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BEZRL/A

> P APHIAHERE:
> INEARTEN: ITIMEELTI
> BRANATEEN: RS YIIERR i
> (TEHIAEEN: HITEHRS
> RRNRE . EXHRAEOUEE
» BiRiRE: RUEE
» HEZH128 A Explicit representation of uncertainty using the
calculus of probability theory

» Perception = state estimation
» Action = utility optimization
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BEAZ B FNE 4

> BEHLIREE: FRAETEHAMELRIRE
> PEHRER = — NI

> BEATE: BIKEHRAATTRERENRNES, 128 0
> BB FRIEATE Q= {1,2,3,4,5,6}

» BEFEG (BAS): AR Edps, BIREVRIEATTaE
ZR, itAw

» B H#EATERTFE IBAAB ...

» A={1,3,5} KR "WHERATFH X—FH

> Q KB AHUREH, 0 ARFRESH
» EREG ANB=0, MAEREG (FHEHBZEH)
» EWEGH ANB=0 8 AUB=Q, MRAEIEH



» BRNE: ARASEPHE—/E4 A BF—/EE
(=) P(A) €0, 1]

> BERME (BX) E—DPAEERZE Q BEE 2° 2K
& [0, 1] Bypkst P: 29 = [0, 1], BEREMUT=

A Kolmogorov /M

(1) P(Y) =1; (FEtE)

(2) P(A) >0, VA € 2% (JEfatk)

(3) P(AU B) = P(A) + P(B), VA, B€ 22, AN B = (.
(BPR T AN )

> P(A) FRABH A BIEE



ML 3 2 AT R eR 45

> BHEEREXEHEATE Q FH@EE, i2A X Y, Z

> BT ERBERIXESRME, 84 Xy 2

> BN E X KA BRENEERARES (REZE),
B4 O

» X A—HENEE, x RERN—1TRE, Tﬁﬂi S[E Q |,
i X BEA x WETFEGHER—1EH,
HOUxx={we Q| Xw)=x}, @WEH " "X= x”

> B X=X IR P(X = x) = P(Qx=) kBT X KIE
B x, ik x % Qx £Z3, P(X=x) ##RHA Qx B—1TERE
F [0, 1] EE, FRAMHEE X WETRRE R
(probability mass function), 124 P(X)

> IRIBEEENEREX

P(X=x) >0, Vxe Qx fajich P(X) >0

> P(X —X—llﬁmﬂjﬂz X=x =1

xEQNx



4rhEH T E (Continuous Random Variables)
» X 2T E, HFERERESH

» p(X=x)or p(x) AEERZEDRE (probability density
function) ,
P(x € (a, b)) :/ p(x)dx
> fltn: &

EHaH (ESaw), HEAu, WEEAHo

1 _x=w?
p(x) = e 27

oV 2w

p(x)

900




EXE & 4% (Joint Probability)
> er-g/l\lxjﬁ*ﬂ:g% X17 DR Xnv Fﬁﬁ%é*ﬁizﬁ'#ﬁ P(Xb <o 7Xn)
SRS T EMA T RERRSHEHIETE.
> gﬁﬁ*ﬁ%fﬁ)‘(&ﬁﬁﬁ@%’lﬁ?&}ﬁI‘ﬂﬁ@ﬁ%fﬂﬁﬁiﬂ'\]@

> BEATBERTHA-KR, B8 I, [Qx| MPREHER
HifRE. 6 HFEHEETE

public private others

low 0.17 0.01 0.02
medium 0.44 0.03 0.01
upper medium | 0.09 0.07 0.01
high 0 0.14 0.01

SR X = {Xi,..., X}, Y 2 X HEFE (YCX),
Z=X\Y. WExF P(X), Y Biags®m P(Y) EXA
P(Y) = EZP(le"'vxn)r ﬁ-{y‘]m%“{.



Z4#EZE 5% (Conditional Probability)
. bR

(Al )= 5
- RABENT
P(X=x|Y=y)= P(XPTYX’:Y; )

BEIZE y, it x & Qx LEF, BERH PX| Y=y (&S
EY=yMNEE X HWEHEELIF);
PXIY)={PX|Y=y) |yeQy} (4B YREE XKF
GXIES K

PX,Y)

PXXIY) = 5

> SEFLI:

P(X1, Xa, ., Xa) = PXU)P(Xz | X1) -+ P(X | X1, -+, Xnot)



214957 (Conditional Independence)

» B4 A5 BHEEMI: P(ANB) = P(A)P(B)
» 4 P(A) > 08, P(B)=P(B|A).
» B A LS BEATE C BRI

PANB[ O =PA|OPB]|C)

- éP(BﬁC)>OH‘} P(A| C) = P(A| BN Q).
» BAEE XM YHEERL, A XLY:

P(X,Y) = P(X)P(Y)
> EP(Y=y) >0, M PX) =PX]|Y=y).

» ZAMEHEE X, YR Z, & P(Z=2>0,VzeQz, X
Y ELETE Z HHEESEEMIL, i2A XLY| Z:

PIX, Y| 2) = P(X| 2)P(Y| 2)

> %P(Y:y,Z:Z)>O,
M PX|Y=y,Z=2=PX|Z=2).



— e

Discrete case Continuous case

> P(x)=1 [ p(x)dx =1

P(x)=" P(x,y) p(x) = [ px,y) dy
y

Px)=Y P(x|DPG)  p(x)=]p(x|»)p(y) dy



NitEr23 (Bayes Formula)

> FEESIESE E=e ZH1, MM H=h BEERME
it P(H=h) RAZEHER: MEZRIEREZRE, S H="h
R P(H = h| E= e) FRARRHEZE

> MMHTERE (RAHEHSN,. 23X)

P(H=hP(E=e|H=h)

P(H=h|E=e) = FE—
PIX| = ¢ = PR =1

P(x,y)=P(x|y)P(y)=P(y|x)P(x)

=

P(y|x) P(x) _likelihood- prior
P(y) evidence

P(x|y)=




T AT (Bayes Formula)

PP Pyl 0PK

Py = ) = S P 0P
Ply| PG Ply| P

P = ) = TRy )Py ax

» R x B—NMHEH y HENHRAOEE, MEEZE P(x) FRA
LIS HEZ 5% (prior probability distribution)

> y FRAEHE (data), iR IERFNEE

» P(x) BETESGEEIE vy ZAIE2EFHNXT xHER

> BEER P(x|y) FRAE X LHEEBEES M (posterior
probability distribution)

» UMHETAENFIR 35" FEEE Py | x) FIEREREEE P(x)
HERREEZE P(x|y)

» Ply| x) FRAERIEE (generative model), RRIEE X M
S| M MEHE vV



J3—4k (Normalization)

Plx) Px) _
Oy PP

L 1
(R WTIRTE

P(x|y):

Algorithm:
Vx:aux, =P(y|x) P(x)

1
TS aux,

VXIP(XU/) =n auxx‘y
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MBEARRRZE

Perceptual/action data

Waorld model, belief

> ﬂ;iﬁ,)lﬁ:j& (State) DXty = Xty Xty 415 - -0 Xy
> ﬂ;iﬁﬁ?ﬁu&%m“% (measurement) : Zt:tg = Zt1, Zt1+1y - -+ 5 2ty

» ¥=HITTED (control action): wg.r, = Upy, Uy 41, - - -, Ut



WL 2= A Rl iE )
> RESEEEAERGEN: P(xe | Xo:—1, Z1:6—1, U1:t)

» MRRKRE x REER, M-
» IREEFBBE: P(xe | X0:6-1, 21201, Un:e) = P(Xe | Xe—1, Ug)
> SRR P(Zt | X0:t—15 Z1:t—1, Ul:t) = P(Zt | Xt)

> BIEE (belief): BRMFHTIPRSMHITHIBMES
bel(x:) = P(xt | z1.t, u1:t)

bel(xt) = P(x¢ | z1:¢—1, U1:t) prediction

> B bel(x;) iT& bel(x;) AEIE (correction) BXillEEH

(measurement update)

6358

Xn]




R

= Suppose a robot obtains measurement z
= What is P(open | 2)?

S




R

» P(x| u,X) for u= “close door”

0.9

0.1 ( open \—j@ﬂ 1
0

If the door is open, the action “close door”
succeeds in 90% of all cases
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Recursive Bayesian Updating

QBEMNE z1,.... 20, fHITKT x

P(zy | x,z1, ..y Zn—1)P(x | Z1, ..., Zp—1)
P =
(x| 21, 20) Pz, | z1,...,2n—1)
» Markov Assumption: z, is independent of z,...,z,_1 if we
know x
P P e Zne
b 1oy = Pl 9P 2120

P(zy | z1,y. ..y 2Zn—1)

=nP(z, | Xx)P(x| z1,...,2p-1)

-----



Integrating the Outcome of Actions

» Continuous case:
P(x | u) :/P(X| u, X)P(X)dxX

» Discrete case:



Bayes Filters: Framework

» Given:
» Stream of observations z and action data u:

dt = {U]_,Z]_,. -')utazt}

» Sensor model P(z | x)

» Action model P(x | u,x)

» Prior probability of the system state P(x)
» Wanted:

» Estimate of the state X of a dynamical system
» The posterior of the state is also called Belief:

bel(x;) = P(x¢ | u1,z1, ..., Us, Z¢)



Markov Assumption

P(Zt | X():f’ ;:f—l? ul:f) = P(% ‘ Xf)
P(Xt | Xt 15 24 l’ul:t) = P(Xr | X 1aur)

Underlying Assumptions
» Static world
» Independent noise

» Perfect model, no approximation errors



Bayes Filters

bel(x;)
= P(Xt | Z1:ty Ul:t)
=nP(z¢ | X, Z1:0—1, U1:6) P(Xe | Z1:6—1, Un:t) Bayes

=nP(z; | xt)P(x¢ | Z1:¢—1, U1:¢) Markov

(
=nP(z | xt)@(xt)
(

=nP(z: | Xt) / P(Xt | Xt—1,21:t—1; Ulzt)P(Xt—l | Z1:t—1, Ul:t) dx;—1 Total prob.
=nP(z | Xt)/P(Xt| U, Xe—1) P(Xe—1 | Z1:e—1, Unee) dXe—1 Markov
=nP(z | Xt)/P(Xt | ue, xe—1)P(Xe—1 | Z1:e-1, Un:e—1) dXe—1 Markov

=nP(z; | x¢) /P(xt | tp, xe—1)bel(xe—1) dxe—1



Bayes Filter Algorithm

Bel(x,)=nP(z, |x) [ P(x, |u,.x,_,)Bel(x,,)dx, ,

Algorithm Bayes_filter(Be/(x), d):
=0
If d is a perceptual data item = then
For all x do
Bel'(x) = P(z| x)Bel(x)
n=1n+Bel'(x)
For all x do
Bel'(x)= 17 'Bel'(x)

Else if 4 is an action data item « then

OGN LA WLNe

= O
o -

For all x do
Bel'(x)= | P(x|u.x) Bel(x') o
Return Bel(x)

(S
N



Bayes Filters are Familiar

> Prediction
bel(x;) = / P(x¢ | ugy xe—1)bel(xp—1) dxe—1

» Correction o
bel(xt) = nP(z; | x¢)bel(xt)

Bel(x,)=nP(z, | x)[ P(x, [u,.x, ) Bel(x, ,)dx, ,

» Kalman filters

> Particle filters

» Hidden Markov models

» Dynamic Bayesian networks

» Partially Observable Markov Decision Processes (POMDPs)
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bk

Gaussians

P(x) ~ N(p,07):

e

1 ,
p)=——e’ "
V2rao

Univariate

P(x) ~ N(z,%):

1 S e

Multivariate




bk
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=
n

o
n

0.020  0.013
0013 0.020
0.007
0.033

O,/ 040, = 0.673




Properties of Gaussians

= Univariate case

X ~ N(u,0%)

= Y~ N(au+b,a’c”
Y-aX+b } (6 )

XL - N(ﬂuo—ly) R -
X, MN%,%;)}E pX)- p(X,) N{ 1

T,

2

2

2




Properties of Gaussians

= Multivariate case

X ~ N(1,%
(u )} s Y~ N(Au+ B,AsAT)

Y=AX+B
X~ N(g,2) % 3 1

1 Pl p(X)- p(X,)~ N| : R 2 : P E—
X, ~ N(u,,%,) Z+Z, 2z +x, X+,
(where division "-" denotes matrix inversion)

- We stay Gaussian as long as we start with
Gaussians and perform only linear
transformations



Table of Contents

S HrEK (Gaussian Filter)
FREBIEK



Discrete Kalman Filter

Estimates the state x of a discrete-time

controlled process that is governed by the
linear stochastic difference equation

X =Ax_ +Bu, +¢

with a measurement

AZQ%+&




Components of a Kalman Filter

S|l

Matrix (» x»n) that describes how the state
evolves from #1 to ¢ without controls or
noise.

Matrix (n xI) that describes how the control
u, changes the state from 1 to .

Matrix (& xn) that describes how to map the
state x, to an observation z..

Random variables representing the process
and measurement noise that are assumed to
be independent and normally distributed
with covariance O, and R, respectively.



Kalman Filter Updates in 1D

_| prediction

azf

atf

correction

azs

measurement

It's a weighted mean!




Kalman Filter Updates in 1D

How to get the blue one?
Kalman correction step

aos

i+ K(z-1 .
bel(x,)_{ M=+ K(Z — ) with K, o,

o; =(1-K,)o; Gy + B gy

=1y +K!(Zr - Crﬁ:)

_ ith K =xCH(CLCT+R)]
)_lt:(ffKtCt)Zr Wi t G (GLC, +R)

be'(xx) {




Kalman Filter Updates in 1D

au,_ +bu,
bel( X)) = {M e ‘ How to get the
o, =a/0; +0'am magenta one?

State prediction step

bei(x,) - = A, + By,
=AX A +Q




Kalman Filter Updates

o
\
ats 4
/
“f Pl
e N
! A
acs
A
b 5 0 = =
measurement |
—

ailp rd A

/ A

y .

/
aer] /
s
e '\.

@ e ™

aos

prediction

correction |
Ve T
1/ \\
S A
/ N
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Linear Gaussian Systems: Initialization

Initial belief is normally distributed:

bel (%) = N(X,; 14,,%,)




Linear Gaussian Systems: Dynamics

Dynamics are linear functions of the state
and the control plus additive noise:

X =AX,+Buy+e

PX | U, X, ) = N( SAX,

+Bu,Q

Q)

bel(x)= | P(x|U. %)
I

~ N(X!; AX,+Buy, Qt)

bel(x;,) dx; ,
U

~ N(Xt M1 2y l)




Linear Gaussian Systems: Dynamics

bel(x) = | px, |t X, ) bel(x, ) X,
U U
~ N(Xt;Afo T Btu!=Qt) ~ N(Xr by 12 1)
U

@(Xt) =n I CXp{—%(X, —-AX,  — Btur)qu(Xr -AXx, - Bzur)J

1
exp{ (X — 14 I)thll(xt 1 M 1.)} dx, ,

J,Ur Ay + B,
bel( x,
(x)= 1 =AZ_ IAt +Q




Linear Gaussian Systems: Observations

Observations are a linear function of the
state plus additive noise:

4:Q%+@
p(Zt | Xt) = N(Zt;CtXHR)
bel(x)= n pz|x,) b—el(xt)

U U
~N(z;:Cx,R)  ~ N3, %)




Linear Gaussian Systems: Observations

bei(x)= n pz|x) bei(x,)
U U
~N(z;Cx,R) = N(x;14,21)
U

1 T 1 1 N —
bel'(X,)_T)‘CXp{z(Z,C,Xf) R (chpxz)}cxp{z(xtﬂf) X506~ 1y)

= ﬂ_lz + Kr(Zt - Cn‘_l:)

= ith K,=2C/(C2C] +R)’
s, =(1-K,C,)%s wi t G (GEC + R)

be:(x,)—{“ :




Kalman Filter Algorithm

1. Algorithm Kalman_filter( p,;, Z,.;, U, 2,):
2. Pfediction:

3. A = Ay + By,

4. EIZArEr lArT+Q:

5. Correction:

6. K :E’CrT(CrsztT +R) L

7. ﬂr:ﬂr+Kt(Zr:Crﬂz)

8. %, =(-KC)x

9. Return p, Z;



The Prediction-Correction-Cycle

& @ T

_— = agy  + by,
bey - {71 1 B
\ Of =30y + 04y

A I
\ — ~ Ay, -+ Bu
, be‘(xr)f{iu‘ Aty ,Btt
L= AZ A 1+ Q




The Prediction-Correction-Cycle

py=py Kz - ) a;
a-(-Kya:

bel(x:) {

2 2
T + O

sy=p; v K2 Cpt)

bel(x,) { K, = G (CuC) }R)‘

X, = (- K G

i




The Prediction-Correction-Cycle

& e

=g+ Kz ) a;
bel(x) { ro_zi(] PK )sz - By a_ng:Tz
i )¢ 1+ Tt
=1+ Kz - Cpy) AT oy T i
bl K, - LG (GG,
(%) { 5, (1 K G Ky = NG (GG R)

bd(xx):{_z

Hy = ay o+ b,

G, =30, 1 Oy

bd(xf)={

M= A+ B,
T - AL, IAIT +Q

-




Kalman Filter Summary

= Only two parameters describe belief about
the state of the system

= Highly efficient: Polynomial in the
measurement dimensionality k and
state dimensionality n:

O(k2-376 + n2)

= Optimal for linear Gaussian systems!

= However: Most robotics systems are
nonlinear!

= Can only model unimodal beliefs
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Nonlinear Dynamic Systems

= Most realistic robotic problems involve

nonlinear functions

X = Axr<BU &

Z=6p0,

o=
"I-.._

X :g(uts Xt—l)

!

2, =h(x)




Linearity Assumption Revisited

6 6

ply)= N(y; au +b,a%0%)
K Mean of ply)

[
o
L
3]
-
[
Q

1.5 0 0.5

6
P = N, 0%
+ Mean of p¥)
_4
2
0

n NnR



Non-Linear Function

6 6
piy) —— Function gix)
— Gaussian of piy) Mean p
4N x Mean o py) 4 O 9w
4 _ 2 B-—: ~
=
o
-2 -2
Non-Gaussian!
4L -
0 02040608 0 0.5 1
6 pix)
g Mean p
_4
z
2
0

nR 1



Non-Gaussian Distributions

= The non-linear functions lead to non-
Gaussian distributions

= Kalman filter is not applicable anymore!

What can be done to resolve this?

Local linearization!



EKF Linearization: First Order Taylor Expansion

* Prediction:

g, %) = g(u,, o)+ M

ox
glu,, X, )~ g(U,, ty 1)+Gr (X —#1)

(XH - ‘uH)

» Correction: Jacob] .
5 acoblan matrices
hx) ~ h(m)+"’“")

(% —
h(x)~ h(u)+H, (Xt )



Reminder: Jacobian Matrix

*= Itis a non-square matrix , xm in general

= Given a vector-valued function

f1(x)
fa(x)

fm.(x)
= The Jacobian matrix is defined as

fx) =

ofi oh af
dry Drp 7 Ozp
op 0B ob

Fx = C)‘Tl

drq

Fi
3
T - §
B e 5
NEE] N
S
3



Reminder: Jacobian Matrix

= It is the orientation of the tangent plane to
the vector-valued function at a given point

*= Generalizes the gradient of a scalar valued
function



EKF Linearization: First Order Taylor Expansion

* Prediction:

9t %)~ 9ty gy )+ T )

X,
glu,, % )= g(u,, 14 1)+Gt (X% =)

(XH —H )

= Correction:

Linear function!
_ 0 _
h(x)~ h(ﬂ1)+(i;(:f) (x—Z

h(x) =~ b))+ Hy (% — 114)




Linearity Assumption Revisited

6
ply)= N(y;au + b,a% 0%
MK Mean of ply)
4
3
2
1

0.5 1

P9 = N(% w, o)
4+ Mean of pi¥)




Non-Linear Function

6 6
piy) = Function gix)
— Gausslan of p(y) += Mean w
41 X Mean of py) 4 O ow
2 2k
z @
0 o
-2 -2
-4 -4
0 02040608 0 0.5
& pix)
g Meanp
_4
&
2
0

n nR



EKF Linearization (1)

6 5
— Function g(x)
—— Gaussian of p(y =~ Taylor approx
4 || — EFK Gaussian ! 4 + Mayanp
O sw
2 2
o -
0 o
-2 -2
- -4
0 0204 06 0.8 0 0.5
5
= Meanp
_ 4
=
2
0

n NR



EKF Linearization (2)

piy)

—— Gaussian of p{y)
—— EFK Gaussian

0.5

Y=g

— Function gix)
= Taylor approx
+ Meanp

O 1w

4= Meanp

14

n



EKF Linearization (3)

6 6
—— Function g(x)
-G 7 = Tayl .
4f| = S 4 * oy
Q s
2%— . %6
i <
0 o
-2 -2
-4 -4
0 05 1 15 0 0.5
2
“10
0 '




EKF Algorithm

1. Extended_Kalman_filter(y,, =, u, z):

2. Prediction:

3. =9, 44 — = At:ut—l + Brut

4 %-GX.G +Q — L-AZ A+Q

5. Correction:

6. K =X%H/(HuH +R)y' —— K=%C(CZC +R)"
7. te = i+ K(Z,— b)) — u=1+K(z-Cp)
8.  %=(I-KH,) %, =(1 - K,C,)Zr

9. Return p, %

oh(i,) G - OG(U,, 4 1)

{ (‘BXr aXH



Example: EKF Localization

» EKF localization with landmarks (point features)




w

EKF_localization ( y.,, =, u, z, m):

Prediction: . - ,
ox ax’ ax
[/ 1y Oty 1y
6 _ s _ |
= =
op Bty O,y Ot
o6 oe" o'
Oy Lx Sy Ly Opy 10
oxtoox'
o,
Ly ) oy
! au, &, o,
o' ogr
N, day,
2
_ (al v, | ra, o, D 0
Q= 2
0 (aa‘vr‘*aa|wr|)

E“’t = g(u Jﬂt—])
L=GZ,, GrT + VrQrV:T

Jacobian of g w.r.t location

Jacobian of g w.r.t control

Motion noise

Predicted mean
Predicted covariance (V
maps Q into state space)



0.

EKF_localization (., ., u, z, m):

Correction:

\."‘I(mx 7:‘71,1)7 +(my — M y)7
atan Z(m)f 71[71‘.)0 m, rﬁt,x) 7}&!‘,0

ar,
7 3)7]
lef'?h(#;,m): Oty
x, o,
aﬁf,x
ol 0
R :
0 o
‘S = HtZrHt + R
Y Tl
Ki=xH,§

H =+ K(z-2)
2 =(1-KH,)z:

an
aﬂ!‘.y
oy

o,

ar,
iy,
iy
aﬁw

Predicted measurement mean
(depends on observation type)

Jacobian of h w.r.t location

Innovation covariance
Kalman gain
Updated mean

Updated covariance



EKF Prediction Step

= P
B [Cvenvt =0 [CvemyvT
[ TR [ TRy
- s 20 -
2 [P
S prey ST prey
I Ay
o o
o w W m  m w o w W @ m W e
xfem] x fem]
20 20
- 200
By By
o o
. w = ] R a—— ]




EKF Observation Prediction Step

-
- =g
z a5 87
“ O - B
-
:
. ?
5 E)
L. :
»
b =
e
- o
I T
xfem] rfem]

z a5 87
4O .

@ [deg]

u}
)
I
il
it




EKF Correction Step

N
=
W
- -
;
7
H
!
.
e
rlem]
m
.
;
7
?
.

o
rlem]




Estimation Sequence (1)




Estimation Sequence (2)




Comparison to GroundTruth

400
300+
200

100




EKF Summary

= Ad-hoc solution to deal with non-linearities
* Performs local linearization in each step

= Works well in practice for moderate non-
linearities

» Example: landmark localization

= There exist better ways for dealing with
non-linearities such as the unscented
Kalman filter called UKF
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Linearization via Unscented Transform
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UKF Sigma-Point Estimate (2)
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UKF Sigma-Point Estimate (3)

6 6 6
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EKF vs. UKF

Actual (sampling) Linearized (EKF) uT
covariance sigma points—0
) | o
mean |
y=r) y=7(9
y=r(x T |
true F=4FA weighted sample
mean mean and covariance
k ‘l’ transformed
\ =, sigma points
true = : /
covariance *-,; 7 ) UT mean
ATP4

UT covariance



UKF_localization ( y. 4, =, u, z, m):

Prediction:

M, :[(% FARVAE:Y) 0 J Motion noise
0 ((13 [v, |+a, | o Dz

Q{:{"f 0}} Measurement noise

0 o
£, =, (00F (00Y) Augmented state mean

=1 = V-l

T, 0 0

= -0 M o Augmented covariance
o 0 g

X = (/1:—1 uly +7’\izf—1 uL-y 251—1) Sigma points

7= g(ur +Zf=lf-1) Prediction of sigma points

2L
= Zw;u Zir Predicted mean
i=0

z = iw; (Z{E - ﬁz)(ﬂ(ﬁ; — ﬁt)f Predicted covariance
i=0



UKF_localization ( y. 4, =, u, z, m):

Correction:

Z, =hlz )

Zfrz = iwi (}._,rrr - /'_lt)(zi:t _ét)T

K: = E:.Z‘Stil
H = /'_!r +KI(ZI - 21)
¥ =% -KSK

Measurement sigma points

Predicted measurement mean

Pred. measurement covariance

Cross-covariance

Kalman gain

Updated mean

Updated covariance



1. EKF_localization ( p.,, =, Uy 2z, m):

Correction:
3. 3 = (’"f”fj)z*(m: :“z--‘)z_ Predicted measurement mean
atan 2 m,\ 7#{.}'mx7#!.x —Hie
or, or, or,
5 m - Sh(g,.m) _ |, O, OH, Jacobian of h w.r.t location
. : ox, By, Op,  Co,

Of,. O, OH.,

5. 27 )

7. S =HZXZH +Q, Pred. measurement covariance
8. K, =ZH'S Kalman gain

9. u=p+K(z-%) Updated mean

10. %, =(I-K,H,)%. Updated covariance



UKF Prediction Step
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UKF Observation Prediction Step
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UKF Correction Step
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EKF Correction Step
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Estimation Sequence




Estimation Sequence




Prediction Quality
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UKF Summary

® Highly efficient: Same complexity as
EKF, with a constant factor slower in
typical practical applications

® Better linearization than EKF:
Accurate in first two terms of Taylor
expansion (EKF only first term)

® Derivative-free: No Jacobians needed
e Still not optimal!
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Discrete Bayes Filter Algorithm

Algorithm Discrete_Bayes_filter( Bel(x),d ):
n=0
If d is a perceptual data item z then
For all x do
Bel'(x) = P(z| x)Bel(x)
n=n+Bel'(x)
For all x do
Bel'(x)=n"'Bel'(x)

Else if d is an action data item v then

O 0NV R WN e

For all x do
Bel'(x)= ZP(x |2t,x") Bel(x")
Return Bel'(x) *

o
= O

H
N



=l




B ERR
> HABEREFESRESZ RS BEARKE:
dom(Xt) = X1,t U X2t U---u Xk,t

Hep Xe AEN SR AREEN L) ¢ ENEE. &4
dom(Xe) AIRTSE[E]

> BB ATER AT — K e SE—MEE pir

> FERA—NSEREMBEREERY, EEXE X FRISE
— MRS x BT HHRRIEEE

Pk,t
P(Xt) = ‘Xk’t|

B x| AR xir BIEIHE
> FIA xi e BFEREHITIRR
Xir = |Xk,t‘_1/ X dxt
Xk,t

P(zt | xi,t) = P(ze | Xk.t)

P(Xl@t ‘ ug, Xi,t—l) ~n |Xk,t‘ P(>A<k,t ‘ ut, 5<i,t—1)



Discrete Bayes Filter Summary

= Discrete filters are an alternative way for
implementing Bayes Filters

= They are based on histograms for representing
the density.

= They have huge memory and processing
requirements

= Can easily recover from localization errors

= Their accuracy depends on the resolution of
the grid.

= Special approximations need to be made to
make this approach having dynamic memory
and computational requirements.
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Mathematical Description

= Set of weighted samples
S = {<s[i],w[i]> | i = 1,...,N}

\

State hypothesis Importance weight

* The samples represent the posterior

N
p(z) = > w;-6(x)
i=1



Function Approximation

= Particle sets can be used to approximate functions

f(x)
samples

t(x)
samples

probability / weight
probability / weight

/\\

X

X

* The more particles fall into an interval, the higher
the probability of that interval

* How to draw samples from a function/distribution?



Rejection Sampling

= Let us assume that fix)<1 for all x
= Sample x from a uniform distribution
= Sample ¢ from [0,1]

= if fix) > ¢ keep the sample
otherwise reject the sample

f(x)
samples

probability / weight




Importance Sampling Principle

* We can even use a different distribution g to
generate samples from

* By introducing an importance weight w, we can
account for the “differences between g and 1~

" w=f/g
* fis called target
* g is called proposal

» Pre-condition:
Jx)=0 2 g(x)>0

probability / weight

proposal(x)
target(x)
samples




Importance Sampling

[TpzIx P
Target distribution f: p(x|z,z,,...,z )=-%

P(Z.2,-.2,)

Pz [ 0p(x)
p(z)

Sampling distribution g: p(x| Z) =

i:p(x|21,zz ,,,,, Zﬂ)_p(a)];[p(zku)

g pxlz) §Z.2,...2,)

Importance weights w:




Importance Sampling with Resampling

R

State Space
Sample from prior belief q(x) (for instance, the uniform
distribution)

State Spuce

Compute importance weights, w(x) = p(x) /q(x)

B A

State .\;Jcn

Resample particles according to importance weights to get p(x)
Samples with high weights chosen many times; density reflects pdf



Particle Filters
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Sensor Information: Importance Sampling

Bel(x) <« « p(z|x)Bel (x)
o p(z|x)Bel (x)
Bel (x)

o p(z|x)




Robot Motion

Bd (x) « | p(x|ux)Be(x) dx

bp(z)

&

iz | u)




Sensor Information: Importance Sampling

Bel(x}) « ap(zlx)Bél’(x)
. apzxBd ()

B () = apz|x)
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Robot Motion

B (x) « | p(x|ux)Be(x)dx

[T T T T T T T T T geed T Tpmal T T T T T T T T T T T T Tl T T T T T T T T T}
L T T T T T T T 171 u

[T T T T T T T T 1] T T
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Particle Filter Algorithm

* Sample the next generation for particles using the
proposal distribution

* Compute the importance weights :
weight = target distribution / proposal distribution

= Resampling: “Replace unlikely samples by more
likely ones”



Particle Filter Algorithm

1. Algorithm particle_filter( S, ,, u.; z;):
2, S! = @5 ]”1 = O

3. For j=1...n Generate new samples

4. Sample index /(i) from the discrete distribution given by w, |
5 Sample x' from p(x,|x,_,,u,,) using x/? and u,

6 wi = p(z, | x}) Compute importance weight
7. n=n+w Update normalization factor
8 S, =8, ui<xl,w >} Insert

9. For i=1...n

10.  wi=wi/nq Normalize weights




Particle Filter Algorithm

Bel(x,) = n p(z | x,) jp(X,|Xf L) Bel(x, ) dx; |

draw x/_; from Bel(X,_;)
draw x7, from p(x,| x'_,.u,)

Importance factor for x';:
target distribution

" proposal distribution
_n Pz | X) PX | X, 4) Bel (X )
MX! | Xt 17ul.) Bd (XE l)
o« p(z]x)




Resampling

= Given: Set S of weighted samples.

= Wanted : Random sample, where the
probability of drawing x; is given by w;,.

= Typically done n times with replacement to
generate new sample set S".



Resampling

* Stochastic universal sampling
* Roulette wheel » Systematic resampling
* Binary search, n log n * Linear time complexity
* Easy to implement, low variance



Resampling Algorithm

Generate cdf

Initialize threshold

Draw samples ...
Skip until next threshold reached

Insert
Increment threshold

1. Algorithm systematic_resampling(S,n):
2. 8'=0, = w!
3. For i=2...»n
4. ¢ =t W
5. U0 ]i=1
6. For/=-1..n
7. While (", %)
8. i=i+1

Q= g ,f 2=l l
9. S'=S'upxt,n >
10. Uy =1+ "'
11. Return S’

Also called stochastic universal sampling




Particle Filters Summary

= Particle filters are an implementation of
recursive Bayesian filtering

= They represent the posterior by a set of
weighted samples

= They can model non-Gaussian distributions
= Proposal to draw new samples

= Weight to account for the differences
between the proposal and the target

= Monte Carlo filter, Survival of the fittest,
Condensation, Bootstrap filter



INGS

» BEYEA RBBEFEERHGENRZATHAHEN

» MM ERISHETRESHITHEERETAE

> UMBBAFIGHSENEEL MY, HFETREEASHSY
B, WM AT A AR R IEE

> XFIELMEBAER, TR AYT RFREEK (EKF)
RATF/RBIRK (UKF), BE UKF BRELF

» SNFEEIELEMIESHAHBHER, ALK AR FRER.
SERRFREL KF, EKF, UKF iRIFRE, BIFERNMBEX



	基础
	概率论基础

	递归状态估计
	机器人环境交互
	贝叶斯滤波

	高斯滤波（Gaussian Filter）
	卡尔曼滤波
	扩展卡尔曼滤波
	无迹卡尔曼滤波（Unscented Kalman Filter）

	非参数滤波（Nonparametric Filters）
	离散贝叶斯滤波（Discrete Bayes Filter）
	粒子滤波（Particle Filter）


