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Abstract

In this paper, we systematically investigate the dispersion prop-
erties of discontinuous Galerkin (DG) methods with upwind-biased
numerical fluxes. By introducing four evaluation criteria based on
the integrated error between the exact and numerical dispersion re-
lations in different integration intervals or the maximum resolvable
wavenumber, we obtain optimal values of the flux parameter for the
DG method employing polynomials ranging from first-degree to fifth-
degree. These optimal schemes are applied to a series of numerical
examples, including a linear scalar equation, a system of linear equa-
tions, a spherical wave, and nozzle flow. Numerical results demon-
strate that the optimal DG schemes produce smaller numerical errors
than the standard DG schemes with upwind fluxes for scalar problems
and with Lax–Friedrichs fluxes for system problems.

Keywords discontinuous Galerkin method; dispersion analysis; upwind-
biased flux; computational aeroacoustics

1 Introduction

Dispersion analysis [4, 5, 10, 8, 17, 27] is a frequency-domain approach for
assessing how accurately a numerical scheme propagates waves, with par-
ticular emphasis on its numerical dispersion relation. For a physical wave,
the dispersion relation links frequency and wavenumber and therefore deter-
mines important dispersive properties such as phase velocity and group ve-
locity. This issue is especially critical in computational aeroacoustics (CAA)
[9, 11], where low amplitude acoustic waves must be transported over long
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distances with minimal phase error and numerical dissipation. To improve
the accuracy of long-range wave propagation, dispersion-relation-preserving
(DRP) schemes are designed to match the target dispersion relation over
a prescribed band of wavenumbers[5, 30, 31]. Subsequently, considerable
attention has been devoted to the development of DRP schemes. For ex-
ample, an optimized upwind DRP finite-difference scheme is developed [10]
to improve short-wavelength resolution without introducing explicit artificial
damping, and the grid-optimized DRP (GODRP) framework [20] extended
this traditional DRP finite-difference schemes to nonuniform Cartesian and
curvilinear grids by locally optimizing stencil coefficients. More recently, [8]
introduced a scale-aware DRP scheme that adaptively adjusts dispersion and
dissipation using a scale sensor, thereby maintaining accuracy over a wide
range of wavenumbers. However, most of the above developments have been
carried out within the finite-difference framework. Beyond this setting, an
analysis revealed that the discontinuous Galerkin (DG) scheme possesses ex-
cellent dispersion properties comparable to the DRP scheme, making it a
very promising numerical method in CAA [1].

The DG method has gained widespread attention, owing to a range of
attractive properties, including high parallel efficiency, high-order accuracy,
compactness, favorable wave propagation properties, hp adaptivity and suit-
ability for handling complex boundaries. It was originally introduced by Reed
and Hill for solving the neutron transport equation [15], and was later devel-
oped into a powerful framework for hyperbolic conservation laws by Cockburn
and Shu [16, 12, 13, 14], eventually becoming an important class of numer-
ical methods in computational fluid dynamics. The dispersive behavior of
DG methods has been the subject of numerous investigations. Ainsworth
[17] analyzed the dispersion and dissipation properties of high-order hp-DG
discretizations and established error decay rates in several limits. For linear
advection equation, Sherwin [21] studied semi-discrete dispersion relations
for both continuous and discontinuous Galerkin formulations, showing that
while their dispersion behavior is comparable, the DG formulation is in-
herently more dissipative. Hu et al. [22] performed a systematic analysis
of dispersion and dissipation properties for DG methods applied to wave
propagation problems, including both one-dimensional advection and two-
dimensional wave equations. Liu et al. [23] proposed nonuniform time-
stepping Runge–Kutta discontinuous Galerkin (RKDG) methods with inter-
face coupling to maintain low dispersion and dissipation in CAA simulations.
Recently, Yu et al. [32] studied the dispersion and dissipation of two fully
discrete schemes for linear convection based on the global spectral analysis
(GSA) [18, 6, 7]. However, most existing dispersion studies of DG meth-
ods are conducted under the standard upwind numerical flux, which limits
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the flexibility to obtain potentially more optimal schemes. This motivates
the development of more flexible flux formulations that can better balance
stability and wave resolution, and yield improved dispersion and dissipation
characteristics over a wider range of wavenumbers.

In this work, we focus on the upwind-biased numerical flux, which con-
tains a tunable parameter that introduces additional degrees of freedom for
DG method. This flux was introduced in [2], where its stability and opti-
mal error estimates were derived for DG discretizations of linear hyperbolic
problems in one and multiple dimensions. After that, many related studies
were developed. For instance, Meng et al. [26] investigated DG methods
with upwind-biased fluxes for one-dimensional linear hyperbolic equations
with degenerate variable coefficients, proving L2 stability, well-posedness,
and optimal a priori error estimates, while these results were extended to
the two-dimensional case in [25]. The impact of upwind-biased fluxes on su-
perconvergence was analyzed in [3], showing that the error constants were
governed by the interplay between flux selection and polynomial degree. And
Xu et al. [24] provided local error estimates for RKDG methods with upwind-
biased fluxes for one-dimensional linear hyperbolic equations with discontin-
uous initial data.

While most existing studies concentrate on stability properties or error
estimates, this paper adopts a dispersion analysis perspective, aiming to aim
is to identify parameter choices that provide optimal numerical dispersion
relations. In the semi-discrete DG formulation, the upwind-biased numeri-
cal fluxes introduces an additional parameter, increasing the complexity of
the dispersion analysis compared with the standard upwind flux. However,
this additional parameter introduces extra freedom that holds the potential
for reducing dispersion errors. Therefore, a linear scalar problem is ana-
lyzed to derive the parameter expression that yields the optimal dispersion
relation. Moreover, this optimal dispersion properties can be systematically
extended to one-dimensional linear systems, demonstrating the applicability
of the proposed dispersion optimization framework beyond scalar equations.
The resulting schemes are further applied to a series of wave propagation
problems, which are classical and challenging benchmarks in computational
aeroacoustics and the numerical results demonstrate excellent performance.

The remainder of this paper is organized as follows. In Sec. 2, we intro-
duce the DG formulation with upwind-biased numerical fluxes. Dispersion
analysis is performed in Sec. 3 to identify flux parameters that yield op-
timal dispersion properties. Sec. 4 extends the results to one-dimensional
linear systems. Numerical experiments are presented in Sec. 5 to validate
the analysis, and concluding remarks are given in Sec. 6.
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2 DG Methods with Upwind-Biased Nmerical Flux

In this section, we introduce the DG method with upwind-biased fluxes.
Consider the following linear advection equation:

ut + ux = 0, a ≤ x ≤ b, t > 0. (2.1)

Assume that the computational domain is covered by a uniform grid, con-
sisting of cells Ij =

[
xj− 1

2
, xj+ 1

2

]
for 1 ≤ j ≤ N , where

a = x 1
2
< x 3

2
< · · · < xN+ 1

2
= b.

We denote the mesh size by h = xj+ 1
2
− xj− 1

2
and the midpoint of each cell

by xj = 1
2

(
xj+ 1

2
+ xj− 1

2

)
. We define the finite element space of piecewise

polynomials as

V q
h =

{
v : v |Ij∈ P q (Ij) ; j = 1, 2, · · · , N

}
, (2.2)

where P q(Ij) denotes the space of polynomials of degree at most q. For
any v ∈ V q

h , we denote v−
j+ 1

2

and v+
j+ 1

2

the left limit and right limit of the
function v at the cell interface xj+ 1

2
, respectively. In this work, the Legendre

polynomials are employed as local basis functions.
The semi-discrete DG method for solving (2.1) is given as follows: find

the unique uh = uh (t) ∈ V q
h such that for all test functions v ∈ V q

h and all
1 ≤ j ≤ N ,∫

Ij

(uh)t vdx =

∫
Ij

uhvxdx−
(
ûj+ 1

2
v−
j+ 1

2

− ûj− 1
2
v+
j− 1

2

)
. (2.3)

Here ûj+ 1
2
= û(u−

j+ 1
2

, u+
j+ 1

2

) denotes the numerical flux at the interface xj+ 1
2
,

which satisfies the conditions of consistency, continuity and monotonicity
[34]. In this paper, we employ the upwind-biased flux

û(u−, u+) = θu− + (1− θ) u+, θ >
1

2
. (2.4)

Here, the parameter θ > 1
2

is taken following the L2 stability analysis given
in [2] and for linear advection, it ensures non-negative dissipation. Note
that (2.4) is not monotone when θ ∈ (1

2
, 1). But this does not affect the

stability and convergence of the numerical solution. The third-order TVD
Runge-Kutta method [33] is employed for time discretization.

In this paper, we restrict our attention to the cases from q = 1 to 5.
The corresponding schemes achieve (q + 1)-th order accuracy in space and
third-order accuracy in time. These schemes are denoted by DG-P q for each
q.
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3 Optimal Dispersive Property Parameters

In order to obtain the optimal numerical dispersion relation, an optimal value
of θ must be selected for each scheme. Following [2], we restrict our attention
to θ > 1

2
and perform the parameter search over (1

2
, 2]. This interval con-

tains the standard upwind flux (θ = 1) and, since the numerical dissipation
increases with θ according to [2], taking θ ≤ 2 provides a practical upper
bound that avoids overly dissipative schemes while still offering sufficient
flexibility to tune the dispersion–dissipation balance.

Since the admissible set contains infinitely many values of θ, additional
criteria are required to select the parameter that yields favorable dispersion
behavior. Following Tam’s DRP philosophy [5], we measure dispersion accu-
racy using an integrated error over a prescribed wavenumber range

E(Kc) =

∫ Kc

0

∣∣ωh− Re(ω̃h)
∣∣ d(kh), (3.1)

where Kc denotes the cutoff wavenumber that defines the target band in
Fourier space. Here k denotes the physical wavenumber and ω is the corre-
sponding physical angular frequency. For the linear advection equation with
unit wave speed, the exact dispersion relation reduces to ω = k, and there-
fore ωh = kh, which represents the dimensionless wavenumber. ω̃h denotes
the numerical dimensionless wavenumber and will be computed below.

3.1 The Dispersion and Dissipation Realtions of Semi-Discrete
Case

Following the analysis in [1], we consider the linear advection equation whose
initial condition is given by a single Fourier wave:{

ut + ux = 0,
u (x, 0) = eikx,

(3.2)

whose exact solution is

u (x, t) = ei(kx−ωt), ω = k. (3.3)

Let Ph denote the L2-projection operator onto the finite element space V q
h ,

which provides the numerical initial condition for the DG scheme. Applying
the projection to the initial data yields

uh (x, 0) = Ph

(
eikx
)
, (3.4)
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where Ph

(
eikx
)

satisfies:∫
Ij

(Ph

(
eikx
)
− eikx)vdx = 0, ∀v ∈ V q

h , j = 1, 2, · · · , N. (3.5)

The numerical solution on each cell Ij can be expressed as

uh (x, t) |Ij =
q∑

m=0

uj
m (t)φj

m (x), (3.6)

where φj
m (x) are the Legendre polynomials of degree m on Ij. We further

assume a Fourier solution of the form

uj
m (t) = βme

i(kxj−ω̃t), (3.7)

where ω̃ denotes the numerical angular frequency.
Substituting this ansatz into the semi-discrete DG formulation (2.3),

choosing φj
l (x) as v, and employing the upwind-biased numerical flux (2.4),

we obtain

ω̃βl =

i (2l + 1)

h

q∑
m=0

(∫ 1

−1

φmφ
′

ldξ +
(
θ + (1− θ) eikh (−1)m

) (
−1 + e−ikh (−1)l

))
βm,

(3.8)
where φl(ξ), l = 0, 1, · · · , q, are Legendre polynomials defined on [−1, 1],
which satisfy φl(−1) = (−1)l, φl(1) = 1 and

∫ 1

−1
φl(ξ)φm(ξ) dξ = 2

2m+1
δlm,

where δlm denotes the Kronecker delta. Let β = (β0, β1, · · · , βq)
T, then (3.8)

can be written in matrix form as

Aβ = ω̃β, (3.9)

where the entries of the matrix A = (clm)0≤l,m≤q are given by

A =


c00 c01 · · · c0q
c10 c11 · · · c1q
... ... . . . ...
cq0 cq1 · · · cqq

 ,

and

clm =
i (2l + 1)

h

(∫ 1

−1

φmφ
′

ldξ +
(
θ + (1− θ) eikh (−1)m

) (
−1 + e−ikh (−1)l

))
.
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The matrix A depends on the parameters θ, k, and h. For brevity, we
emphasize its dependence on θ and denote A = A(θ). The numerical fre-
quency ω̃ adopts the same convention, and is written as ω̃ = ω̃(θ). For a
given θ, assume that A(θ) has a complete set of eigenvectors. Then, accord-
ing to the characteristic equation (3.9), ω̃(θ) corresponds to an eigenvalue
of A(θ), with β being the associated eigenvector. Consequently, for each θ,
the matrix A(θ) possesses q+1 eigenvalues, which arise from the q+1 local
degrees of freedom of the DG-P q discretization. To analyze the propagation
properties of the DG scheme, we denote ω̃(θ) = ω̃r(θ) + i ω̃i(θ), where ω̃r(θ)
governs the dispersive properties and ω̃i(θ) determines the dissipation. Ac-
cording to [1], the numerical solution of (3.2) are composed of q + 1 waves
and only the dispersion relation of the physical wave is close to that of the
analytic solution.

To determine the optimal value of θ, we adopt two different optimization
criteria based on dispersion properties.

The first criterion is based on minimizing the integrated error over a pre-
scribed wavenumber range. Since very high wavenumbers are often under-
resolved and may dominate the integral without improving practical ac-
curacy, we restrict the integration to representative cutoff wavenumbers.
Specifically, we consider three cutoff values: Kc = 0.6 (well-resolved long-
wave range), Kc = 1.1 (a broader usable band), and Kc = π/2 (a commonly
used wide-band choice in DRP/CAA, corresponding to approximately half
of the Nyquist limit). For a given cutoff wavenumber, (3.1) can be rewritten
as

E(θ;Kc) =

∫ Kc

0

|kh− Re(ω̃(θ)h)| d(kh), (3.10)

which is a function of θ. The optimal value of θ is then obtained by solving
the following optimization problem

θ∗ = argmin
θ

E(θ;Kc). (3.11)

According to the parameters Kc we have selected, we define the following
three optimization rules, which will be denoted by R1-R3 in the subsequent
analysis:

R1 : θ∗ = argmin
θ

E(θ; π/2),

R2 : θ∗ = argmin
θ

E(θ; 1.1),

R3 : θ∗ = argmin
θ

E(θ; 0.6).

(3.12)

The second criterion follows the well-resolved wavenumber concept proposed
in [1], which requires

|Re (ω̃h)− kh| < 0.01. (3.13)
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We define the corresponding optimization rule, denoted by R4, as selecting
the value of θ that maximizes the well-resolved wavenumber range:

R4 : θ∗ = argmax
θ

Kr(θ), (3.14)

where

Kr(θ) = max {K : |Re(ω̃(θ)h)− kh| < 0.01, ∀kh ∈ (0, K)} . (3.15)

Here, we discretize the parameter θ with a sufficiently fine resolution
and evaluate the dispersion relations for each discrete θ value using R1–
R4 To ensure that different schemes employ the same number of degrees
of freedom per wavelength, we denote h to represent one wavelength and
hDG−P q = (q + 1)h. The selected values of θ are summarized in Tab. 3.1
and the corresponding dispersion relations for these θ values are presented
in Fig. 3.1, while the dissipation relations are shown in Fig. 3.2.

Tab. 3.1: Selected values of θ for the DG-P q schemes by R1 to R4.

Scheme R1 R2 R3 R4

DG-P 1 1.2167 1.1861 1.1579 1.2080
DG-P 2 1.3949 2.0000 0.8717 1.5203
DG-P 3 2.0000 0.7616 1.2512 0.7001
DG-P 4 0.7136 1.5641 2.0000 0.7076
DG-P 5 0.5972 2.0000 0.6692 1.2795

Tab. 3.2: Selected values of θ for the DG-P q schemes.

Scheme θ

DG-P 1 1.2167
DG-P 2 1.3949
DG-P 3 0.7001
DG-P 4 0.7136
DG-P 5 1.2795

To determine the optimal values of θ listed in Tab. 3.1, we compare
the numerical dispersion curves obtained with different choices of θ with
the exact dispersion relation. The optimal parameter is selected according
to the agreement with the exact dispersion relation in the low-wavenumber
range, as emphasized by the magnified inset in each figure. For the DG-P 1
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(a) DG-P 1 (b) DG-P 2

(c) DG-P 3 (d) DG-P 4

(e) DG-P 5

Fig. 3.1: Semi-discrete dispersion relations of the DG-P q schemes for dif-
ferent values of θ.
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(a) DG-P 1 (b) DG-P 2

(c) DG-P 3 (d) DG-P 4

(e) DG-P 5

Fig. 3.2: Semi-discrete dissipation relations of the DG-P q schemes for dif-
ferent values of θ.
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scheme, as shown in Fig. 3.1a, θ = 1.2167 improves the agreement with the
exact curve compared with the standard choice θ = 1.0. Applying the same
criterion to higher-order schemes yields the optimal values θ = 1.3949 (DG-
P 2), θ = 0.7001 (DG-P 3), θ = 0.7136 (DG-P 4), and θ = 1.2795 (DG-P 5), as
shown in Fig. 3.1b–Fig. 3.1e.

Fig. 3.2 shows the dissipation relations corresponding to the values of
θ selected primarily based on dispersion considerations. It is emphasized
that the choice of θ in this study is not intended to minimize numerical
dissipation. Instead, dissipation is examined to ensure that the dispersion-
optimized parameters do not introduce excessive damping. We can also find
that the numerical dissipation relations correspond to the values of θ, with
stronger dissipation observed for larger θ.

Overall, the analysis confirms that the proposed selection of θ priori-
tizes dispersion relations rather than dissipation minimization. The resulting
schemes achieve improved dispersion behavior over the dominant wavenum-
ber range, while the associated dissipation remains at an acceptable level.
Although smaller dissipation could be achieved for other choices of θ, such
values may compromise the dispersion properties or lead to undesirable nu-
merical behavior. Therefore, the selected values represent a balanced com-
promise, guided primarily by dispersion considerations, and are adopted in
the subsequent numerical experiments.

3.2 Dispersion and Dissipation Error

In [3], the dispersion and dissipation properties of DG schemes with upwind-
biased fluxes were investigated through the physically relevant eigenmode of
the semi-discrete operator for general values of the flux parameter θ, and a
small-mesh asymptotic expansion of the physical eigenvalue was derived to
characterize the leading-order dispersion and dissipation errors. In contrast,
the present work substitutes the dispersion-optimized parameters identified
in the previous section into this general framework and examines the corre-
sponding asymptotic behavior of the physical eigenmode. To adopt the same
analytical framework, we introduce the dimensionless quantities

K = kh, ω∗ = ω̃h, (3.16)

where K denotes the dimensionless wavenumber and ω∗ denotes the dimen-
sionless numerical frequency. In terms of these variables, the expansion of
the physical eigenmode corresponds to a Taylor series around K = 0 of the
form

ω∗ = ω∗
r + iω∗

i , (3.17)
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where
ω∗
r = K + C1K

2q+3 +O(K2q+5),

ω∗
i = C2K

2q+2 +O(K2q+4),
(3.18)

and the coefficients C1 and C2 characterize the leading-order dispersion and
dissipation errors, respectively. Here ω∗

r and ω∗
i represent the dispersion

and dissipation properties of the physical eigenmode, respectively. Build-
ing on this approach, we perform the same local eigenmode expansion for
DG schemes equipped with the dispersion-optimized parameters identified
in the preceding section. For polynomial degrees q = 1 to q = 5, the Taylor
expansions of the physical eigenmode around K = 0 are given as follows.

q = 1 :


θ = 1.0 :

{
ω∗
r = K + 3.70× 10−3K5 +O(K7),

ω∗
i = −1.39× 10−2K4 +O(K8),

θ = 1.2167 :

{
ω∗
r = K − 1.05× 10−3K5 +O(K7),

ω∗
i = −9.69× 10−3K4 +O(K8),

(3.19)

q = 2 :


θ = 1.0 :

{
ω∗
r = K + 2.38× 10−4K7 +O(K9),

ω∗
i = −1.39× 10−4K6 +O(K8),

θ = 1.3949 :

{
ω∗
r = K + 2.07× 10−4K7 +O(K9),

ω∗
i = −2.49× 10−4K6 +O(K8),

(3.20)

q = 3 :


θ = 1.0 :

{
ω∗
r = K + 9.00× 10−8K9 +O(K11),

ω∗
i = −7.09× 10−7K8 +O(K10),

θ = 0.7001 :

{
ω∗
r = K + 2.21× 10−6K9 +O(K11),

ω∗
i = −1.77× 10−6K8 +O(K10),

(3.21)

q = 4 :


θ = 1.0 :

{
ω∗
r = K + 4.53× 10−9K11 +O(K13),

ω∗
i = −4.57× 10−8K10 +O(K12),

θ = 0.7136 :

{
ω∗
r = K − 7.72× 10−10K11 +O(K13),

ω∗
i = −9.34× 10−10K10 +O(K12),

(3.22)

q = 5 :


θ = 1.0 :

{
ω∗
r = K + 2.64× 10−12K13 +O(K15),

ω∗
i = −2.21× 10−11K12 +O(K14),

θ = 1.2795 :

{
ω∗
r = K − 1.07× 10−12K13 +O(K15),

ω∗
i = −2.90× 10−12K12 +O(K14).

(3.23)

Tab. 3.3 is constructed by comparing the leading-order dispersion and
dissipation error coefficients appearing in (3.19)–(3.23) for the upwind-biased
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and standard upwind numerical fluxes. It can be seen that in most cases the
leading error coefficients of the optimized schemes are smaller than those of
the standard upwind schemes. The error orders obtained here are consistent
with the theoretical results reported in [3]. In particular, the physical mode
satisfies the expected asymptotic behavior shown in 3.18, demonstrating that
the schemes correctly capture the physical wave speed at low wavenumbers.

Tab. 3.3: Comparison of the leading-order dispersive and dissipative error
coefficients between optimized upwind-biased fluxes and the standard upwind
flux for different DG schemes.

DG scheme Scheme with smaller
dispersion error

Scheme with smaller
dissipation error

DG-P 1 optimized optimized
DG-P 2 optimized upwind
DG-P 3 upwind upwind
DG-P 4 optimized optimized
DG-P 5 optimized optimized

4 Application to One-Dimensional Linear Systems

In this section, the optimal dispersion parameters derived in Sec. 2 for scalar
problems are applied to one-dimensional linear systems. Our objective is
to examine whether the conclusions obtained for the scalar advection equa-
tion remain applicable when the DG method is applied to linear hyperbolic
systems.

Following [12], the Lax-Friedrichs flux is commonly adopted as the numer-
ical flux for DG discretizations of linear systems. To facilitate the application
of the optimal dispersion parameters obtained earlier, we first diagonalize
the linear system and reformulate it as a set of independent scalar equations.
These decoupled equations are then discretized using the DG method with
upwind and upwind-biased numerical fluxes. We consider a simple linear
system:

ut + f (u)x = 0, f (u) = Au, A ∈ Rm×m, (4.1)

where u = (u1, u2 · · · , um)
T, A is a diagonalizable constant matrix. The DG

method for solving (4.1) is given as follows:∫
Ij

(uh)t φdx =

∫
Ij

f (uh)φxdx−
(
f̂j+ 1

2
φ−
j+ 1

2

− f̂j− 1
2
φ+
j− 1

2

)
, (4.2)
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where uh = (u1,h, u2,h · · · , um,h)
T ∈ [V q

h ]
m is the numerical solution vector,

φ ∈ V q
h is a test function, and f̂ is taken as the Lax-Friedrichs flux:

f̂LF (u−,u+) =
1

2

(
f(u+) + f(u−)

)
− α

2

(
u+ − u−) , (4.3)

where α = max (|λ1| , |λ2| , · · · , |λm|), and λp is the p-th eigenvalues of the
Jacobian matrix ∂f

∂u
= A.

In order to employ our scheme, we perform an eigenvalue decomposition of
coefficient matrix A. Then there exists an invertible matrix R and a diagonal
matrix Λ = diag (λ1, λ2, · · · , λm), such that A = RΛR−1. Furthermore,
defining R−1u = v = (v1, v2 · · · , vm)T and multiplying both sides of (4.1)
from the left by R−1, we obtain a system consisting of independent scalar
equations

vt +Λvx = 0. (4.4)
That is, the original linear system is transformed into a set of independent
scalar equations, each associated with an eigenvalue λi. Then, we solve (4.4)
using the following DG method:∫

Ij

(vh)tφdx =

∫
Ij

g(vh)φx dx−
(
ĝup−bia

j+ 1
2

φ−
j+ 1

2

− ĝup−bia

j− 1
2

φ+
j− 1

2

)
, (4.5)

where
vh = (v1,h, v2,h, · · · , vm,h)

T, g(v) = Λv.

And ĝup−bia is the upwind-biased flux, given as

ĝup−bia(v−,v+) =
Λ

2

(
v+ + v−)− D′

2

(
v+ − v−) , (4.6)

with D′ = (2θ − 1) diag (|λ1| , |λ2| , · · · , |λm|). We can transform this numer-
ical flux back to the one corresponding to the original conservative variables
uh,

f̂up−bia(u−,u+) =
A

2

(
u+ + u−)− RD′R−1

2

(
u+ − u−) . (4.7)

In the numerical simulation, we will employ the DG scheme (4.2) with nu-
merical flux (4.7).

In summary, by diagonalizing the one-dimensional linear system, the orig-
inal system is transformed into a set of independent scalar equations. This
approach naturally facilitates the application of upwind-biased numerical
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fluxes to each scalar component, allowing the optimal dispersion parame-
ter θ, originally derived for scalar problems, to be directly employed in the
system setting. In the following numerical experiments in Sec. 5, the result-
ing upwind-biased DG schemes are compared with the standard DG method
using the Lax–Friedrichs flux to assess their dispersion and dissipation prop-
erties.

5 Numerical Experiments

In this section, a series of numerical experiments are presented to verify the
theoretical results derived in Sec. 3 and Sec. 4. In particular, we focus
on validating the dispersion properties of the proposed DG schemes with
optimally chosen upwind-biased flux parameters. Although the theoretical
analysis in this paper is carried out for constant coefficient linear problems,
several numerical experiments involving geometric source terms are also in-
cluded. These tests are intended to assess the practical performance of the
proposed DG schemes beyond the scope of the theoretical analysis.

Example 5.1. To assess the performance of the schemes obtained in Sec.
3, which are designed to achieve optimal dispersion relations for polynomial
degrees q = 1 to q = 5, we consider the following linear convection equation:{

ut + ux = 0,

u (x, 0) = 1
2
e−(ln 2)(x

2 )
2

,
(5.1)

with analytic solution

u (x, t) =
1

2
e−(ln 2)(x−t

2 )
2

. (5.2)

A sufficiently large computational region [−800, 1000] is selected to allow
compactly supported boundary conditions. In order to ensure the same num-
ber of degrees of freedom per wavelength for all schemes, we let hDG−P q =
q + 1, the time step is set to ∆t = 1

30
hDG−P q . In the DG schemes with

upwind-biased numerical fluxes, the parameter θ is selected according to the
optimal values derived in Sec. 3. For comparison, the standard upwind flux
with θ = 1.0 is also used. Time integration is carried out using the third-
order strong stability preserving Runge–Kutta method, and the numerical
solutions are computed up to t = 400. The numerical solutions obtained
with different DG schemes are displayed in Fig. 5.1, where the exact solu-
tions are shown for reference. Quantitative comparisons are provided in Tab.
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5.1, which lists the L1, L2, and L∞ errors between the numerical and exact
solutions.

From these figures, we can see that the DG schemes with the proposed
upwind-biased fluxes perform better than those using the standard upwind
flux. The use of the optimized θ values leads to visibly improved agreement
with the exact solution, which is further quantified by the smaller L1, L2, and
L∞ errors reported in Tab. 5.1. This consistent error reduction demonstrates
the advantage of the proposed flux choice and confirms the theoretical results.

Tab. 5.1: L1, L2, L∞ errors between the numerical and exact solutions for
DG-P q with different θ values in Example 5.1.

Method θ values L1 L2 L∞

DG-P 1

θ = 1.0000 1.0735e-03 1.1827e-02 2.7686e-01
θ = 1.2167 1.0197e-03 1.1301e-02 2.6298e-01

Reduction (%) 5.01 4.45 5.01

DG-P 2

θ = 1.0000 6.0660e-04 6.7976e-03 1.5313e-01
θ = 1.3949 5.9912e-04 6.7580e-03 1.4668e-01

Reduction (%) 1.23 0.58 4.21

DG-P 3

θ = 1.0000 3.7007e-04 4.1243e-03 9.1009e-02
θ = 0.7001 2.8947e-04 3.1709e-03 6.9359e-02

Reduction (%) 21.78 23.11 23.79

DG-P 4

θ = 1.0000 2.5224e-04 2.7383e-03 6.3824e-02
θ = 0.7136 2.5177e-04 2.8325e-03 6.1654e-02

Reduction (%) 0.19 -3.44 3.40

DG-P 5

θ = 1.0000 1.8360e-04 2.0365e-03 4.9136e-02
θ = 1.2795 1.5966e-04 1.8171e-03 4.5102e-02

Reduction (%) 13.04 10.78 8.21

Example 5.2. In this example, we investigate the aliasing effects for the
linear convective wave equation in [29]

ut + ux = 0, (5.3)

subject to the initial condition

u(x, 0) = (2 + cos(αx)) e−(ln 2)( x
10)

2

. (5.4)
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(a) DG-P 1 (b) DG-P 2

(c) DG-P 3 (d) DG-P 4

(e) DG-P 5

Fig. 5.1: Comparisons between numerical solutions obtained using the stan-
dard upwind flux and the optimized upwind-biased flux for DG-P q schemes
(q = 1, 2, 3, 4, 5), hDG−P q = q + 1. The exact solution is shown for reference.
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where the wavenumber α = 1.7 is considered. This value corresponds to a
higher-frequency mode that is under-resolved on the given mesh and therefore
induces aliasing errors. The exact solution is given by

u(x, t) =
(
2 + cos

(
α(x− t)

))
e−(ln 2)(x−t

10 )
2

. (5.5)

The problem is solved using the DG-P 4 and DG-P 5 schemes. Fig. 5.2 com-
pares the numerical and exact solutions at t = 800. The corresponding L1,
L2, and L∞ errors obtained with the standard upwind flux (θ = 1.0) and
the optimized upwind-biased flux are reported in Tab. 5.2. As shown in Ta-
ble, the DG scheme employing the optimized θ value consistently produces
smaller errors. This indicates that, even in the presence of aliasing effects,
the optimized upwind-biased flux provides slightly improved performance
compared with the standard upwind flux.

(a) N = 1200, DG-P 4 (b) N = 400, DG-P 5

Fig. 5.2: Numerical and exact solutions for the aliasing test obtained with
the DG-P 4 and DG-P 5 schemes, the mesh sizes are chosen according to N .
Here N denotes the number of cells, and the CFL number is set to 1/30.
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Tab. 5.2: L1, L2, L∞ errors between the numerical and exact solutions for
DG-P q with different θ values in Example 5.2.

Method θ values L1 L2 L∞

DG-P 4

θ = 1.0000 8.7508e-05 5.6247e-04 6.7969e-03
θ = 0.7136 8.7200e-05 5.6052e-04 6.6365e-03

Reduction (%) 0.35 0.35 2.36

DG-P 5

θ = 1.0000 2.6399e-03 1.7069e-02 2.0515e-01
θ = 1.2795 2.6280e-03 1.6931e-02 2.0210e-01

Reduction (%) 0.45 0.81 1.49

Example 5.3. In this example, we consider a spherical wave propagation
problem in [30], which is governed by the one-dimensional equation

∂u

∂t
+

u

r
+

∂u

∂r
= 0, (5.6)

where the term u/r accounts for the geometric spreading effect. The com-
putational domain is chosen as [5, 450], and a time-dependent boundary
condition is prescribed at r = 5

u(5, t) = sin(ωt), (5.7)

where ω = π/3 is used in the simulations. The exact solution of this problem
is given by

u(r, t) =
5

r
sin
(
ω(t− r + 5)

)
. (5.8)

Numerical solutions are computed using the DG-P 1 and DG-P 2 schemes
and examined at t = 100, 200, 300, and 400. Fig. 5.3 and Fig. 5.4 show the
corresponding results. Tab. 5.3 and 5.4 show the L1, L2, and L∞ errors at
different times for both the standard upwind flux and the optimized upwind-
biased flux. It is observed that the optimized choice of θ consistently yields
smaller errors than the standard upwind flux for all reported times. These
results demonstrate that the dispersion-optimized flux remains effective for
problems involving geometric source terms and time dependent boundary
conditions.
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(a) t = 100 (b) t = 200

(c) t = 300 (d) t = 400

Fig. 5.3: Numerical and exact solutions at t = 100, 200, 300, and 400 with
ω = π/3, obtained using the DG-P 1 scheme on a uniform mesh with N = 500
cells. The CFL number is set to 1/30.
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(a) t = 100 (b) t = 200

(c) t = 300 (d) t = 400

Fig. 5.4: Numerical and exact solutions at t = 100, 200, 300, and 400 with
ω = π/3, obtained using the DG-P 2 scheme on a uniform mesh with N = 150
cells. The CFL number is set to 1/30.
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Tab. 5.3: L1, L2, and L∞ errors for the spherical wave problem in Example
5.3. obtained with the DG-P 1 scheme (N = 500) using the standard upwind
flux and the optimized upwind-biased flux.

t Error θ = 1.2167 θ = 1.0 Reduction (%)

t = 100
L1 4.5302e-03 5.2965e-03 14.47
L2 1.0686e-02 1.2498e-02 14.50
L∞ 3.8926e-02 4.4350e-02 12.23

t = 200
L1 7.9770e-03 9.1298e-03 12.63
L2 1.3469e-02 1.5471e-02 12.94
L∞ 5.8939e-02 5.9218e-02 0.47

t = 300
L1 1.0504e-02 1.1833e-02 11.23
L2 1.4735e-02 1.6752e-02 12.04
L∞ 5.1988e-02 6.2973e-02 17.44

t = 400
L1 1.2407e-02 1.3785e-02 9.99
L2 1.5358e-02 1.7326e-02 11.36
L∞ 3.8926e-02 4.4350e-02 12.23

Tab. 5.4: L1, L2, and L∞ errors for the spherical wave problem in Example
5.3. obtained with the DG-P 2 scheme (N = 150) using the standard upwind
flux and the optimized upwind-biased flux.

t Error θ = 1.3949 θ = 1.0 Reduction (%)

t = 100
L1 7.7008e-03 9.6190e-03 19.94
L2 1.8309e-02 2.3053e-02 20.58
L∞ 7.6355e-02 9.6954e-02 21.25

t = 200
L1 1.3014e-02 1.5304e-02 14.97
L2 2.2378e-02 2.7163e-02 17.61
L∞ 1.7695e-01 2.0275e-01 12.72

t = 300
L1 1.6068e-02 1.8130e-02 11.38
L2 2.3717e-02 2.8072e-02 15.51
L∞ 1.1431e-01 1.4082e-01 18.82

t = 400
L1 1.7538e-02 1.9469e-02 9.92
L2 2.3169e-02 2.7211e-02 14.86
L∞ 7.6342e-02 9.6943e-02 21.25

Example 5.4. In this example, we consider a linear hyperbolic system,
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namely the one-dimensional linearized Euler equations without mean flow{
ut + px = 0,
pt + ux = 0,

(5.9)

with the initial conditions{
u(x, 0) = e−(ln 2)(x

b )
2

,
p(x, 0) = 0.

(5.10)

The exact solution of (5.9) can be expressed as a superposition of left- and
right-traveling waves,

u(x, t) =
1

2
[u(x− t, 0) + u(x+ t, 0)] ,

p(x, t) =
1

2
[u(x− t, 0)− u(x+ t, 0)] .

(5.11)

A sufficiently large computational domain [−420, 420] is adopted. Let hDG−P q =
q + 1, ∆t = 1

30
hDG−P q . For each scheme, the same mesh size h (or equiva-

lently hDG−P q) is used for both the Lax–Friedrichs flux and the upwind-biased
flux. Since the solution consists of two counter-propagating waves, numer-
ical results are examined at t = 400. Both the Lax-Friedrichs flux and the
optimized upwind-biased flux are used in the DG discretization. Fig. 5.5
presents the numerical solutions obtained with the DG-P q schemes for dif-
ferent polynomial degrees, and quantitative comparisons are given in Tab.
5.5. It is observed that consistent with the scalar case, the DG schemes
equipped with the optimized upwind-biased flux provide better results than
those obtained using the Lax-Friedrichs flux.
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(a) DG-P 1 (b) DG-P 2 (c) DG-P 3

(d) DG-P 4 (e) DG-P 5

(f) DG-P 1 (g) DG-P 2 (h) DG-P 3

(i) DG-P 4 (j) DG-P 5

Fig. 5.5: Comparisons between numerical and exact solutions for the lin-
earized Euler system in Example 5.4 obtained using the Lax-Friedrichs flux
and the optimized upwind-biased flux with DG-P q schemes (q = 1, 2, 3, 4, 5),
hDG−P q = q + 1. Figures (a)–(e) correspond to the upstream region with
x ∈ [−420,−380], while figures (f)–(j) correspond to the downstream region
with x ∈ [380, 420].
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Tab. 5.5: L1, L2, and L∞ errors for the linearized Euler system in Example
5.4. obtained using DG-P q schemes with the standard upwind flux and the
optimized upwind-biased fluxes.

Method θ values L1 L2 L∞

DG-P 1

Lax-Friedrichs Flux 4.5707e-03 2.4483e-02 2.7704e-01
θ = 1.2167 4.3547e-03 2.3394e-02 2.6313e-01

Reduction (%) 4.73 4.45 5.02

DG-P 2

Lax-Friedrichs Flux 2.6143e-03 1.4075e-02 1.5087e-01
θ = 1.3949 2.5180e-03 1.3996e-02 1.4117e-01

Reduction (%) 3.68 0.56 6.43

DG-P 3

Lax-Friedrichs Flux 1.5739e-03 8.5376e-03 8.9972e-02
θ = 0.7001 1.2363e-03 6.5641e-03 6.8827e-02

Reduction (%) 21.45 23.11 23.50

DG-P 4

Lax-Friedrichs Flux 1.0695e-03 5.6682e-03 5.8911e-02
θ = 0.7136 1.0688e-03 5.8632e-03 5.7461e-02

Reduction (%) 0.07 -3.44 2.46

DG-P 5

Lax-Friedrichs Flux 7.8360e-04 4.2387e-03 4.5573e-02
θ = 1.2795 6.8350e-04 3.7881e-03 4.1554e-02

Reduction (%) 12.77 10.63 8.82

Example 5.5. The propagation of sound waves through a transonic nozzle is
a classical problem in [28]. Accurate numerical simulation of acoustic waves
in such configurations is challenging due to the strong coupling between mean
flow variations and acoustic perturbations. In this example, we consider a
one-dimensional acoustic wave transmission problem through a nearly choked
nozzle.

The characteristic scales used in this study are defined as follows:

• Length scale: D, the diameter of the duct in the uniform region up-
stream of the nozzle;

• Velocity scale: ar, the speed of sound in the same region;

• Time scale: D/ar;

• Density scale: ρr, the mean density in the upstream uniform region;

• Pressure scale: ρra
2
r.
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The governing equations are the quasi-one-dimensional compressible linear
Euler equations,

∂ρ′

∂t
+

ρ̄u′

A

dA

dx
+ ρ̄

∂u′

∂x
+ u′ dρ̄

dx
+ ρ′

ū

A

dA

dx
+ ρ′

dū

dx
+ ū

∂ρ′

∂x
= 0, (5.12)

ρ̄
∂u′

∂t
+ ρ′ū

∂u′

∂x
+ ρ′ū

dū

dx
+ ρ̄u′dū

dx
+

∂p′

∂x
= 0, (5.13)

∂p′

∂t
+ ū

∂p′

∂x
+ u′ dp̄

dx
+

γ

A
(p̄u′ + p′ū)

dA

dx
+ γp̄

∂u′

∂x
+ γp′

dū

dx
= 0, (5.14)

where γ = 1.4 and A(x) = πR(x)2 is the cross-sectional area of the nozzle.
The nozzle geometry is illustrated in Fig. 5.6, and the radius function R(x)
is prescribed piecewise as

R(x) =



0.5, x < −0.4,

− 24.5571(x+ 0.4)4 + 26.1942(x+ 0.4)3

− 7.8586(x+ 0.4)2 + 0.5,
−0.4 ≤ x ≤ 0,

− 0.0265(x+ 0.4)4 + 0.0991(x+ 0.4)3

− 0.0934(x+ 0.4)2 + 0.0340(x+ 0.4)

+ 0.2861,

0 < x ≤ 1.6,

0.3484, x > 1.6.

We set the upstream uniform-flow parameters as Ar = π/4, ρr = 1, ur =
Mr = 0.2, and pr = 1/γ, and take the computational domain [−1.2, 2.2].
The method described in Sec. 4 will be used to compute this problem with
the DG-P 2 scheme and N = 480.

Fig. 5.6: Geometry of supersonic nozzle
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An entropy wave pulse is imposed at t = 0,

ρ′ = 0.001 exp

(
− (ln 2)

(
x− x0 − ūt

3∆/(q0 + 1)

)2
)
, (5.15)

p′ = 0, (5.16)
u′ = 0, (5.17)

where x0 denotes the left boundary of the computational domain, ū = ur,
∆ is the mesh spacing, which depends on the number of mesh cells N and
q0 = 2. The steady mean flow is computed using a Newton iteration. The
resulting mean flow profiles and the residual of density are shown in Fig.
5.7 and 5.8, respectively. As the entropy wave is convected downstream
by the mean flow, acoustic waves are generated when it passes through the
nozzle. Fig. 5.9 and 5.10 present the instantaneous density and pressure
distributions at different times, illustrating the acoustic response induced
by the entropy perturbation. While N = 600 was used in [1] for the same
DG-P 2 setup, the present scheme with the optimal dispersion relations is
able to capture the same acoustic features using only N = 480 cells, and the
generation and downstream propagation of the acoustic waves induced by
the entropy perturbation are well resolved. This indicates that the use of the
upwind-biased numerical flux in DG framework reduces the mesh resolution
requirement, allowing the acoustic features to be resolved with fewer grid
points compared with the standard upwind flux.

Fig. 5.7: Analytical mean flow of ρ,
u, and p

Fig. 5.8: Residual of ρ

Example 5.6. In this example, we consider the propagation of small ampli-
tude acoustic waves superimposed on a mean flow in a convergent–divergent
nozzle [30], which is shown in Fig. 5.11. The governing equations are iden-
tical to those used in Example 5.5. The duct area variation is prescribed
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(a) t = 4.2 (b) t = 4.9

(c) t = 5.0 (d) t = 5.3

(e) t = 5.4 (f) t = 6.3

Fig. 5.9: The instantaneous density distributions inside the supersonic noz-
zle at six different times. The density perturbation are multiplied by 103.
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(a) t = 4.2 (b) t = 4.9

(c) t = 5.0 (d) t = 5.3

(e) t = 5.4 (f) t = 6.3

Fig. 5.10: The instantaneous pressure distributions inside the supersonic
nozzle at six different time. The pressure perturbation are multiplied by 105.
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as

A(x) =


134
17

− 17 cos
( πx

100

)
, −100 ≤ x ≤ 19,

97.2 + 0.3x, 19 ≤ x ≤ 80,

1, x ≤ −100.

The computational domain is chosen as [−200, 80]. The initial condition
consists of a uniform mean flow with a small-amplitude acoustic perturbation,up

ρ

 =
1

M

M1
1

+ ε

11
1

 sin

(
ω

(
x

1 +M
− t

))
,

where M = 0.5 is the Mach number, ε = 10−6 is the perturbation amplitude,
and ω = 0.1π is the angular frequency. We use the method described in
Sec. 4 and compute this problem with the DG-P 1 scheme and N = 140.
To analyze the acoustic response, the pressure perturbation is observed at
x = 80, and the computation is carried out until t = 850.

Fig. 5.11: Convergent–divergent nozzle for Example 5.6.

The analytical mean flow solution is shown in Fig. 5.12 while Fig. 5.13
presents the evolution of the pressure perturbation, demonstrating the propa-
gation of acoustic waves through the convergent–divergent nozzle. Using the
proposed scheme, the numerical results reproduce the acoustic features re-
ported by Tam using a 7-point stencil DRP scheme for this problem [30],
demonstrating that the DG method equipped with optimized dispersion
properties provides an effective approach for resolving acoustic wave propa-
gation problems.
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Fig. 5.12: Analytical mean flow of
ρ, u, p and M

Fig. 5.13: Perturbation of pressure
at the nozzle exit

6 Conclusion

In this paper, a dispersion and dissipation analysis of DG methods has been
performed for linear hyperbolic problems. By analyzing the dispersion prop-
erties of the spatial discretization, optimized upwind-biased numerical flux
parameters were derived for DG-P q schemes with polynomial degrees from
q = 1 to q = 5. The analysis shows that an appropriate choice of the θ
values can substantially improve the dispersive properties of DG schemes
while preserving stability. The resulting optimized flux provides a simple
modification of the standard upwind flux and can be readily incorporated
into existing DG frameworks.

Numerical experiments for scalar advection equations and linear hyper-
bolic systems confirm the theoretical findings, demonstrating consistent re-
ductions in numerical errors when the optimized flux is employed. Additional
tests involving geometric source terms, aliasing effects, and acoustic wave
propagation in variable-area ducts and transonic nozzles further illustrate
the robustness and effectiveness of the proposed approach in realistic wave
propagation and computational aeroacoustics problems. These results indi-
cate that optimal dispersion upwind-biased fluxes offer an efficient and prac-
tical strategy for improving the accuracy of DG methods for wave-dominated
problems. Future work will focus on extensions to fully discrete DG methods,
multidimensional and nonlinear problems.
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