����:N�LTRÆ!:	< MATLAB z,fevalÆ�Lz,P/!#j��LEuz,Æ?OR!Vf,���Lz,�z,&On;,	<@^D*!VÆ:�5:N,�
0�{X,ÆQ[�5:ÆoR�
,Æ!:sl5:N,�
,�=!::�g	<WQ��;℄/ �QNR{tI3F�JRbinpricez,aTR{t�d{>�
>> CheckLS

priceLS =

6.8074

priceBIN =

6.8129

10.4.2 �T~�Id?����RrJ,Æ!:	<��LZCR�.�H�ÆQP4_R0M8Æ!:1:<!3z,Rs9��HyR0M8Æ>U S1 � S2Æ�d�H�%n�B�k�5�lsHÆ>U S1S2, S2
1S2, S1S

2
2 SS�)-Æ!:��k�DBg�4_g�V<	�s�0n)<!N!:Q6BN�RJR&_6VÆ��jÆ�L^Z�*1:ZÆE!:DmQ^5�[F~v�I�I	<WQ��;℄/ ���Æ)yz�LT~[F�ÆU!:��RX
Æ{F�ÆR8��<Æ~vR�LXR�!:�5��:dRd<4)R�LJ=��L{F�S=�Bermudan�<6B6FÆktx�z��Richardson extrapolationRa�^ZaE8��<R�u�~vR��LXR�.=�Æ 4.5.4w,{�Lsl�<�dgR�Æ!:LNug<R b�UtE�QN�LEBR~vÆ!:1:	<WQ��;℄/ ��:z	�Lg�Rd<��ÆDÆ!:1II_XL�.=m�X[F�.�R�$�Q4_R���:0��XFDE~[F��/���I_a�d<�7i��jÆUt�Ot8X�i
;��j�zR�Æ!:�:�a�Z�d<,m�E��J,[#:dgÆUt�J!:,m���R[:Mpg�'Æ�)yz�L�<RJRj}�'�D��L�':^�}R�[Æ?j��:^�}=�B�T~�E~[FR&_6VÆ!:�^ZfsRJR&_6V�WQ��;℄/ �,Æ!:fs��L3F�qR�Rd<m���L:^Rd?���|��t�Nd<F}Æ>U	<
iz,0���Rf,�z,��{FZC�<;D�:dRÆ{FKDR3b�<Æ!:^ZQN 99 �w 2.22 g<Rj,�Eo<�Q[ZCÆ)�agd<R6K[:�B��!:k��N�L��XA)4_6K��TXÆn�ouF4
XgR8���S=�<Rd?��:a�� 4.5.4 w,B�LZCRrJÆ!:ouz	=�R
;fs��L�i>�R*ÆId<4)�B�R��/���:dR�3F�J0VRj^�Rd?���:a��Æ!:f&s�f3���MBRBe�>�
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function price = GenericLS(S0,K,r,T,sigma,NSteps,NRepl,fhandles)

dt = T/NSteps;

discountVet = exp(-r*dt*(1:NSteps)’);

NBasis = length(fhandles); % number of basis functions

alpha = zeros(NBasis,1); % regression parameters

RegrMat = zeros(NRepl,NBasis);

% generate sample paths

SPaths=AssetPaths(S0,r,sigma,T,NSteps,NRepl);

SPaths(:,1) = []; % get rid of starting prices

%

CashFlows = max(0, K - SPaths(:,NSteps));

ExerciseTime = NSteps*ones(NRepl,1);

for step = NSteps-1:-1:1

InMoney = find(SPaths(:,step) < K);

XData = SPaths(InMoney,step);

RegrMat = zeros(length(XData), NBasis);

for k=1:NBasis

RegrMat(:, k) = feval(fhandles{k}, XData);

end

YData = CashFlows(InMoney).*discountVet(ExerciseTime(InMoney)-step);

alpha = RegrMat \ YData;

IntrinsicValue = K - XData;

ContinuationValue = RegrMat * alpha;

Index = find(IntrinsicValue > ContinuationValue);

ExercisePaths = InMoney(Index);

CashFlows(ExercisePaths) = IntrinsicValue(Index);

ExerciseTime(ExercisePaths) = step;

end % for

price = max(K-S0, mean(CashFlows.*discountVet(ExerciseTime)));

% CheckLS.m

S0 = 50; K = 50; r = 0.05;

sigma = 0.4; T = 1; NSteps = 50;

NRepl = 10000;

randn(’state’,0)

fhandles = {@(x)ones(length(x),1), @(x)x, @(x)x.^2};

priceLS = GenericLS(S0,K,r,T,sigma,NSteps,NRepl,fhandles)

[LatS, LatPrice]=binprice(S0,K,r,T,T/NSteps,sigma,0);

priceBIN = LatPrice(1,1)

Fig. 10.6 	<WQ��;℄/ �{�LKD8�3b�<gR��LYtn;R MATLAB z,�
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• ��;+�,`ZÆ=�RR[<X%tFw��<|�� [?, ?]Æ�,�-R3F��R��Æ�TR[_g�3F��RE�8��<gR��R3 Æ#rJ:�f3�> [?]�
• �> [?] ,Æs�:��N�T#k�y bR��Æ��^�;y,��di|�
• 8��<R;℄/ WN#k��f3�> [?, chapter 8]Æ�>�> [?, chapter 6] ��> [?]�
• eFDt,R,�kUm�R1<:�f3�> [?] � [?]�
• IIbB{ZC*:��N|+|Æ-�wq�VIb��}B<RÆ:�muBe bR;*��Q,wqkUm�R=j�>f3
[?]�
• ��LBR�R�>� [?]Æ:�>,n�℄bIb:<X~�Om~�5Kd�Æ!$a�|+|R[F�RR���%HR
• f5�> [?] ,R MATLAB FDR#C:��m8a�
http://www4.ncsu.edu/∼pfackler/compecon/

• �TBe,�kUm�Ri#� Mathematica ?'Æ:��m8a�
http://www.econ.jhu.edu/people/ccarroll/index.html�
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j�y,Æ!:5��<kUm�X#kkUF4=� b�0k�jiÆkUm���L�$=RLSÆ̂ Z#kM/M
R bÆE�O)�N�,R�'���/LS?#BCK<RF4m�IbL��DtO,ÆF4m�IbR1<TTTFkUm����D�ÆF4m�Ib�Q1<��B"8R�>�!:B_$mB�T%2RIbLS�B<RÆ?	!:[^uV�|F4m�MDm��R}0FD�hw�!:g�5�AgIbÆ�EBM�'ÆE�AgIb}^<Agm�IbR��X�<�F4m�Ibg 11.1 w,�nÆ[�Z 6 y,�nRAgm�IbR�L�s�!:g3NBCK<RF4m���L:^RIbLS�D�Æ)�O�W}`R�/Æ�Zz�`Æ!:gBg�F4m�Ib�RJg�Z 11.2 wÆ!:g3N�TrHV�hkIbÆQ;�OR1< t� 11.3 w,g�nF4m�,�L3;R b���z	Æq<��L R=��*L�[BggÆM��L=mIR=�Ib�B�Æ℄ TRIb^:1<F�YF4m�IbR℄ XiXrF�|R���!:g 11.4 w<)��3;���� L �|���11.5 wgZ�[�BCK<RF4m�IkUm�R(p\�
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11.1 AgF4m�Ib!:Z 6 y��n�Ag (LP) Ib��LAgIbRm���

min c′x

s.t. Ax ≥ b

x ≥ 0.I'g�
�LIb�Æ!:Qr��B�O��
 A �J� c � b,RMBIbf,�D�Æ�Q,5�T[BggRXRÆ�LIbLS:^[S�#k�"R=� b�<�sR LP IbX#k[BggQ[��Æ)�O)<F4I�?dNgRf,ÆQyzU8Ib�
“min” c(ω)′x

s.t. A(ω)x ≥ b(ω) (11.1)

x ≥ 0�mÆ,! c(ω)ÆA(ω)Æ� b(ω) �YFF4�b ω�*� min <X���L b�Jj�6B!#RÆ)�WQ��LF4I��6B!#R�!::�{O9�	Xg#�LB!#RTKz,�
E[c(ω)′x] = E[c(ω)]′x�mÆ�L�{�!:^q>%<,gÆE�ÆR&��|R:dg�w��L| x 	QW+ib (11.1) P	s�[:^RÆ0�O:^M%�LvR|�3Ha�8Æ���!:��45�KDb LP  bRO)Æ?�q>S�W+��L:^R����I�=W+ibÆQ*t������T0M8ÆW+ib:^:[N�!:�W+[�E�R�b�[:^R��M��4)W+Ib�

min c′x

s.t. Ax ≥ b

P{G(ω)x ≥ h(ω)} ≥ α
x ≥ 0,�mÆ!:�0q>[BggRW+ib,�j��BggRW+��/Ib)|R	;�:6g0�+g�V�d<	�!:g[5�|�LIbRFDZu�Utj) b��LuIbÆ�LR[:^�BIZCRÆ�/0M�:^�zRÆO�YF[Bgf,R<��\��"0M8Æ�L b��uRÆ�	QO�Z#k�E�Æ?	!:�FD bH&�uÆOD5�O QZ����J0M,Æ4)W+Ib^��YE[Bgib8R,mÆE�O:?mI_�LkU,mu�R^tÆ�Lu�,ÆIQNXXX�R_0�Æ,mg:i;��L�JRkU,mu�,Æ!:9�V3FB�



AgF4m�Ib 463_0R,m�E�I[BggQN|,�Æ!::^a,m�IDÆa,m!�F�T��R	;Æ!:E9E(R,mÆ�W=�uY\m�t	;Æ�>�X�6a	;R�	���LE�M��>BCK<RF4m�Ib�[��LrJÆ!:5��uyF4Agm�IbÆOo}��U8�Z�LuyDm|,R,m x

min c′x+ E[h(x, ω)]

s.t. Ax = b

x ≥ 0Z�LuyR bq>�VBggRW+�aZ�LuyR|RM�	;�9>aRZ�Luy b0�CK<I� yÆg#�z, h(x, ω)�
h(x, ω) ≡ min q(ω)′y

s.t. W(ω)y = r(ω)−T(ω)x

y ≥ 0{FZ�uyR bÆBAb�0k����
• !:�X� bRW}`�Æ℄nMBRf,#BF4gÆE��Q�k�U-�rUÆUtCK<�
 W �BggRÆ!:�QN�LbgRCK< b�BTD�:^��<FCK<�bgR0�CK<RJJ� q �BggR0M��N|RD�6B�
R�'�
•  b:�:M���L-RCK<z, H(x) ≡ E[h(x, ω)] R�Agm� b��Lz,3�X�:�RÆ)�Oq>�Lou=� bg#R.z,R�05��D�Æ:��EÆBe0M8ÆCK<z,�uR�M�Æ?	!:[�On4<ZCR|+�L�
H(x)Æ!:O^Z[FOR�ÆQ*Ng\ x �N�L_u�B�RÆ4)W+ bo}[�uz,�
• O!�{XÆ{FL!Z�uyRJ� x �L!F4�b ωÆZ�uy:^B�L:d|�Z�/0MÆZ�uy b.xg#� x R�T��℄�'�
• :��:zlN�LuyÆ!:g8�w,3NU�zl�OmjÆ3F[Bgf,Rwq�\Æ!:^g#�LF4m�Ib�D�ÆEDB�T�<|,�T bR��ÆEO:���!:�nR����LKDRsl�ÆNg;℄/ �
Æ<Uw 11.1 Rj^��*�<wq�\�!:�m04�LwÆE�w 2.2 ,Æ!:�LN��LgbR?L�!:�O�LE�^zlN�uyÆÆUw 2.3 M��*ROw\?LÆ}R=BÆ�TOw\���[pR�XBUÆ{1F[Bg,!RM/:^�=�!:=#kZ�uy,mÆ?*RO^�I[Bgg�=�Æ!:gB4)9Z�uyR,mÆ��1 ��7�/:
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w1

w2

w3

w5

w4

Fig. 11.1 �uyF4=� bR��*^g:*jR�L�w\L���L b!�F�L}~RZ�uy,mÆO1:#B�+gÆ�Z�uyiÆÆBGY�Qr!:B�L��R=�ÆG� s ∈ SÆps �B1R<��DÆÆ~uyF4 LP  bn{��L=b LP  b�
min c′x+

∑

s∈S
psq

′
sys

s.t. Ax = b

Tsx+Wsys = rs ∀s ∈ S
x,ys ≥ 0OmjiÆ�L b^<KD LP C(X|,�D�ÆOR=Q��℄BR{X��1:<Q#R��Æ�,�/��g 11.4 w,�n�=Æ�LKDR b��?F|,F4 LP  b3�X��L[�ÆRL)ÆX4BD�)�!:�[�1:9,!R�	�Æ��|,�LQZCRBgg b\���jÆ�T0M8Æ|,�LF4 LP  bB��`�t����A)�/0M8oP|���QRÆ!:5� VSS (value

of the stochastic solution) R<d�g#CL�� b
min z(x, ω) = c′x+min{qωy |Wω = rω −Tωx,y ≥ 0}
s.t. Ax = b

x ≥ 0�L�� bQr�O�XR�b ω�!:<5�uRCK<R bX|,�
RP = min

x
Eω[z(x, ω)].
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EV = min

x
z(x, ω̄),OM��L| x̄(ω̄)�D�Æ�L|1:�J6�,�dY���!�F!:1:�[�8	< EV R|R�		;Æ��k��d�Ta�

EEV = Eω [z(x̄(ω̄), ω)]

VSS g#�1

VSS = EEV− RP:��E VSS ≥ 0��L=R VSS �!�F|,F4 b��QR��LQR�!�F1:<QZCRBgg���tDÆ���EÆ�Q��LF4g[^:��R℄b�K�-�Æou�IRslCK<z,Æ:�?L[pR,m�R%<Uu�
11.2 rHV�hkR�uyF4m�Ib�n�uyF4IbRW~����q<�LZCRHy7shkIb�!:<BpR3; b�,! [?, pp. 20--28]�!:B�
b8 W0ÆQ*[Q[�6�?KH LÆ��!:��Rs)�!:1:'g�LrHm�Æ�.Ss)�4�Ut:^R�Æ!::^��L=F L Rb){+�D�Æ!:1:�IR5�%<mEÆ)�:^5W.b8[S��6s)R0Æ�/0M8Æ!:g[Q[~��6�W.b8�s)Vv(:�<�L�Ag�}J�RS<z,<�ÆE��gM%�L�Agm�Ib�[�d?��Æ!::�fs�L�yAgS<z,ÆÆUw 11.2 M��IW.b8�~SFs)�ÆS<� 0�UtW� r {F[SR�> q =Æ�Lz,��RÆE[�}J�R�rHV�?�L-x I LHyR=�X	�ZC�`Æ!:QrO���Vj^�V t = 1, . . . , T R0pÆ*6Bl�	;��
rHV�s�V t = 0Æ*s)�V T +1 :�6��V2� t ��< t− 1 I t�VR�V� ��L�[BggÆ!:fs�LUw 11.3 R*ÆO�Uw 11.1 R�uy*RS��7L nk {1F�L�bÆ!:g{�T�bZ�T,m�!:<�
w\ n0 {1F�V t = 0�DÆÆ{F7�L�bRw\ÆB~L���7L��<ib<� P{nk | ni}Æ�m ni = a(nk)� nk R��Lw\�!:�< t = 1 B 2 Lw\Æt = 2 B 4 Lw\Æ�mÆ!:3F��RHy�$X0p!:RrHV��WÆÆ8 Lw\{1F t = 3Æ!:��>qW.Rb8�s)ÆQ*�R!:RS<z,�*R7�Lw\{1FB1�Vy℄RHyV�R�$�w 11.3 ,B 8 L���rU�� 2 -x�Lw\p� (n0, n1, n3, n8)�7Lw\R
1�LBeE[pR<d��f_0R�	� (EVPI)Æ̀ r [?, chapter 4]�
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MULTISTAGE STOCHASTIC PROGRAMMING MODELS 467<��YFO��j7Lw\Rib<��Ut7Lw\#R��q�S<�RÆ?ib<�� 1/2Æw,7L��R<�� 1/8���)JOmjXi�L!R�!:	<X�R��ÆI_[BggR^t�X~�[fR�Æw\R,T�FD�FFuyR,T
�,o~�*jR7Lw\Æ!:qDm<�V,m���jÆ!:MAa:R�-�-<^�=RXT,mÆ?XT{1F*RZ�Lw\��O,mI��'g�L�F�R�yÆE�O:�J,[^�=Æ�w\Ib3F�L�k��|,R��LEÆ��B�RFD�8	:^�BRI_[BggÆ�L:^RE��0�
w\�����O�ÆQ*\m0Jw\���RO��7LuyR7�Lw\�YFNT���MQNR_0ÆE[�gXR_0����4:��[:Mpgib�B~L��:�fs�uyF4m�Ib��jI���IbÆ�g8�w,�n�O:�YF[:Mpg�4RfI��Æ7�Ib��R�<g��YF|RD��,�f,~/IbRU��,�}`ÆU8M��
• �
b8� 55�
• TKs)� 80�
• ~LHy��_��s>�
• Uw 11.3 M�R��*,ÆBj8~/��ÆJjR��,Æ_�RP�$� 1.25Æs>R� 1.14��J8R��,Æ_�RP�$� 1.06Æs>R� 1.12.

• �GRb8EFTKs)Rho� 1�
• TFTKs)R�� 4�

11.2.1 �jI�Ib�jI�R��,Æ,mI�g#U8�
• xsit L��� s ,Æ�� t 0
�Hy i MrHR,��pkÆRsit L��Vy t ��,rH i R�$�0�R��M�NÆUt!:�
g#,mI�Æ!:DmEBY��[:MpW+Æ:�0w 11.4,k|�L b� {7Lw\Æ!:B�L,mI�=��D�ÆUt~L���< t �[:6�RÆX4�~L��M{1R,mI�Dm�BSR�w 11.4 ,Æ��?lAL�R��:Æ{FMB��Æ�
rHV�Dm�BpRÆ)-�

xsi0 = xs
′

i0, i = 1, . . . , I; s, s′ = 1, . . . , S=5��< t = 1 �w 11.3 ,M�RO
�b*Rw\ n1��� s =
1, 2, 3, 4 ou�Lw\ÆQ*�< t = 1 [:6��)-B

x1i1 = x2i1 = x3i1 = x4i1, i = 1, . . . , I
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t = 2ÆBW+U8�

x5i2 = x6i2, i = 1, . . . , IQÆJYÆo}< {s}t L�0 s N t R[:6�R��R=��rU�
{1}0 = {1, 2, 3, 4, 5, 6, 7, 8}
{2}1 = {1, 2, 3, 4}
{5}2 = {5, 6}.DÆÆ[:MpW+^X	
xsit = xs

′

it ∀i, t, s, s′ ∈ {s}t�[�L�[:Mpg�4R����ÆW~R���YF|RD�sl�=Æ{F3;Hy7shk bÆBU8Ib�
max

∑

s

ps(qws+ − rws−) (11.2)

s.t.

I∑

i=1

xsi0 =W0 ∀s ∈ S (11.3)

I∑

i=1

Rsitx
s
i,t−1 =

I∑

i=1

xsit ∀s ∈ S; t = 1, . . . , T (11.4)

I∑

i=1

Rsi,T+1x
s
iT = L+ ws+ − ws− ∀s ∈ S (11.5)

xsit = xs
′

it ∀i, t, s, s′ ∈ {s}t
xsit, w

s
+, w

s
− ≥ 0�mÆws+ �m�2�{+R5GÆq �3�Æws− �v�Ær ����TKz, (11.2) �S<z,R�	��ps �7L��R<���Ut r > qÆmS<z,��R��� (11.3) ��!:R�
b8 W0 :�w[pHy�rHV��	W+ (11.4) !�F�< tÆb8:0℄�w��� (11.5) ,Æou>qWÆRb8Is) LÆQrg�IR5G�Iv���DÆÆ!:PV[:MpgI�7gRW+�<!Æ)�I� ws+ �

ws− :[:Mpg�'ÆM�W=|,Æ!:B ws+ · ws− = 0�?7L��,Æ�^B�LI�[� 0�Ut!:℄n,AÆm xsit R�7gR�4^:�=��LI_��,Æ!:�n�I�R�L==�ÆOI[:MpgRW+yzv5�)-ÆBTJ:^)���
�'B!#Æ��YF|RD��UtE<5U L �|RD�Æ8�wg�nRZWU��g^<N��jI��:�q< |,F4m� bR℄\����℄YÆ!:<�VUJ_P�JX�={[:MpgRW+Æ7�L���^/Q�VrsRJ b (Ir 6.10 Bp)Æ�LE�yz��gD��



470 BCK<RAgF4m�Ib< AMPL g�jI�U�� �jI����S�:L��I AMPL R?,J�Æ[�f5Æ!:g�Aa:Rs�9� C ,�n�o}�r&~L�b��L-xIbR{XÆ�gw 11.5 ,zE���L-x�L℄ Ib�rR,!ÆUw 11.6 M�� AMPL ,!:<FL:�LIbR���[�KER�#Æ�RL*[�{��R|��?,J�,Æq�}<R,t*�ÆJ:Q-JFQ~RGL�o}Æ AMPL Ib,Æ!:�g#=��f,�,mI�ÆTKz,�W+ib�8�R=^�℄S�1�!:9�mA)R�LZCV9IbÆE�B�T℄R����:F!:YtIb�b (w 11.5)�
• !:U�,q>R=�?ea,set-V��m!:B�LZCR=�assets�
• ,�f,<ea,param-V�O:,=�,�K��Æ����<��3���Æ�,�M-xJ�f,prob�℄�,Vreturn�
• �L℄RN��links=�RBp=�\�{F7L�VyÆ!:B�V,{�7L,{-R~L��Æ*�~L���L�Vy℄6B6M�ÆU!:MiÆ-�!:5�[:MpgR b�
• ,mI�<var-VÆQ*{1FIb,,t�)RI��
• DÆTKz,:L�Æ*4|�pW=�TKz,R��<!���U��LKDR��8<XL��u�L�,R��
• W+ib?subject toeaL-V�{F7LW+Æ!::���LG� (|�Ib�ÆÆ�LG�^:<X/Q7LW+R{oI�)�DÆ!:EBk�:4'R�'ibRK-� ({1FÆJ��ibÆU,t*�,R ∀s)�WÆÆ!:L:W+ib;t�
• �iB:RJ��WÆ�LW+ibÆ!:ou�7L�Vy��Vy℄RK-=�R7L��Æ'gW+XI_[:Mpg�!:^O`N AMPL J�#k�T=����4$=R�=Æ!:XYt,!�b (w 11.6)

• HyR=��K�f,?�LZCRJ�X�g�
• $F!:9�,eF AMPL R4EÆ�L℄R)��!:U��g=�{R�VK-=�links�-�ÆAMPL J��}�FKt�
• ��L℄R)��!:U���HyR�$ÆQ*?Hy�����VyK-��/0M8Æ!:9�,eFJ���
,!R4E�[ZRÆ)�!:��R��L℄�,V�!:�℄�,V�����~L�
�I[stocks, 1, *]�
R*�R!8�ow*{1RZ℄LK-�gI{1RH���Ng�LHy��L��Æ!:��7L�VyR�$�
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set assets; # set of available assets

param initwealth; # initial wealth

param scenarios; # number of scenarios

param T; # number of time periods

param target; # target value (liability) at time T

param reward; # reward for wealth beyond target value

param penalty; # penalty for not meeting the target

# return of each asset during each period in each scenario

param return{assets, 1..scenarios, 1..T};

param prob{1..scenarios}; # probability of each scenario

# the indexed set points out which scenarios

# are linked at each period t in 0..T-1

set links{0..T-1} within {1..scenarios, 1..scenarios};

# DECISION VARIABLES

# amount invested in each asset at each period of time

# in each scenario

var invest{assets,1..scenarios,0..T-1} >= 0;

var above_target{1..scenarios}>=0; # amount above final target

var below_target{1..scenarios}>=0; # amount below final target

# OBJECTIVE FUNCTION

maximize exp_value:

sum{i in 1..scenarios} prob[i]*(reward*above_target[i]

- penalty*below_target[i]);

# CONSTRAINTS

# initial wealth is allocated at time 0

subject to budget{i in 1..scenarios}:

sum{k in assets} (invest[k,i,0]) = initwealth;

# portfolio rebalancing at intermediate times

subject to balance{j in 1..scenarios, t in 1..T-1} :

(sum{k in assets} return[k,j,t]*invest[k,j,t-1]) =

sum{k in assets} invest[k,j,t];

# check final wealth against liability

subject to scenario_value{j in 1..scenarios} :

(sum{k in assets} return[k,j,T]*invest[k,j,T-1])

- above_target[j] + below_target[j] = target;

# this makes all investments non-anticipative

subject to linkscenarios

{k in assets, t in 0..T-1, (s1,s2) in links[t]} :

invest[k,s1,t] = invest[k,s2,t];

Fig. 11.5 eF�jI�U�R AMPL Ib (SplitALM.mod).
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set assets := stocks bonds;

param initwealth := 55;

param scenarios := 8;

param T := 3;

set links[0] := (1,2) (2,3) (3,4) (4,5) (5,6) (6,7) (7,8);

set links[1] := (1,2) (2,3) (3,4) (5,6) (6,7) (7,8);

set links[2] := (1,2) (3,4) (5,6) (7,8);

param target := 80;

param reward := 1;

param penalty := 4;

param return :=

[stocks, 1, *] 1 1.25 2 1.25 3 1.25

[stocks, 2, *] 1 1.25 2 1.25 3 1.06

[stocks, 3, *] 1 1.25 2 1.06 3 1.25

[stocks, 4, *] 1 1.25 2 1.06 3 1.06

[stocks, 5, *] 1 1.06 2 1.25 3 1.25

[stocks, 6, *] 1 1.06 2 1.25 3 1.06

[stocks, 7, *] 1 1.06 2 1.06 3 1.25

[stocks, 8, *] 1 1.06 2 1.06 3 1.06

[bonds, 1, *] 1 1.14 2 1.14 3 1.14

[bonds, 2, *] 1 1.14 2 1.14 3 1.12

[bonds, 3, *] 1 1.14 2 1.12 3 1.14

[bonds, 4, *] 1 1.14 2 1.12 3 1.12

[bonds, 5, *] 1 1.12 2 1.14 3 1.14

[bonds, 6, *] 1 1.12 2 1.14 3 1.12

[bonds, 7, *] 1 1.12 2 1.12 3 1.14

[bonds, 8, *] 1 1.12 2 1.12 3 1.12;

param prob default 0.125;

Fig. 11.6 eF�jI�U�R AMPL ,!�b (SplitALM.dat).
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• WÆ�Lf,prob��g	<RAG*�Æ)�MB��R<�q�
0.125Æ!:	<defaulteaLXZ�*��=Æ!:8a�~L�bÆ|�LIbQ��:u��

ampl: model SplitALM.mod;

ampl: data SplitALM.dat;

ampl: solve;

CPLEX 9.1.0: optimal solution; objective -1.514084643

20 dual simplex iterations (13 in phase I)

ampl: display invest;

invest [bonds,*,*]

: 0 1 2 :=

1 13.5207 2.16814 0

2 13.5207 2.16814 0

3 13.5207 2.16814 71.4286

4 13.5207 2.16814 71.4286

5 13.5207 22.368 71.4286

6 13.5207 22.368 71.4286

7 13.5207 22.368 0

8 13.5207 22.368 0

[stocks,*,*]

: 0 1 2 :=

1 41.4793 65.0946 83.8399

2 41.4793 65.0946 83.8399

3 41.4793 65.0946 0

4 41.4793 65.0946 0

5 41.4793 36.7432 0

6 41.4793 36.7432 0

7 41.4793 36.7432 64

8 41.4793 36.7432 64

;!:�.�Y3N�M�|Rg*�7LLRZ��;��L,LÆ)�*RO^R�
,mo<FMB���Z��;�~L,�Æ{1Fw\ n1 � n2 R,m��Vy 2Æ!:B 4 Lw\� 4 L[pR,��!:<!NÆWÆ�LuyÆrHV�[��
�RÆ)�Lb8�wN�LHyR!#B���JjÆO��#IbR~L℄\Rz��
• !:<�yAgS<z,�<�AgS<z,Æ�:^�����^�R%<,g�!:1:1<�L�Agm�Ib0�<Q�y�Q�BYL��
• �L��*,#B�}TR��5,Æ��Q6BDBYL�[Bgg�D�ÆWÆ�L�Vy℄RrHV��w[�g�IbR�LeaR!��eaR��
rHV�R�w��XuyR,mI�#BE?�L?



474 BCK<RAgF4m�Ib	T`Rm�RTRÆE�O:Q[!�Fg:���D�Æ1:{WÆ�Luy,qvI_:^yzR6F[��[��JjÆ{Fq>xR�VGuR bÆW.R6F:^�BwR�[IkUm�Æ!:[^/Q�P�R|�!:6B�L~R��	QgX^9WNR,mÆ)�7I!:k�9Q�R,mÆ�L�uyF4m�g)��LrkR��0℄^d�eF�L bQ�R�n` 11.5 w�WÆÆ!:1<!N!:�q< CPLEX [�4|�/Q|ÆE��L[�DmR�Ut`B AMPL Rtz�<$;Æ̀ �^< MINOS�3Ha�8ÆMINOS 1:`E<�L�AgS<z,�	<Æ�OAg��Ag4|�:<F	< AMPL�
11.2.2 �Ib�jI���3F=�RI�Æ�TI�I[:MpgW+ibBv5��:^{3F�|�rs��RD��B<R��Trs��^<�N�[:MpW+ibX�	�E�ÆUt!:E1< L ��(11.4 w)R�"�F�uyF4m�Æ:IbDm��/[pR��X��ouev,mI��*jRw\Æ!::�QN�LQZzR���!:�nU8*��

N ��bw\R=�Æ
N = {n0, n1, n2, . . . , n14}��O^w\ n0Æ7Lw\ n ∈ N B��R�L�tR�Lw\Æ< a(n) L��rUÆa(n3) = n1��w\ (.ww\) R=� S ⊂ NÆ

S = {n7, . . . , n14};{F7Lw\ s ∈ SÆ!:B5G�[SI� ws+ � ws−�,Vw\R=� T ⊂ NÆ�mw\ n0 �
�wÆÆrHV��=0℄�	�!:R0M
T = {n1, . . . , n6};{F7Lw\ n ∈ {n0} ∪ TÆB�LrHI� xinÆO{1Fw\ n#Hy i ,rHR,��B��T*�ÆIb^X	U8��

max
∑

s∈S
ps(qws+ − rws−)

s.t.

I∑

i=1

xi,n0 =W0

I∑

i=1

Ri,nxi,a(n) =

I∑

i=1

xin ∀n ∈ T



MULTISTAGE STOCHASTIC PROGRAMMING MODELS 475

I∑

i=1

Risxi,a(s) = L+ ws+ − ws− ∀s ∈ S

xin, w
s
+, w

s
− ≥ 0,�mÆRi,n L�N:w\ n �L��Hy i RP�$�ps L�N:.ww\ s ∈ S R<���L<��0w\ n0 N s R��RMBib<�R�5� AMPL ,L��Ib�� �Ib���S�< AMPL L:�Ib�bR{XI�jI���Rg<Æ7�R[p\��

•••• !:�nw\R℄L=���
w\R=�Æinit nodeÆO�Jj��LC\=�,Vw\R=�Æinterm nodes�WÆ�.ww\R=�term nodesÆO:{1F 8 L���
• ��w\ n0Æ{F7�Lw\ÆqB�L�Lw\�!:<�LC\=R,VpredX5!�Lw\�Ut!:E�gw\[�*�=�X#kÆ��D�RÆE�!:�^<�L,�R,VXK-w\�
• �$�,mI�=<w\XK-Æ�[�<�L (����V) {ÆÆU!:#k�jI�IbR���
• TKz,�W+ib�,tIbRZC>)�,!�bO�[�KER�!::�3N℄Lw\RJ=�U���R����Q<!R�I# (ea,tr) N�w�$ (return) LR1<��JjÆ�$Ib�b,:g#��LLJÆ�LLJ?Hy�w\K-ÆQ*Ut!:E�,!�b,l#~L�K�aE:sgÆ!:Dma#LJ�=Æ!:�D9~|�LIbÆQ*�	QNI��LIb��BpR|�

ampl: model CompactALM.mod;

ampl: data CompactALM.dat;

ampl: solve;

CPLEX 9.1.0: optimal solution; objective -1.514084643

20 dual simplex iterations (13 in phase I)

ampl: display invest;

invest :=

bonds n0 13.5207

bonds n1 2.16814

bonds n2 22.368

bonds n3 0

bonds n4 71.4286

bonds n5 71.4286

bonds n6 0

stocks n0 41.4793
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set assets; # available investment options

param initwealth; # initial wealth

param target; # target liability at time T

param reward; # reward for excess wealth beyond target value

param penalty; # shortfall penalty

# NODE SETS

set init_node; # initial node

set interm_nodes; # intermediate nodes

set term_nodes; # terminal nodes

# immediate predecessor node

set pred{interm_nodes union term_nodes}

within {init_node union interm_nodes};

param prob{term_nodes}; # probability of each scenario

# return of each investment option at the end of time periods

param return{assets, interm_nodes union term_nodes};

# DECISION VARIABLES

# amount invested in trading nodes

var invest{assets,init_node union interm_nodes} >= 0;

var above_target{term_nodes}>=0; # amount above final target

var below_target{term_nodes}>=0; # amount below final target

# OBJECTIVE FUNCTION

maximize exp_value:

sum{s in term_nodes} prob[s]*(reward*above_target[s]

- penalty*below_target[s]);

# CONSTRAINTS

# initial wealth is allocated in the root node

subject to budget{n0 in init_node} :

sum{k in assets} (invest[k,n0]) = initwealth;

# portfolio rebalancing at intermediate nodes

subject to balance{n in interm_nodes, a in pred[n]} :

(sum{k in assets} return[k,n]*invest[k,a]) =

sum{k in assets} invest[k,n];

# check final wealth against target

subject to scenario_value{s in term_nodes, a in pred[s]} :

(sum{k in assets} return[k,s]*invest[k,a])

- above_target[s] + below_target[s] = target;

Fig. 11.7 eF���R AMPL Ib (CompactALM.mod).
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set assets := stocks bonds;

param initwealth := 55;

param target := 80;

param reward := 1;

param penalty := 4;

set init_node := n0;

set interm_nodes := n1 n2 n3 n4 n5 n6;

set term_nodes := n7 n8 n9 n10 n11 n12 n13 n14;

param return (tr):

stocks bonds :=

n1 1.25 1.14

n2 1.06 1.12

n3 1.25 1.14

n4 1.06 1.12

n5 1.25 1.14

n6 1.06 1.12

n7 1.25 1.14

n8 1.06 1.12

n9 1.25 1.14

n10 1.06 1.12

n11 1.25 1.14

n12 1.06 1.12

n13 1.25 1.14

n14 1.06 1.12 ;

param prob default 0.125;

# immediate predecessors

set pred[n1] := n0;

set pred[n2] := n0;

set pred[n3] := n1;

set pred[n4] := n1;

set pred[n5] := n2;

set pred[n6] := n2;

set pred[n7] := n3;

set pred[n8] := n3;

set pred[n9] := n4;

set pred[n10] := n4;

set pred[n11] := n5;

set pred[n12] := n5;

set pred[n13] := n6;

set pred[n14] := n6;

Fig. 11.8 eF�Ib��R AMPL ,! (CompactALM.dat).
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stocks n1 65.0946

stocks n2 36.7432

stocks n3 83.8399

stocks n4 0

stocks n5 0

stocks n6 64

;�Q<!R�Æ�k!V,!�b6B!#Æ℄M�IL���*{XR_0Q[q>;�mI b�!::�X�L MATLAB z,X�	�V,!�BeF4m�R�8I_R#�QN�u�EDO:=��=~�	tÆET�R0MB:^�X�z;I�
11.2.3 Bl�	;RHy�s)hk��Fs��|U�fs�L[�ÆR�Qm�IbÆ!:nY�j�w�nR�Ib���:IbRQr��'ibU8�
• Ng7LHyR�V�
�B�����LQ�JRQrÆ)�!:1:q<Ibg�Rrkm�X	rHV�0℄�	�
• !:<Agl�	;�$��*!�,Æl�	;�l��R c%�
• !:E�W=�W.b8R�	S<�
• !:)LN�L[BgRs)��
• !:[5�~V�R:^g�!:Qr7L0℄�	R��ÆMBR:	<b8q:rH:dRHy��JjÆIb,.xrH�L$%<HyR:^g�
• !:[5�7L0℄�	RP�rH�L℄=�R:^gÆ)�PT4X)�=�/0MÆU	b3��IbR�T�':��I�=�W0�R�\�ÆIq>l�	;�Æ!:�-V℄R,mI�XL:7L0℄�	RP��B�,��*VHyR��!:<�LI�Ib��,g<R*��
• N �*jR�Vw\�n0 L��
w\�
• w\ n ∈ N\{n0} R (��R) �Lw\L�� a(n)�S L�.ww\R=��ÆU��R��,�nRÆ7Lw\I�L��B{1Æ�L���<� ps 80 n0 N s ∈ S R�����
• T = N\({n0} ∪ S) �,Vl�w\R=��
• Ln L�w\ n ∈ N ,.SRs)�
• c L�l�	;R��>�
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• hn0

i L��
w\�ÆHy i = 1, . . . , I R�
by�
• Pni L�w\ n #Hy i RRJ�
• zni L�w\ n #Hy i *VR��
• yni L�w\ n #Hy i ,�R��
• xni L�0℄�	�ÆÆw\ n #Hy i M�BR��
• W s L�w\ s ∈ S #Rb8�
• U(W ) b8 W RS<�3F�T*�Æ!:^X	U8Ib�

max
∑

s∈S
psU(W s) (11.6)

s.t. xn0

i = h
n0

i + zn0

i − yn0

i ∀i (11.7)

xni = x
a(n)
i + zni − yni ∀i, ∀n ∈ T (11.8)

(1− c)
I∑

i=1

Pni y
n
i − (1 + c)

I∑

i=1

Pni z
n
i = Ln ∀n ∈ T ∪ {n0}

(11.9)

W s =
I∑

i=1

P si x
a(s)
i − Ls ∀s ∈ S (11.10)

xni , z
n
i , y

n
i ,W

s ≥ 0 (11.11)TKz, (11.6) �.wb8R�	S<�Ut!:<�yAg�z,X�<�L�Ag�z,Æ:�QN�L LP  b (ÆU!: 12.1.1 wg`NR)��� (11.7) L��
Hy#F�	BUÆQg=Bby5�℄��� (11.8) 5��,Vl��VRHy�	��� (11.9) /�Æ��.Ss)�,�RHy^yzSZR=��!:�:�g,��MQR�$0℄rH��� (11.10) <X[FWÆRb8�<!NÆ!:6B5�,�HyQN=�X.SWÆRs)�Lk4�Ut!:Qrm�2�{+�ÆLrHV�g:.DÆ!:^0X�� (11.10) U8
W s = (1− c)

I∑

i=1

P si x
a(s)
i − Ls�JjÆ!:^rkR3 j044|IbÆM�TKz,R�BL:���gR��LIb^<�T��X<RÆ�[�|3ÆNs��W0�R�\�!:�Qrs)Dm:.S��:^��L�}}JRW+ib�Ut9w��-RU�,ÆÆUO:1:-xF�,ÆEj)Ib��[



480 BCK<RAgF4m�Ib:dR�M�:��1:�IR��8�=�!:^5�~V=�R:^g�!:^)�.Ss)��IR-V���OmjÆ!:�^�4�.Ss)R<��SZQR��)M%4)W+��Æ!:g�s�aT�B1R�>�
11.3 �uyF4m���Rz	�L�uyF4m� bR|R*�Æ�YF��*U�u=6F,mRbBR[Bgg����Q�Kz	�L��ÆD�R��\��L�kRIbXA)Be,�R�IÆUq��_�RJ�o1x~S�F4������L:^RIbLSÆ�/0M8Æ!:^ou!:R��*R{Xj^��V���Æj^�VIb^�tfs�XÆrU�Vp�Ib��gZCRj^�VIb�J�K%nIb(VARÆ[�I<R�,O)� ht L��V t D��QI�R�LJ��VAR IbR�LrJ�

ht = c+Ωht−1 + ǫt, t = 1, . . . , T,�mÆc � Ω �IbRf,Æǫ ∼ N(0,Σ) �.�� 0�U�v�
� ΣRv�ÆUF4I�RJ��NgP��RkUIbÆz	�L��*k�P/�R�
�D�Æ�uy b,5*R=QF�,o~R<�<!ÆÆU#k�H��J�
Æ!:[^q<4���Æ)�!:�7Luy�d���Y,m�)-ÆDmSZ0���Rz	���w,Æ!:�:%a�:a�RÆ^�'*R=QR(C4'�!:1:aG0�*RTR[�Lm���℄yz�L [Bgg 100% R��?LÆ)�I	=�Ib/�FDj�F#kR=Q�ÆA�6B1	�=��TK��ÆRTR���/Q#B�+gRZ�uy,m�DÆÆ!:gz)\qÆ�;D��QBe b�
11.3.1 ��*z	R
�:�,g��*RBÆ?7Lw\MaTR��)���L℄bR���0
Ruy9B�LQ=R��)�Æ)�/Q#B�+gRZ�uy,m��BY?L[Bgg:^Q0����℄gu�=7LuyMkR�V℄,�[�
R��ÆR�Vy,	<Q=R�V℄,:^��kRÆ�T�Vy,g5�P,m�Ng�L��*{XÆ!:Dm,g!:1:gWT{tI*jRw\Bv5ÆQ* (ib) <�:^I*jR7L��Bv5��m^<j!:Z 4 y,`uRC(�
• !:^ENRZ�/:^g�ZCR;℄/ �
��/0M8Æ0I�w\���XR�Xw\R<��\��%R�{F�uyIbÆ�/��:^�E(RÆE{F�uyIbÆ?F!:k���w\XYE[BggÆ)-�/��[��:d��v\mC(:^
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�WZCRsl�0�g�
 [?] � [?] ,:a��WÆ�/0MÆ1a<���87�RI���q�
�:^B<�
• ,�5�����/d?���℄MRÆE65���L�IR��ÆXj^��LwqR<��\�!:r 10.4 ,�3NE65��U�>2kR;℄/ �
QBSYYE[Bgg�Tv(p��:^�B<RÆE���{�uyIb�:dR�rJ` [?]�
• {��\R0M8Æ{o�
M%�L
;I >uR�,L�{w�M���B{wRÆQ*{��
M%�~u��KDR5��/�
��Æ�/��8�O��B{wÆU�v�U�v�$u��"YÆB�
;0M8Æ�B{wMBR��[:^RÆE�!:^�F	:^~RWQ��!#8{wO:��M%��/��yz�V�=�������4E�LE�Æ5��LF4I� X +0�NÆU�\�Qr!:��7L Xi R�	�� µiÆ�v� σ2

iÆU�v� σij(σii = σ2
i )���℄Æ)�!:#kÆU�\Æ��~uξ = E[(d̃ − µ)3/σ3] 1:� 0Æ*$u χ = E[(d̃ − µ)4/σ4] 1:�

3(�m!:5�7LF4I�RFS�\)�< xsi L�'F�L=Q� S R��Rw\ s ,R
; Xi��ZC�`ÆQr��RMBib�	qBSÆE�!:0E65�:�Æ�
r&<�#B R=��KDR�4��
1

S

∑

s

xsi ≈ µi ∀i

1

S

∑

s

(xsi − µi)(xsj − µj) ≈ σij ∀i, j

1

S

∑

s

(xsi − µi)3
σ3
i

≈ 0 ∀i

1

S

∑

s

(xsi − µi)4
σ4
i

≈ 3 ∀i!:1:��ÆrUÆBeU�vRZ�L�4,Æ)�f,�:���RÆ�[�0,![F�XRÆ!:��
;,� SÆ�[�
S − 1 [�℄bR
;�v��<�R{w�?WQ�U8��*vQNR�

w1

∑

i

[
1

S

∑

s

xsi − µi
]2

+w2

∑

i,j

[
1

S

∑

s

(xsi − µi)
(
xsj − µj

)
− σij

]2
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+w3

∑

i

[
1

S

∑

s

(
xsi − µi
σi

)3
]2

+w4

∑

i

[
1

S

∑

s

(
xsi − µi
σi

)4

− 3

]2
(11.12)TKz,-x 4 L<0 wkÆ<Xa=g^�1IaNR�ÆMQR��=� bQ[k�uib�D�ÆUt!:^�8*�RTKz,R�LT����NL��L|Æ�:�4��L.!|Æ?	O[�g�=�W=| [?]�

• �R{w���
-RÆQ*�z	��R�gR���D�ÆBJM�O?mU�Rk�6����jÆ:Xi�rLEBI[pR<��\^VGZ�L� [?]����N�L��z	���YF�L}~R3 Æ�T~���a��Æ�R��Æ�6�gR<d�<�$jRg#��T��k��FE0�R,t^D�-�nRyw,Æ!:��F�s�aTP8�R�L3;A+ (Uk=��|Æ:f` [?])��:Æ!:1:	:^Y	�ggR<dÆ�����:N�LTRÆ5��LF4=� bR�L�Kg\�
v(P ) ≡ inf

x∈X

∫

Ξ

f0(x, ξ)P (dξ)�mÆx L�,mI�R=�ÆO-x=� X ,�ξ L�'F=�
Ξ F4,!Æg# Ξ jR<�pu� P�F4m�RW=��YF<�pu PÆU�,M�R*� v(P )�Ut!:G�pu PÆg)�z�4��=G�R�L:^O)�!:B[:_R,!Æ���4!:�Jj������R�pu P �5�R��Lpu Q���Æ!::^:$'	<�L�<Rpu QÆ�L!#jÆ!:	<�L��*Æ�<F��Rpu P�$��4O)Æ!:q��:g#�L<�$jÆX	�~L<�puVR$j��=�LTRR��B����/:^g��ORF;P^! bÆOM|,R�^!*�RW=�� (rUfU��Rby	<�S)�4|$�� (Kantorovich) ��ÆI!:<�!# (Q�7w`
[?]) jk|*��Æ�L bB�L<�tR|����g#~L<�puVR$jÆ!:g#�L^!�z�

µc(P,Q) ≡ inf

{∫

Ξ×Ξ

c(ξ, ξ̃)η(dξ, dξ̃) : π1η = P, π2η = Q

}�m c(·, ·) L��L�IslR	;z,��L b�4�N�LLv�pu η jR5�WQ�Æη g#V/��5 Ξ×Ξ jÆ*FSpu�M� P � Q(π1 � π2 L�r6DJ)�~Lj^Rpu P � Q 8Æ�n{��LAgm�IbR℄^! b��TC(ib8Æ!:^�E�/�RlÆ1Gwq�
| v(P ) − v(Q) |≤ Lµc(P,Q)
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Fig. 11.9 {FHyRJ��R~LZCR��*.�J1<,Æ��g#�L<�$jÆ!:^ZR�sl�L	;z, c : Ξ×Ξ→ R�DÆ!:w��L�<R�\ PtreeÆ?��*Æ	Q µc(P, Ptree) < ǫ��
M�D�Æ�\m��*� [?] ,�n��L��\mR�pÆO3Fj�Rk�<d�:E��
�L=R*ÆDÆ\QOR=QN�L:C'R0��
11.3.2 $\q��Rz	$-Æ!:M5�R�<F�Lo<RF4�p�I!:#k�L�Q,R1<�pÆ!�B�N b�\q�5�!: 11.2 w,|,R�# bR,!�O:�B!#R,!)��k|�L bÆ5�w 11.9 M�R~LZC*�Z�L{1!:rJ,	<R���Ut!:Qr~LHyR�
RJ.� 1Æ!:�# bR�r,<R=^%3^:��~L��,RRJ�E(R��1:[E�8!:9BR_0Æ�*1:p�\q4)��Lg#\q4)R��U8�I5�LrHV�ÆL��L��,Æ�B�R{+�Æ:V�q��L�7�ÆE0
�ÆO��L7�Æ!:����L\q4)��jÆ p ∈ Rn+ � nLHyR�
RJJ�Æx ∈ Rn �7LHyRrHV��B�ÆR ∈ Rm,n� m L��,7LHyR%3J� (?ÆRij �Z i L��,Hy j R%3)��L\q4)�rHV� xÆ	Q

Rx ≥ 0 and p′x < 0 (11.13)��L\q4)R�U82�
Rx ≥ 0 and p′x = 0, (11.14)�mÆ$m�L[S��}JR�#&�4Æ!:B/L���,6BH�L��ÆQ*�L��,!:BM�/�

2eF�~/\q��Ve5R[�f` [?, chapter 2]



484 BCK<RAgF4m�Ib��q<�L\q4)/Q�L$�RqYÆ!:1:Z�T,Al��Ut=�Ib��,Al�Æ!:g[)3N5U$}|�
�L8*ÆE�!:MQNR{t:^[��E(��`Æw 11.9b ,R��*M%�LU (11.14) R\q4)�{F�THyRJÆ�L�
rHV�RR�� 0ÆUt
x1 + x2 = 0!:q<�LibL�~Lib,RrHV�R��

1.25x1 + 1.14x2 = (1.25− 1.14)x1

1.15x1 + 1.12x2 = (1.15− 1.12)x1S�3�Æ!:1:,AZ�LHyÆ	Q x1 > 0ÆXQN�L\q4)�w 11.9a R0Mp
[	s�E�!:U�a^Bg�L��R=��$\qR�8�RgkN���L;��
THEOREM 11.1 � (11.13) 6B\q4)ÆI*�I5�LJ� y 	Q

R′y = p and y ≥ 0�E�5�8�RAgm� b�
max 0′y

s.t. R′y = p

y ≥ 0Ut�L b�:|RÆmOR{o��
min p′x

s.t. Rx ≥ 0E�Æ�/0M8ÆW=TKR�q� 0�DÆ!:g3NÆUt5O bR�L:dRJ� yÆm[5 p′x < 0����Ægk����L��	��$\q�!:^ZCRoP�Lw\Æ	QgkRibQN.S��LE�R�R7w` [?]�<!Æw�yz��RW~��ODBA|,ÆÆU!:^�~Rz	�L$\q��Q[.SQr�\�����Æ�FgkRzkÆ!:^QN$\q4)I5%<,g<�pu�VRe5�3��:Æ!:1:<!NÆUt�
RJR�LJ� p .Sgk 11.1ÆmL�J� λp�λ > 0�.S�M�gRB�gRK?��JjÆ!:�5
3;wR�G^�:���[3��L7bm�!:����L	<Agm�R{oÆEO[�DkR�BeRD7_0Æs�:�f3 [?]



�uyF4m���Rz	 485��%<HyÆUt!:5�$%<q� r 8R$%<HyÆ0MU��I�L$%<Hy:<�Æ��A)\qÆ!:5��L~uyR��*��
w\� 0ÆQ*Z�LuyB N Lw\�Pi0 L�Hy i�i = 1, . . . , IR=BRJÆPin L�Ut�� n�n = 1, . . . , N�z�RRJ�{F7LHyÆ!:^g#eFU8%<,gHyR�� n ,Hy i Rk=MQ�
R∗
in =

Pin
1 + r

− Pi0 ∀i, n<!ÆUt�Lk=MQ�ÆRÆ�!�F%<Hyq�%<,gHyBQ~RL=�NgrHV��B� xi R�L=�Æg#w\ n RMBk=MQ�
g∗n =

I∑

i=1

R∗
inxi,O��� n ,F4I� G∗ R�L�=�=Æ�gYiÆ�L\q4)^:8�ibA)�

g∗n ≥ 0 ∀n
E[G∗] > 0�!�F�.��Æ:rHV�>%<,gHy^yzQ��$ÆE[)L�:^R��,�=QT�$R0M����N�LibXp�\qÆ!:^Igk 11.1 ,X
zkÆ0X\qib�

N∑

n=1

I∑

i=1

R∗
inxi = 1

I∑

i=1

R∗
inxi ≥ 0 ∀nZ�Lib3<BTL!gÆEORTR���B/��B�L g∗n �}JÆR�)��L\q4):^�F!I�RÆM�g.�R�r� 1 �:N��TR�=��1<Agm�R{ogÆ!:1:�U8KD�0X�Tib�

Ax = b

x ≥ 0
(11.15)!:^Z�7LrHV��B�ÆUt℄n,Al�ÆOR�:^�7Æ

xi = x+i − x−i , x+i , x
+
i ≥ 0,*-V�V�7R/9I� xI+n, n = 1, . . . , N:

xI+n =

I∑

i=1

R∗
inxi =

I∑

i=1

(
R∗
inx

+
i −R∗

inx
−
i

)
∀n



486 BCK<RAgF4m�IbM�!:B�L�7,mI�RJ��
x =

[
x+1 x−1 x+2 · · · x−I xI+1 · · · xI+N

]′=Æ�LI5q (11.15) R|R5Bv5R\qyz�Æ�,
A =




0 0 0 · · · 0 1 1 . . . 1
R∗

11 −R∗
11 R∗

21 · · · −R∗
I1 −1 0 . . . 0

R∗
12 −R∗

12 R∗
22 · · · −R∗

I2 0 −1 . . . 0
...

...
...

...
...

...
...

...
...

R∗
1N −R∗

1N R∗
2N · · · −R∗

IN 0 0 . . . −1


*

b = [1, 0, . . . , 0]
′Ut5 (11.15) R�L:d|ÆU85q[:^B|�

A′y ≤ 0

b′y > 0
(11.16)��Agm�{og*R�L�tR{���JjÆ5q (11.16) R|R�L5g���5�L�J ŷÆ	Q[Æ6W+ib A′y ≤ c({FL!J� c) R0M8Æ!:^L!oPTKz, b′y�)-Æ{oAgm�:^�$}RÆ*O b:^[:d��g�ÆUt5q (11.16) [5|Æm6B\q4)�5�N A �

b R�Æ�N5q (11.16) R�L0�|��:^R�< y0 L�IZ�LOW+ib{1R{oI��{1F�� nÆ!:B7LOW+ibR{oI� yn�=!:�tX�{oW+ib A′y ≤ 0�{F7LHy
iÆBU8[S��

N∑

n=1

R∗
inyn ≤ 0

−
N∑

n=1

R∗
inyn ≤ 0{FMBHy iÆB

N∑

n=1

R∗
inyn = 0 (11.17)��℄Æ5��
 A RÆ n �ÆB

y0 − yn ≤ 0 ∀n



�uyAgF4m�R L�� 487I5q (11.16) RZ�Lib��ÆBU8z��
b′y > 0 ⇒ y0 > 0 ⇒ yn > 0 ∀n0℄aw{o|U8�

πn =
yn∑N
k=1 yk

∀n (11.18)!:3NJ� π ^:L���L<�puÆ)�ORX	���7RÆ*�� 1���ÆO��L%<,g<�puÆ?-ÆL��L��q�:^R (OB}JÆR<�)ÆQ*L!Hy�.R!#j^/Q$%<%3��-Æ!:g�� (11.18) ?V�� (11.17) QN�
N∑

n=1

R∗
inπn = 0�!�FÆ�L<�pu8ÆL�HyRM�k=MQ.� 0Æ��uXBLE

Eπ[Pi] = (1 + r)Pi0=Æ!:3N$\qQr0�$mj^BUR~L��RD,Æ��%<,g<�pu�<gR���0�[<�}�Y#kwq�V�wqHyRJk�F45�RR#�
11.4 �uyAgF4m�R L ��;yZ�wÆ!:�U����TZCRF4 LP IbÆQ*!:�3NO:^<C*�#k�℄\����L:^Rsl�#&�4Æou	<[BggR�Lj^L�Æ!:QN�LBgRSS�p�D�ÆNg!:k�z	R��R,TÆMyzRIb:^�zL�)Rt=mIÆQB:^�uW~R|D�RS^������4�L~R��z	�U-0����L[��E;RQZ�Æ?	,SmIRF4�p�:^�Z�|,RÆ)�OR{X�q<C*�M9QR�u��}"0R�℄\��T0M:^��IRslÆ��L:^��|FF4m�R=�R℄g|,��R�u����L�}59*C(j#BhwgR~��K�!:1	ZR�N��LE�Æn
R{X:�:q<XrF3F�|D�R|RD��!:g{+ L �|R�LZ�$;ÆO��#k=mI�uyF4m� bRZ�L℄gD��5��LBbgRCK<�
 W R�uy b�

min c′x+
∑

s∈S
psq

′
sy
s

s.t. Ax = b

Wys +Tsx = rs ∀s ∈ S
x,ys ≥ 0,



488 BCK<RAgF4m�Ib�mÆps ��� s R<��:�3�Æ b;tM��L�|����JjÆ�DZ�uy,m x bgÆ: b�:�|��V{F7L�� s RQRJ b�ouw��{- bRC(�
R/"{XÆ��\:�k|� 


A 0 0 · · · 0
T1 W 0 · · · 0
T2 0 W · · · 0
...

...
...

...
...

TS 0 0 · · · W


�L�
A���LH{o�
�CK<z,�

H(x) =
∑

s∈S
pshs(x),�,

hs(x) ≡ min q′
sy
s

s.t. Wys = rs −Tsx (11.19)

ys ≥ 0�R�LNgZ�uy,m x̂ RCK<z,Æq>N|�VrsR LP  b��ZC�`Æ!:�mQrMB�T b�:|RÆ?{L!�� sÆL!eFZ�uyW+ib:dR x̂ÆB hs(x̂) < +∞��/0M8Æ!:4: bBBI�RCK<���Q b,��L�kRQr�rUÆ5��LK�s)hk b�Ut!:RIb,-x�L9wN9R�Q��Æm:^�=�Ts)?D��/0M8Æ!::�ou�IR?D��X�=W+ib (I 11.2 w,!:ZR)��T��^	CK<��UtCK<[�Æ!:�m�nR���S�:Su�:��EÆCK<z, H(x) �uR�)-!:5� 6.3.4 w,�nR Kelley R)��D��WÆÆ!:0X�uy bU8�
min c′x+ θ

s.t. Ax = b

θ ≥ H(x) (11.20)

x ≥ 0!:^�=W+ib (11.20)ÆQN�L�=ÆR7 bÆDÆoPU8�R)���
θ ≥ α′x+ β{FZ�uyR,mÆ7Lv�R5,�ou|,��RJ bQNR�

x̂ L��
7 bRW=|Æ5� b (11.19) R{o�
hs(x̂) ≡ max (rs −Tsx̂)

′
πs

s.t. W′πs ≤ qs (11.21)



IkUm�R>q 489Ng�LW={o| π̂sÆS�QN�
hs(x̂) = (rs −Tsx̂)

′
π̂s (11.22)

hs(x) ≥ (rs −Tsx)
′
π̂s ∀x (11.23)[S� (11.23) XK π̂s � x̂ RW={o|R��Æ�[�)��Lo<R x�gMB��R (11.23) �P�XÆ!:QN

H(x) =
∑

s∈S
pshs(x) ≥

∑

s∈S
ps (rs −Tsx)

′
π̂s)-Æ!::�oP)��

θ ≥
∑

s∈S
ps (rs −Tsx)

′
π̂s

L �|D�:?d?�=R7 bR|QNÆ��M� θ̂ � x̂Æ�>I�{1R��RJ b�7Ld?Æv�g:oPN7 b�I7 bRW=|.SU8ib�ÆD�l��
θ̂ ≤ H(x̂)Ut�Lt�W=R|{F!:RTRXi�SZ~�ÆX4�Lib^:�=�UtCK<[�Æ�T��RJ b{FBgRZ�uy,m:^�[:dR��/0M8Æ!:^b.q<��RJ bR{o�<!N�L{o bR:dKQ[�YFZ�uyR,mÆ)� x̂ [�VW+ib (11.21)�)-ÆUt�L{o b�[:dRÆmO!�FB1��RZ�uy b{L�Z�uy,m�[:dR�p�:^�=RIb8*0MÆIO b[:d�Æ{o bg$}�)-ÆFFW=|5F$2Æ5{o:d=RwpA��L0M8Æ!:^S�Rg�L[:dgRv�PVN7 bÆZ�LuyR,mM%�L[:dRZ�uy b�)-ÆL�d?Æ!:�=7LZ�uyJ bR{o:d=R�Lw\0�w�A�:��RB��yM�L���qBB�Lw\�w�A���� (Z�` S6.1.2)�!:BBa���L#kF4m� bR:^��R3;Om��O����/QÆE�!:��Æ�LE��:�S�N�uyF4m����℄Æ)��RE���T^Z#kwq�\R��R3 �I_��,Æ!:�:
�V��ÆDÆ|�L=�Ib���Æ�:�=	
℄R=�D�ÆXyz)I�Æ��
R��|,Bwq�\Rf,R b (` [?])�

11.5 IkUm�R>qWÆ�yÆ!:�5���kUm��LSX|,[Bgg8RkU,mÆ-��n-��IBCK<RF4m��tRv5I6M��



490 BCK<RAgF4m�IbJjÆCK<z,R<dIkUm�,�z,0�	;R<d�g<R�ID�~/��BE;e5ÆO:�B/B	R�
• kUm���k��N�z,[�7L,muyRBUI�R�Lz,�3F L �|RF4m��� �NCK<z,R���^�<�
• FD��z,ÆÆkUm���5�m���℄RL,mu�RI_�F4m��� �NZ�uyR|Æ	h8�Lw\R,mI�OmjL��L�P�m��L!#jF4m��Q#:j[gR�����jÆ	<kUm�Ib��	<W=�Ib�/Q b,R_0Æ:�ou�L���RIbÆ�[�j[q�j|,O��Dt,�}`RÆrUÆkUm��:<F~�{F�LF�Vz�#B[p�VR~�rH�eF%<I$%<HyRw��w [?]��	b�Dt,��0�RÆE	b3�R3�k2,m�[T:^	<O�
• kUm����[�F4m���^Z#k$��Ib b�b.Æ��Dt,R℄bRkUIb�
• �T0M8ÆkUm�Ib^:�<Y�|+Y|��XK�<|+R|R[<5U [?] R�>,�z)���ÆF4m���;*j�,�R�
• kUm�IbQr�T [BggRibÆ)�Gku�#B(�9(g (�JjÆouo=BUI�R=�o}^Z|,�LQZ)�OmjÆQU!:^Zz	�L��*ÆF4m�^|,L�gbR[Bgg�G�Ygb�?F�Tv(ÆkUm�Dt},Q}`Æ�F4m�^�t}>qo<�D�ÆeF��RÆ�~��R���WBR�R�rUÆ3F%n���;℄/ I_R8��<gR:�Q~Yk|ÆUt[Bgg �8gMpt8XRu�[�L=J:,m���R[:MpgR����u[s#<z℄
• g�ReFBCK<RF4m�Rf5�>� [?]�
• BeF4m�fIBeR:�f3 [?] � [?]�
• -R|,��Rp`:�f3 [?] � [?]�
• Be|��R~��n:�f3 [?]�
• L ��RO
�> [?]�
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• ;#��-xBCK<RF4m�ÆBe4)W+IbR�n:�f3 [?]�
• )���z	��L�[BggR�<��Æ!:1I�O*v{|R6FÆBek�{t:�f3 [?]Æ�L3F�#E�ReF[p��*�VRDAg�+:�f3 [?]�
• Be\q�%<,g<�p�R=�[�Æ:�f3 [?] � [?]�
• eF AMPL J�:�f3 [?]�
• eFn�V�=�Ib�-RF4m�IbRf5�>:�f3~)= [?] � [?]�
• BeV�hkRF4m��:�f3 [?]��%HR
• AMPL R�x�http://www.ampl.com�
• eFF4m�R7�f5�x�http://stoprog.org�
• eFF4m�R7w1<Æ-R�Q1<Æ:�a℄http://mat.gsia.cmu.edu�





12 �u=�
NT���!:5�uRMB=�IbqB�LVp\�O:�uRÆ�!�FÆ!:��Lu:d=jWQ��LuTKz,�0W=��L�TKz,�k�jX4Æu=� b��S�R���_,Æ?FXZR�Ag0mIt=�U=mIF4m�Ib	Q�d,�FDBIQZ�D�Æu bRW={tB�TB{ZCRg*�)-ÆUtBJy��L{t�W=RÆ!:o}��S�Y��L�zR��u b,Æ?	YtW=���L�ZRL)�)-Æ�u b|,��RS�TTQT�*m���u�v��Æn����Jjq�YK�RÆ �kRFD?R8�N�L[8R|Æ�6BBeW=RL��4���jÆ�u=���o}�D��Q�KRJ:M3iR#��R���?H5�TQZÆ!:!�B�SRk?{O:B�T{"�rHV�hk,Æn� b℄R.���vIb,:���ÆE�:�,m�RLS,:�~R|,Æ>U�
• B��NrHV�
• HyRWQrHV�<0
• WQl��,
• bg0�yAgl�	;BeRIb����}Z|,RÆEFD47b�h�4|�R�J�u	Q�J1<	�:^��ug:^�?:dK�u-�RÆW}`R0M�?FPT,mI���F,�Æ>U=� {0, 1}Æ�/0M�z,mI�Ib�!;,

493



494 �u=�g�Æ�;*�j^R��4Z�4[Z� 12.1 w,Æ!:g-V,�,m�Ib��:Æ!:gu�3F!;R,mI�W}`R�fIC(��DÆ!:g<)-x!;I�RrHV�=�Ib���/:^-��ugRO)�TKz,m�rUÆ�L�H�L�RTKz,��:^B���^9Q�������4�
R b:��=�=� b�Z 12.2 w,Æ!:gu�3FbgV�RrHV�=�IbÆ��j{N�wq,mI�jR�u b�DÆ!:5��uIbR|,����Jj 12.3 w!:�5����g}������g}�,�,IbRKD��ÆO:<=�,h�4|j�T�ÆMATLAB 16�/IbR^tB�Æ��!:g7�	< AMPL � CPLEX Xu�|,�TIbRO)����g}�:�1<F�TwqR=�=�Ib�D�Æ=�=���T6B	m��!:Bn���#k=�W=�IbR℄gJg��0<djk|QZ�Æ=^�[:h�Wb,�=Æ)-!:[)7wj#kO:�WÆÆ 12.4 w,!:g�n�T:<FrF���Ro<Om���jÆ�u b:^��L�}Z�R^s�9w0M8Æ�JRsl���W=�w��L�kR[8R|�!:g5��^R���?KÆUI_{.Æ�I?KÆ�%D��O:�BIÆJ�
-R(�ÆO:B�:�Nh�4|��R#-,ÆQ:l�*	SY1<F=� bÆ�,4_g	Q�,tU�L:TKz,�QZ�
12.1 ,�,m�Ib!:�Z ?? �Rr ?? ,LNu,m�IbÆXm!:�6- b[��L�2�RH;MDL��

max

n∑

i=1

Rixi

s.t.

N∑

i=1

Cixi ≤W

xi ∈ {0, 1}��Jj��L{,mI�B���'RAgm�IbÆ,mI��^�Vj^�,9�; ��	Q�L bI	��L�u b�,�,Agm�IbR�"��
min c′x+ d′y

s.t. Ax+Dy ≥ b

x ≥ 0, y ∈ Z+ = {0, 1, 2, 3, . . .}�LGLRF!:,��wqI� x �,I� y �����IMBR,mI�Dm9,��Æ!:�O��*,m�Ib��L�}}`R0M�Æ,mI����RÆ?ODm0=� {0, 1} ℄9�Æ��℄b



,�,m�Ib 495R!;,mI�Æ!:g8�w4E�-�Æ	<��I���/�}$=R?L��ÆW+RfIC(�IMBR,gI�����Æ!:�B��L*��m�IbÆ6- b��/0M�}m,I�:^yzÆrUY*RHyDm�3,R8,��Ut�L8,�=Æmwq�<��kRÆ'mrHRj^g�:�IY�8=�Ibm�D�ÆW}`RIb��LAg,�,m�Ib,MBR,I�q�!;I���Ag,�,m�Ib:�<U�L:ÆEBSR4|!6Bl�Rh�|,����Lr���.,�,m�ÆW��\R ILOG CPLEX ^Z|,��gIbÆ�F!:k|N�"�.�
- �vV�=�Ib�
12.1.1 !;I�fI=���Tk�-���,mI�R0M��B<R�!;W+ 5��V N L-kÆ�n�rH4)Æ�L-k�'�k9,FB1R��,mI� xi, i = 1, . . . , N�e:^1	g#�T!;W+ibq>-kRJ=�8��ALrJ�
• J= S ℄�~B�L-kDm�k�[-R�0��

∑

j∈S
xj = 1

• J= S $m�L-kDm0
�-R�0��
∑

j∈S
xj ≥ 1

• �LJ= S ,W��^B�L-k0
�
∑

j∈S
xj ≤ 1

• Ut-k j 0
ÆX4-k k �Dm�
xj ≤ xkj)MBRW+:�zlNQ4_R0M8ÆrUÆrHV�j�dggRW+�bg�� b�'wq,mI� I!:QgÆ��N�H�Æ0u�5�-kR	;Ag�YF-kR�MÆ!:QN LP Ib�PT0M8Æ	;{XQ4_�bg�� b���LrJ�!:N���V-kÆ<

i = 1, . . . , N XKG�-k i R�M?�L�7RwqI� xi XL��-



496 �u=�k�MB�VW+ibÆo}L�� x ∈ S��� xi > 0Æ7L-kqB�LI-k�M xi 	>rR	;��LbgR	; fiÆbg	;[�YF-k�M�B:R�k�<!N�/0M8R	;z,O\�[wqÆEu�LZCRfIC(Æ!:^Zfs�L,�,m�Ib�Qr��-k i R�MBj� MiÆQ-V��VR��I� yi 	QÆ
yi =

{
1 if xi > 0
0 otherwise�!::�fs8�RIb�

min

N∑

i=1

(cixi + fiyi)

s.t. xi ≤Miyi ∀i (12.1)

x ∈ S
yi ∈ {0, 1} ∀i[S� (12.1) ��/I_bg��	;R}`���Ut yi = 0Æm

xi = 0; Ut yi = 1ÆX4!:QN xi ≤ MiÆUt Mi SZ=�g��L[#W+tRW+ib�;DÆW+ (12.1) ℄n�!;Rsl��6bg�<ÆEF xi = 0�D�Æ�:TKz,RWQ�Mp��{-k�MR��/}`�4�ÆUtOÆ�dÆ��M1:�6V [mi,Mi] ℄�<!Æ�Q[BIF�4 mi ≤ xi ≤ Mi�B�Æ!:1	��
R
xi ∈ {0} ∪ [mi,Mi],���L�u=�!GQÆu=RQ[�g�uR�<j)p
RC(Æ!::^�X

xi ≥ miyi, xi ≤Miyi�TW+g#��L'wqR,mI��UtHy-xrHV�,Æ*rHV�,HyR,�DmEFWT`��Æ!::�	<'wqI���yAgz, B�!:DmI_~LI��VR�Age5Æ>UÆl�	;:^��/�;��`R��,gFl���ED:�<�AgG���X16�/0MÆE�L:9R(��<�L�yAgz,X�<�Agz,�E?: b�#&�4Æ!::�|�Agr����`
3.3 w��yAgz,:^)�KDY�=1<,Æw 12.1 u��AL�rÆ�,R\ x(i) ��0Ag6VRz\�B��[pRO):^)M%�/0M�Ut�L�Agz,RW+ib�S�Æ b���uR��J1<,Æ�L�Ag=��:^)lÆ�L�^W=|�UtTKz,��AgR��uRÆp
R0M)�=��mÆ�T0M:^>�	�uR,�,m� bÆE:�<��g}��|,Æ0�yz�L=�gRWN���-�ÆUtIbq>,,mI�ÆO:^�=:slAgIbÆ)��Ag,�,m� buFZ|,�
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f(x)

x

x
(1)

x
(2)

f(x)

x

x
(1)

x
(2)

f(x)

x

x
(1)

x
(2)

(a)
(b)

(c)

Fig. 12.1 �yAgz,�(a) uRÆ(b) �RÆ(c) H[�uR�[��R�
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f(x)

x

x0

y0

y1

y2

y3

x1 x2 x3

Fig. 12.2 fI�L�yAgz,5��8U8R���
f(x) =




c1x, 0 ≤ x ≤ x(1)
c2(x− x(1)) + c1x

(1), x(1) ≤ x ≤ x(2)
c3(x− x(2)) + c1x

(1) + c2(x
(2) − x(1)), x(2) ≤ x ≤ x(3)Ut c1 < c2 < c3�[oRFS	;Æm f(x) �uR�w 12.1a; Ut

c1 > c2 > c3�[\RFS	;Æm:z,��R�12.1b�{L!RW�
ciÆz,H[u�[��w 12.1c�u0M�S�#kÆQ*O:�<wq LP Ib1{�z, f(x) :�ou-V℄L/9I� y1, y2, y3 �>#�Ag�Qd?�

x = y1 + y2 + y3

0 ≤ y1 ≤ x(1)
0 ≤ y2 ≤ (x(2) − x(1))
0 ≤ y3 ≤ (x(3) − x(2))�
!::^L��

f(x) = c1y1 + c2y2 + c3y3,?F c1 < c2, W=|,Ut y1 rg�j}Æm y2 �Æ�p
RÆ�BI y1 � y2 p�:1�Nj� y3 a:7-�Utz,[�uRÆ��[^/�RÆ!:Dma��L3F��,gI�RfIC(���QN�LU�I_�"�yAgz,RAK; Qgz,<w\ (xi, yi)L�Æyi = f(xi), i = 0, 1, 2, 3, Uw 12.2�L�0 (xi, yi) N (xi+1, yi+1)RAjR\q^:L���LuV��
x = λxi + (1− λ)xi+1

y = λyi + (1− λ)yi+1,



,�,m�Ib 499�, 0 ≤ λ ≤ 1�?;Lw\V	�LuV�n
\�
x =

3∑

i=0

λixi

y =

3∑

i=0

λiyi

3∑

i=0

λi = 1, λi ≥ 0�[�!:�RE�RÆ)���;LwRu-�w 12.2 ,R+66KÆ1f[9� S6.1�D�Æ!:�It�TK��!:�℄nB�5, λi}JÆR��:�ou�7iAy (i − 1, i) -V��,mI� si, i =

1, 2, 3 X�	�
x =

3∑

i=0

λixi

y =

3∑

i=0

λiyi

0 ≤ λ0 ≤ s1
0 ≤ λ1 ≤ s1 + s2

0 ≤ λ2 ≤ s2 + s3

0 ≤ λ3 ≤ s3
3∑

i=1

si = 1 si ∈ {0, 1}�Jj[,Æ=�Wby��J�ÆU AMPLÆ�<�aT��LQZCESRR��XL:�yAgz,�
Example 12.1 Qr!:E�I_�L�yAgTKz,Æ>UA+w
12.1 XTÆ!:B~Lz\� 3 LW���� AMPL L:Æ!:1:	<eaLf,yEz\�W�B1Rf,ÆrUx1, x2, c1, c2�c3ÆQ<eaLvar X�n�L,mI�ÆrUx� AMPLÆTKz,1:-R�L(JU�
<<x1, x2; c1, c2, c3>> x!:3NÆW�jPB�L�jRz\�Z�LW�c1�<�QFx1RxÆc3�<F>x2=R��UtNg�z,R℄g�=�R!#�WQ0W=wq0j^R=����4ÆAMPL )KkYp�
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12.1.2 ,�,V�=�Ib�LESR.���vrHV�:^-R�L=bRHyÆ�,�T:^�vHyw&R�Q^��ED�
OmjBqF�
�ÆEuF�N�RrHV�B�T?\��,�L b�!:Dk�6Rl�	;	QQl�[#.-t���L b�Æ��C'rHV�%<Æ!:�+T�HyRp�,!��6�R9=kt��T�4{:khkR3�>�0�Æ)�O: PM�,ÆM�[:^��T�	;�!::�SuR.���vIb)�'rHV�R3,Æ?q>RHy,��<U�L:�LW+LE I gHy,W�-V k Hy��S��=RÆou�7LHy i = 1, . . . , IÆ-V�8�T��I��

δi =
{
1 if asset i is included in the portfolio,

0 otherwise.tF!:M�ZR���IbfP8�RW+ib�
xi ≤Miδi ∀i (12.2)
I∑

i=1

δi ≤ k, (12.3)�, Mi �Hy i R,�j����JjP!:<FI_bg	;Rbg�� b��
RC(���Lib�4ÆUtHy,��Æ,mk�WQR�'ib��L�4wqAg0�.m�Ib�Z.S�E�ÆSuW+ib��S�R (12.2)�
miδi ≤ xi ≤Miδi ∀i���L'wqI�RrJ�3H4�8Æxi [D�rHV�,R<0ÆO:^�_�l�R,�Æ�, mi g�WQR:l��,�!:w$:���℄�4Æ�/0M8Æxi ��L�"R,I�Æ�E?*,G_�q>R���<��MBRP��Æ!::�ou4|U8M�R�V,�,�.IbXPMBSF}�

min

I∑

i=1

I∑

j=1

σijxixj

s.t.

I∑

i=1

rixi ≥ rT

I∑

i=1

xi = 1

miδi ≤ xi ≤Miδi ∀i
I∑

i=1

δi ≤ k

wi ≥ 0, δi ∈ {0, 1} ∀i,
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return

risk

Fig. 12.3 �g3,RBSF}gglw�m ri �Hy i RM�%3Æσij �Hy i � j R%3�VRU�vÆrT�TK%3�ou;ITK%3Æ!:gPMS�F}�p
0�R��M�NÆS�F}IUw 2.12 ,RF}5*R[p��g3,RS�F}gglwu�w 12.3 ,Æ-w:��
k|ÆPM7L?3,� kRJ=V	RS�=�ÆDÆ<Ze�MBRq����eFj��LU�RQZ���ÆO�,�,�.RÆ�[�AgR�OmjÆp
���_,ÆO:�� 12.3.1 w,M�R��g}D�|,Æ��R[pR�ÆQTR8}�?4|�L�.m� bFD�XR�U�Æh�Wb�:�ESY|,�T bÆD�Æ=mI1<RFD	;O�E��[uÆ[pRsl:�:|��
• Ut�N�%<R5�Æ!::��PMBe^�RS�=�
•  [?] m=���,�,�.Ib�d�Y[; g<�
�Lx�:^�BqRÆEOk�XKBR?'�
• ��/:^�ou\m,!�4Z�Ib�rUÆQrMBRBeg�BSR�3 [?] ,�
R��ÆQ[���Rf5�
• N���ÆU�%D��I_{.�12.4 w�:�	< [?]�
• Ut�LJE< MILP 'ÆE�:�rF�\[p?LgR%<�
[?] ,	<R-{�.~v�BJa�u�

E




∣∣∣∣∣∣

I∑

i=1

Rixi − E




I∑

j=1

Rjxj




∣∣∣∣∣∣


 ,�m Ri �Hy i RF4%3��Lg#I�v�}B<; <R�-{~v�[���~v��LTK:�:>�	AgHÆB)R0��gR MILP ��:^:1<�Qr�JjÆ{7L�V2�

t = 1, . . . , T ℄!:B�Lp�%3=� rit�DÆÆ!::�[D
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E[Ri] = ri = (1/T )

∑T
t=1 ritÆQr&�
E



N∑

j=1

Rjxj


 =

N∑

j=1

rjxjg<YÆ!:gTKz,�<��
E





∣∣∣∣∣∣

N∑

i=1

Rixi −
N∑

j=1

rjxj

∣∣∣∣∣∣



 =

1

T

T∑

t=1

N∑

i=1

| (rit − ri)xi |ou-V�V/9I� ytÆ:TKz,:�L��Ag��:Ibg-R��,-R8�RTKz,�W+ib�
min

1

T

T∑

t=1

yt

s.t. yt +

N∑

i=1

(rit − ri)xi ≥ 0 ∀t

yt −
N∑

i=1

(rit − ri)xi ≥ 0 ∀t�rX4Æ�L�� [?] ,:<uÆ<F#kWTl��,��/��Q[k�L�RqFIbÆE!:1:��Æ�mBuu_�p�,!R%<�
• WÆÆMILP Ib:^[��Æ 0s0
fsrHV��B�ÆJ::�<L�C(rF�LTKrHV�Æ+00��{RTk��kgBeRW+ib�DÆÆTK�ou�T�JR�4X�<RÆU�JRrHV�,\mHyR,���� [?] 16=�z-R�JM9R���WÆ�L0�R4��Æ|,�L,�, bZuFOR=�u�`

12.3.1 w�$mB�L1:ZR�W+ibmI (12.2) \Q Mi RF}�?FfIQIÆ [?] ,q>N 1500 HHyRFD�V�qC'A�-℄�	<R�=�[�$;R CPLEX�WÆ�\�℄R.���vIb���l�	;Æ�C2�I�,��QhARÆ��Ib,Q��QhARÆ)�u�Rl�:^)
�MBou=�rHV�/QRqY�WZCR(��	<�LAgIbRl�	;Æ���4ÆUt!:l�RHyR,� xiÆ!:�6R>r	; αixiÆ�,>r},9,FHy�kg��gM%�LAgm�IbÆ 11.2.3 w,�Nu�L�
RU��D�ÆAgIb6B4El�	;{	l�R�Y�[pRQr:�O!l�HyRg*Æyz[pRIbU��bgl�	;R0M8Æ!::�ZCY<��<uR
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param NAssets > 0, integer;

param MaxAssets > 0, integer;

param ExpRet{1..NAssets};

param CovMat{1..NAssets, 1..NAssets};

param TargetRet;

var W{1..NAssets} >= 0;

var delta{1..NAssets} binary;

minimize Risk:

sum {i in 1..NAssets, j in 1..NAssets} W[i]*CovMat[i,j]*W[j];

subject to SumToOne:

sum {i in 1..NAssets} W[i] = 1;

subject to MinReturn:

sum {i in 1..NAssets} ExpRet[i]*W[i] = TargetRet;

subject to LogicalLink {i in 1..NAssets}:

W[i] <= delta[i];

subject to MaxCardinality:

sum {i in 1..NAssets} delta[i] <= MaxAssets;

Fig. 12.4 B�3,V�R AMPL I��b (MeanVarCard.mod)
(MeanVarCard.mod).��I�C(ÆQ�O[��LbgR�<#k�Utl�	;��AgRÆO!��y0
4ERAKÆO::�:�<	�yAgz,�Ut!:Qrl�	;FF	l�"0o~��n�)�Hy�Eu[�oÆ�Z#kM�/YhCÆ:z,�uR*:�<ÆoR LP ��#k�D�Æ�	;R0M8Æ�[b�BpR0MÆ!:Dm	<,�,Ib�f5 [?] g�=�Lq>bgl�	;RIb�:�:|,R�
Example 12.2 !:�m���8n4< AMPL XL:%<WQ��N�'�V�RW=3,�TKM�%3���9� C , C.2 w�nuR.���vIbRZCSu��LIb�bu�w 12.4 ,�!:3NÆ��,mI� delta :-VQouW+ibLogicalLinkIrHV�<0v5�X�W=3,MaxAssetsRW+ib�MaxCardinalityÆB1R,!�bÆ[��# bRrJÆu�w 12.5 ,�	< AMPLÆ!::�>q�mR{tI!: C.2 w/QR{t�
AMPL Version 20021038 (x86_win32)

ampl: model MeanVarCard.mod;

ampl: data MeanVarCard.dat;

ampl: option cplex_options ’mipdisplay 2’;

ampl: solve;

CPLEX 9.1.0: mipdisplay 2
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param NAssets = 3;

param MaxAssets = 2;

param ExpRet :=

1 0.15

2 0.2

3 0.08;

param CovMat:

1 2 3 :=

1 0.2000 0.0500 -0.0100

2 0.0500 0.3000 0.0150

3 -0.0100 0.0150 0.1000;

param TargetRet := 0.1;

Fig. 12.5 B�3,V�R AMPL ,!�b (MeanVarCard.dat)
(MeanVarCard.dat).

MIP emphasis: balance optimality and feasibility

Root relaxation solution time = 0.05 sec.

Nodes Cuts/

Node Left Objective IInf Best Integer Best Node ItCnt Gap

0 0 0.0631 1 0.0631 7

* 0+ 0 0 0.0633 0.0631 7 0.27%

CPLEX 9.1.0: optimal integer solution; objective 0.06326530612

9 MIP simplex iterations

1 branch-and-bound nodes

ampl: display W;

W [*] :=

1 0.285714

2 0

3 0.714286

;!:�:1:<!N��g}���:a<RÆ�[����L��4|��!:�3NÆHy 2 [�VrHV�Æ3,�'�!�F%<RoPÆ�o~���RÆEO1:Z�rHV���� �,\ml�	;~�,�d<	�
12.2 3F=�=�Rbg,�Ib!:� 11.2 w,4uÆ�uyF4m�Ib,Æ!:QgrHV�:��gR�<IAK?Y0℄:N�	�Ut!:QrHy,



3F=�=�Rbg,�Ib 505�L��℄/�[IÆ:�QN�L[pgbRIb��!�F!:�wNMHyRb8>r/�[IÆ)-Æ!:Rl�O!ER,/TR*Rw��	< 11.2.1 w,BpR*�Æ!:B�Vj^R0�Æ7�L0�R<�� psÆs = 1 . . . , SÆ*%3L�� Rsit�=,mI���b8�w$MHyR>rÆG� xi�<!?F6BCBd�Æ�T�b[k�O!*{XXiÆ)���,mI�Rg#NgÆ�M�Ribs?:.S�!:�mA)RIb�O! [?]Æ!:f&s��,f5��℄R_0�FD��Æ�* [?] 3;j:M��.���vLSR�LSu; !:�TKz,fs�=.9b8jÆ[5�L�kL�F W0 L��
b8ÆDÆ0� s ,b8�V2� 1 {+�g�
W s

1 =W0

I∑

i=1

Rsi1xi<!b8��YF0�RÆEHyR�w�Q[U-��"0M8ÆI!:5�~LwjR�V2��Æ!:B
W s
t =W s

t−1

I∑

i=1

Rsitxi ∀t, sb8!:m��{+�g�
W s
T =W0

T∏

t=1

(
I∑

i=1

Rsitxi

)
∀s�L.���vLS℄Æ!::�fs�L�YF.9Rb8�.S<z,�Ng�LI!:R%<��BeRf, λÆTKz,g��
R

max λE[WT ]− (1− λ) Var(WT )��L�TKz,Æ!:DmGQ Var(X) = E[X2] − E2[X ]Æ!::�X�IbU8
max λW0

S∑

s=1

ps

[
T∏

t=1

(
I∑

i=1

Rsitxi

)]

+ (1− λ) W 2
0





[
S∑

s=1

ps

[
T∏

t=1

(
I∑

i=1

Rsitxi

)]]2

−
S∑

s=1

ps

[
T∏

t=1

(
I∑

i=1

Rsitxi

)]2



s.t.

I∑

i=1

xi = 1

0 ≤ xi ≤ 1



506 �u=��3�XI�L�}4_R bÆEDTKz,B\�ÆEW+ib�}ZCÆ�ÆRQZ����L�uR b�TKOX���LeF,mI�R�H���H�:^Bn�9Q��9=�Æ!:�B��L�Ag�u b��L b:�< 12.3 w,A)R��g}��|,�℄MR�ÆO!u[Ffs�uz,R}�RE� [?] ,	<u�Ut4_R℄�:fPNIb,Æ�:^)I	�LBIQZR,�,�Ag bÆ�/0M8Æ	<N����D�ÆU�I?K:^�W~Rsl [?]���>=�R=	LS��/���B<R|���JjÆ���=���jRÆ)�0��M:z	RÆ!:�[p�0�R|Æ0�I?ÆoF4I�yzR�v\m��%R�=�ÆÆ��:�:<X�[!:/QQ=�V{�R|Æ�,:^-Rztp�0��#&�4Æ!::��d�L�s��R
;�+Æ�Yt:|R�+g��{�LbgRV�m���S��=RÆEkURV�m��[Æ)��gk�04QZR�uyF4m�R|���jÆ?	�Lbg,�m�OmjB{F�LkUm�QvÆE�:^�J1<,Q$=�Q0�R�ÆOB{FL!R�V{�QS��E��+gÆQ4+�LrHkY�slWNrHV�hkm��Jj��L0�R bÆE�Q<!R�Æbg,�m���!:5�I_�=�=	RWZCR{X�:�rF�Q4_Rm�ÆO!�V,�f,ÆO:R�:ouI_�=�=	R��rg�
12.3 �u=�R��g}��5��Lo<R=� b

P (S) : min
x∈S

f(x),QQr���LQZR bÆ)�TKz,�:d=����uR�5�w 12.6; Z�/0M8ÆTKz,B�^9Q��Z�/0M8Æ:d=�j^RÆ)-�u� ED�"0M8|,�u b��QZRÆPT0M8ÆUtB��Ru�ibÆO:�I	�LZCRL)�rUÆUt S �uRÆE f [�Æ!::�9 f ��wRu-ÆUw 12.7M��< f R��wRu-yz�Lz, hÆ	Q h .S�
• h  S j�uR
• {L!R x ∈ SÆqB h(x) ≤ f(x)

• Ut g ��Luz,	Q{L!R x ∈ S B g(x) ≤ f(x)ÆX4{L!R x ∈ SÆqB g(x) ≤ h(x)�/0M8Æ!:^EN< h d# f Q*<u=���|,�L b�p
ROkÆ5��LAg,m� b�
(PI) min c′x
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f(x)

x x1

x2

Fig. 12.6 �uTKz,�j^R�u:d=
f(x)

x x1

x2

Fig. 12.7 :u�R�uTKz,��Lj^R�u:d=
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f(x)

x x1

x2

Fig. 12.8 u8}z,�=�Rj^:d=
s.t. Ax ≤ b

x ∈ Zn+�:d=��Lj^=Æ�Iw 12.6�Ut!:�OORu-ÆUw 12.7M�Æ!::�ZCY|, bÆ�t�OI[�LÆo LP  b<C*R��|,���jÆj^\=Ru-��L���Ut\�,\KÆmu-R9�\�g�,ÆQ*�,��g�E�C*��N�RWN|;��1[fR�Æ!:�m^ZB~#f^�&�=�
�Lu�ib�D�Æ!::��N[uTKÆO::q<Xg#O
R b=��ÆUw
12.8 ���
DEFINITION 12.1 �L=� b

RP(T ) : min
x∈T

h(x),� b P (S) R�JUt.S�
• S ⊆ T�
• h(x) ≤ f(x), for any x ∈ S�|,�L�J b�"Q[^QNO bRW=|ÆEON�WN|�R�LQT}��

1!:%a 6.5.1wÆ℄\�LEId?W=|5Æg#:d=R��R�L�R,^S�QN�L|�
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Example 12.3 5��L�� S j�uz, f(x)ÆS ?F}g#R
lj ≤ xj ≤ uj , j = 1, . . . , nQr f �~uwq:�R�Z� S6.1.1 ,!:�)uÆ�L~uwq:�Rz,�uRUtOR Hessian �
�'ÆgRÆ�SRF�4OR℄��q��7gR�!::�� f fs�LuT[Fz,ouoP�L��RHÆQ5�

h(x) = f(x) + α

n∑

i=1

(li − xi)(ui − xi)�, α > 0��S�3�9PH6K S j��ÆRÆ�F}j���)-Æh ��L f R�LT[F�Ut α �SZ=RÆOg�u���4E��\Æ5� h R Hessian �
 H IOTK f R Hessian �
 Hf B�VRe5�
∂2h

∂x2i
=

∂2f

∂x2i
+ 2α, i = 1, . . . , n

∂2h

∂xi ∂xj
=

∂2f

∂xi ∂xj
, i, j = 1, . . . , n; i 6= j

h R℄���8�R��R|�
det(Hf + 2αI− µI) = det(Hf − (µ− 2α)I) = 0�S��=ÆUt Hf R℄��� λiÆm Hessian �
 h R℄���:�ZCL��

µi = λi + 2α,Utsl�LSZ= α �Æ:^)I�Æ,�!:g�I3NÆ�>ib b1:�X�X~��!�FT[Fz,1:�	:^R=Æα 1	:^RQ�sl αs RDmO
f5 [?] ,�N���
Example 12.4 5�,m� b�IP�u�= bR:d=�

S = {x : Ax ≤ b;x ∈ Zn+}:�ou��{,gR�4/Q�
T = {x : Ax ≤ b;x ∈ Rn+}�gyz�L LP  bÆ���S�|,R��"0M8Æ=� bR�T|�Q,��!�FÆ!:QNR|�[:dRÆE�Æ!:QNTKz,RW=�R�L8}�



510 �u=�!:�3NÆj)R~LrJ,Æ=� b�uRÆ�S�|,ÆEO�yz�TKz,W=|�L8}��/:^R|,m��gO
R b P (S) R:d= S ��	J=
S1, . . . , Sq R=�Æ	Q

S = S1 ∪ S2 ∪ · · · ∪ Sq;DÆ!:B
min
x∈S

f(x) = min
i=1,...,q

{
min
x∈Si

f(x)

}�|:d=6ÆRk?�Æ!::��AqQ=jQS�|, b�0$mÆou|,JU bQNR8�Q��aES��:9RÆE[�-{D�Æ�=� S �8��4��
Si ∩ Sj = ∅, i 6= j�/�R�|rZ���

Example 12.5 5�8�R��m� b
min c′x

s.t. x ∈ S = {x | Ax ≥ b;xj ∈ {0, 1}}�L b:�:�|�~LJ bÆousl�LI� xp QgObg 1� 0�
S1 = {x ∈ S; xp = 0}
S2 = {x ∈ S; xp = 1}?-yzR bÆP (S1)� P (S2):��.b�|Æ�NMBRI�q�:bg���u�:��KYL���L?K*ÆUw 12.9 M����u�)z	QS�R b��r,Æ?K*R���ÆR bÆ)�MBRI�qbg~L:d�,R�L���JjÆ?K*���/0M8 �:^|R�/���[fR�ÆUtB�=,�R�ÆUt

x ∈ {0, 1}NÆ�)B 2N /:^R|��JjÆ�'ib Ax ≥ b p�O:,Rn�|ÆE��WQ b�Æ-t5�O�:dR���\mFD7BÆ:�|�N�J b P (Sk)Æ0SRYÆ*,R�Lw\Æ��O[^M% P (S) RW=|�UtB:^ouu=�0��O��FD�7LJ bR8}Æ��:��	R�r ν[P (Sk)] ?L b
P (Sk) RW=�Æ8} β[P (Sk)] ��
R

β[P (Sk)] ≤ ν[P (Sk)]=Qr!:�O�L:dRÆE[�g� P (S) RW=| x̂�Ut5R�Æ�
R|,�Jj?K*Ru�,��N��(}0M���f(x̂)
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x =01 x =11

x =02 x =12 x =12

x =13x =03

x =02

Fig. 12.9 �L��'m� bR?K*R��W=� ν∗ = ν[P (S)] Rj}�;DÆ|,J b P (Sk) �6B!#RÆUt
β[P (Sk)] ≥ f(x̂) (12.4)��jÆ|,�LJ b[^!:��OR:d| x̂ ��yz;f��/0M8Æ!::�0��℄85,N� P (Sk); �N���m2Æ{1Fi[?K*R�L���<! P (Sk) :m2�:�?>q8} β[P (Sk)]�j} ν[P (S)] |,�<J b P (Si) [�>qR3 Xm2` P (Sk)�[ÆBRÆ>U

β[P (Si)] < β[P (Sk)]���m24'��g:����g}��Rl�^<D�R3 �t8XRQw,Æ!:<)|,,�,Agm��MILP bR��g}�R3;{X��T��h�=�WbFl�	<�I-B�Æ�_,�uRwq bR��g}��k�=9RG'�
12.3.1 MILP Ib3F LP R��g}��W3;R��g}D�:�<RU8�7�℄,Æ!:#kGCjRJ bÆ{1F?K*Rw\ÆQ|�yz�Lp�aE=LR|Æ�N!:^Z�E=LR|�WNR|�,V℄4Æ=LR|����=R:dR�,|�LWQ� bÆ�!:aT��LW=�Rj��!:N�WQ� bD�ÆO�S��1W=� bRD��3;R��}D�
1. �
� <0RJ b�L:�
�� P (S); =L:d| ν∗ R�j�:rg� +∞�
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2. slsJ b Ut<0RJ b�L�AÆml��=LR|�

x∗ÆUt��=Æ��W=|; Ut ν∗ = +∞ÆOb�[:dR�'mÆ0�L,sl�LJ b P (Sk)�
3. g}  ν[P (Sk)] |=� b P (Sk) FD8� β(Sk)�F xk �=�J bRW=|�
4. <W=g[� Ut xk �:dRÆi[J b P (Sk)�-�ÆUt

f(xk) < ν∗Æ1>N℄4 2ÆQ℄=LR| x∗ �OR� ν∗�
5. <[:dg[� Ut=�J b P (Sk) �[:dRÆ1>N℄4 2Æ��℄5�N� P (Sk)�
6. <W+[� Ut β(Sk) ≥ ν∗Æ>N℄4 2 N�J b P (Sk)�
7. Branching. �<0RJ b�L,R P (Sk) d#�JJ b� P (Sk1),P (Sk2),. . .,

P (Skq)ÆO:�ou{ Sk �d��QNRÆ1>$℄4 2��	SY1<-D�Æ!:Dm�{�8 b�
• U�ESRFD��LQ$R8}
• U���yzJ b
• U�0<0RJ b,sl��Rs bWÆ�L b��}0�RÆk�sl�Lw�XYK*{X��/:^g�=:YKWB�xRw\Æ��8}��yz�WN��w����/:^g�uu=:Rm�Æ�:Y[R�WÆz	Rw\; �/m�R=\�#B�'5!?K*MkR5!�AV��_,Æ!:!1:<!ÆNT���Æ=� bR|XKFg�8�Rr 12.8Æ!:gYt�TslR6F�h���g}�p?�83F LP�wqR=� bFDF}�Ng�L MILP  b

P (S) min c′x+ d′y

s.t. Ax+Ey ≤ b

x ∈ R
n1
+ , y ∈ Z

n2
+ ,wqR=� b�ou[z�J�gRW+X/QR�

P (S) min c′x+ d′y

s.t. Ax+Ey ≤ b[
x

y

]
∈ R

n1+n2
+kER0M8Æ�=R6K S 1:�	:^t� S Ru-�S XQÆ8}X=���8}^	<F}[�QS���-ÆI7fI:^)B*9�
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Example 12.6 5��Lbg��IbÆ�,-k�M i �ouwq,mI� xi 	�Æ*,g�k:-k�?��,mI� δi ∈ {0, 1} I_R���v5�~L,mI�Æ!::�XW+
xi ≤Miδi,�, Mi ��M xi R�Lj��I!:|,�wq=� bÆ!:���{ δi R�gW+Æ!:�Od#	 δi ∈ [0, 1]�OmjÆMi :^��L�}=R,LÆE�/Q�L�=� bÆ!:1:sl	:^QR Mi�

Example 12.7 r ?? ,Æ!:�5��U�Su3;6-IbX#k-k�VRB�[<�rJ,Æ�BIMBR-k�gRJ=m�Æ-k 0 a:�0
�I_�/�4R�/:^W+�
Nx0 ≤

N∑

i=1

xi,�, x0 ∈ {0, 1} I_0
-k 0 R,gÆxi ∈ {0, 1} �aw-k 0 RJ=,BeR N L-k���/SSa��
x0 ≤ xi, i = 1, . . . , N���Æ�/�0R��k�Q�RW+ibÆ*|,wq=� b�:^k�Q�RR[�D�ÆI!:5�wq=� bÆMB{�|�RPW+ib�:dR\Æ{�|RW+ibq�:dRÆE��m[D�)-Æ=� bR�|�RP:d=QQÆ*8��Q���
R;X:-VPTWb-�U CPLEXQ*==L\��g}D�RFD��$F��Æ8�Rm�o}�<F�"R,I��Qr=� bRW=|,�L,I� yj 9��L�,� ȳj�Dm5Æ'mÆ!:g?:dg[�ÆDÆyz~LJ b�{FJ8R��Æ!:fPW+

yj ≤ ⌊ȳj⌋!:JjR��fP
yj ≥ ⌊ȳj⌋+ 1>UÆUt ȳj = 4.2Æ!:z	~LJ bQfP�' yj ≤ 4�{FJ8R��� yj ≥ 5�{FJjR����L:�R b�WLI�1:!:R��j�B<RÆ!:1,g���g}D�℄4 2 ,10�L,slWLJ b�o}0M8Æ6Bo<R;�; Wb-N<�aT[pRsl��TDmR^N�W~m�R���h���g}Wb-�9Q�J/Ku<R;��	h�
Æ�T=bR bO[^�L�kR�V��℄QNW=|�Ut��
Æ�
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% Knapsack.m

A = [2 1 6 5];

b = 7;

c = - [10 7 25 24];

options = optimset(’NodeSearchStrategy’,’df’);

[x, value, exitflag, outputdf] = bintprog(c,A,b,[],[],[],options);

options = optimset(’NodeSearchStrategy’,’bn’);

[x, value, exitflag, outputbn] = bintprog(c,A,b,[],[],[],options);

fprintf(1,’Optimal solution: ’, x’);

fprintf(1,’%d ’, x’);

fprintf(1,’\nValue: %d\n’, -value);

fprintf(1,’Nodes with depth-first: %d\n’, outputdf.nodes);

fprintf(1,’Nodes with best-node: %d\n’, outputbn.nodes);

Fig. 12.10 |,�LZCR6- bR MATLABn;/:^�^d��g}���^SKQN�L.W=|�!:)-V�LSKf, ǫ QN�*,R�Lw\��.SU8e5Æ�[��BI8�=F0SF=LR| β(Sk) ≥ ν∗ �Æ[` P (Sk) ��J b�
β(Sk) ≥ (1− ǫ)ν∗Ut�
ZÆ!:�^/��N�Lt�W=R|ÆE!:B�L.=|R}�[�l#Æ!::^;F\mFDR[��!:QNR�,tR59R����IDÆ���[D3F,tOkÆE5������Æ!:E4E��g}R�T7w�

Example 12.8  C.3w,!:u��8�R6- bU�:�? AMPL|,�
max 10x1 + 7x2 + 25x3 + 24x4

s.t. 2x1 + 1x2 + 6x3 + 5x4 ≤ 7

xi ∈ {0, 1}p
R b:�< MATLAB ,Rbintprog|,Æ�
ZR�Ln;Uw
12.10 M��n;��}ZCRÆ���Q<!R�\�w�Rsl�Z�.^d�Æ!:	<uu=:2Yw�Æ�Z�.^d	<�W~w\�m�RslI�}�
=�R#CmÆ<optimsetfs�Loption{X�!:�:�3NÆ~Lm��VB�T6M�
>> knapsack

Optimization terminated.

Optimization terminated.

Optimal solution: 1 0 0 1
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Value: 34

Nodes with depth-first: 9

Nodes with best-node: 7���NWNR|ÆQ�E��W=|ÆBI,�Rw\:YK�JR	<
linprog Z��g}��}B$R|��I�L|5���!�FO::^,Æ0�yz9�|Æ)-!:Dm	<ZCD��*,Æ!:�:�|,RO; b (P0) �wq=�R�� b�
>> options = optimset(’LargeScale’, ’off’, ’Simplex’, ’on’);

>> A = [2 1 6 5];

>> b = 7;

>> c = - [10 7 25 24];

>> lb = zeros(4,1);

>> ub = ones(4,1);

>> [x, val] = linprog(c,A,b,[],[],lb,ub,[],options)

Optimization terminated.

x =

1.0000

1.0000

0

0.8000

val =

-36.2000!:3NTK�� 36.2Æ��WN� 34R�Lj}�G;!:��W=�ÆTKR!#�z�I�ÆQ* x4 ��,�!::�z	J b P1 Kq���LI�Æ�, x4 = 0Æ�J b P2Æ�, x4 = 1�F!::|, P1�
>> Aeq = [0 0 0 1];

>> beq = 0;

>> [x, val] = linprog(c,A,b,Aeq,beq,lb,ub,[],options)

Optimization terminated.

x =

1.0000

1.0000

0.6667

0

val =

-33.666!::�3N?F��RW+Æ|XXXv�|, P2Æ!:QN
>> Aeq = [0 0 0 1];

>> beq = 1;

>> [x, val] = linprog(c,A,b,Aeq,beq,lb,ub,[],options)

Optimization terminated.

x =

0.5000
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1.0000

0

1.0000

val =

-36�H=��m3�XQB�xÆM�!:0�m��ÆyzJ b P3Æ�, x1 = 0Æ�J b P4Æ�, x1 = 1��S�3N P4 yz,| x1 =
x4 = 1Æx2 = x3 = 0ÆB� 34�=!::�N� P1Æ)��F}LE�LJ b[^yzW=|�E�Æ!:!6B�	ÆE)�J b P3 yz��L[8R�,|�
>> Aeq = [0 0 0 1; 1 0 0 0];

beq = [1;0];

[x, val] = linprog(c,A,b,Aeq,beq,lb,ub,[],options)

Optimization terminated.

x =

0

1.0000

0.1667

1.0000

val =

-35.1667!:ÆNs�RL)��� x3 = 0 R��Æ!:QN�L|Æ�� 32Æ�
x3 = 1 yz�L[:dR b�!:6-,B℄LHTÆ���S��)-ÆYKALw\ÆÆ!:��EWN|R�� 34�<!N4t5�w�k�YK 24 = 16 /:^|�0�R�X4 AMPL n
\�s�:�09�3N AMPL/ CPLEX 	<����w\�
ampl: model Knapsack.mod;

ampl: data Knapsack.dat;

ampl: options cplex_options ’mipdisplay 2’;

ampl: solve;

CPLEX 9.1.0: mipdisplay 2

Clique table members: 2

MIP emphasis: balance optimality and feasibility

Root relaxation solution time = 0.02 sec.

Nodes Cuts/

Node Left Objective IInf Best Integer Best Node ItCnt Gap

0 0 36.2000 1 36.2000 1

* 0+ 0 0 32.0000 36.2000 1 13.12%

* 34.0000 0 34.0000 Cuts: 3 3 0.00%

Cover cuts applied: 1

Implied bound cuts applied: 1

CPLEX 9.1.0: optimal integer solution; objective 34

3 MIP simplex iterations



�u=�R��g}�� 517

0 branch-and-bound nodes�n4:^\�Ut!:YtMDW+Æ:��S�Y3NÆ1 H� 3 H[^p�s9Æ)�N:RPS�� 8�u�:<RMD�)-Æ!::�fPW+�
x1 + x3 ≤ 1,�j^K�;D�TGRÆEwq=� b�[�TG�p
ROkÆ!::�fP�8W+ib�
x3 + x4 ≤ 1

x1 + x2 + x4 ≤ 2�/9PRW+rZ2=[S�ÆQ^P$0 LP=� bQNRF}ÆjT CPU ^D�V�Ut!:�w MATLAB ,|, LP =� bÆPV�℄L2=[S�ÆQN
>> A1 = [2 1 6 5; 1 0 1 0; 0 0 1 1; 1 1 0 1];

b1 = [7;1;1;2];

c = - [10 7 25 24];

lb = zeros(4,1);

ub = ones(4,1);

[x, val] = linprog(c,A1,b1,[],[],lb,ub,[],options)

Optimization terminated.

x =

0.3333

1.0000

0.3333

0.6667

val =

-34.6667!:3N2=[S�U�P$=� b�=!::�P{�W=|[:^�u 34Æ)�IbMBR5,q�,�AMPL/ CPLEX ^Zq<�L��NgbR[S�Æ�\m��g}RFD�4�Kkz	R[S����)?Æ!:RTK�)I:dKÆ	:^t�,|Ru-�ES)I?�[�ÆRÆ)��yzBS)I��0�R�s�:^< MATLABYtj��#RrJÆ[�MBR2=[S�q��ÆB<RÆ�JjBT��GR�j�RrJ,Æ!::�)NW:�R,�,m�-R4_u�!:!1:$a����Jj:=	�L��g|Ru�,����R[<�z	A�,R|��L:d|�Ut*�~Æ�gaE=L|�<XI8�>Rj���j{ ILOG CPLEX PM,Æ7I`3N�L`� (*) RdÆ�!�F?Ku�,�=��L℄R=L|�I`3N�LP� (+)Æ�!�FO�:����=R�!:B:^'g/ER;o&V���ÆUt!:<OXw��LW=|ÆE;o&V�"0M8$SÆE�Iwq=��[Z�RÆ:^)QN�~R|���L:�q<ROm��^?KÆt8Xg�[�O�
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12.4 �u=�R���D�I�L��g}�u�kRkt[^yzWN|0.W=|Æ!::��<�LIA������!:aT��L�~R|�{FL�℄gR b'g�L℄rR���:��D�ÆB:R�Æ3F�"Om�d�Ti;�fÆ:^)yzl�	<P�g bR~R�����^?KN���2 	��dQ*�:a�X|,b) b�N:W���j^=� b0�RÆE�ÆITK��u�ÆN:�:��<Fwq�Agm���^?KD�I�Ag_u�m��B<R�3;RE��ouoP�L�^RGkX;f��R|�5��Lo<R=� b

min
x∈S

f(x),g#��Lj^= S�Ng�L:d| xÆN (x) g#�ouN x �P�VZCRGk�/Q�K�[pRGk)yz[pR�K{X�WZCR�^?KD���^;f�Ng�LI�R| x̄Æ9sR|
x◦ �=L|R�KmslÆ�


f(x◦) = min
x∈N (x̄)

f(x)Ut�K{X N (·) SZZCÆj�RWQ� b:�ou2�?K|,ÆUt!:�w9��NqNR|Æ!::����q~R;f���;DÆ!:B�K{XRS��X=X~�D�RS��VR<	�Ut
f(x◦) < f(x̄)ÆDÆ x◦ :r&�℄RI�|Q*04:u��Ut f(x◦) ≥
f(x̄)Æ:D�l���L:^RI��I�|R�K�d^�?K�N�N�L;�R|��/��rZZ�;�Æ)��N�L℄R|�[<?KL�K��K{X�I bBeR�j^=� bR0M8ÆrF�L�K{X:^)B{ZC��rX4ÆH;MDR b,Æ|,R(��?sgHTRJ=L���K:�oul#I�J=,RHT�[�℄RHTyz��"R��I�m� b,Æ:�5��.�ZI����ÆrF�L/EBSR�KQ[IO3�XX4�ÆÆ)�Dm<!�'ib�wqI�R0M8Æ�L��℄RQ���=��!::�yzB�\ou�rgR�J�k\ÆE!:Dm�N�/��Xsl℄~�{F�LTKÆ�'gkUm��f` [?] Be�Q��R1<��L3;RE�o}��S�1<RÆEOB�L7�R?\�:D�o}l��^�B{F�K{XRW=|��P!:<_u�|,�uTKz,��{p
RQZ��
RÆO)��;�Gk [? ∆f =
f(x◦) − f(x̄) < 0] :t�����E??V�^W=|Æ!:Dm�=��Qr�
2�LGL�8�B{gROm��_,Æ�L�~RLg�U&k�V��L# bR�ÆBSR���



�u=�R���D� 5198�,!:g�n℄L�^?K��Æ<X;+�^aER��g�I_{.R�^;�Æ�I?K��%D��I_{. ���Æ��;+�^9QR bÆ!:Dm��TBOmR��t�[aEGkÆ?{ ∆f > 0 RGk�I_{.�3F	;WQ�Rj^=��(k5q,R^�WQ�Rgz��^;�m�d��IO!℄ttR(k5q�6B�^!V�Æ5q[:^�gR�<B�gR^�QoP�Ut`��L3��LmmÆO)lXm��Itt�qFtt,�[ÆBRÆ-{�u�jR�u8ÆIhy:�	Q5qR^�oP�^�RoPQ:^�zE�0M8��/JjjYR<� P 9,F/QR^� ∆E ��u TÆO!R�G/�\
P (∆E, T ) = exp

(
−∆E

KT

)
,�, K �R�G/},�{.��/Æ�R�ÆouR��R`�00h��/Q}~R�T^�bUB�Ut�u8jTIÆ5q:Q�^^�WQRBUÆRu�yz��E�Ut�Lu�SZ"0Æ?FIhyyzRk^Tk℄n5qZ��^9QÆ:N�}t�=�W=R�L\��!qFtt}JRgzÆI_{.��,I�|R�LGk ∆f <

0 
.�t�R�∆f > 0 RGk��L+0R�G/�\R<�t�
P (∆f, T ) = exp

(
−∆f

T

)�L<��\��L[\�,bB{F ∆fÆ�B9,Ff, TÆ[��L�u�`w 12.11�I|�oP�={��Æt��;fGkR<�)8j�{F�LNgR ∆fÆI�uE�t�<�E�I T → 0 �{�N�L℄~z,ÆQ*�L��I�L�^;��I T → +∞ �Æ<�L�Y�q� 1ÆQ*!:{|AVB�LF�RYK�f, T ℄n�	ou;�0�|Rk��YK|,AVRk��I_{.�����Bggt�mmd?�>B<�R�^;fmm��u:rg�B{ER�
� T1Æ℄4 kÆ-��u� TkÆD�:04	<Æ�N.S�T.�Dm�:�u8jRm�:��h��uL�WZCRh��uL�
Tk = αTk−1, 0 < α < 1�_,Æ��g,�R℄4/��u
g�:9RÆTR;I�uf,��:NItt�	�Q:�RK�1h�m��Qa�X�ÆE�4_uRoPQ[}}3�XUÆ��L�}ZCR{.D�R�d:�U8M��℄4 1. sl�L�
| xold, �L�
�u T1 ��L8jf,

α� k = 1,fold = f(xold)� f̂ = fold � x̂ = xold �M�I8RW=��W=|�
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Df

P( f,T)D

1
T decreasing

Fig. 12.11 {F[pR�uI	;z,oP�:t�<�R0M℄4 2. 0 xold 9�F4sl�L℄b| xnewÆQ{D�TKz,� fnew�℄4 3. r&t�<��
P = min

{
1, exp

(
−fnew − fold

Tk

)}℄4 4. �<� P t�℄|ÆUtt��℄|Æ xold = xnew �
fold = fnew�D�R�ÆQ℄ f̂ and x̂�℄4 5. UtPT.�ib:.SÆml��'m k = k+1ÆO!j�℄4r&℄R�uÆ>N℄4 2�<�Rt��S��=R�P R�+0R�G/�\�DÆ�L+0 0 N

1 R.\�\�F4, U yz�ÆQ*Ut U ≤ P�4.3 w#k�F4,z	Æ�k�:t�R�.�ib:�IU8BeÆW=d?.,�WT�u�0�T�|/�[IRW�℄,S�<!!:[YKLI�|R�K; :���Z�;fgb�Ut�LsR|: -Æ!:I�|R�K,sl��Ls|�Omj�B:^:BpR|� ~.�Ut�K{XSZ"8Æ��[T:^R�/5W~R|�BD�RÆ)�N\�WÆRT�|[D�� NRW~R|�{.D�R�=)-:℄���|AVÆ�K{XÆ�KYKmmÆ�h��VL�:�LEÆPT0M8:��e��y�<�!#jRN=�W=|��yg��bJ[�R℄gÆEOo}:M��A�6B�JR�Æ)��ibk�[)�JR^d�V�D�Æ�LEn��JRr&,Æ�~R|�o}�W=R�:��NR�D�:D�/QE*�|R^d�V��YF bR�



�u=�R���D� 521�I?K II_{.Æ�I?K�3F�K?KRN���D�Æ Z��^9Q�[pFI_{.Æ�I?K�|�/�~J�~R|R?K����I?KR3;8E�Æ�slI�|R�K N ,W~R|[�℄RI�|Æ?	�!�FoP�	;�Ut!:#F�^WQ�Æ�!�Ft��;fGk��L3;E�R b�:^)�=v �Ut!:�w��KslWN|Zj�^WQÆ�:^R0M�t8XRd?,%#N�^WQ�Æ)��:^�℄R�K,W~R|�����v Æ!:Dm��045�|��/���g�� uR|G�8X�E���H�℄5E��RÆ)��fgR�L,Yts|k�Z=�R[ÆQ~R7!��G�W�� R|��L�JRsl��5!�T|R'gÆ0M�PRGk; �T'g:���I�rUÆ7�L℄4sgRGkR�Jq:KG��I�5��L�q>��I�R*,m� b; Ut!:#k�I� xiÆt8XA.d?,Æ!::^)��{�LI��dL�Gk�[��/d?��Æ�L|R�I'g:^�TKz,R���_,Æ�/ÆW�A.R�I'g�E?v �D�RÆ�=�/,!{XR����I�L��IM}D�R3;��:�A)U8�℄4 1. sl�L�
| xcurÆ�L�I�L~u� k = 1, f̂ =
f(xcur), x̂ = xcur�℄4 2. FD�^ N (xcur)�	<�K℄["��I�LR|Q℄I�R|�UtD�R�ÆQ℄I8RW=| x̂ �I8RW=� f̂�

Step 3. g℄|R'g0�1<GkfPN�I�L�
Step 4. UtW=Rd?.,:NÆml��'m k = k + 1Æ>N℄4 2�k�<!R�Æ[pFI_{.D�Æ�L$;R�I?KYKT�|RL�K�3;R�I?K��/WN;fRw�Æ�[��:;fb�E�Æ�'�K�\mFD7B�:^R�BAL b�;��k�5�RÆ�H�=�LBS�ESRD��O:�BI℄gR b��LEED�^?KN����o<RÆEB�gR�u�o<g��D�R��%D� [pFI_{.��I?KÆ�%D�#kR��V|�[�CL\��L!#j4ÆO� 6.2.4 wC*?K���B<R�E�3Fz(��Rz5���m�7L|<�&,L0L*L���&*�X�F4��4'��/��4'�vIÆ�&*�,R�L'g:L!s,Q<�K{Xi;�vIIo}R�^?K4'��}B<ÆE!B��/4'��%D�℄BR�ls�ls4',ÆI�V|=R~N�:slQ*�P/���Q�Ng~L*�&Æ!:sl�L�z\��& k



522 �u=�Q*I8��
�Q*�&�
{
x1, x2, . . . , xk, xk+1, . . . , xn
y1, y2, . . . , yk, yk+1, . . . , yn

}
⇒
{
x1, x2, . . . , xk, yk+1, . . . , yn
y1, y2, . . . , yk, xk+1, . . . , xn

}[pRI��:^RÆrUÆ:�q<.lsÆ��)B~Lz\:�slXZls�|=7.d?�:Q℄Æsl�W~R�LXI(�ls�FW~RLz58X�:��[�BggY3FTKz,R�XslW~RLÆ��q<F4sl4'�E?g�l{�L�^W=|��%D�:�I�^?Km��; �LE��q<�%4'ou�^;�?K��w��V�
\��%D�RE�?gB�~R tX|,BI4_R b�EE;R[S�#�k�BI�R��a^a�W~Rm��WNR,�f,r&Xm��I4'��g��R t�ou���RR�%D���t?KR#C�E�ÆOSu� MATLAB =�R#CRS^��u[s#<z℄
• ,�,m���L=�Rf5 [?]�Q�R#k��Æ-RKkI�P$R�u [?]�
• ,�,m�IbHyV�hk,R	<�XXX�R�b~�R7bÆ-R [?], [?], [?], [?], [?] � [?]�
• ���Rp`#<Æ:�f5 [?]�
• AMPL J� [?] BA+�
• [?] ,[���Lbg,�V�R=� bR=�=�C(� [?],|,�IbSu�N����
• 0QlTR��|=�=�D�6ÆROmf`ÆrU [?]�
• {�I?K�uVRY[f` [?]��|�L=�=�R1<�pf` [?]�
• eF�%D�R# [?]�=�=�R1< [?] ,BA)��%HR
• AMPL R�x�http://www.ampl.com�
• �:�3�http://www.ilog.com�
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• N����=�-/RD�3 ÆOptQuestÆ?F�
-g�=	n���R#-,Æf`�http://www.optquest.comÆ:R#�:1<NV�hkR bj��
• �%D���t?KR#C (Direct Search toolbox)  MathWorksR�xBA)�http://www.mathworks.com�
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Appendix A
MATLAB G��n

!:�mN�R� MATLAB R3 ��<�ÆUteE�=��|Æ:�f3 MATLAB R<��o�e:� MATLAB RH'D,aVdemoXt3`Aa:RR#CRrJ�:9�{F;#A)R MATLAB S^�d�4EÆ;#aT�"8RA�KÆUts�{F�;#,RP#?'y[EB:�t3A�K�
A.1 MATLAB  �
• MATLAB ��Ll��RFD �Æe:�!VL:�/Q?�R^D{t�

>> rho = 1+sqrt(5)/2

rho =

2.1180aVUjRHÆ̀ p��g#�rhoI�QfPNI�R �Æ:I�:��NL�L:�,�d-<�
• MATLAB ,B�L"8RMg#z,=Æ|� MATLAB RH'D,aVhelp elfun�help elmat�help ops�:��M/Q MATLAB ,Be�S,tz,��
j[�^D*RBe_0�7LMg#z,qB�LA*9�

527
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>> help sqrt

SQRT Square root.

SQRT(X) is the square root of the elements of X. Complex

results are produced if X is not positive.

See also sqrtm, realsqrt, hypot.

Reference page in Help browser

doc sqrtI`�O`Aa:Rz,RG�ÆEQNBe:z,R�N_0Æ-�:�	<helpH�'mÆ:�|�	<lookforH�
>> lookfor sqrt

REALSQRT Real square root.

SQRT Square root.

SQRTM Matrix square root.:�3NlookforH<F?KXTA*9�K,-x'gL*&Rz,Æq℄$;R MATLAB -x�L=�RA�KÆ:�ou
MATLAB RH'D,aVdoc� �
• MATLAB {F=QX�DAR�Pi�pi MATLAB ,�[pR�

>> pi

ans =

3.1416

>> Pi

??? Undefined function or variable ’Pi’.

MATLAB ��L3F�
R ��G�J�ÆJ���
�3;R,!{XÆ�Q4_R,!{XW℄$;R MATLAB ,B�n�MATLAB,B�t#kJ���
Rz,�^D*�e:���U8��!Vd��J��
>> V1=[22, 5, 3]

V1 =

22 5 3

>> V2 = [33; 7; 1]

V2 =

33

7

1!::�<!Np�����VR6MÆÆ��<F.��d�j�RrJ,Æp��:s!VRÆ!::�!VV1=[22 5 3]QNp
RJ��
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• who �whosH:�<XYt<�I�RR[ �,g#RI�Æclear
commandH:�.�I��
>> who

Your variables are:

V1 V2

>> whos

Name Size Bytes Class

V1 1x3 24 double array

V2 3x1 24 double array

Grand total is 6 elements using 48 bytes

>> clear V1

>> whos

Name Size Bytes Class

V2 3x1 24 double array

Grand total is 3 elements using 24 bytes

>> clear

>> whos

>>

• e�:�	<��X���LL:�R^D{tR�R!��
>> V1=[22, 5, 3];

>> V2 = [33; 7; 1];

>>I!:#k=b�
�0�d MATLAB G����!��}0��
• e�:�U8!V�
�<!�����Æ�R6M�

>> A=[1 2 3; 4 5 6]

A =

1 2 3

4 5 6

>> B=[V2 , V2]

B =

33 33

7 7

1 1

>> C=[V2 ; V2]

C =

33

7

1

33

7

1



530 MATLABG��n!�<!�8HRSt�
>> M1=zeros(2,2)

M1 =

0 0

0 0

>> M1=rho

M1 =

2.1180

>> M1=zeros(2,2);

>> M1(:,:)=rho

M1 =

2.1180 2.1180

2.1180 2.1180

• �� (:) <X�M?d�L�
RK-R^�JK-�
>> M1=zeros(2,3)

M1 =

0 0 0

0 0 0

>> M1(2,:)=4

M1 =

0 0 0

4 4 4

>> M1(1,2:3)=6

M1 =

0 6 6

4 4 4

• ℄L\ (...) :<FXV�dH�CiHR#d�
>> M=ones(2,

??? M=ones(2,

Missing variable or function.

>> M=ones(2,...

2)

M =

1 1

1 1

• zeros �onesH{F�
��
�M�w℄5N�
�B<Æ�
:�aES����jÆI`N�L�
RP��&�w�L�*:�&��d0�R��ÆMATLAB )Kka�
R=QÆE��
:^)��q�Æ1	�E?-/0M�
>> M = [1 2; 3 4];
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>> M(3,3) = 5

M =

1 2 0

3 4 0

0 0 51I��Æ�/
-R℄5hk��L.Nd�O:^)oP
-gÆO�:^	a�QZ�
• [] ��LAJ�Æe:�<OXd�J�
�

>> M1

M1 =

0 6 6

4 4 4

>> M1(:,2)=[]

M1 =

0 6

4 4AJ�R��L<#�:�<X%[NMf,�[pF�NG�J�ÆMATLAB #kz,R!Vf,BI
-�Qr!:B�Lz,fB℄L!Vf,ÆKDz,a<��f(x1, x2, x3)�Ut!:a<z,	<�L!Vf,f(x1)Æ?mRf,)<NM��IDÆN?mR!Vf,3HNM�Æ�[)Kk�zÆz,Dm��Be���dGX�s�:�	<z,G;�<0 MATLAB RMg#z,Xt3#U��=�=Qr!:�E!VZ�L�Z℄Lf,Æ;D[^ZCRa<z,	<f(x1, x3)�Æ)�x3):�wNz,RZ�L!Vf,�E��=!:E�RÆ:�	<AJ��f(x1,[],x3)�
• �
R>&�B��Be�
R�,*�B��4 MATLAB ,�S��=�

>> M1’

ans =

0 4

6 4

>> M2=rand(2,3)

M2 =

0.9501 0.6068 0.8913

0.2311 0.4860 0.7621

>> M1*M2

ans =

1.3868 2.9159 4.5726

4.7251 4.3713 6.6136
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>> M1+1

ans =

1 7

5 5

randHyzF4�
Æ�N�.\�\ (0,1) 6V�
• \.R	<:�6LN�Rj[�
�

>> A=0.5*ones(2,2)

A =

0.5000 0.5000

0.5000 0.5000

>> M1

M1 =

0 6

4 4

>> M1*A

ans =

3 3

4 4

>> M1.*A

ans =

0 3

2 2

>> I=[1 2; 3 4]

I =

1 2

3 4

>> I^2

ans =

7 10

15 22

>> I.^2

ans =

1 4

9 16

• JK-:�<XfsJ�ÆrUÆFDu��
>> 1:10

ans =

1 2 3 4 5 6 7 8 9 10

>> prod(1:10)

ans =

3628800

>> sum(1:10)
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ans =

55e�:��TL:�,�g℄~=Q�
>> 1:0.8:4

ans =

1.0000 1.8000 2.6000 3.4000℄~��:��7R�
>> 5:-1:0

ans =

5 4 3 2 1 0

• 2�^D*R��L<#:�B/�LJ���J��
>> V1 = 1:3

V1 =

1 2 3

>> V2 = (1:3)’

V2 =

1

2

3

>> V1(:)

ans =

1

2

3

>> V2(:)

ans =

1

2

3ou>&$�/Qp
RStÆ��GX?'	<sizez,XYt�
R�,�
>> [m,n] = size(V2)

m =

3

n =

1

• <!℄ I�Inf�$2=�NaN�[�,R	<�
>> l=1/0
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Warning: Divide by zero.

l =

Inf

>> l

l =

Inf

>> prod(1:200)

ans =

Inf

>> 1/0 - prod(1:200)

Warning: Divide by zero.

ans =

NaN

• {Fj[�
B<Rz,�eye, inv, eig, det, rank�diag�
>> eye(3)

ans =

1 0 0

0 1 0

0 0 1

>> K=eye(3)*[1 2 3]’

K =

1

2

3

>> K=inv(K)

K =

1.0000 0 0

0 0.5000 0

0 0 0.3333

>> eig(K)

ans =

1.0000

0.5000

0.3333

>> rank(K)

ans =

3

>> det(K)

ans =

0.1667

>> K=diag([1 2 3])

K =

1 0 0

0 2 0

0 0 3



MATLAB � 535!:1:<!diagz,R.0<��Iz,!V��LJ��ÆOfs�L�
�Iz,!V��L�
�ÆO�%�LJ��
>> A = [1:3 ; 4:6 ; 7:9];

>> diag(A)

ans =

1

5

9

• BTz,��j[�
�
>> A = [1 3 5 ; 2 4 6 ];

>> sum(A)

ans =

3 7 11

>> mean(A)

ans =

1.5000 3.5000 5.5000WÆ�LrJ:�*9k|�
sl6ÆRk?�Ut�
-x�LF4I�R
;Æ!:�FD
;.�Æ1:�p,!	Q�{1I�Æd{1I�V��D�Æ�:��g�Tz,�PL�u�dj[�
>> sum(A,2)

ans =

9

12

>> mean(A,2)

ans =

3

4��LB<Rz,:�FDfFP��
>> cumsum(1:5)

ans =

1 3 6 10 15

• Ag��V MATLAB ,�S�4|�
>> A = [3 5 -1; 9 2 4; 4 -2 -9];

>> b = (1:3)’;

>> X = A\b

X =
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0.3119

-0.0249

-0.1892

>> A*X

ans =

1.0000

2.0000

3.0000

• �Lz,RS��^d�V:�	<tic�tocz,�dYtÆU8�
>> tic, inv(rand(500,500));, toc

Elapsed time is 0.472760 seconds. A.3 w,!:g3NU�	< MATLAB ?'XFD4_z,�D�ÆIz,��LB{ZCRL:�Æ:�<QP�tR��Xg#z,��/:dR���<inline℄vz,4'Æfs3FL*&Rz,�
>> f = inline(’exp(2*x).*sin(y)’)

f =

Inline function:

f(x,y) = exp(2*x).*sin(y)

>> f(2,3)

ans =

7.7049<!\^DR	<�B/z,��J�!VÆinline℄vz,:�KkBg!Vf,RGL�3pÆUtE�;If,3pÆ:�N�EBRf,�L�
>> f = inline(’exp(2*foo).*sin(fee)’)

f =

Inline function:

f(fee,foo) = exp(2*foo).*sin(fee)

>> g = inline(’exp(2*foo).*sin(fee)’,’foo’,’fee’)

g =

Inline function:

g(foo,fee) = exp(2*foo).*sin(fee)

• ℄vz,inlineRd?���<z,&Oj[*@�
>> f = @(x,y) exp(2*x).*sin(y)

f =

@(x,y) exp(2*x).*sin(y)



MATLAB � 537!:3N�Lj[*:�0�LL:���K��z,1�@j[*g#aGz,,��B<Æ:�<X%[N�z,[�!VREuz,�rUÆFD5�04|�Ag��V�!:�:�bgPT!V[�f,/Q�B}G!VRz,�
>> g = @(y) f(2,y)

g =

@(y) f(2,y)

>> g(3)

ans =

7.7049�;#,Æ!:A�g��<�
ÆE MATLAB �R�u,-x�N��,!{X�!::�#kL*&�<-��K�>BL!KR{X����structs��
>> p.name = ’Donald Duck’

>> p.age = 55;

>> p

p =

name: ’Donald Duck’

age: 55{X}:z,<X�!�,!���ÆE?u�R!�f,�
• N,�
:�<X�=~u[pRJ�RV��Æo�
$��=�

>> M = cell(2,1);

>> M{1} = [ 1 2 3 ];

>> M{2} = [ 4 5 6 7 8 ];

>> M

M =

[1x3 double]

[1x5 double]

>> M{1}

ans =

1 2 3<!�m	<R�=R��[�KDQR���
1I!�
Æ#B�\k�FD40,t6�Rs�)�=�L*�� λ5�,R*�g<�
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A.2 MATLAB w
• +'�LCI�Rz,��S�R�|�8�RH�

>> x = 0:0.01:2*pi;

>> plot(x,sin(x))

>> axis([0 2*pi -1 1])

axis H:<Fa+w3R=QÆB�5�R��:��d+wKG�
• [pgbR�w:�ou	<plotR:sf,�=Æ>U�

>> plot(0:20, rand(1,21), ’o’)

>> plot(0:20, rand(1,21), ’o-’)

• surf H:�+'℄�L��
>> f = @(x,y) exp(-3*(x.^2 + y.^2)).*(sin(5*pi*x)+ cos(10*pi*y));

>> [X Y] = meshgrid(-1:0.01:1 , -1:0.01:1);

>> surf(X,Y,f(X,Y))BT|�k��m4EÆsurfz,DmB℄L!Vf,��
Æ�M{1��jR x � y \KÆ�>z,��z 3��L�4�!:��Rz,GX�k�^t��
!VÆ�
	<\^D*�D[:mR�6B\^D*.Æ!VR�
g:��Ag?,^Dd���Æ�[��N�R^D�meshgrid z,:�<Xfs~L\K�
Æ!:	<�LQmIRrJXk|�Lz,R	<�
>> [X,Y] = meshgrid(1:4,1:4)

X =

1 2 3 4

1 2 3 4

1 2 3 4

1 2 3 4

Y =

1 1 1 1

2 2 2 2

3 3 3 3

4 4 4 4!:3N{F��jR7�L\Æ!:QNR�
-x7�L\K�
• <�LQ�JRrJX{+-w�+'KD3|�<R\W; - 69�6�Black-ScholesRJÆN�P T ��0�j��Æ�
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Fig. A.1 �N�P�KRHy�
RJ�z,R3|�<RRJ�RJ S0 �� 30 N 70Æ�dRJ K = 50Æ$%<q� r = 0.1ÆTk� σ = 0.4Æ8�RH+'w A.1 ,RL��
>> T = 1:-0.05:0;

>> S0 = 30:70;

>> K = 50;

>> sigma = 0.4;

>> r = 0.1;

>> [X,Y] = meshgrid(T,S0);

>> f = @(time,price) blsprice(price, 50, 0.1, time, 0.4);

>> surf(X,Y,f(X,Y))IDÆ!:�m�6RXK MATLAB �QR#CRblspricez,ÆO�:�IRGX℄n�
!V�
A.3 MATLAB G�
• MATLAB R#CSu� MATLAB ℄�RWSgÆR#C?�T�	<
MATLAB G�J�GXRz,V	ÆO:-x M- �b,�*�;�bÆSuG�*.m�< MATLAB G;�<0�T�bXt3�T#B�+g�
-gR?'�U�GXR��#B�M!#�
• e�:�GXKBRz,Æe�k<0 MATLAB G;�/5GX~R�b5� MATLAB ��,RPLT��
• �LZCRz,u�w A.2 ,��Lz,-xz,s�g!V�
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function [xout, yout] = samplefile(x,y)

% a simple M-file to do some pointless computation

% this comment is printed by issuing the help samplefile

% command

[m,n] = size(x);

[p,q] = size(y);

z = rand(10,m)*x*rand(n,10) + rand(10,p)*y*rand(q,10);

xout = sum(z);

yout = sin(z);

Fig. A.2 Typical structure of a MATLAB function.!�f,Æ<!�!�f,�=��Æz,s8�R<���Lz,R*94E�
>> help samplefile

a simple M-file to do some pointless computation

this comment is printed by issuing the help samplefile

commandz,s8��z,R7Æ-x��℄R<��L!R4_C'{X�
• �"0M8Æ̀ :�GX�Lz,Æ�Lz,R�T!Vf,�:sRÆQ*N��NM��|�aV8�RHX3�LZCRrJ�

>> help mean

and

>> type mean.me�:� MATLAB G;�,<0mean.m�b�
• z,7-x�5��Æ�.-R�

– 	<L��NG�J�VpRC'{XÆ>Uif, for, whileSS�
– a<�NMg#Rz,�
– fs3F}`RD(�e5�!;RL:��

• Qr`�GX�L�%� N L�,Rz,ÆMATLAB aT�~LBeRz,N<��primes�isprimez,�primesz,�%QF0SF!V,LRMB�,�
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function p = myprimes(N)

found = 0;

trynumber = 2;

p = [];

while (found < N)

if isprime(trynumber)

p = [p , trynumber];

found = found + 1;

end

trynumber = trynumber + 1;

end

Fig. A.3 �%� N L�,R MATLAB z,
>> primes(11)

ans =

2 3 5 7 11Ut!VR,L��,Æmisprimez,�% 1Æ'm�% 0�
>> isprime([3 4 5])

ans =

1 0 1Eprimesz,Q[�!:k�RÆ)�!:E�� N L�,�w A.3,R?'�=�!:RTK�<!ifJ&g 1 I[���Æ0 I[�Q��
>> myprimes(8)

ans =

2 3 5 7 11 13 17 19�Lz,:��d;f��:Æ=F 2 Ro,?g[��,Æ:�[<Y���.ÆJ�p1:M�w℄5Æ�[�kUa=Q��Tz,=�Æ[|3�
• �L℄bRaE MATLAB ?'S�R���J��Æ!8�1	�E?forv j[J���
RN�Æ�1[��L�dj[��LrJÆ!::�X[pRz,Xfs1�W℄�Hilbert�
��L�
��yw,Rr ?? , (?? �) �nuÆ�N���

Hij =
1

i + j − 1



542 MATLABG��nw A.4 ,!:�nA/[pRz,Xfs N u1�W℄�Hilbert�
�MyHilbDumbz,<~qv Æ6B�
R℄5M�w�MyHilb��<~qv ÆE{!��
M�w℄5�MyHilbV<^�J��Æg7�dI[J�fs�3��F!:X>q�8�℄Lz,RS��
>> tic, MyHilbDumb(1000);, toc

Elapsed time is 10.565729 seconds.

>> tic, MyHilb(1000);, toc

Elapsed time is 0.053242 seconds.

>> tic, MyHilbV(1000);, toc

Elapsed time is 0.063986 seconds.

>> tic, MyHilb(5000);, toc

Elapsed time is 1.245170 seconds.

>> tic, MyHilbV(5000);, toc

Elapsed time is 1.202888 seconds.:�3N℄5M�wR3;[<�J���m3�XQ[��L�}nwR���s�:�{>Yt MATLAB ℄&R�=J��Rz,hilb� MATLAB Rb$;,J��R?'o})>6BJ��R?'S�EÆMATLAB G'�R;�	Q℄$;R MATLAB ,J��PT0M8Q6BX40�ÆEQ[P��
�8�RrJ;�Æq>N�Lz,R�a<�Æ-�J���B<R�
>> prices = 30:0.1:70;

>> N = length(prices);

>> calls = zeros(N,1);

>> tic, calls = blsprice(prices,50,0.1,1,0.4);, toc

Elapsed time is 0.012505 seconds.

>> tic, ...

for i=1:N, calls(i)=blsprice(prices(i),50,0.1,1,0.4);, end, toc

Elapsed time is 0.397540 seconds.

• B<RJ��?'Rj[z,�any�find

>> V = [ 1 3 -4 9 -2 1]

V =

1 3 -4 9 -2 1

>> any(V > 9)

ans =

0

>> any(V >= 7)

ans =

1

>> sum(V<0)
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function H = MyHilbDumb(N)

for i=1:N

for j=1:N

H(i,j) = 1/(i+j-1);

end

end

function H = MyHilb(N)

H = zeros(N,N);

for i=1:N

for j=1:N

H(i,j) = 1/(i+j-1);

end

end

function H = MyHilbV(N)

H = zeros(N,N);

for i=1:N

H(i,:) = 1./(i:(i+N-1));

end

Fig. A.4 ℄/fs1�W℄�Hilbert�
R��
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ans =

2

>> find(V < 0)

ans =

3 5

>> V(find(V<0))=[]

V =

1 3 9 1

• 0� M- �b�Æ�L�}B<RR#�l��a��Æs�:�f3<��o�|Q�7w�



Appendix B<�k�I,kqFBe3 ��
;9�,Æ!:g%a<��If,[FBeR3 ����Q[!�F;9�:�?dBep�ÆUt1	�t3Be��Æf&s�t[BeH��!:g[	<pu<dÆ���6�+�p�Æ!:!gt�eF MATLAB qFR#CRBe	<4E�

B.1 
;AVÆ�bI<�<�g#F4�bR3 jÆ�TF4�b{1F�L
;AV��L
;AV S -x�LF4���zR:^g0�5�F4����L�b E �
;AV S R�LJ=��TJ={1R�b:^�YF�!:MAa:RP/4kÆQO!F4{t:/9R_0�A=� ∅ ��L℄ �b�{FL!�b EÆ!::�5�ORZ=� Ec�?F
;AV
S -RMB:^{tÆ!:B Sc = ∅�NgL!~L�b E1 I E2Æ!:5�O:RQ= E1 ∪E2 Il= E1 ∩E2Æ�Z�*�Æ!:	< E1E2g#l=�Ut~L�bRl=�AÆrUÆUt E1E2 = ∅Æ!:�~L�bB�p��Q�"RÆ!::�5�L!�bRQ=Il=�{F
;AV S ,R7�L�bÆ!:g#�L<�pu P (E)Æ�.SU8℄Lib�
1. 0 ≤ P (E) ≤ 1�

545
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2. P (S) = 1�
3. {FL!B�p�R�b E1, E2, E3, . . .�rUÆ	Q EiEj = ∅Æ{F

i 6= jÆ!:B
P

( ∞⋃

i=1

Ei

)
=

∞∑

i=1

P (Ei)

P (E) + P (Ec) = 1I
P (E1 ∪ E2) = P (E1) + P (E2)− P (E1E2).}!:1	�O�L�b F �z�Æ���L�b E �zR<�Æg#� P (E | F )�ib<�Rg#�1

P (E | F ) = P (EF )

P (F )O!guÆUt!:�O�b F �zÆ℄R
;AV� FÆmDmB1Ya<��WÆÆ!:�~L~L�b�B�rsÆUt
P (EF ) = P (E)P (F ),��uXE!�F
P (E | F ) = P (E)M�Æ{FB�rs�bÆ�O F �bR�zÆ{F�b E R�z<�Q6BL�6F�k�<!R�ÆB�p��bQ[B�rsÆUt!�O�L�b�zÆ?�O���L�b[�z�

B.2 F4I�Æ�	I�vI!:g�L0�LI�R,�I�bBev�Æ:�QNF4I��F4I�:�k|��bN�,0,R8p�o}Æg#�LF4I�	<�L=XLQÆrU X��L℄g�VR�z{1�LF4I�R�Æ	<�LQXLQg#ÆrU x�Dt,g#��[pÆI#k1VLQ�Æ�/���}BS�rUÆ!:	< ǫ̃ g#�LF4I�Æǫ ���J��I X 0�LB�0:,K9�ÆrU�7,Æ!:���j^F
1�Lg#Q[�9�I�b��<��g#$S�eFib<�R#kk�f[Q=�Rp`Æ�T!:[k�D7R�nÆ)-!:g	<���gRg#�



F4I�Æ�	I�v 5474I��{F�Lj^F4I�Æ!:{F7�L:^�=R� xi g#<�>uz,�probability mass functionp(·)�
p(xi) = P{X = xi}!:B

∞∑

i=1

p(xi) = 1!:�:�g#fF�\z,�cumulative distribution functionF (·)�
F (a) = P{X ≤ a} =

∑

xi≤a
p(xi);DÆ{F�Lj^F4I�R�\z,��L�y},Æ�[\z,�

Example B.1 j^<��\R�L℄brJ�f,� λRX=�PoissonF4I���/0M8ÆF4I� X R9��=� {0, 1, 2, 3, . . .}Æ�<�>uz,�
p(i) = P{X = i} = e−λ

λi

i!
, i = 0, 1, 2, . . .!::�Yt�B���L<�>uz,�

∞∑

i=0

p(i) = e−λ
∞∑

i=0

λi

i!
= e−λeλ = 1�JjÆ!:o}	<f, λtÆ�, λ �!:guNRPT�b~u�

t �Vyj�zRA��rUÆ:�{�L�Vyj_�RJ0s>�dJ_<S�RI�fI�UtF4I�R9���Lwq=�ÆrUB}�,AyÆ�� (a, b)Æ0L�,K (−∞,+∞)Æm���LwqF4I���/0M8Æ!:$�g#�L<�>uz,�)��=R��$�*[:,Æ�L#�
X R<�g���2 !:Dm x ∈ (−∞,+∞) g#�L�7<�>uz, f(x)Æ	Q{F�L�,J= BÆ

P{X ∈ B} =
∫

B

f(x) dxmÆ!:B
P{a ≤ X ≤ b} =

∫ b

a

f(x) dx,

2!:[5�j^�\Iwq�\R,�<��\�



548 <�k�I,kqFBe3 ��I ∫ +∞

−∞
f(x) dx = 1�k|�4�<�>u!#Æ5�{F�LqQR ∆xÆB

P{X ∈ (x, x +∆x)} =
∫ x+∆x

x

f(y) dy ≈ f(x)∆x,>u[:�|���L<�ÆE�ORBN��LF4I�9�RpuÆQOk�g#=�R<��!:�:�g#�\z,�
F (a) = P{X ≤ a} =

∫ a

−∞
f(x) dx,P!:R{�3

dF (x)

dx
= f(x)Ng�LF4I�Æ!::�	<<�>uz,0>uz,FDOR�	�expected value�j^0M8Æ!:B

E[X ] ≡
∑

i

xip(xi){Fwq0MÆ
E[X ] ≡

∫ +∞

−∞
xf(x) dx�	^DR�L0�g*�

E[aX + b] = aE[X ] + b

Example B.2 F!:FD�LX=F4I�R�	ÆO!g#QN
E[X ] =

∞∑

i=0

ie−λ
λi

i!
= λe−λ

∞∑

i=1

λi−1

(i− 1)!

= λe−λ
∞∑

k=0

λk

k!
= λ�:�|��ÆUt7LC��VVK�L�b�zR<�� λÆ�LC��VVK�b�zR�	�A� λ�p
OkÆ�L~u� t RVKj�b�zR�	� λt�

3,��\R�\z,I��
ÆE��m!:[5�,��\�



F4I�Æ�	I�v 549�LF4I�R�	�L�\R�L�^puÆE��	Q6BGCeF�\Rj^�u��L℄bRj^�uRpu��v:

Var(X) ≡ E[(X − E[X ])2]�LF4I� X R�v}L�� σ2
X��|R�Æ�v6BIF4I�BpRp�C��)-Æ�}	<R�vR��O σXÆ��KDv�eF�vR�{g*U8�

Var(X) = E[X2]− E2[X ]

Var(aX + b) = a2 Var(X)!::�3NÆI�	[pÆ�v^D��AgR���jÆF4I��R�v�"[SFF4I��vR��
Example B.3 5��LF4I� X 	Q

E[X ] = µ and Var(X) = σ2Ut!:g#���LF4I�
Z =

X − µ
σ

,;Dj)g*!�F
E[Z] = 0 and Var(Z) = 1g#�LF4I�z, g(X) R�	��

E[g(X)] =






∑

i

g(xi)p(xi) j^I�
∫ +∞

−∞
g(x)f(x) dx wqI��0�R�Æ�"��Æ

E[f(X)] 6= f(E[X ])Utz, g �uÆmU8 Jensen’s [S�	s�
E[g(X)] ≥ g(E[X ])I<��\BeR��L3 <d���,�quantile�wq0M8Æ��, qβ {1<�<�0� β U8�
P{X ≤ qβ} = β



550 <�k�I,kqFBe3 ��!:3NÆ��,�U8��R|
∫ qβ

−∞
fX(y) dy = βUt�L��5�L|Æ!::�9WQ�[���,���"<��\ b,[)�zÆ)��\z,:dKj�Ca[oR�j^0M8ÆfF�\z,0�jY�Æ0nM%!:$��N��R|��/0M8�<U8g#���,�	QU8[S�	sR qβ WQ��

FX(qβ) ≥ β

B.2.1 ÆoF4I�.\�\F4, �LF4I�.\�uniform�\6V (a, b)ÆUt�>uz,�
f(x) =

{
1/(b− a) if x ∈ (a, b)

0 otherwise��L℄b�r�6V (0, 1) jR.\�\�;D
E[X ] =

∫ b

a

x

b− a dx =
b2 − a2
2(b− a) =

b+ a

2I
Var(X) = E[X2]− E2[X ] =

∫ b

a

x2

b − a dx−
(
a+ b

2

)2

=
b3 − a3
3(b− a) −

(b + a)2

4
=

(b− a)2
12�,F4I� �,�exponentialF4I����7�Æ�>uz,�

f(x) =

{
λe−λx if x ≥ 0
0 if x < 0,{FPLf, λ > 0Æ�\z,�

F (a) =

∫ a

0

λe−λx dx = 1− e−λa�	��
E[X ] =

∫ ∞

0

xλe−λx dx =
1

λ
,�v� 1/λ2�k�<!R�ÆUt�b�VR�V+0f,� λ R�,�\Æm�b�zRA�� λÆ~u� t R�VyjÆ�b�z.,R�\��Lf,� λt X=F4I��
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−10 −8 −6 −4 −2 0 2 4 6 8 10
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

Fig. B.1 {F.�� µ = 0 �v�M� σ = 1 I σ = 3 RÆU�\R>uz,ÆUF4I� ÆU�normalF4I�9���$}ÆrUÆ�:�pL�,K9�Æ{Ngf, µ I σ2Æ�>uz,��L-z,�
f(x) =

1√
2π σ

e−
1
2 (

x−µ
σ )

2

, −∞ < x < +∞,{FÆU�\R�\z,k�B#C�U�ÆE�5,��<U��f` 3.3.1�PTFD:��EÆf, µ I σ #B�L�Bx#�
E[X ] = µ, Var[X ] = σ2!:	< X ∼ N (µ, σ2) L� X +0Ng.�I�vRÆU�\��LI� Z ∼ N (0, 1) ��C�KDÆUI��

Example B.4 f, µ 6F>uz,W=�R�&Æ��v σ2 0KDv σL�z,RUs�u�!::���~LÆU�\.�� µ = 0��v�M� σ = 1 I σ = 3 R>uz,�
>> x=-10:0.1:10;

>> plot(x, normpdf(x,0,1))

>> hold on

>> plot(x, normpdf(x,0,3))z,7AUw B.1 M��
MATLAB RqFR#C,-xFD7�<��\<�z,R�p�ÆU�\R�L0�g*�ÆUt X +0.�� µÆ�v� σ2 RÆU�\Æm αX + β +0.�� αµ + βÆ�v� α2σ2 RÆU�\�>��ÆZ = (X − µ)/σ ��LKDÆU�\�



552 <�k�I,kqFBe3 ��KDÆU�\R0�g;��`ÆUt!:1	FD�"ÆU�\I�R�\z,0��,Æ3FKDÆUI�RFD��Æ!::�#kQ�"RÆU�\�rUÆ�FDL!�LÆUF4I�R�\z,Æ!::�g�>��KDÆUI��dFD�
N(x) =

1√
2π

∫ x

−∞
e−z

2/2 dzr zβ �KDÆU�\ β- ��,�
P{Z ≤ zβ} = N(zβ) = βO! zβÆ:��NÆUF4I� X ∼ N (µ, σ2) R β- ��,�

β = P{X ≤ qβ}

= P

{
X − µ
σ

≤ qβ − µ
σ

}

= P

{
Z ≤ qβ − µ

σ

}
,!:QN

qβ = µ+ zβσqF,Æ!:}k�FD��, z1−αÆ�, α ��LqQ�ÆrU 0.01 0 0.05�:�	<��R�<��FD��,I N(x) R��
Example B.5 normcdf(x,sigma,mu)z,FD�\z,�rUFD6V (−2, 2)jR�LKDÆU�\R<��
>> p = normcdf([-2 2]);

>> p(2) - p(1)

ans =

0.9545B<R�
>> p = normcdf([-3 3]);

>> p(2)-p(1)

ans =

0.99730,Æ!:3�LÆU�\Æ#6V (µ− 3σ, µ+3σ)�R<��}Q���j{FHy�$�ÆÆU�\��L�QhARIbÆ)��J,5��=KÆrUÆ9w�b�zR<�XEF�ÆU�\{1R<��`�:�FD�\z,Rbz,�>qxIxnewU8�>> x=[-3:0.2:0.3];

>> xnew=norminv(normcdf(x,0,1),0,1);ÆUI�R0�g��RKO:Rn�℄gÆ!RF,^9�gk�central
limit theorem�ZCRiÆUt!:g��p�\RB�rsRF4I�4�ÆFFPPRÆUI�,�R5J$2Æ��5J�LÆU�\�



v��\F4I� 553{,ÆU�\ ?F,^9�gkÆ�LÆUF4I�:��[�LF4I��R9��{,ÆU�lognormalF4I�:��[F4I�5R9��}JYiÆUt logZ +0ÆU�\Æ!:�I� +0{,ÆU�\�0���/��ÆUt X +0ÆU�\Æm eX +0{,ÆU�\�U8U�u��LÆU�\I�L{,ÆU�\f,Re5�Ut X ∼
N (µ, σ2) I Z = eXÆm�

E[Z] = eµ+σ
2/2

Var(Z) = e2µ+σ(eσ
2 − 1)℄MYÆ!:3N

E[eX ] = eµ+σ
2/2 ≥ eµ = eE[X]O! Jensen’s [S�Æ!::��=�,z,��Luz,�

B.3 v��\F4I�I5�F4I�Rv��\Æ!::�f�#kK�IbR����HFk|Æ!:��0M8~��Ng~LF4I� X I YÆ!::�g#v��\z,�
F (x, y) = P{X ≤ x, Y ≤ y}j^0M58Æ!::�5�<�>uz,�
p(x, y) = P{X = x, Y = y},�wqI�Æ�℄�F>uz, f(x, y)Æ{F��jR6K DÆ

P{(X,Y ) ∈ D} =
∫∫

D

f(x, y) dy dxO!v��\Æ{FCLI�!::�zM�F}�\z,�rU
P{X ∈ A} = P{X ∈ A, Y ∈ (−∞,+∞)} =

∫

A

∫ +∞

−∞
f(x, y) dy dx

=

∫

A

fX(x) dx,�,
fX(x) =

∫ +∞

−∞
f(x, y) dy�F4I� X RF}>uz,�p
:�g#�N>uz, fY (y)�
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ÆNg�L-x~LF4Rz, g(X,Y )Æ!:B
E[g(X,Y )] =





∑

i

∑

j

g(xi, yj)p(xi, yj) in the discrete case

∫ +∞

−∞

∫ +∞

−∞
g(x, y)f(x, y) dy dx in the continuous case�O!Ag^DÆ:�3NF4I�AgV�R�	�Æ

Z =

n∑

i=1

λiXi,p
��	�RAgV��
E[Z] =

n∑

i=1

λiE[Xi]D�Æ{F�vÆB<R{t[	s�p
Æ{Fv��\I�Æ�"0M8Æ�L�[	s
E[g(X)h(Y )] = E[g(X)]E[h(Y )]�~��L bÆ!:Dm�+F4I�RBeg0rsg�

B.4 rsÆU�vIib�	Ut~L�b {X ≤ a} I {Y ≤ b} �B�rsÆ~LF4I� XI Y �B�rsÆrUÆ
F (a, b) = P{X ≤ a, Y ≤ b} = P{X ≤ a}P{Y ≤ b} = FX(a)FY (b)��uX!�F

p(x, y) = pX(x)pY (y), f(x, y) = fX(x)fY (y),�M{1j^I�IwqI��UtI��B�rsÆ:�QN
E[g(X)h(Y )] = E[g(X)]E[h(Y )]	s�UtF4I��V5�g�uR�YÆ!::�|�u��/�Y�u�B��YR�Lpu�U�v�

Cov(X,Y ) = E[(X − E[X ])(Y − E[Y ])] = E[XY ]− E[X ]E[Y ]



rsÆU�vIib�	 555UtI� X I Y B�rsÆmO:RU�v���E���Hb[	sÆ)�U�v���Y�uR�/pu�Ut Cov(X,Y ) > 0ÆI XI=�ÆY �5JI=ÆI X IQ�ÆY �5JIQ�Q�B��ÆI X=F�	��Æm Y �=F�	�ÆI X QF�	��Æm Y �QF�	���{t�Æ(X −E[X ])(Y −E[Y ]) R�	�ÆÆ)�~L)J#BBpR*��IU�v�7�ÆB<R{t	s�8�U�vRg*�}B<�
• Cov(X,X) = Var(X),

• Cov(X,Y ) = Cov(Y,X),

• Cov(aX, Y ) = aCov(Y,X),

• Cov(X,Y + Z) = Cov(X,Y ) + Cov(X,Z)�O!�Tg*�0g#Æ:�QN
Var(X + Y ) = Var(X) + Var(Y ) + 2Cov(X,Y ),

Var(X − Y ) = Var(X) + Var(Y )− 2Cov(X,Y )QÆJRÆ
Var

(
n∑

i=1

Xi

)
=

n∑

i=1

Var(Xi) + 2

n∑

i=1

∑

j<i

Cov(Xi, Xj))�Æ{FB�rsRI�ÆI���v�I��vR��
Example B.6 !:}k�	<��ÆUF4I��r

X =




X1

X2

...
Xn


��LÆUI�J�ÆÆUI�R.�� µ Æ�v�

Σ = E[(X− µ)(X− µ)′]mv�>uz,�
f(x) =

1

(2π)n/2 | Σ |1/2 e
− 1

2 (X−µ)′Σ−1
(X−µ),�, | Σ | �U�vRd���UtÆUI��[BeÆm�
 Σ I�b�
q�{o�
��!�F{F7�L Xi >uz,:�:w�rsz,�)-Æ�[BeRÆUF4I���B�rs�



556 <�k�I,kqFBe3 ��v�ÆUI�R���Lg*�ÆO:RAgV�:�z	���Lv�ÆUI��Ng�L�
 T ∈ Rm,nÆTX � m Lv�ÆUI�RJ��U�vR�9,FMq>NRF4I�R=Q�o}Æsl�LBegRKD�puÆBe5,��
ρXY =

Cov(X,Y )√
Var(X)

√
Var(Y ):��ER� ρXY ∈ [−1, 1]�

Example B.7 �Q,}	<BegÆD�Æ0�R�OR��g�5�U8�r�
>> x = -1:0.001:1;

>> y = sqrt(1-x.^2);

>> cov(x,y)

ans =

0.3338 0.0000

0.0000 0.0501�mÆ!:B�LF4I� XÆ�+0 (−1, 1) jR.\�\Æ�LF4I� YÆ�II� X EBBe
Y =

√
1−X2D�ÆU�vIBe5,��Æ?F

Cov(X,Y ) = E[XY ]− E[X ]E[Y ],E� E[X ] = 0Æ?F�{�g
E[XY ] =

∫ 1

−1

x
1

2

√
1− x2 dx = 0ea b�Beg��LAgBeRpu�?F\ (X,Y ) C�Q X2 +

Y 2 = 1 Rj'^�Æ�mBeg��Ag�Ut~LI�[�B�rsRÆO!�LI�R9�Æ!::�/9���LI�R9�_0Æ�8	!:;~�ibg��U!:g#�L�bRib<�Æ!::�g#ib�	��!�FÆ!::��O�L�bÆrU (Y = y)ÆU�6FF4I� X R�\�{Fj^I�Æ!:B
E[X | Y = yj ] =

∑

i

xiP{X = xi | Y = yj} =
∑

i xiP{X = xi, Y = yj}
P{Y = yj}
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Æ{FwqI�
E[X | Y = y] =

∫
xf(x, y) dx∫
f(x, y) dx4|n� b�Æib��L�}BSR����L3 g*��

E[X ] = E[E[X | Y ]] (B.1)��jÆIbg�LF4I�9��ÆQS�#k���LI�����B.1:�;X��
E[X ] =





∑

j

E[X | Y = yj]P{Y = yj} in the discrete case

∫
E[X | Y = y]fY (y) dy in the continuous case�!:�:�g#�Lib�v�

Var(X | Y ) = E
[
(X − E[X | Y ])2 | Y

]{Fib�vÆU8U�	s�
Var(X) = E[Var(X | Y )] + Var(E[X | Y ]) (B.2)�TU�:�ouibFD�vÆE��!�F

Var(X) ≥ E[Var(X | Y )]

Var(X) ≥ Var(E[X | Y ]),O!g#Æ�v��L�7,�;℄/ I_�f`Z 4.5 w,:�1<�Tg*jT�v�;w{+�Æ!:E��R���n��W3 Rib<���Æ�T��XRF℄R<��p`�Ut1	q�uVR~�ib<�Æ1[sf5�>�
B.5 f,[F<��,Æ!:Qr���VF4I�R_0Æa�eFPT�b<�R bÆeF�TI�z,R�	�D�Æ�|;Be bÆrUL<��\Æ�k�R_0�}/?Æw$o}���	�I�vÆDmou
;_0�d[F�
;,!:�XRF��Æ}�rUÆ_�RJ0XRF;℄/ I_�o}!:k�[FRf,��	��v0U�v�
�-�Æ!:!k�u�[FR:6g��LF4
;:��[�L+0Bp�\Q*B�rsF4I�R=� X1, X2, . . . , XnÆ�TI�0p�L3 �\,�9R�PR�	��
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µ I�v� σ2Æ!:1	�kY{��d[F��L�gR���	<
;.�[F µ�

X̄ =
1

n

n∑

i=1

Xik�<!R�Æ�	���L��,Æ)-
;R.���LF4I�����L��R[FÆP/!#j��$~[F�
E[X̄] = µ!:QNR
;X�X~Æ?[F�v[\�

Var(X̄(n)) =
1

n2
Var

(
n∑

i=1

Xi

)
=

1

n2

n∑

i=1

Var(Xi) = σ2/n�LzM,k�k|R�Æ!:Qr
;B�rs�Ut
;Q�B�rsÆ�/zM��:^M%[FR[Bgg�4 eFWÆ�LU�ÆUt n 5J$2Æ�vR[F�5J��)-ÆPT!#jÆ
;.�1:�5J����	���	<�BR,t������\Æ!:-VF4�yR<d���jÆ=,g��law of large numbersB~/H�Æ[I$Æ9,F	<RF4�yR/g�!:[uV~��L bÆ�0�gou�dk|�O!,^9�gkÆ
;.�#B���LB!#Rg*�ZCRiÆFF
;,�Ro~ÆX̄ 5JÆU�\�Q}J!#jÆ
X̄ − µ
σ/
√
n

(B.3)R�\5JÆU�\��QN�L�<ÆU�+k��m
;,�Æ9,F Xi R�\�UtO:�ÆU�\Æm
;.�P�ÆU�UtO:�{�Æ�k��T
;?:�UtN:��{��-WRÆmk�=�
;�;#,�[��L bÆ)�!:�g�T8�<F;℄/ I_ÆI_,
;,�	�j��!:1:b.%a�T8EI{�q�fs
;B�rsR3 jR����LZ�#kR b�Æo}�v�����Ut!:�O µÆ!::�ou�.jv��[F σ2�
1

n

n∑

i=1

[Xi − µ]2)�!:Dm	< µ R�L[FÆσ2 R[F�
;�v�
S2 =

1

n− 1

n∑

i=1

[
Xi − X̄

]2

4eF�\RuV~�Æf` [?]�



f,[F 559k�<!R�)J 1/(n− 1)Æ�3;j?F	<�L µ R[F�:��ER�Æ�QN$~[F (E[S2] = σ2) !:k��L)J�oug<RL:�Æ!::�[F~LF4I� X I Y �VR�v�
SXY =

1

n− 1

n∑

i=1

(
Xi − X̄

) (
Yi − Ȳ

):��EÆE[SXY ] = Cov(X,Y )�!:p
:�[FBe5,�
rXY =

∑n
i=1

(
Xi − X̄

) (
Yi − Ȳ

)
√∑n

i=1

(
Xi − X̄

)2√∑n
i=1

(
Yi − Ȳ

)2

MATLAB :��d�TL)�MATLAB 3;�RaT�T3;z,�PTE�z,k��AqFR#C�
Example B.8 meanz,FD
;R.��rUÆF!:	<normrndz,z	�5�B�rsR+0ÆU�\R,!�5�
>> randn(’state’,0)

>> x=normrnd(2,3,1000,2);

>> mean(x)

ans =

1.8708 2.1366

normrndz,R�~Lf,�ÆUI�R�	IKDv�Æ�~Lf,�g#z	�
R=Q�!��
Æ��L 1000d 2 �R�
Æ? 1000L~�F4I�Æ.�FD��
7�.�������4FDQN~L.�Æ7L.�{F,!�
�L�J��cov(x)z,FDU�v�
�Qr,!�
7�{F�LF4I��
>> randn(’state’,0)

>> x=normrnd(10,2,10000,4);

>> cov(x)

ans =

4.0091 0.0480 0.0204 -0.0457

0.0480 4.0291 0.0374 -0.0050

0.0204 0.0374 4.0390 0.0193

-0.0457 -0.0050 0.0193 4.0464k�<!R�Æ{F;LB�rsI�Æ�
{oAjR�t��ÆB��v σ2 = 4��{oAN�1:��Æ)�
;�B�rsR�NgB�,�
;ÆFD{tIk��[p�Æ}R�
5!:	<randn(’state’,0)H�B/QNBpR,��'mÆQNR,!:^IU8,![pÆ�9,FF4,z	�I�RBU��L bR~�f`Z 4.3wÆ-�ÆUt04��ÆgQN[pR{t�



560 <�k�I,kqFBe3 ���J,Æf,[F:^��L:�R b�5�0�L��f,RÆU�\,�9 100 L
;ÆQYt
;�
I��f,�'�%�F!:04 10 .�T���
>> randn(’state’,0)

>> x=normrnd(0.3,2,100,10);

>> mean(x)’

ans =

0.3959

0.0460

0.1437

0.2803

0.0048

0.1646

0.4143

0.1915

0.4961

0.0013`3NÆ�T[F.�I��� µ = 0.3 v$q=���jÆUt`�04A.�L��Æw$B:^QN7
;.���
?F,!R�	�B{F,!R
;qQ�Ut`	<p�,![Fx�_��$ÆITk�q=�Æ̀ )!�N�[��LQr0��/=K:���.I��f`
[?, chapter8]���k�<!R�\ÆUt`	<p�,!Æ:^)*��,!�D�ÆUt�<W��V:^M%[F[:6�MATLAB R�QR#C,-x�LQ=�Rz, (ewstats)Æou-V��
)J�forgetting
factor�jT�,!R<0R��ÆFDU�v�
�[F�:^5;8RI�Æ�WÆ�L�r,�;8Æ;D!:k�PT��u�[FR:6g�5��B.3QQr!:�OKDÆU�\ (1− α/2) R��,ÆrUÆ,� z1−α/2 	Q

P{Z ≤ z1−α/2} =
1√
2π

∫ z1−α/2

−∞
e−y

2/2 dy = 1− α/2,�, Z ∼ N (0, 1)�mÆ?FKDÆU�\R{�gÆ!:QN
P

{
−z1−α/2 ≤

X̄ − µ
σ/
√
n
≤ z1−α/2 ≤

}
≈ 1− α�� Xi �ÆU�\Æ'm������R�<ÆE�O!,^9�gkÆI
;,��=�Æ�g��LE*�R�<�0Xj)[S�Æ<�t� 1− αÆ!:B

X̄ − z1−α/2
σ√
n
≤ µ ≤ X̄ + z1−α/2

σ√
n#&�4Æ!::�fs�L&_6V�confidence intervalÆO!�L��R&_0�Æ&_6Vg-x�&f, µ��|R�Æ�0n5
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;�v[F σ2�)-Æ!:1:5�F4I�R�\�
X̄ − µ
S/
√
n��jÆ�\Q��ÆRKDÆU�\�Ut Xi +0ÆU�\Æm�L>r+0�LK?u� n − 1 R Students’s t �\��L�\IKDÆU�\��B<Æ�\z,p�-Q*eFO\{�ÆE��#BÆ�g��_,Æfs�d6V�Æ!:1:	<�L�\R��,

tn−1,1−α/2Æ�, tn−1,1−α/2 > z1−α/2��!�F&_6VQJÆ?Fk�Q�f,[FÆ�
{��}B!#���ER�ÆI n SZ=�Æt �\5JÆU�\�?F
;[^��KBÆMBR�T�����R[F�D�ÆI
;,�SZ=�Æ�!,^9�gkÆ!::�	<U8�<&_6V�
X̄ ± z1−α/2

S√
n8��ÆUt!:�.�.Y04�
I[Fu�Æ�����#V�L6VR<�1:� 100× (1− α)�α }<R9�� 0.05 I 0.01�

Example B.9 a<[muhat, sigmahat, muci, sigmaci] = normfit(x)z,z	[FR�	��KDv�{1&_u� 95% R&_6V�
>> randn(’state’,0)

>> x=normrnd(1,2,100,1);

>> [mu,s,mci,sci] = normfit(x)

mu =

1.0959

s =

1.7370

mci =

0.7512

1.4405

sci =

1.5251

2.0178�Lz,Qr
;+0ÆU�\Q*	< t �\R��,�G;j)a�Æ{Fou;℄/ I_[F�Rf,Æ!::�	<�Lz,fs&_6V�ou3F�L:sf,a<z,Æ:�fs�L[pR&_6V:normfit(x,alpha)

B.6 Ag%nouWQ�����=RAg%n��/.0C(�two-fold technique����Æ!::�5��L�<z,���!:B�5� n L,!\ (xi, yi),
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i = 1, . . . , n�!:Qr,!5�Lz,� y = f(x)Æ!:w�z, f(·)/QW=_��Ag%nQr�LAg��

y = f(x) = a+ bxUtg#gv ei �
ei = yi − f(xi) = yi − (a+ bxi), (B.4)!::�w�W=f, a I bÆ	Qgv���WQ�
e =

n∑

i=1

e2i =

n∑

i=1

(yi − a− bxi)2 (B.5)�tFDQN
a =

1

n

n∑

i=1

yi − b
1

n

n∑

i=1

xi = y − bx, (B.6)�, x I y BIF
;.�ÆB
b =

n

n∑

i=1

xiyi −
n∑

i=1

xi ·
n∑

i=1

yi

n

n∑

i=1

xi
2 −

(
n∑

i=1

xi

)2 (B.7)��)IqF$eÆ����<z,�f`Z 3.3 wRÆJ b,�LZC0M�D�Æb RL:�3�XI�L
;�vI
;U�vR>��8j[LEÆ�/|�Q�[�k�
b =

n∑

i=1

xi (yi − y)−
n∑

i=1

x (yi − y)

n∑

i=1

xi (xi − x)−
n∑

i=1

x (xi − x)

=

n∑

i=1

(xi − x) (yi − y)

n∑

i=1

(xi − x) (xi − x)
=

1

n− 1

n∑

i=1

(xi − x) (yi − y)

1

n− 1

n∑

i=1

(xi − x)2

=
Sxy

Sx
2 (B.8)�mÆ!:^<�*� Sxy I S2

xÆ)�!:6B�T,�RqF|��Ut!:Qr,!XR�LqFIbÆm!::�N��LqF|���L:^RqFIb�
Yi = α+ βxi + ǫi, i = 1, . . . , n, (B.9)
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• f, α I β��J,���,�
• ǫi ��LF4I�	Q E[ǫi] = 0, Var(ǫi) = σ2, i = 1, . . . , n; ǫi+0p�\�
• F4I� ǫi B�rsÆQ*I1<I� xi [Be�
• xi R��Ng��

Example B.10 MATLAB RqFR#CaT�Lz,:��d��Ag%nÆrUÆAg%n�,5�� “x”I��!::�ouQ����k| bR;*�F!:Qr�LAgIb�
Y = 10 + 5x+ ǫ�, ǫ ∼ N (0, 4)�!:5� x R 10 LI��

xi = 1 + 0.2× i, i = 0, 1, . . . , 9,z	 10 LF4
;[�*vÆDÆYt!:QNR[F�'t�����
>> randn(’state’,0)

>> errors=normrnd(0,2,10,1);

>> x = 1 + 0.2*(0:9)’

x =

1.0000

1.2000

1.4000

1.6000

1.8000

2.0000

2.2000

2.4000

2.6000

2.8000

>> y = 10 + 5*x + errors

y =

14.1349

12.6688

17.2507

18.5754

16.7071

22.3818

23.3783

21.9247

23.6546

24.3493

>> v = regress(y, [ones(10,1), x])
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v =

7.2801

6.4328!:QNÆa = 7.2801 I b = 6.4328Æ�I!:��R5~v���?Fh*�RO)ÆE�5���L)��F!:	<[p x 9�04���
>> x = (1:10)’;

>> y = 10 + 5*x + errors;

>> v = regress(y, [ones(10,1), x])

v =

8.4264

5.2866�mÆ[F<�Stq~�)� x R9�QJ�Æ*vR6FqQ�Ut!::�jTh*Æm:�QNt����R�<:

>> y = 10 + 5*x + normrnd(0,1,10,1);

>> v = regress(y, [ones(10,1), x])

v =

10.6117

4.9308{tÆ!:q:��Æ��0M,Q[)�
Æ!:1:FD[F{tR&_6V�8��<gR,Æ!::��	<%n��Æ�����4!:{F�
�L0�>b��d2�R�n�D�Æ!:1:ae=OeFAgm�R<!�H�
• %nA)R�Bee5ÆQ�)te5�!:-Jg x |��O)ÆY�{tÆE��Q[ÆB�
• ?F�
I(Æ!:0n:��gR3NPTe5ÆE�,!Q[���L{t�
• ����Æ?Ff, b IU�vBeÆU�v��Ag%nN�Lpu�f`�r B.7ÆAg%n��0n[�<FQ4_R�AgBeR b��u[seF<��ÆB��=jR#<Æ03 N=��d�[pq.R�n�
• eF<���nf` [?]Æ�;#{X.-Æ�r"8Æ�=�lÆQ*[k�pu<d�
• eFQ=�R,kqF��f` [?]�
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• eFM/qF��Q*:sgq$R#f` [?]�
• ��=jRqF#<Æ!B [?]ÆeFF4I_If,[FR����Æf` [?]�





Appendix C
AMPL �n

�LZxR9�,Æ!:��=O�n AMPL J�R3;J��!:�WÆ�y=�Ib,	<� AMPL J�ÆORJ�3;�[�KER�)-Æ!:��A)��T3;RrJÆ	s�:�{"3;J�N��s�:�f5O
�> [?]Æ:�? AMPL J�R0��?X�[pF MATLABÆAMPL[�u�J��B�^�RJ�TR�GXn;ÆIL��p�
3F�5�RC'J&���E AMPL R�^�<�/yEgJ�XA),tm�Ib��r�:IbR,!�=�4|���0R�̀ :� AMPL ,GX�LIbÆQ	<[<R4|�X4|OÆ:��=[pRD��AMPLtDRfs:���n�[pR4|�Æ��jÆAMPL Q���/�=RJ�KDÆAMPL ?n�[pRT1hM���Lu�$;:�http://www.ampl.com8a�$�Y*h�$;Rs�:�8atzu�$;Q*�����A�tzu�$;B~L4|��MINOS � CPLEX�MINOS <X4|wqI�RAg��Agm�IbÆ?6X-=t0��CPLEX <X4|Ag�,�,m�Ib�W0
ÆCPLEX ��LERy�ÆE= CPLEX ? ILOG U:0��M��W℄R CPLEX $;^Z#kwqI��,�,I�R�.m�Ib�;#,RMBrJq�	< CPLEX 4|�;DÆWbRsl��L�}7gR b�!LJ7��,�	<
MATLAB � ILOG AMPL/CPLEXÆE��U��`Æ�NfIJ��f5�>,���

567



568 AMPL�n
C.1 	< AMPL ^d=�Ibo}0M8ÆAMPL ,R=�Ib	<~LCr�bGX�
• �LIb�bÆKDSuG�*.modÆ-xf,�,!�,mI���'ib�TKz,RA)�
• �LCrR,!�bÆKDSuG�*.datÆ-x#Ib�rR,!���T,!�bDmIIb�b,RA)B{w�MBR�bq�KDR ASCII �bÆ:�	<L�R�;G;��d(fÆ-R	< MATLAB G;��Ute	<R��L#k�pÆ1B/eM(fR�*�;�bÆ6B.iRC'L*J���:��L�b,A)IbÆE�j{X�,!��L�~RZ�Æ�
^Z�S�Y4|p�LIbR�L�r�Ie�k AMPL �Æ)QN�Lg< DOS 'D1Ra�dU8�

ampl:e:�aVU8HXaV�LIb�b�
ampl: model mymodel.mod;��L��LHR{+Æ1[�
GX���'mR�ÆAMPL )SAQ�R!VÆN�g< ampl�Ra�2�aV,!�bRHU8�
ampl: data mymodel.dat;!VU8H�:�4|Ib�
ampl: solve;[aV℄RIb8ÆE�;I,!Æ:�!V�
ampl: reset data;

ampl: data mymodel.dat;Ut`E�aVQ4|�L[pRIb�:�	<reset;H�����0�RÆUt`)�IbA),RJ�8*QN38_0�Ut`��i;Ib�bDÆaV℄R$;Æ̀ )QN��eF04g#R38_0�:�	<optionHsl4|�Æ>UÆ̀ :�sl�
ampl: option solver minos;

1'DRB)
J�`�k AMPLR���`	<R AMPLR$;Be�
2�m!:QrIb�,!�bI AMPL R:�d�bp�LT�8Æ�Q[�~RZ��QNR���g AMPL �P� DOS ��8Æ0Ib�,!�b5!R�&a<:T��7w1f3<��o�



 AMPL,4|.� -�vBSV� 5690�
ampl: option solver cplex;�Jj!B�Nn�sH:�slQ;Æ>U|Ru����/5!�N�b�!:8��-xD�R^��!:�a�8h�$;R AMPLÆh�$;R AMPL -x�L$=Rn;J�ÆO:�<XGX#k�L=�IbR4_1<Æ�L=�Ib,P�LIbN��LIbaT!V�
C.2  AMPL ,4|.� - �vBSV��LWN%2 AMPL J�R����5��LZCEBeRrJ� 2.4.2w,!:A)u.� - �vBSV�k��-k�LSWÆ�4|U8R�.m��

min w′Σw

s.t. w′r̄ = r̄T
n∑

i=1

wi = 1

wi ≥ 0{F�LIbR AMPL J�w C.1 ,N���:!:g#IbRf,�HyR,TNAssetsÆ�	%3J��7LHy�L,ÆU�v�
�TK%3�<!7LyEDm���{+Æ)� AMPL [�MdL*{+*�NAssets
> 0Q[�IbR�'����L:sR�%gYtÆsolveH^d��ÆaV,!�)�d:Yt�Xg�=,!I�4R[�%XBq�!�<!Æo}�Q[Dm	<~GLHGf,�I�Æ�
>!:	<R,tIb,RZzGLQB!#�DÆ,mI�W:yEÆ�LI�Dm��7R���,AÆ�L�'��I�BevRÆQ6B:g#	�LW+ib�WÆTKz,�~LW+ib:yE�~LW+ib,!:q	<�sum j[*Æ	<��LBIKDRJ��!:1:<!=R� ({}) <XyEJ���
Æ��R� ([]) <X� N��TKz,�W+ib}:3H�LGLÆ�
Æ�!:�:�� BeR_0Æ>UTKz,R��>{oI��W+ib�TKz,RL:�:�K?!V�yE,Æ6BKD3p�{F�yERIbN�Æ!::�l8	<�w C.1 RZ�^�!:u��,!�b�J�BIRKDÆEek�<!OR3;℄\�
• A��#d*[�[<�{FJ�,!R3�!:DmN�K-��Æ�:^3�XB\&�ÆE�
Z:�℄nBIÆJRK-�
• 7LyEDm���{+�
• �N�L�
3��ÆJ��4IL�
XV,!Æd��p�Dm�.-R��u=�
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param NAssets > 0;

param ExpRet{1..NAssets};

param CovMat{1..NAssets, 1..NAssets};

param TargetRet;

var W{1..NAssets} >= 0;

minimize Risk:

sum {i in 1..NAssets, j in 1..NAssets} W[i]*CovMat[i,j]*W[j];

subject to SumToOne:

sum {i in 1..NAssets} W[i] = 1;

subject to MinReturn:

sum {i in 1..NAssets} ExpRet[i]*W[i] = TargetRet;

param NAssets := 3;

param ExpRet :=

1 0.15

2 0.2

3 0.08;

param CovMat:

1 2 3 :=

1 0.2000 0.0500 -0.0100

2 0.0500 0.3000 0.0150

3 -0.0100 0.0150 0.1000;

param TargetRet := 0.1;

Fig. C.1 .� - �vBSV�IbR AMPL Ib �MeanVar.mod �,!�MeanVar.dat�



 AMPL,4|6-Ib 571=!::�aV�4|�LIbÆQu�|�
ampl: model MeanVar.mod;

ampl: data MeanVar.dat;

ampl: solve;

CPLEX 9.1.0: optimal solution; objective 0.06309598494

18 QP barrier iterations; no basis.

ampl: display W;

W [*] :=

1 0.260978

2 0.0144292

3 0.724592

;!:3N��4|�	Q6�/Q3DÆ3 6.4 w�|�\�!:�:�4|3F=�IbR!�X	RL:�R�Æ�>YtW+ibR{oI��
ampl: display Risk;

Risk = 0.063096

ampl: display sqrt(Risk);

sqrt(Risk) = 0.251189

ampl: display MinReturn.dual;

MinReturn.dual = -0.69699

ampl: display sum {k in 1..NAssets} W[k]*ExpRet[k];

sum{k in 1 .. NAssets} W[k]*ExpRet[k] = 0.1

C.3  AMPL ,4|6-Ib!:p5�u6-Ib[�H;MDR�LZCIb�`Z ?? �r ??����L* 0-1 ,m�Ib�
max

n∑

i=1

Rixi

s.t.

N∑

i=1

Cixi ≤W

xi ∈ {0, 1}{1R AMPL Ibw C.2 ,u��p
ÆJ�BIRKDÆ!:�<!�8~\�
• ,mI�:yE	��'�0-1�
• ,!�b,Æ~Lf,J�p�:3��w|,!XV�VÆe1:I7{>�8�m	<RJ�I�
3�RJ��`��rJ,U�v�
�
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param NItems > 0;

param Value{1..NItems} >= 0;

param Cost{1..NItems} >= 0;

param Budget >= 0;

var x{1..NItems} binary;

maximize TotalValue:

sum {i in 1..NItems} Value[i]*x[i];

subject to AvailableBudget:

sum {i in 1..NItems} Cost[i]*x[i] <= Budget;

param NItems = 4;

param: Value Cost :=

1 10 2

2 7 1

3 25 6

4 24 5;

param Budget := 7;

Fig. C.2 6-IbR AMPL Ib (Knapsack.mod) �,! (Knapsack.dat)



 AMPL,4|6-Ib 573=!::�4|�LIbQ*Yt|�!:Dm	<resetHXYa��RIb�
ampl: reset;

ampl: model Knapsack.mod;

ampl: data Knapsack.dat;

ampl: solve;

CPLEX 9.1.0: optimal integer solution; objective 34

3 MIP simplex iterations

0 branch-and-bound nodes

ampl: display x;

x [*] :=

1 1

2 0

3 0

4 1

;�/0M8Æ��g}:a<�`Z 12 y���jÆUt`	<tzu�$;Æ	< MINOS 4|�$�4|�LIbÆDmsl CPLEX 4|��
ampl: option solver cplex;Ut`	< MINOS 4|�Æ̀ )QNj�IbRwq=�I�R|Æ?-�,mI��x ∈ [0, 1]Æ�[� x ∈ {0, 1}�g<R ILOG AMPL/CPLEX ,:�	<U8�IRHQN�
ampl: option cplex_options ’relax’;

ampl: solve;

CPLEX 9.1.0: relax

Ignoring integrality of 4 variables.

CPLEX 9.1.0: optimal solution; objective 36.2

1 dual simplex iterations (0 in phase I)

ampl: display x;

x [*] :=

1 1

2 1

3 0

4 0.8

;�m!:	<relaxsHX4|=�Ib�!:�:�	<�NsHXgu4|RD7u��
ampl: option cplex_options ’mipdisplay 2’;

ampl: solve;

CPLEX 9.1.0: mipdisplay 2

MIP start values provide initial solution with objective 34.0000.

Clique table members: 2
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MIP emphasis: balance optimality and feasibility

Root relaxation solution time = 0.00 sec.

Nodes Cuts/

Node Left Objective IInf Best Integer Best Node ItCnt Gap

0 0 36.2000 1 34.0000 36.2000 1 6.47%

cutoff 34.0000 Cuts: 2 2 0.00%

Cover cuts applied: 1

CPLEX 9.1.0: optimal integer solution; objective 34

2 MIP simplex iterations

0 branch-and-bound nodesUtE��|�L!�Æs�k�3�8Z 12 yÆXm|����g}���
C.4 =��{wIb[�WÆ�LrJÆ!:X3�8=��{wIb�` 2.3.2 w�

min

N∑

i=1

Pixi

s.t.

N∑

i=1

Fitxi ≥ Lt ∀t

xi ≥ 0.I��IbB>Æ�m��R℄�\�Æ7Lm�R�V��℄W+ibk�:4'�w C.3 ,|�� AMPL Ib,R�=���!�<!BALf,:�'�,I�ÆintegereaL�:�<X�g�"R,,mI���u[s#<z℄
• �| AMPL :�f3�0��?XRf5�> [?]�
• !Bn��NfIJ�Æ>q8GR�L� GAMSÆI AMPL g<ÆGAMSQ6BI#R4|�ev�̀ http://www.gams.com�D�KRJ{F GAMS Q%2Æf5�> [?, ?] ,O:<X0��Q=�Ib�
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param NBonds >0, integer;

param TimeHorizon >0, integer;

param BondPrice{1..NBonds};

param CashFlow{1..NBonds, 1..TimeHorizon};

param Liability{1..TimeHorizon};

var x{1..NBonds} >= 0;

minimize PortfolioCost:

sum {i in 1..NBonds} BondPrice[i]*x[i];

subject to MeetLiability {t in 1..TimeHorizon}:

sum {i in 1..NBonds} CashFlow[i,t]*x[i] >= Liability[t];

Fig. C.3 =��{wIbR AMPL Ib�b�%HR
• AMPL tz$;�>�N`�:�http://www.ampl.com8aÆhttp://www.ampl.comj`�:�3N�LI AMPL WSR4|��L�
• {Fh�$;R ILOG AMPL � CPLEX 4|�Æ̀ http://www.ilog.com�
• 6X-=tR MINOS ��N=�4|�Æ̀ http://www.sbsi-sol-optimize.com�
• �Q�aR�Æ!B�N�TJ�Æ>U LINGO��QI�L�9B�R5qÆ)�Owt�L℄gR=�IbFÆ̀ http://www.lindo.com�
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acceptance--rejection method 9o�
active set method BS=��
ADI�Alternating Direction Implicit

methodld�J.��
algorithm D�

polynomial �H�D�
Alternating Direction Implicit

methodld�J.��
antithetic {o

sampling {o�

arbitrage \q

opportunity \q4)
arc (in a network) �
arithmetic D(

finite precision B��uFD
asset allocation Hyw&
asset--liability management Hy7shk
augmented Lagrangian methodolUJ_P��

backsubstitution �Jd?
barrier ��

function ��z,
logarithmic ��D�
monitoring ��Yp
option ���<

base �'
binary ��'
decimal ��'
in Halton sequence v�}p�3,

basic 3;
feasible solution :d|
solution |
variable I�

basis 3 
function 3 z,
monomial �.�H�

Bayesian statistics 7�6qF
Bellman equation Bellman equation

bias ~v
biased low estimator T~[F
bid--ask spread *,Rv
binary �N
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decision variable ,mI�
binomial �s*

lattice {X
model Ib

bisection method ���
Black--Derman--Toy (BDT)

model Black--Derman--ToyIb
Black--Scholes \W; - 69�6

equation ��
formula U�

bond s>
above par EF��RJ
at par SF��RJ
below par TF��RJ
callable :$%
convexity uu
coupon q0
coupon rate q0�
embedded options !V�<
face value ��RJ
option �<
par value ��RJ
portfolio rHV�
pricing gR
yield N��$�
zero-coupon �0

boundary F}
condition ib
free K?
Neumann condition h/ib

Box--Muller method \;8 - U��
branch and bound ��g}�

LP-based 3FAgm�R
branching ��
branching factor ��)J
Brownian bridge \_&
Brownian motion \_^k
butterfly spread �<�\q
buy and hold *V�B

C++

calibration RD
Cox, Ross, and Rubinstein

(CRR)

CRR RDIb
Jarrow--Rudd Jarrow--RuddRDIb
lattice RD{X
model RDIb
of a binomial lattice�s*RDIb

canonical form (of LP problem)Agm� bRm��
caplet k[�
cash flow =��

matching =��w&
central limit theorem ,^9�gk
central path ,^��
certainty equivalent BggSR
chance constraint 4)W+
chance-constrained model 4)W+Ib
Chebyshev )>u(

node w\
polynomial �H�

Cholesky '�63
factor )J
factorization �|

clean price �R
code vectorization J��G�
collocation method w&��
combination V�

convex uV�
linear AgV�

combinatorial optimization V�=�
common random numbers UVF4,
compact model formulation �1bU�
complementary slackness �Z=�



INDEX 579

complexity �FD4_u
exponential �,�
polynomial �H�

concave �
function z,
optimization problem =� b

condition number ib,
conditional ib

density >uz,
distribution �\z,
expectation �	
Monte Carlo ;℄/ 
probability <�
Value at Risk (CVaR) %<R�
variance �v

conditioning ib
confidence &_

interval 6V
level 0�

consistency �%g
consistent numerical scheme�%g,�FD��
constraint W+

active BS
bounding F}
dualization �N�
dualized .0�
equality S�
inactive �BS
inequality [S�
integrality �g
qualification �gg

consumption--saving problemN� - !o b
continuation �q

region 6K
value R�

continuous-time wq�V
dynamic system kU5q

contraction mapping �I8p
control variate C'I���

convection term {�H
convection--diffusion equation{� - S^��
convergence �y

global =�
linear Ag
quadratic �.
rate of �y�

convex u
combination V�
function z,
hull u-
optimization problem =� b
problem  b
set =�

convex hull u-
convexity uu

bond s>
correlation Beg

coefficient 5,
coefficient of R5,
instantaneous 2V
negative 7
positive Æ

cost-to-go ?Rz,
covariance U�v

matrix �

cover inequality 2=[S�
covered position 2=�&
Cox--Ingersoll--Ross (CIR) model

CIR Ib
Crank--Nicolson method

Crank--Nicolson ��
cumulative distribution functionfF�\z,
cut generation )Iz	
cutting plane )I��
cycling v 
decision variable ,mI�

binary ��
semicontinuous 'wq
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decomposition �|
LU LU ��

default NM�
delta-hedging delta- {�
derivative �z�

Over the Counter (OTC)pRl�
descent direction 8j�J
diagonal dominance {ov=
differentiable function :�z,
diffusion S^

partial differential equation~����
term �

direction number �J,
discounted gain k=�$
discrepancy v(
discrete-time j^�V

model Ib
system 5q

distribution �\
t t �\
beta beta �\
conditional ib
discrete empirical j^�
exponential �,
function z,
joint v�

lognormal {,ÆU
marginal F}�\
multivariate normal �NÆU
normal ÆU
standard normal KDÆU
Student’s t tz� t �\
symmetric {�
uniform .\

dividend �q
yield q�

domain of influence 6FK
drift ��

dual {o
feasibility :dg
function z,
problem  b
variable I�

duality {og
strong $
theory k�
weak [

duration ��
Macauley +5q
modified iÆ

dynamic programming kUm�
average cost �.	;
discounted k=
discrete state j^BU
finite horizon B�uy
infinite horizon $�uy
stochastic F4

early exercise a�d<
boundary F}

efficient frontier BS��
eigenvalue ℄��
eigenvector ℄�J�
epigraph 8p
equation ��

linear system Ag
non-linear �Ag
polynomial �H�

equilibrium .	
Cournot ℄m
pricing gR

error *v
absolute -{
approximation �<
discretization j^
function z,
relative B{
roundoff oV
sampling �

truncation vz

estimator [F
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biased B~
high-biased E~
low-biased T~
unbiased $~

Euler scheme nU��
event �b

independent B�rs
excess return ���$
expected return �	�$
expected value �	R�

of a function z,R
explicit method ;���
extreme 9

point \
ray pA

factorization �|
Cholesky '�63�|
LU LU �|
QR QR �|

Faure sequence Faure p�
feasible :d

region K
set =�

feedback control �PC'
Feynman--Kač formula�/ - M��
finite difference B�v�

Alternating Direction Implicitld�J.��
backward JÆ
central ,^
Crank--Nicolson method

Crank--Nicolson ��
explicit method ;���
forward JÆ
fully implicit method =.���
implicit method .���
method ��
stability �gg
symmetric {�

first-order optimality condition�u=�ib
fixed point bg\
fixed-charge problem bg�� b
fixed-income bg�$

portfolio V�
security �>

fixed-mix portfolio bg<0V�m
fixed-point iteration bg\d?
Fortran Fortran G�J�
forward contract T��W
Fourier analysis 5s��+
free boundary K?F}
function z,

affine �p
approximation �<�0=�
concave �
distribution �\
indicator ��
interpolation r�
inverse demand k4Rbz,
non-convex �w
non-differentiable [:��
piecewise linear �yAg
Runge �J
strictly concave }J�
strictly convex }Ju
utility S<

function approximation z,=�
functional equation �z��
future contract �1�W
Gauss--Seidel method E6 - \P���
Gaussian E6

elimination N�
quadrature 5�
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gearing %k
genetic algorithm �%D�
geometric Brownian motion A�\_^k

bidimensional ��
global optimization =�=�
gradient _u

conjugate Vb
method ��

graph optimization w=�
Gray code Je'
Greek 1VLQ
grid J

notation *�
Halton sequence v�}p�
heat equation I%M��

bidimensional ��
physical interpretation (k|�

hedging {�
heuristic method �����
homotopy �

continuation �q
Hull--White model Hull--WhiteIb
ill-conditioning PUib
immunization ?�
importance sampling 0�g�

inadmissibility form [:t�R�
independent increment rso�
indicator function ��z,
infinite-time horizon $��V6V
initial condition �
ib
inner product ℄5
integer programming ,m�
integration 5�

numerical ,�
interest q0

accrued 1F

compound 4q
continuously compoundedwq4q
simple ZC

interest rate q�
spot ?�
term structure ��{X

interest-rate q�
cap j�
derivative �z�
dynamics kU
floor 8�
risk management %<hk
swap �#

interior point method ℄\�
internal rate of return ℄^�$�
interpolation r�

linear Ag
intrinsic value ℄R�
inverse transform method _I#�
iterative method d?��
Ito �^

lemma -k
multidimensional lemma ��-k
stochastic differential equationF4����
stochastic integral F45�

Jacobian

determinant ,g)J
matrix �


Jensen’s inequality Jensen’s [S�
jump jY

in asset price HyRJR
Kelley’s cutting planes algorithm

Kelley’s )��D�
knapsack problem 6- b
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Kuhn--Tucker conditions

Kuhn--Tucker ib
kurtosis $u
L-shaped decomposition

L R�|
Lagrange UJ_P

multiplier �J
polynomial �H�

Lagrangian UJ_P
function z,
multiplier �J

large numbers =,
strong law of g�

lattice {X
binomial �s*
implied .�
method ��
recombining 0V
structure in LCG LCG {X
trinomial ℄s*

law of large numbers =,g�
law of one price �Rg�
Lax’s equivalence theorem

Lax’s SRgk
LCG AgpG�z�
least squares WQ��
leverage D?
liability 7s

uncertain [Bgg
LIBOR �|,dp�w0
likelihood ratio <D>�
limited liability (assets) B�kL
line search Ag?K
linear congruential generatorAgpG�z�
linear programming Agm�

canonical form m��
duality {o
standard form KD�

linear regression Ag%n
local improvement �^;�

local search �^?K
best-improving W=;�
first-improving �u;�

low-discrepancy sequence Tv(p�
Halton v�}
Sobol KU�

lower bound 8}
LU decomposition LU �|
marginal density F}>u
market �{

complete �9
efficiency BS
equilibrium .	
incomplete ��9
model Ib

Markovian (�:(
dynamic system kU5q
state property BU'g

martingale 
matrix �


block-diagonal H{o
diagonal {o
diagonally dominant {ov=
Hessian Hessian �

Hilbert 1�W℄
orthogonal Æl
permutation &#
positive definite Æg
positive semidefinite 'Æg
singular �(
sparse /"
triangular ℄o
tridiagonal ℄{o

maturity ��
bond s>
option �<

mean absolute deviation �.-{~v
mean blur �.I�
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mean reversion .�%n
mean-variance .� - �v

efficient portfolio BSV�
framework {X
portfolio optimization rHV�=�

metaheuristic N���D�
metamodel NIb
method ��

direct �t
Gauss--Seidel E6 - \P�
iterative d?
Jacobi Jacobi ��

Microsoft Excel �W Excel

minimizer WQ�
minimum WQ

variance portfolio �vV�
minimum lot WQ�
model Ib

binomial �s*
calibration RD
continuous-state wqBU
continuous-time wq�V
discrete-state j^BU
discrete-time j^�V5,
in LCG AgpG�z�,

moment matching �{w
monomial CH
monomial basis CH3�
Monte Carlo ;℄/ 

integration 5�
sampling �


Monte Carlo sampling ;℄/ �

multiplier �J

in LCG AgpG�z�,
naked position "s6
neighborhood structure �K{X

Nelder--Mead method Nelder--Mead��
network optimization �%=�
Newton’s method f}�

for optimization =�R
no-arbitrage $\q

argument Qr
principle Om

node (in a network) w\��%,R
non-anticipativity �HE

condition ib
constraint W+

non-convex �u
function z,
problem  b
set =�

non-differentiability [:�
norm �,

Lp Lp �,
compatible WS
Euclidean nAmP�,
Frobenius Frobenius �,
matrix �

spectral ��,
subordinate 9'
vector J�

normal ÆU
multivariate �N
standard distributionKDÆU�\
variate I�

normed linear space3�AgAV
not-a-knot condition$w\ib
null space �AV
numeraire FR

good =*
numerical ,�FD

instability [�g
stability �g

numerical integration ,�5�
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objective function TKz,
separable :�j

optimal control =�C'
optimal stopping =�l�
optimality principle =�Om
optimization W=�

discrete j^
global =�
problem  b

optimization method W=���
active set BS=
gradient _u
interior point ℄\
steepest descent WA8j
subgradient J_u
trust region _YK

optimization problem =� b
concave �
constrained W+
convex u
dual {o
finite-dimensional B��u
infeasible [:d
infinite-dimensional $��u
non-smooth �k�
relaxed =�
unbounded $}
unconstrained $W+

optimizer =�
optimum W=�

global =�
local �^

option �<
American 8�
American call 8�*V
American put 8�,�
American spread 8�Rv
as-you-like-it Ls�<
Asian |�
arithmetic D(

arithmetic average D(�R
average rate �R>�
geometric A�
geometric average A��.

at-the-money �R
barrier ��
Bermudan �S:
call *V
chooser sl
continuation value �BR�
delta delta

down-and-in put J8%V�,�
down-and-out put J8%��,�
European call n�*V
European put, n�,�
exchange l#
exotic �(
expiration N�
gamma gamma

Greek 1VLQ
in-the-money R℄
intrinsic value ℄R�
lookback %	
multidimensional ��R
on a bond s>
out-of-the-money R�
path dependent ���Y
pay-later Æ6
put ,�
sensitivity DAu
spread Rv
weakly path-dependent[���Y

orthogonal Æl
elements N�
matrix �

polynomial �H�
projection 8p



586 INDEX

system 5q
orthonormal ÆlR

polynomial �H�
system 5q

overrelaxation uu=�
method ��
parameter f,

parity �R
for barrier options ���<
put-call ,� - *V

partial differential equation~����
elliptic ~QR
first-order �u
hyperbolic }jo6
linear Ag
order of Ru
parabolic v(A
quasilinear _Ag
second-order �u

path generation ��z	
pathwise estimator ��[F
PDE ~����
Peaceman-Rachford method

Peaceman-Rachford ��
penalty function �z,

barrier ��
exact �)J
exterior �^
interior ℄^

perturbation analysis Gk�+
pivoting r>
point \

extreme 9
Poisson X=

distribution �\
process u�
random variable F4I�

polar 9
coordinate \K

polyhedron ��

bounded B}
polynomial �H�

function z,
interpolating r�
Lagrange UJ_P
primitive �


polytope ��
portfolio V�

cardinality-constrained3,W+
efficient BS
management hk
mean-variance optimization.� - �v=�
optimization =�
rebalancing �	

position s6
covered 2=�{�
long �
naked "
short A

power utility ^�S<
predecessor node �w\
present value =�
price RJ

clean �R
dirty =R
spot ?�

pricing gR
linearity of Ag
risk-neutral %<,g

primal �

feasibility :dg
optimization problem =� b
variable I�

prime number �,
principal (amount) ;���J
principal (notional) ;��G#
probability <�

conditional ib
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density >u
density function >uz,
mass function >uz,
measure pu

process u�
continuous-time wq�V
discrete-time j^�V
generalized Wiener l#�Y
standard Wiener KD�Y
Wiener �Y
non-differentiability of[:�

programming m�
integer ,
linear Ag
mixed-integer ,�,
mixed-integer quadratic,�,�.
non-linear �Ag
nonlinear �Ag
pure binary *�N
pure integer *,
quadratic �.
stochastic F4
stochastic multistage F4��

protective put /�g,�
pseudorandom numbers �F4,
QR factorization QR �|
quadrature 5�

adaptive K�1
composite formula 4�U�
formula U�
closed C
open 0

Gauss--Hermite E6 - �>℄
Gaussian E6
Newton-- formula f}U�
Newton--Cotes formulaf} - 8℄6U�

product rule 5�m
recursive [n
trapezoidal rule _�m

quantile ��,
quasi-Monte Carlo simulation_;℄/ Ib
quasi-Newton method _f}�

for optimization =�R
in optimization =�,

quasirandom sequence _F4p�
Radon--Nikodym derivative

Radon--Nikodym ��
random variable F4I�

continuous wq
discrete j^
exponential �,
function of z,R
independent rs
jointly distributed v�>u
lognormal {,ÆU
multivariate normal �NÆU
normal ÆU
standard normal KDÆU
uniform .\�\

random variate generatorF4I�z	�
rare event {`�b
rate of return �$�

internal ℄^
ray pA

extreme 9
recourse %B

fixed bg
function z,
relatively complete B{�R
variable I�

recursive equation [n��
reduced jT
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cost 	;
gradient _u

relaxation =�
continuous wq
of an optimization problem=� bR

replicating portfolio 4'V�
replication 4'
replication (in simulation) 4'�I_
residual gv
response surface F1�
return �$

expected �	
rate of �
total P

Richardson extrapolation �z�
risk %<

aversion ��
coefficient of absolute aversion-{��5,
coefficient of relative aversionB{��5,
coherent measure �%pu
credit _<
interest rate q�
market price of �{RJ
measure pu
minimization WQ�
neutrality ,g
premium %R
reinvestment brH

risk-free $%<
asset Hy
interest rate q�
rate �

risk-neutral %<,^
dynamics kU
measure pu
probability <�
probability measure <�pu

valuation [�
Romberg integration Romberg 5�
roots O

of a polynomial �H�R
sample 
;

covariance U�v
mean .�
path ��
space AV
variance �v

scenario 0�
aggregation ��
bushy tree scenario

fan g
generation z	
tree *

search tree ?K*
second-order optimality condition�u=�ib
seed (in random number generation)/J�F4,z	�
semicontinuous variable 'wqI�
short rate x�q�
short-selling As,�
short-squeezing x�=A
shortest path problem Wx��
shortfall [S
significance loss ;8NH
simplex C*

method ��
search ?K

Simpson’s rule \Æa�m
simulated annealing I_{.
simulation I_

stochastic F4
simulation-based optimization3FI_R=�
skewness ~u
Sobol sequence KU�p�
solution |
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basic 3;
unbounded $}

spectral radius �'�
spline 
i

cubic ℄.
linear Ag
natural KD
shape-preserving /

split-variable model formulation�jI�Ib��
St. Petersburg paradox~�Q0_�
stability �gg

condition ib
stability analysis �gg�+

matrix theoretic �
k�
Von Neumann &�m�/

standard deviation KD~v
state equation BU��
stationarity �g
stationarity condition �gib
statistical model �gIb
step ℄

length ~
stochastic F4

differential ��
differential equation ����
integral 5�
optimization =�

stochastic programming F4m�
stop-loss hedging �H{�
stopping l�

time �V
stratification �q
stratified sampling �q�


optimal allocation of the

samples�
=�w&
strike price �dRJ
subadditivity .:Pg

subdifferentiable ._u
function z,

subdifferential .��
subgradient ._u
support hyperplane �����
tabu �I

list �L
search ?K

Taylor expansion Su�
term structure ��{X

equation S�
terminal cost .w	;
trajectory cost o6	;
transaction cost l�	;
transition probability >�<�
transport equation >#��
truncation error vz*v
trust region method _YK��
unbounded $}

problem  b
unconstrained $W+

optimization problem=� b
unit hypercube C��s�
utility S<

Cobb--Douglas function

Cobb--Douglas z,
CRRA

DARA

expected �	
function z,
IARA

logarithmic {,R
power

quadratic �.
theory k�
Von Neumann--Morgenstern&�m�/ - JO6X

value R�
intrinsic ℄
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Value at Risk %<R�
value function R�z,
value of the stochastic solution

VSSF4|,��RR�
Van der Corput sequence Van der

Corput p�
VAR J�K%nIb
VaR %<R�
variable I�

artificial JR
binary �N
dual {o
slack =�

variance �v
of a sum of variables I��R
reduction jT
by conditioning ib��

Vasiček model Vasiček Ib
vector autoregressive model J�K%nIb
vectorization (of MATLAB code)J��
Visual Basic VB G�J�
volatility Tk�

historical p�
implied .x
role in barrier options ����<
stochastic F4

Von Neumann &�m�/
stability analysis �gg�+

VSS F4|,��RR�
well-posed problem �gR b
Wiener process �Yu�

bidimensional ��


