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Some exact results on 4-cycles: stability and supersaturation

Jialin He* Jie Maf Tianchi Yang?

Abstract

Extremal problems on the 4-cycle C played a heuristic important role in the development of
extremal graph theory. A fundamental theorem of Fiiredi states that the Turdn number ex(q? +
q+1,Cy) < %q(q + 1)2 holds for every ¢ > 14, which matches with the classic construction of
Erdés-Rényi-Sos and Brown from finite geometry for prime powers q.

Very recently, we [20] obtained the first stability result on Fiiredi’s theorem, by showing that
for large even g, every (q?+ q+1)-vertex Cy-free graph with more than %q(q—i— 1)2 —0.2q edges must
be a spanning subgraph of a unique polarity graph. Using new technical ideas in graph theory and
finite geometry, we strengthen this by showing that the same conclusion remains true if the number
of edges is lowered to %q(q +1)2 - éq + o(q). Among other applications, this gives an immediate
improvement on the upper bound of ex(n, Cy) for infinite many integers n.

A longstanding conjecture of Erdés and Simonovits states that every m-vertex graph with
ex(n,Cy) + 1 edges contains at least (1 + o(1))y/n 4-cycles. In [20] we proved an exact result
and confirmed Erdds-Simonovits conjecture for infinitely many integers n. As the second main
result of this paper, we further characterize all extremal graphs for which achieve the £’th least
number of copies of Cy for any fixed positive integer ¢. This can be extended to more general
settings and provides enhancements on the understanding of the supersaturation problem of Cj.

1 Introduction

Given a graph I, we say a graph is F'-free if it does not contain F' as a subgraph. The Turdn number
ex(n, F') of F is the maximum number of edges in an n-vertex F-free graph. Turan type and related
extremal problems are the central subjects of extremal graph theory. In this paper, we focus on
extremal problems on one of the basic and perhaps most influential objects in this area — the cycle Cy
of length four. (For indistinct notations appeared below, we shall refer readers to Section [2)

Proposed by Erdés [8] more than 80 years ago, the study of ex(n,Cy4) has a rich history. In [24]
Reiman showed a general upper bound that ex(n, Cy) < % (1++/4n — 3). However it is known that the
equality never holds by the Friendship Theorem of Erdés, Rényi and Sés [12]. One can also deduce
from the proof of Reiman that if the number of edges in an n-vertex Cy-free graph is close to %ng/ 2
then almost all vertices have roughly /n neighbors and almost all pairs of vertices have one common
neighbor. This suggests that perhaps in principle, the neighborhoods of vertices can be regarded as
lines of certain projective plane. Indeed, using orthogonal polarity graphs constructed from finite
projective planes, Erd6s-Rényi-Sés [12] and Brown [4] proved a lower bound that

ex(¢> + q+1,C4) > =q(g+1)? for all prime powers gq. (1)

1
2
These two results together imply an asymptotic formula that ex(n, Cy) = (5 + o(1))n%/2.
Determining the exact value of ex(n,Cy) in general seems to be extremely difficult and far beyond
reach. On the other hand, Erdds conjectured (e.g. [9]) that the orthogonal polarity graph is optimal;
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that is, the inequality in (Il) should be replaced with an equality for all prime powers ¢. Fiiredi [14]
first confirmed this for ¢ = 2% in 1983, by showing ex(¢®> + ¢+ 1,Cy) < %q(q—l— 1)2 holds for all even gq.
In 1996, Fiiredi [16] proved that the same upper bound holds for all ¢ > 14. We summarize his results
as following.

Theorem 1.1 (Fiiredi, [14] 16]). If ¢ ¢ {1,7,9,11,13}, then ex(¢*> + ¢+ 1,C4) < 2q(q+1)*. Hence
for all prime powers q > 14, ex(¢> + ¢+ 1,Cy4) = %q(q +1)2.

Fiiredi also proved that extremal graphs for ¢ > g¢ must be orthogonal polarity graphs of order ¢
(unpublished, see [17]). More recently, Firke, Kosek, Nash and Williford [19] proved ex(q? + q,Cy) <
%q(q +1)% — ¢ for all even integers g, which implies that ex(¢> +¢,Cy) = %q(q +1)2 — g for all g = 2F,
We remark that these results on Cy belong to the category of rather rare exact results for the notorious
degenerate extremal graph problems (for a comprehensive survey, see Fiiredi-Simonovits [I§]). Very
recently, we [20] proved a stability result on the Turdn number of 4-cycles, which gives a structural
description for those Cy-free graphs whose number of edges is close to the extremal graph.

Theorem 1.2 ([20], Theorem 1.2). Let ¢ > 10° be even and G be a Cy-free graph on q> +q+1 vertices
with at least %q(q +1)2 —0.2¢ + 1 edges. Then G is a subgraph of a unique polarity graph of order q.

The first main result of this paper extend the above result as follows.

Theorem 1.3. Let q be even and G be a Cy-free graph on q* 4+ q+ 1 vertices with at least %q(q—i— 1)% -
%q—i— o(q) edges. Then there exists a unique polarity graph of order q, which contains G as a subgraph.

In its proof we use many new technical ideas, some of which are from finite geometry. We would
“—%q” barrier due to the limit for bounding
the maximum degree. Before we discuss the applications of this result, we also like to point out
that this stability result holds in a strong sense, namely, it only adds edges when turning graphs into
desired configurations. On the other hand, there are infinitely many examples showing that the same
conclusion can not hold if the number of edges is lowered to %q(q +1)2—q+1. For g = 2% there exists
an orthogonal polarity graph H of order ¢ with %q(q + 1) edges: Choose non-adjacent u,v € V(H)
with dgr(u) = ¢+ 1 and dg(v) = q. Let G be obtained from H by deleting all edges incident to v and
then adding a new edge uv. Clearly G is Cy-free and has %q(q +1)2 — ¢ + 1 edges. However, G can
not be contained in any polarity graph H' of order ¢, as dg(u) = ¢+ 2 and A(H') = g+ 1[] For more
discussion on this stability result, we direct readers to the concluding remarks.

As a first application of Theorem [[.3] we can derive the following result on ex(n,Cy). Let A(q) be
the maximum number of edges in a polarity graph of order ¢ (if no such graphs exist, set A(¢g) = 0).

like to note that the current method cannot break the

Corollary 1.4. Let g be even. If A(q) > %q(q +1)2 - %q +o0(q), then ex(¢®> +q+1,Cy) = \q), where
the equality holds only for polarity graphs of order q with X\(q) edges; otherwise, ex(q*> + q +1,Cy4) <
%q(q +1)2 - %q +0(q). In particular, ex(¢> + ¢+ 1,C4) < max {)\(q), %q(q +1)2 - %q + o(q)}.

This corollary provides an improvement of Fiiredi’s theorem for even integers ¢; to be precise, it
improves the upper bound by %q —o(q) for at least infinite many even ¢ (we shall explain why later).
This and some other inference on ex(n,Cy) will be under further discussion in Section [7.

A closely related extremal problem to Turdn numbers is “the problem of supersaturated graphs”
(quoted from [I3]). It studies the following function: for a given graph F' and for integers n,t > 1,

hr(n,t) = min{#F(G) : |V(G)| = n,|E(G)| = ex(n, F) + t},

where #F(G) denotes the number of distinct copies of F' in a graph G. A notable example is the
study of the triangle K3, started by Rademacher who proved that hg,(n,1) = |[n/2] in 1941.
Returning to our focus, throughout this paper we write

h(n,t) = he,(n,t) and h(n) = h(n,1).

'In fact the number of edges can not be lowered to 1¢(q + 1)* — g + 2 (this will be more involved to justify).



Analogously as Rademacher’s result on the triangle, Erd6s and Simonovits conjectured that any n-
vertex graph with ex(n,Cy4) + 1 edges should contain many copies of Cy. This problem repeatedly
appeared in many papers of Erdés. A weak version (see [6], Conjecture 42) asserted that h(n) > 2
for large n, and another form (e.g. in [10} 11]) stated that h(n) > c¢y/n for some constant ¢ > 0. The
strongest version of this conjecture is the following.

Conjecture 1.5 (Erdés and Simonovits [I3]). For integers n, h(n) > (1 + o(1))y/n.

As indicated in [13], if true, this bound will be sharp for infinitely many integers n. We remark that
a direct application of Theorem [[3] already can show that h(¢® +q+ 1) > (% - o(l))q for ¢ = 2F.
We proved the following supersaturation result on Cy4 in [20] using the stability result therein.

Theorem 1.6 ([20], Theorem 1.3). Let ¢ > 10'2 be even and let G be a graph on ¢* + q + 1 vertices
with %q(q +1)2 +1 edges. Then either G contains at least 2q — 3 copies of Cy, or G is obtained from
an orthogonal polarity graph of order q by adding a new edge. In the latter case, G contains q — 1,q
or g+ 1 copies of Cy.

As a corollary, this confirmed Conjecture for an infinite sequence of integers n as follows.

Corollary 1.7 ([20]). Let ¢ = 2% for k > 40. Then h(¢> + ¢+ 1) = q — 1, where the graph achieves
this equality if and only if it is obtained from an orthogonal polarity graph of order q by adding a new
edge between (any) two vertices of degree q.

The second main result of this paper is to further characterize all extremal graphs for which achieve
the £’th least number of copies of Cy for any fixed integer ¢ > 1.

Theorem 1.8. Let ¢ > { and q be even. Let G be a graph on ¢*> + q + 1 vertices with %q(q +1)24+1
edges. Then either G has at least (£ + 1)q — (£ + 1)2 copies of Cy, or there exist some s € {1,2, ..., (}
and an orthogonal polarity graph H of order q such that G can be obtained from H by deleting or
adding 2s — 1 edges. In the latter case, the number of copies of Cy in G is between sq — s> and sq+ s°.

This also indicates that the numbers of copies of Cy among all such graphs are distributed sporadically
(concentrated around sq for small integers s).

For the general supersaturation problem of Cy, the function h(n,t) is known to be ©(¢*/n*) when
t = Q(n3/?) for all n (e.g. see [13]). We show in the following result that for an infinite sequence of
integers n, one can say rather accurately about the function and in particular, one can determine the
order of its magnitude for every positive integer t¢.

Theorem 1.9. The following statements hold for large ¢ = 2F. (A) For every 1 < t < ¢'/3/30,
h(q®> + q+ 1,t) = t(q — 1), where the equality holds for graphs G if and only if G is obtained from an
orthogonal polarity graph of order q by adding a matching of size t among vertices of degree q.

(B) For everyt > 1, h(g> + ¢+ 1,t) > (3 +0(1))tq and h(g*> + ¢ + 1,t) = O(tq + t*/¢®).

This follows by Theorems[@.1land [0.2] which are stated in some more general settings. We refer readers
to Section [@ for their precise statements. As for general n, one also can determine the order of the
magnitude of h(n,t) when t = Q(n%?¢) for some € > 0.2375.

Proposition 1.10. Let n be sufficiently large. If t > 3n'2525 then h(n,t) = O(ty/n + t*/n*).

The organization of this paper is as follows. Section [2] consists of preliminaries, where we give
notations and collect some results. In Section Bl we outline the proof of Theorem [[.3l The full proof
of Theorem [[3] will be divided and completed in Sections [, Bl and Bl In Section [7] we prove Corollary
[[4] and discuss other consequences on ex(n,Cy). In Section [§, we prove Theorem [[L8 In Section [0
we prove Theorem [[L9 and Proposition [[LI0 for the supersaturation problem of Cs. In Section [I0,
we discuss several problems in relation to the results here. We would like to remark that though our
results often are stated with parity condition, many arguments in the proofs in fact work without any
parity constraints.



2 Preliminaries

2.1 General notations

We follow the notations of Fiiredi (e.g. [15]). A hypergraph H is an ordered pair (V, &), where V is
a finite set consisting of vertices and £ is a collection of subsets (called edges) of V. We use e(H) to
denote the number of edges in H. For x € V, the degree dy(z) of x denotes the number of edges of H
containing x. The mazimum degree of H is denoted by A(H) = max{dy(z): x € V}. We say H is k-
reqular if all vertices have degree k and k-uniform if all edges have k vertices. A k-uniform hypergraph
is also called a k-graph (and a graph if k = 2). We say H is 1-intersecting if any two distinct edges of
‘H have exactly one common vertex. The incidence matriz of a hypergraph H = (V,€) is an |E| x |V/|
matrix M(H) such that M(E,z) =1if 2 € E € £ and 0 otherwise.

Let G = (V,€) be a graph. Let z € V and A C V. The neighborhood Ng(x) of = is the set of
vertices y € V with zy € &, while the closed neighborhood N¢|x] is defined by Ng(z) U {z}. Let
Na(z) = Ng(x) N A. Define Ng(A) to be the set of vertices u € V\A adjacent to some vertex in A
and G[A] to be the subgraph of G induced on A. For a path P, its length |P| denotes the number of
edges it contains. We say P is a k-path if |P| = k. For disjoint sets A, B C V, e(A, B) denotes the
number of edges ab in G with a € A and b € B. A set of edges is called independent if their endpoints
are pairwise-disjoint. For w,v € V, we let dg(u,v) = |[Ng(u) N Ng(v)|. We call {u,v} an uncovered
pair if dg(u,v) = 0 and a covered pair otherwise. Let UP be the set of uncovered pairs of G and let
P> be the set of all 2-paths in G. The adjacency matriz A(G) of G is a |V| x |V| symmetric matrix
such that A(z,y) =1 if zy € £ and 0 otherwise.

Throughout this paper, the notation (;C) means the function z(x — 1)/2 for all reals z. For any
positive integer k, we write [k] as the set {1,2,...,k}. For all above notations, we often drop the
subscripts when they are clear from context.

2.2 Projective planes

A finite projective plane of order q, denoted by PG(2,q), is a (¢ + 1)-uniform (q + 1)-regular 1-
intersecting hypergraph H = (P, L) with |P| = ¢*> + ¢ + 1, where P consists of points and L consists
of lines. It also follows that |£| = ¢®> + ¢ + 1 and any two points are contained in a unique line. The
existence of PG(2,q) is well known for all prime powers g. On the other hand, a major conjecture in
this field asserts that the order ¢ of PG(2,q) must be a prime power (known for ¢ < 11 and still open
for ¢ = 12).

A substantial body of our proofs will be involved with projective planes and l-intersecting hyper-
graphs. In preparation we now collect some related results. The first two will play important roles
for the constructive nature in our stability result (Theorem [3)).

Theorem 2.1 ([21]). Let ¢ > 3900 and H be a 1-intersecting (q+1)-hypergraph with ¢*>+q+1 vertices
and more than q* — @q +174/q/5 edges. Then H can be embedded into a projective plane of order
q.

Theorem 2.2 ([7]). Let H be a I-intersecting (q + 1)-hypergraph with ¢*> + q + 1 vertices and more

than > — q + 1 edges. If H can be embedded into a projective plane of order q, then this projective
plane and the embedding both are unique.

The following celebrated Bruck-Ryser theorem [5] gives a sufficient condition for the non-existence
of projective planes of given order.

Theorem 2.3 ([5]). If ¢ = 1 or 2 mod 4 is an integer which cannot be expressed as a sum of two
square numbers, then there exist no projective planes of order q.

We also need a useful lemma proved by Fiiredi (i.e., Lemma 3.7 in [15]).



Lemma 2.4 ([15]). Let M = (m;;) be the incidence matriz of a projective plane of order q. Suppose
that mi; = mj; whenever 1 < ¢ < @ —q+3o0rl<j<q®—q+3. Then the whole matriz M is
symmetric.

The coming lemma has been used in literatures (e.g. [7]), which will serve as a handy tool for
finding a large 1-intersecting hypergraph in the proof of Theorem [[3l For completion, we give a proof.

Lemma 2.5 (e.g. [7]). Let H be a 1-intersecting (q-+1)-hypergraph on vertex set V with |V | = ¢*+q+1.
Suppose that F is a (q + 1)-uniform hypergraph on the same vertex set V such that F NH = 0 and
for any edge f € F, there exist q edges hi,....,hy € H satisfying that f U hy U..Uhy, =V and
lfNhiN...Nhyl=1. Then HUF is also 1-intersecting.

Proof. We first point out that to show this, it suffices to prove that for any f € F, HU{f} is 1-
intersecting. This is because if we initially set G = H and repeatedly operate by applying this for one
edge f € F at a time and updating G by GU{f}, then in the end we would conclude that G = HU F
is 1-intersecting. Note that this indeed is valid as the conditions in the statement also hold for G
(instead of H) at any given time.

For the above desired statement, suppose on the contrary that there exist f € F and h € H
such that |hN f| = 0 or |hN f| > 2. We know that there are hi,...,h; € H and u € V such that
fUhU...Uhy = V and fNhiN...Nh, = {u}. By thesize of V, we also see that f\{u}, hi\{u}, ..., he\{u}
must form a partition of V\{u}. It is then clear that h ¢ {f,hi, - ,hg}. If |hN f| = 0, then there
must exist some i € [¢] such that |h N h;| > 2, a contradiction to that H is 1-intersecting. Hence we
may assume |h N f| > 2. Suppose u € h. Then u € h N h; for all i € [¢]; since H is 1-interesting, we
conclude that AN (hy U...U hy) = {u} and thus h = f, a contradiction. Now suppose u ¢ h. Then
|h 0 (f\{u})| > 2 and thus there exists some j € [q] such that |h N (h;\{u})| = 0, which also shows
that |h N hj| = 0, a contradiction. We have completed the proof now. ]

2.3 Polarity graphs

A polarity w of a projective plane H = (P, L) is a bijection 7 : PU L — P U L such that
e 72 is the identity function with 7 : P « £, and
e for any pair (z,L) € P x L, if x € L then n(L) € 7(z).

For a projective plane H = (P, L) of order ¢, where P = {z;} and £ = {L;}, consider a function
¢ : P <> L which maps z; <> Ly(;) for some permutation o on [¢*> + q+1]. Let M(¢) be the incidence
matrix of H, where the rows are listed in the order of x;’s and the columns are listed in the order of
L;(iy’s as i increases. It is worth pointing out that

the function ¢ is a polarity <= the incidence matrix M(¢) is symmetric. (2)

Now let 7 be a polarity of a projective plane H = (P, L) of order q. The polarity graph G(m) (of
order ¢) is a simple graph on the vertex set P such that zy € E(G(n)) if and only if z € w(y). A
point x € P is called absolute (with respect to ) if z € 7(z). Let a(m) denote the number of absolute
points. In [2], Baer proved that

there exists some integer m, > 0 such that a(r) = ¢ + 1+ ms - \/q. (3)

A polarity 7 and its polarity graph G(m) are called orthogonal, if a(r) = ¢+ 1 (i.e., mz = 0). It is
known that for any prime power g, there always exists an orthogonal polarity graph of order q.
Combining the above facts, it is easy to derive the following for polarity graphs.

Proposition 2.6. Let 7 be a polarity of order q. Then the polarity graph G(m) is a Cy-free graph on
q> + g+ 1 vertices with exactly %q(q +1)2 - “5=\/q edges such that every vertex has degree q or q + 1.



The following lemma on polarity graphs is well-known (see Baer [1] for a proof).
Lemma 2.7. Any two vertices of degree q in a polarity graph of order q are nonadjacent.
The next lemma will be frequently used in the forthcoming proofs (see Lemma 2.4 in [20]).

Lemma 2.8 ([20]). Let G be a polarity graph of order q with uwv ¢ E(G). Then G U {uv} contains
either g —1,q or g+ 1 four-cycles, any two of which share uv as the unique common edge. Moreover,
G U {uv} contains ¢ — 1 four-cycles if and only if both u,v have degree q in G.

We also need a property on orthogonal polarity graphs of even order ¢ from [15].

Proposition 2.9. Let q be even and G be an orthogonal polarity graph of order q. Then there exists
a (unique) vertex w of degree q + 1 such that N(w) consists of all vertices of degree q in G.

2.4 (y-free graphs

We now give out notations arising from Cy-free graphs, and along the way we also establish some
statements for future use.

Throughout this subsection, let G = (V, &) be a Cy-free graph on n = ¢ + q + 1 vertices. For a
vertex v, let do(v) = [{u € V : {u,v} € UP}|.

Proposition 2.10. [UP| = 3" do(v) and |P:| +|UP| = (}).

Proof. The first equation follows by the definition. Since G is Cy-free, each 2-path corresponds to a
unique covered pair. Thus we have |P;| = (}) — |[UP]. O

We now introduce an important notation for our proofs. For any v € V', the deficiency f(v) of v
is defined by
f(v) == max{q + 1 —d(v),0}.
The deficiency of a subset A C V' is f(A) =, ca f(v). Let S; = {v € V : d(v) =i}.

Proposition 2.11. We have f(N(v)) > q for each v € Sgy2, and if A(G) < g+ 2 then f(V) =
(q+ D) — 2€(G) + Syl

Proof. Consider v € Sy4o with N(v) = {v1,...,v442}. Since G is Cy-free, N(v;)\{v} are pairwise-
disjoint, which implies that }_, -y, (d(vi) —1) <n —1. Thus we get
FIN@) = > (g+1-dw)) > (g+2)q— (n—1)=q.
v;iEN(v)

Since A(G) < g+ 2, it is straightforward to see that f(V) = .y, max{g+1—d(v),0} = (¢ +1)n —
2(G) + |54+, .

Let S = {v € V : d(v) < q}. We have the following lemma (see Corollary 5.2 in [15]).
Lemma 2.12. If q is even and A(G) = q + 1, then any vertex in Sq1 has a neighbor in S and
moreover, |S| > g+ 1.
2.5 Others
We need the following estimation on the distribution of prime numbers given in [3].
Theorem 2.13 ([3]). For sufficiently large x > 0, the interval [z — 2%-5%5 2] contains prime numbers.

At the end of this section, we give an easy-to-use lemma, which is often adopted in replace of
standard Cauchy-Schwarz inequalities (see Lemma 2.6 in [20]).

Lemma 2.14 ([20]). Let a1, ..., ap, be nonnegative integers satisfying » ", a; > km+r, where m, k,r
are integers with m,k > 0 and r > —m. Then we have Z:il (0;) > m(g) + rk.



3 Proof outline of Theorem 1.3

In this section we discuss the proof of Theorem [[L3l For convenience, we restate Theorem [[.3] in the
following thorough version.

Theorem 3.1. For any c € (0,1), there exists some q. such that the following holds for even integers
q > qe. If G is a Cy-free graph on ¢*> + q + 1 vertices with at least %q(q +1)2 - 5q edges, then there
exists a unique polarity graph of order q containing G as a subgraph.

We now give a outline of the proof of Theorem Bl In a nutshell, it stems from the work of Fiiredi
[T4] 15, [16]. Given a Cy-free graph G on g% + q + 1 vertices with many edges, our goal is to construct
a polarity graph of order ¢ containing G as a subgraph. This is achieved in the following three steps.

Step 1. We show that it suffices to consider for A(G) = ¢+ 1.

Step 2. Let R be the family of all subsets Ng(z) where x € V(G) has degree ¢ + 1 and “almost” all
neighbors of x have degree ¢ + 1. Then we show that there exists a projective plane H of
order ¢ defined on V(G) with R C H.

Step 3. We show that there exists a polarity 7 of the above projective plane H such that its polarity
graph G() contains G as a subgraph.

To say more, Step 1 will be handled in Section [, where we reduce Theorem B.1] to the following
statement (with restriction A(G) =g+ 1).

Theorem 3.2. For any € € (0, 1), there exists some q. such that the following holds for even integers
q > q.. If G is a Cy-free graph on ¢> + q + 1 vertices with mazimum degree ¢ + 1 and at least
%q(q—i— 1)% - 5q edges, then there exists a unique polarity graph of order q containing G as a subgraph.

Our reduction shows that € = ¢ + o(1) holds for Theorem = ¢ holds for Theorem B.1]

For Theorem [3.2], we will divide its proofs into Sections Bl and [6l In Section Bl we complete Step
2 by establishing Lemma [5.] which asserts that there exists a 1-intersecting (¢ + 1)-hypergraph H
containing R and at least ¢? lines. This indeed is enough to accomplish Step 2 as we can apply
Theorem 2] to enlarge H into a projective plane of order ¢ containing R. The proof of Lemma 5.1 is
involved, where the main technical difficulty lies in accurate analysis on the intricate relations between
neighborhoods of vertices of degree g or ¢+ 1. Finally, we finish Step 3 in Section [6l and thus the proof
of Theorem The arguments of this step will heavily rely on the properties of the family R.

4 Reducing to A =¢g+1

In this section, as outlined earlier, we present a proof which reduces Theorem B.1] to Theorem

Proof of Theorem [3.7] (Assuming Theorem [3.2]). For any ¢ € (0,1), we define € to be any real

in (¢,1) and choose ¢, such that ¢+ 5—20 < e <1 and g, > max {qe, (525—2()]2 , where ¢, is from Theorem

Let ¢ > g, be an even integer and let G be a Cy-free graph on n = ¢ + g + 1 vertices such that

C
alg+1)* — -q.

e(G@) > 5

DO | —

We will show that there exists a unique polarity graph of order g containing G as a subgraph.

Let A denote the maximum degree of G. By the lower bound on e(G), it is easy to see that
A>qg+1. If A=g+1,since e(G) > %q(q+ 1) — 5q > %q(q—k 1)2 — 5q and ¢ > qc > qe, our goal is
accomplished by Theorem So we may assume that ¢ +2 < A < ¢ +q.

Let V(G) = {v1,...,v,}. We now process by showing a sequence of claims.

Claim 4.1. A =g+ 2.



Proof. Suppose that d(v1) = A > g+ 3. We now estimate the number T of 2-paths in G with none
of its endpoints in N(v1). Since any two vertices have at most one common neighbor and any two
vertices in N (v;) are contained in a 2-path, we have

<q2+q—;—1—A> _ (n—2A> 2T2§;<|N(vi);N(v1)|>‘

Since G is Cy-free, we see |N(v;) \ N(v1)| = d(v;) — d(v;,v1) > d(v;) — 1 for 2 < i < mn. As ¢ > q. being
sufficiently large, we have that

DUIN@)\N@W)| > 2e(G) A= (n=1) > (" +¢)(g = 1) + (¢* +2 - A),
i=2
As > +2 - A > —(¢? + q), using Lemma 214 (with m = n — 1 = ¢®> 4 ¢), we have
2 - - v; v -
(q +Q;_1 A) Z;(‘N( );N( 1)’>Z(q2+q)<q21>+(q—1)(q2+2—A).

After simplification, this is equivalent to that g(A) := A% — (2¢® + 3)A + (2¢® + 5¢% — 5q + 4) > 0,
where ¢ +3 < A < ¢ 4 q. It can be verified that g(q +3) and g(¢? + ¢) both are negative. Since g(A)
is quadratic, this shows that g(A) < 0 for all choices of A, a contradiction. This proves the claim. O

Claim 4.2. Any two vertices of degree q + 2 have one common neighbor.

Proof. Suppose for a contradiction that there exist vy, v € Sq4o such that N(vy) N N(v2) = (0. Then
for 3 <i < nwehave |[N(v;)\ (N (v1)UN(v2))| = |N(v;)|—|N(v;)NN(v1)| = | N (v;) NN (v2)| > d(v;)—
Similarly as above, we estimate the number of 2-paths with none of its endpoints in N(v;) U N (v2).
Using Jensen’s inequality, we get that

GEARE S (W e UN ) (n_2)<z A

‘ 2
=3

2e(G)—2(q+2)—2(n—2) q>—3q—cq—2
(MY (SR

which is equivalent to
(@ +q—1)(—q-3)("—q—4) > (=3¢ —cq—2)(¢" —¢* —4g —cqg — 1).
After further simplification, we can derive that
2e—D*+B -0+ (11 —Tc— A —3(2+¢)g—14 > 0.
Since 0 < ¢ < 1, this inequality can not hold for large ¢, a contradiction. ]
Claim 4.3. Any common neighbor of three vertices of degree q + 2 has degree at most q/2.

Proof. Suppose on the contrary that vi,vs,v3 € S442 have a common neighbor v4 such that d =
d(vg) > q/2. Let A = N(vq)\{v1,v2,v3}, B = V\N[vg] and C = N(v1) U N(v2) U N(v3). So
|A| =d — 3 and |B| = ¢* + ¢ — d. By similar discussion as before, we have that |[N(v)\ C| > d(v) —
for v e A and |N(u) \ C| > d(u) — 3 for u € BU{v4}. Therefore,

> (dw) — 1) + D (d( = (2¢(G) — 3(q +2) — d) — |A| - 3|B|

VEA vEB
>(q(g+1)*—cq) =3¢ —6g+d—3> (¢*+q—3)(qg—2) — (¢/2+9).



Note that —(q/2 +9) > —(¢*> + ¢ — 3). Using Lemma 2.14] if we estimate the number of 2-paths T
with none of its endpoints in C, then we can derive that

<n—3(q2—i—2)+2> s <d;3>+z<d(v)2—1>+z(d(v)2—3>

vEA veB
q/2—3 q—2
> () @ -9 ("57) - -+ 9,
This inequality is equivalent to ¢ — 50¢ + 72 < 0, which contradicts that ¢ is large. U

Claim 4.4. There are at most 7 vertices of degree at most q/2.

Proof. Suppose on the contrary that there are at least 8 vertices of degree at most ¢/2. Recall the
notations in Subsection 24l For any v € S,41_ for k € [¢], we have

do(v) =(n—1)= > (dw)=1)=(+2q+1—-k)— > d(u)

u€eN (v) u€EN (v)
>(@P+20+1—k) —(q+2)(¢+1—k)=(k—1)(¢+1),

where the inequality holds as A = ¢ + 2. By Proposition 210, we have

n 1 1 g+1 ¢
<2>—]P2\:]UP]:§ZdO(v) Z —D)|Sgp1n] > = 3 -8 =2¢" +2¢.
’UEV k=1

We also have | Po| = 3,y (“0)) and 3,cy d(v) > qlg+1)2 —cq = (> + g+ 1)(g+1) — (g +cq +1).
Since —(q +cq +1) > —(¢* + ¢+ 1), by Lemma .14l we get

|2 2(q2+q+1)<q;1) —(g+Dlg+eq+1)= <Z> —(g+ (g +eq+1).

Combining with the above two inequalities, we derive that
2¢* +2¢— (g +1)(g+cg+1)=(g+1)((1 —c)g—1) <0.
Again, this contradicts the fact that ¢ is large and thus completes the proof of Claim 44l O

Claim 4.5. [S;42| < 22,/7.

Proof. Let §" = {v : d(v) < ¢/2} and S, 5 = Sy12\N(S"). By Claim 4] we have |S'| < 7, so
|Sq+2 NN (S")| < 7q/2 and [Sy 5| > |Sgr2| — 7q/2. Recall S = {v:d(v) < ¢}

We now define a weight functlon w on the edges zy with z € S’ 4+2 and y € S by assigning w(zy)
to be the deficiency f(y). We consider the total weight W of these edges. On the one hand, by
Proposition 2IT], every S’ 4+2 vertex contributes at least ¢ and

F(S) = f(V) = (g + 1n = 2e(G) + [Sgr2| < g+ cq+ 1+ [Sgi2l.

On the other hand, by Claim 3] every vertex in S is adjacent to at most two vertices in S’ o+2 and
thus contributes at most twice of its deficiency. Putting these together, we have

q(|Sq+2l — 7/2) < qlSgiol < W < 2f(S) < 2(q + cq + 1+ |Sg12]), (4)
from which we derive that [Sy42| < w < d4q. For any v € S’, let N(v)NSgq2 = {u1, ..., ut}.
Since N (u;)\{v} are disjoint for all i € [tT, by Proposition 2.11]it follows that

t

FV) = f) + ) F(N(u)\{o}) = f(v) + (g = f(v)) = (d(v) = 1)(t = 1) + .

i=1



Since d(v) >t and |Sy42| < 4¢, by @) we have
(=12 +q<f(V) <q+cg+ 1+ |Sgpa| <6g+1,

implying that [N (v) N Sg42| =t < /bg+1+1<3,/q for any v € S".
We improve the estimation of |S,1o N N(S)| < 21,/g and can run the above procedure again.
Since | Sy | > |Sg+2| — 21,/q, we have

a(ISg+2| — 21v/a) < q|Sq 4ol < W < 2£(5) < 2(q + g+ 1 +[Sg+2)-
This shows that |S;12| < Ww <22,/q. O
We are ready to complete the proof. Since |S, 2| < 22,/q, we can delete at most 22,/q edges from
G to get a subgraph G’ with maximum degree g + 1. By the choice of €, we have

e(G') > e(G) — 22\/q > %Q(q +1)? - %q —-22\/q> %q(q +1)% - %q- (5)

By Theorem B.2] there exists a unique polarity graph H containing G’ as a subgraph. Let eq,...,e;
be the edges deleted from G, where t < 22,/q. We may assume that ¢ > 1, as otherwise G = G’ is a
subgraph of H. So we have e; = xy ¢ E(H). By Lemma 2.8 H U {e;1} contains at least ¢ — 1 copies
of Cy, all of which contain e; and are edge-disjoint otherwise.

Consider G’ U {e1}, which is a subgraph of G and thus is Cy-free. So any of these Cy’s found in
H U {e1} must have an edge not in G’ U {e1}, which are pairwise-distinct. This shows that e(G’) <
e(H)—(¢—1) < 2q(g+1)> — (¢ —1), which contradicts (). This finishes the proof of Theorem 3.1l W

We point out that the reduction in this section works for all integers g, not necessarily for even q.

5 Finding a large 1-intersecting hypergraph

We prove Theorem in the following two sections. The goal of this section is to construct a 1-
intersecting (¢ + 1)-hypergraph, which represents the Cy-free graph considered in Theorem (see
Lemma [5.1] below).

Let € and G be from Theorem throughout this section. Namely, € € (0,1) is a fixed constant
and G = (V, &) is a Cy-free graph on n = ¢ + ¢ + 1 vertices with maximum degree ¢ + 1 and

(@) > gala+1)* -~ Sa. (©

where ¢ is an even integer. Moreover, we choose ¢ and § = §(€) such that
1
5 LiKl—e (7)

The following notations will play essential roles in the proofs of the coming two sections.

Definition 5.1. Let B={z € V : [N(z)NS| > dq} and A= Sq1\B. Let R ={N(z):x € A}. We

call any subset in' V' of size g+ 1 a line.
Now we are able to state the main result of this section.

Lemma 5.1. There is a I-intersecting (q + 1)-hypergraph on the vertex set V', which contains R and
at least ¢> lines.

The full proof of this is involved, which we break into two subsections. However, Subsection [5.]]
is concise and about 2-page long, which indicates that Lemma [5.1] holds for any real ¢ € (0,1/ 2)
Subsection B2l requires rather technical efforts to show Lemmal[G. Tl for all e € (0,1). We like to mention
that Subsection is not necessary for the stability with a weaker bound such as in [20].

*Note that Claim 8 yields a 1-intersecting (¢ + 1)-hypergraph containing R and at least ¢* + (1 — 2¢)q + O(1) lines.
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5.1 An initiatory bound

The proof of Lemma [5.1] will process by showing a sequence of claims. Before that, we first collect
some basic properties on G. By Proposition 2211 and Lemma 2.12] we have

g+ 1< 15 < 3200 +1)ISil = F(V) = (g + Ln — 26(G) < g+ eq + 1 (8)
=0

and thus
¢* —eq < [Sg1| < . (9)

For any T C S, it holds that ¢ +eq+1 > f(V) > f(T)+ (|S| —|T]) > f(T)+ (¢+ 1 —|T|). This
implies that
f(T)<|T|+eq forany T C S

and in particular, one can derive that
d(z) > (1 —¢€)q and d(z)+d(y) > (2 —¢€)q for any z,y € V. (10)

In the same way as we did in [20] (see Claim 3.1 in [20]), we can prove the first claim by deriving
some bounds on the sizes of A and B (we omit the proof here, since they are similar).

Claim 5.1. |B| < % and |A| > [Sq11| — |B| > ¢* —€eq — 2.

Next we investigate properties on some special vertices of degree ¢ + 1, defined as following. We
remark that by Lemma 212} any vertex in S, is adjacent to at least one vertex in S.

Definition 5.2. A vertex v € V has property 1, if v € S,q1 satisfies that |[N(v) N Sqq1| = ¢ and
IN(v) N Sq| =1. Let Vi denote the set of all vertices of property 1 in G.

We also can derive the following analogue of the size of |V (see the beginning of the proof of
Claim 3.2 in [20]).

Claim 5.2. [Vj| > (1 —¢€)¢® — (1 + 2¢)q.

Suppose v € Vj has N(v) = {vy,...,vg41}. Let N; = N(v;) \ N[v] for i € [¢ + 1]. The next claim
describes the structure of the neighborhood of a vertex in V; (see Proposition 5.4 in [15]).

Claim 5.3. For v € Vi, the sets Ni, ..., Ngp1 form a partition of V\N[v], and G[N(v)] consists of a
matching of size & plus an isolated vertex of degree q.

The following is key for constructing a (g + 1)-uniform 1-interesting hypergraph (see (7) in [20]).

Claim 5.4. Suppose v € Vi has N(v) = {v1, ..., 0941} If u € Sgq1 \ N[v] is adjacent to Sgr1 N N(v),
then |N(u) N N(v;)| =1 for all i € [q + 1].

We then show that the neighborhood of any vertex in A contains many vertices of property 1.
Following the definitions in [20], for any € A we define S, = N(z)NS and S} = S, U(N(S;)NN(x)).
Since x € A, we have |S;| < dq. Every vertex in S, has at most one neighbor in N(z), so [S3\Sz| < |Sz]
and thus |S}| < 2]S;| < 2dq. Then we can get the following claim (see the proof of Claim 3.2 in [20]).

Claim 5.5. For x € A, there are at least (1 — e — 395)q + 1 vertices of property 1 in N(z)\S%.

Finally, combining the above claims, the selection of § and the analysis at the ending of the proof
of Claim 3.2 in [20], we can conclude the following claim.

Claim 5.6. R is a I-intersecting (q + 1)-hypergraph with |R| > ¢* — eq — 2/6.
Definition 5.3. Let V" = Vi\N(B). For v € V¥, let v’ be the unique vertex in N(v) of degree q. Let
L={N[]:veV}

11



It is clear that RN L = 0.

Claim 5.7. For any L € L, there ezist Ry,...,R; € R such that LUR;U...UR; =V and |[LN Ry N
N Ry| =1. Moreover, |L] > (1 —€)qg — (2+2e+2/9).

Proof. Given L € L, there exists a vertex v € Vi* with N(v) = {v1,...,v441} and L = Nvg41]. Since
N(v) N B =0, we see that vy, ...,v, € A and thus N(v1),..., N(vy) € R. By Claim [53] it implies that
LUN(v1)U...UN(vq) =V and LNN(v1)N...NN(vy) = {v}, as desired. It remains to show the lower
bound of |£|. By Claims 5.1 and 5.2, we have |V{*| > [Vi| — [N(B)| > (1—¢)¢® — (14 2¢)q —2(q+1)/6.
It is obvious that each L € L corresponds to a unique vertex u € S,\B with L = N[u] (as otherwise
it will force a Cy), however such a vertex u may be adjacent to at most g vertices in V1\NN(B). Thus

we have that |£] > Wl > 1 ((1 —€)¢* — (14+26)g—2(qg+1)/86) > (1 — €)g — (2 + 2e + 2/5). O
Using the above claims, we now can construct a 1-intersecting (¢+ 1)-hypergraph with many edges.

Claim 5.8. RUL is a I-intersecting (q + 1)-hypergraph based on G with |[RU L] > ¢*> + (1 — 2¢)q —
(24 2e+4/9).

Proof. In view of Lemma 2.5 we see from Claims and 5.7 that R U £ is a 1-intersecting (g + 1)-
hypergraph. Since R N L = (), we have [R U L| > (¢> — eq — 2/6) + (1 — €)g — (2 + 2¢ + 2/5) =
q® + (1 — 2€)q — (2 + 2¢ + 4/9), completing the proof. O

5.2 The completion of the proof of Lemma [5.1]

Following the sequence of previous claims, we now continue and complete the proof of Lemma Bl
By (@), we write
1Sy11] = ¢* — aq for some constant 0 < a < . (11)

Using |V| = Zq+1 |Si| and 2¢(G) = Zq+1 i|Si|, by (@) and (II]) we can conclude that
1S4l > 26(G) — (g = DIV] = 21Sya] > (2a+1- g + 1. (12

Definition 5.4. We say a vertez v has property 2, if v € S;41\N(B) satisfies |[N(v)NSqq1| =q—1
and |N(v) N Sq| = 2. Let Va denote the set of all vertices of property 2 in G.

Claim 5.9. Any u € S,\(BUN(V}")) has at least (1 —e —30)q — (1 +6/6) neighbors in Va.

Proof. Let S, = N(u)N S and S} = S, U(N(S,) N N(u)). Since u ¢ B and every vertex in S, has at
most one neighbor in N(u), we have |S*\S,| < |S.| < dq and |S}| < 24g.

Write N(u) = {u1,...,uq} and N; = N(u;) \ N[u] for each i € [g]. Since G is Cy-free, all the
sets IV; are disjoint. Note that N(u) N V;* = 0. So N(u)NV; C N(u) N N(B). Since each vertex in
B has at most one neighbor in N(u), we have |[N(u) N Vi| < |[N(u) N N(B)| < |B| < 2/6 and thus
IN(w)\Vi| > q¢—2/4. Each u; € N(u)\(V1 US}) has degree ¢ + 1 and at least two neighbors in S, all
of which (except u) are in V\N[u]. Hence for such u; € N(u)\(V1 US}), the deficiency f(V;) is at
least 1 with equality if and only if [N (u;) N Sg41| = ¢ — 1 and |N(u;) N Sy| = 2. Let M be the set of
vertices u; € N(u)\(V1 US}) with f(N;) = 1. By counting the deficiency, we have

q
[M[ + 2(IN (w\W1] = [S5] = [M]) + [Su| < Z (NiU{ui}) < f(V) <qg+eq+ 1.
=1

Using |N(uw)\Vi| > q — 2/6, we can derive that |[M| > (1 —e — 36)g — (1 + 4/0). Notice that
M\N(B) C V,. Since M C N(u), each vertex in B has at most one neighbor in M and thus we
have at least |[M\N(B)| > |[M|—|B| > (1 —e—3d)qg — (1 + 6/9) vertices in N(u) N Va. O

Claim 5.10. For v € V3, G[N(v)] consists of a matching of size 4 plus an isolated vertex of degree q.

12



Proof. We observe that every v € V5 is in A and every z € N(v) N Sy41 is also in A. By Claim [5.6]
|N(v) N N(x)] = 1. Since v has ¢ — 1 neighbors of degree ¢ + 1 and ¢ is even, it is easy to see that
G[N (v)] must contain exactly % edges which form a matching and moreover, the only isolated vertex
in G[N(v)] has degree q. O

In view of Claim [5.I0, we now give some notations in relation to V5 for later use.

Definition 5.5. For v € Vs, we write N(v) = {v1, ..., 0441} such that d(v1) = d(v2) = q and the edge
set of G[N(v)] is {vgivgig1 : 1 <@ < 4}, Let Ny = N(v;)\N[v] for each i, and let the unique vertex
not contained in Ui<i<q+1N [v;] be v*.

Note that the sets N[v], Ny, ..., Ng11 and {v*} form a partition of V. We recall that R = {N(z) :
x € A} is 1-intersecting and subsets in V' of size ¢ + 1 are called lines.

Definition 5.6. Forv € Va, we say v1 and ve are the type-1 vertex and type-11 vertex for v, respectively.
We also say that LY = Nlvi] is the type-I line for v and LY}; = N(vg) U {v*} is the type-II line for
UE Furthermore, we say v € V5 is extendable if R U {LY, LY} is 1-intersecting; otherwise, we call
it non-extendable.

Claim 5.11. For v € Va, we have vs,...,vg41 € A, LY U Lj; U N(v3) U ...U N(vgq1) = V and
LYNLY; N N(vz) N...nN N(vgy1) = {v}. Moreover for each N € R, [N NLY| +|NNLY,| =2.

Proof. 1t is clear that the first conclusion follows by definition. Consider any v € V5 and N € R.
Note that v; € A for 3 <i < g+ 1. If N = N(v;) for some 3 <1i < g+ 1, then the second conclusion
is clear. Otherwise, as R is l-intersecting, we see that |[N N N(v;)| = 1 for 3 < i < ¢+ 1. This also
infers that |[N N (LY U LY;)| = 2, completing the proof. O

Therefore, if v € V5 is non-extendable, then there must be a line N € R with (|NNLY|,|[NNLY,|) €
{(0,2),(2,0)}. This motivates the following definitions.

Definition 5.7. If v € V5 is extendable, we say both vertices vi,va and both lines Ly, LY, are good
(of type-1, type-II respectively) for v. Suppose v € Vo is non-extendable. If there exists N € R with
NN LY =2, then the type-I vertex vy is called bad for v. If there exists N' € R with [N'NLY;| =2,
then the type-1I vertex vs is called bad for v.

We point out that any vertex of type-I or -II for some vertex in V5 belongs to the set S;\B. Recall
that Vi* = VI\N(B) and £ = {N[u] : w € S; N N(V{")} from Definition .3

Claim 5.12. Let u be a vertex of type-I or -1I for some v € Vo. If u € N(Vi*), then N[u] € £ and u
is a good vertex of type-1 for v.

Proof. Suppose that u is adjacent to w € Vi\N(B). Then N[u] € £ and by Claim (5.8, R U {NJu|}
is 1-intersecting. If u is a type-II vertex for v, then there exists some v’ € N(v) N A adjacent to u.
So N(u') € R, but {u,v} C N(u') N Nu|, a contradiction. Hence u is type-I for v. In particular,
LY = N[u]. By Claim [5.10] applying Lemma 2.5 with # = RU{Nu]} and F = {L};}, we derive that
RU{LY,LY,} is 1-intersecting. This shows that v is extendable, finishing the proof. O

We now investigate more properties for general v € S;\B. It seems possible that u can be good or
bad for different vertices in V5 N N(u). Nevertheless, we will show in the following claims that there
are strong restrictions one can say for the goodness/badness.

Claim 5.13. Ifv € V5 is non-extendable, then there always exists N € R with [N N LY| = 2.

3We will also say that, for instance, v1 is the vertex of type-I for v and LY; is the line of type-II for v.
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Proof. Let N; = N(v;)\NJ[v] for ¢ € [¢ 4+ 1]. Suppose not. Then by Claim B.IT], there exists some
N(c) € R with |[N(c) N LY;| = 2. It is clear that v* € N(c). Since ¢ € A, by Claim there
are at least (1 — e — 39)¢ + 1 many neighbors of ¢ in Vi\S¥. As G is Cy-free, we can find at least
(1 —€—30)g—2/0+ 1 vertices in (V1 N N(c))\N(B).

Now we take b € (V1NN (c))\ (N (B)UN (v1)UN (v2)UN (v3)UN (v)UN (v*)). Suppose N (b)NN(v) =
{vi} (by Claim G0 they intersect). By the choice of b, we may write N (b) = {b1, ..., bg41} with by = v;,
where d(b1) = ¢+ 1 and d(bgy1) = ¢. Since e(N(b), N2 U {v3}) < |[N2 U {vs}| = ¢ — 1, there are at
least two vertices in N (b) with no neighbor in No U {v3}. So there exists a € N(b)\{v;} = N(b)\N(v)
with N(a) N (N2 U {vs}) = 0.

We assert that a € NyU...UNgy1 and N(a) N LY, = (. First, we see that av ¢ E(G) (as otherwise,
a € N(v)NN(b) = {v;}). It then suffices to show v* ¢ N(a). To see this, suppose v* € N(a) and
then one can find a Cy4, namely abcv*a in G, a contradiction.

We also assert that it has to be d(a) = ¢. It is clear that d(a) € {¢,q + 1}. Suppose for a
contradiction that d(a) = ¢ + 1. Since b € V1\N(B), we have a € A and thus N(a) € R. Since
U3, ..., Vg+1 € A, by Claim we have |[N(a) N N(vg)| =1 for 3 < ¢ < g+ 1. Then by Claim G.1T],
|N(a) N LY| = 2, contradicting our assumption.

We now further show that a € Nj. Assume for a contradiction that av; ¢ E(G). As avs ¢ E(G),
we have a € No U NgU ... U Ngiq. Suppose a € Np. By Claim 5.3 we see that {b,...,0,} induces a
matching in G[N(b)]; then at least two of {by,...,bs} have no neighbor in Ny U {v3}. Hence we can
choose @’ € {by,...,by}\{v;} with N(a’) N (N U{v3}) = 0. But such a’ has degree g+ 1, contradicting
the previous assertion. Hence we may assume a € N; for some j € {4,...,¢ + 1}. Since b € V;\N(B)
and a € N(b) NS, by Claim 5.8, R U{NJa]} is 1-intersecting. Because v, € A for £ € {3,4,...,q + 1},
we have |N[a] N N(vg)| = 1. This, together with Claim [5.ITl and the fact N{a] N LY, = 0, imply that
|IN[a] N LY| > 2. As avy ¢ E(G), we have [N(a) N N(v1)| > 2, a contradiction as it would force a Cy.

Lastly, we observe that for every choice of such b, the above vertex a, which lies in Ny NS, C
N(v1) NSy, must be distinct. This is because if there exist two vertices say by, by corresponding to the
same vertex a, then it provides a Cy such as byabach; in G. There are at least (1 —e —3)g —2/6 — 4
choices for b, implying that |[N(v;) N S,y| > (1 —€ —30)g — 2/6 — 4 > dq, where the last inequality
holds as 1/¢ < § < 1 —e. This shows v; € B, a contradiction to that v € S;41\N(B), completing
the proof. O

Claim 5.14. For any u € S;\B, the number of non-extendable vertices v € Vo N N(u) with u as the
type-1I vertex is at most 44q.

Proof. Suppose on the contrary that there exists u € S;\B such that the set 7' = {non-extendable v €
Vo N N(u) : uis the type-II vertex of v} has size ¢t > 40q. We write T' = {v; : ¢ € [t]} and for each
v; € T, we denote the type-I vertex of v; by w;. It is clear that all u; are distinct (as otherwise it
would force a Cy).

By Claim B.I3] for vy there exists L = N(a) € R such that |[L N L} | = 2. By Claim 511}
LN N(u) = (. This shows that exactly one of the following facts holds for L and any other v;’s in T

(1). If LN LY| =|LN L} =1, then v} € L (because L}, = N(u) U {v}} and LN N(u) = 0);
(2). Otherwise |L N L} =2, then u; € L (because L} = N[u;] and |L N N(u;)| < 1).

Let Ty consist of all v; € T with |[L N L}'| = 2. By (2), we see u; € L = N(a) for all v; € T}. Since
a € A and u; € S are distinct, we have |T1| < |[N(a) NS| < dg. Now let L' = N(a’') € R be another
line, other than L, such that |L' N L?! = 2 for some vj; € T\T;. Let T consist of all v; € T\T; with
|L’' N Ly | = 2. Similarly, we also have |T3| < dq.

We also assert that there are at most dq vertices v; € T sharing a common v} (denoted by v*).
Suppose vj, , ..., vj, € T share a common v* and subject to this, s is maximum. We first find a line Ly
with |Lo N L?1| = 2, which also satisfies Lo N (N (u) U {v*}) = (. If Ly satisfies that |Ly N L?j"| =2
for all i € [s], then we can get that s < d¢g as above. So we may assume that there is some v;; such
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that (1) holds. By (1), we then derive that v* € Ly, a contradiction to that Ly N (N (u) U {v*}) = 0.
This proves the assertion.

By our choice, (1) holds for each of L = N(a) and L' = N(a’) and for any v; € T'\(7} UT5). Since
|T\(T1 U Ty)| > 26q and at most dq vertices v; € T\(T7 U T3) share a common v}, we can find two
different v}, say z and y. By (1), we have 2,y € N(a) N N(a’). This forces a Cy in G and finishes the
proof. O

The next claim shows that the type of a good vertex u € S;\B in fact is an invariance (that is,
the type remains the same for all extendable vertices in N (u) N V2).

Claim 5.15. Let u € S;\B. If u is a good vertex of type-I for some vertex in Va, then u is the good
vertez of type-I for all vertices in N(u) N Va.

If u is a good vertex of type-1I for some vertex in Vo, then u is a vertex of type-1 (which must be
bad) for at most one vertex in N(u) N Va; moreover, there are at most two good lines of type-II for all
the vertices in N(u) N Va.

Proof. First let us assume that u is a good vertex of type-I for some v € V5. Since v is extendable,
RU{N|u|} is 1-intersecting. Consider any v € N(u)NV2\{v}. Suppose that u is a type-II vertex for v'.
If we let 2 be the unique vertex in N (v') adjacent to u, then we see N(x) € R and N (z)N\N[u| = {u,v'},
a contradiction to that RU{N[u|} is 1-intersecting. Thus u is always type-I for all vertices in N (u)NV5.
Let N(v') = {u, ag, ..., ag+1}, where ag is type-II for v’ and ag, ..., ag+1 € A. Then Claim 51T holds for
v' analogously, where N(a), ..., N(az+1) and LY = N[u] are g lines in the I-intersecting hypergraph
RU{N[u]}. By Lemma[ZH] we infer that RU{LY , LY;} is l-intersecting and thus v’ is also extendable.
This shows that u is a good vertex of type-I for all vertices in N (u) N Va.

Now we assume that u is a good vertex of type-1I vertex for v; € Va. Let F' = N(u) U {v]}. Since
vy is extendable, R U {F'} is l-intersecting. Suppose that vy € N(u) N V; is distinct from v; and
u is a type-I vertex for vo. By the first assertion, we see vy is non-extendable and wu is bad for vs.
So N(vg) € R and N(vy) N N(u) = (. Since R U {F'} is l-intersecting, the only possibility is that
v} € N(v2). Thus we have u, v} € N(v2). Now suppose there exists another vz € N(u) N Vo\{v1,v2}
which has u as its type-I vertex. Similarly we have u,v] € N(v3), giving uvavivsu as a Cy in G, a
contradiction. Hence by our discussion, u is a vertex of type-I for at most one vertex of N(u) N Va.

By Claim 5.12] u € S;\(BUN(V)")). Then the previous paragraph, together with Claims [(.9 and
(.14] show that u appears as a good type-1I vertex for at least (1 —e—3d)g— (14+6/9) —1—4d6g > 20
vertices w; € N(u) N V. Suppose that there exist at least three good lines of type-II for these w;’s,
say F1 = N(u)U{w7i}, F» = N(u)U{w}} and F3 = N(u)U{wj}. By renaming notations if necessary,
we may assume that there are at least four w; € N(u) N Va2 whose w} ¢ {w],w3}. We observe that
the type-I vertices u; of these w; are all distinct; indeed, otherwise say w; and w; have the same
type-I vertex v/, then it yields a 4-cycle w;u'wjuw;, a contradiction. Hence, we can further find two
of these w;, say wg,ws € N(u) N Vo, such that their type-I vertices uyg,us are distinct and not in
{w},ws}. Now we show wi € N(u4) by considering the location of wi in the local structure based
on wy. As wg € Vo, any v € N(wyq) N Sy41 is in A, so wy is the unique vertex in N(v) N Fy and thus
wi ¢ N(v). Since V = (Upen(wy)ns,. V() U LY U LY} and w} ¢ L} = N(u) U {w}}, we conclude
that wi € LT* = N[uy], which further shows w} € N(u4), as wanted. Analogously, we can derive that
wy,ws € N(ug) N N(us). This provides a Cy in G, a contradiction. O

Claim [5.T5] also indicates that the type of a good vertex u € S,\B is consistent with the type of
all good lines containing N (u). Consequently, just the same as a good vertex, a good line can only be
of one particular type. To further study good lines, we define an auxiliary graph as following.

Definition 5.8. We denote F by the set of all good lines (of type-1 or type-1I for any vertex in Va).
Let G be the graph with vertex set F, where F, F' € F are adjacent if and only if they are the type-1
and type-1I lines for some extendable vertex in Vs.

By the above discussion, we see that G is a bipartite graph on two parts (Fr, Frr), where F
consists of all good lines of type-1 and Fjj consists of all good lines of type-II.
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Claim 5.16. For two independent edges (LY, LY;) and (LY, LY;) in G, we have vw = (|[LYNLY|,|LyN
LY\, |LY, A LY, |LY, N LY ) € {(1,1,1,1),(2,0,0,2),(0,2,2,0),(0,2,2,q)}.

Proof. Clearly v,w € V3 are extendable. We define vy, ..., vg41,v* and wi, ..., wg41,w* according to
Definition for v and w, respectively.

First we observe that if any entry in the vector 7w is one, then by applications of Lemma 2]
we can infer that R U {LY, LY, LY, LY} is 1-intersecting and thus 7w = (1,1,1,1). Hence, we may
assume that none of the entries in vw is one.

Suppose v € LY. Then we have v € N(w;) and thus wy € {v1,v2}. If wy = vy, then LY = LY, a
contradiction as the two edges in G are independent. So w; = va. Then {vs,v3} C N(v)NLY, however
{N(v), LY} C RU{LY} is 1-intersecting, a contradiction. Hence we must have v ¢ LY. Also we have
ILY N N(v;)| =1for 3<i<qg+1. So |LYN(LYULY,)| =2. By symmetry between v and w, we also
can get |[LY N (LY ULY,)| =2.

If |LY A L¥| = 2, then |LY N L¥| = |LY, N L¥| = 0. Note that LY, LY,, N(vs), .
sun-flower with center v and vertex set V. Since LY, N LY = @ and |LY; NN (v;)| =
we derive that |LY, N LY,| =2, i.e., 7w = (2,0,0, 2)

It remains to con81der |LY N L“’] 0. Then |[LYyNLY| = |LYy, NLY| =2. If v ¢ LY, using
the same argument as above, we can easily get 7w = (0,2,2,0). Hence we assume v € LY. If
v = w*, then clearly N(v)NN(w) = ), contradicting that R is 1-intersecting. So v € N(ws), implying
that we € {v1,v2}. If wy = vy, as N(wz) C LY, and N(v;) C LY, we have a contradiction that
2 =|LY;NLY| > q. So wy = vy, which shows elther vw = (0,2,2,q) or LY; = LY, (a contradiction). [

. N(vg41) form a
1for3<i<qg+1,

We say two good lines F, F’ € F are friendly if |F N F'| = 1 and two components D and D’ of G
are friendly if there is a friendly pair {F, F'} with F € V(D) and F' € V(D’).

Claim 5.17. If two components D and D' of G are friendly (possibly D = D'), then all pairs in DUD’
are friendly. In particular, any two vertices in the same component of G are friendly.

Proof. First we point out that if two edges say (L1, Lo) and (L1, L3) in G share a common vertex,
then using Lemma [2.5] one can derive that R U {Lq, Lo, L3} is 1-intersecting.

Assume that there exist F' € V(D) and F’ € V(D') with |FF'N F’'| = 1. To complete the proof, it
suffices to show that for any vertex L € V(D), we have |[LNF’| =1 (unless D = D" and L = F'). We
will prove this by induction on the length dj, of the shortest path between L and F' in D. If d;, = 0,
then L = F and clearly it is true. Now suppose that for any L* € V(D) with dz- < k, the above
statement holds. Consider any L € V(D) with d, = k + 1. Then there exists an edge (L, L*) in D
with dp~ = k. By induction, we have |L* N F’| = 1, unless D = D’ and L* = F’. In the latter case,
obviously we have |L N F’| = 1. Therefore [L* N F’| = 1. Fix an edge incident to F’, say (L', F’) in
D'. If (L,L*) and (L', F') share a common vertex, then D = D’ and by the first paragraph, it is easy
to see that either L = F' or [LNF’'| = 1. So we may assume (L, L*) and (L, F') are two independent
edges. By Claim (16] as |L* N F’'| = 1, it infers that |[L N F’| = 1. This finishes the proof. O

Definition 5.9. For each F' € F, let up be the unique vertex in Sg\B satisfying N(up) C F. We
say a component of G is rich if it contains some vertex F' with urp € N(V}").

We remark that for each F' € F, there exists some extendable vgp € V5 such that up is a good
vertex and F' is a good line for vg of the same type.

Claim 5.18. A rich component of G is friendly with any component of G.

Proof. Let D be a rich component of G and let F' € F be a vertex in D with up € N(V}*). Then up
is a good vertex and F' is a good line for some v € V5 of the same type. By Claim B12] up is type-I
for v and F' = N[up| € L. Now consider any component D’ of G and take any vertex L € V(D') N F.
Then RU{L} is l-intersecting. Recall that Claim (.7 holds for F' € £. By Lemma [2.5] we can derive
that RU{L, F'} is l-intersecting. This shows that D and D’ are friendly. O
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Definition 5.10. If a component of G, which is not rich, contains at least 40 vertices in Fr and at
least 6q vertices in Frr, then we say it is heavy.

Claim 5.19. Let F, and Fy, denote two unions of vertices in rich components and heavy components
of G, respectively. Then |F, U Fp UL| > 2aq + %(1 —€)q.

Proof. We note that £ = {N[u] : u € S;NN(V}*)} and |L]| =[S N N (V).

For u € S;\(BUN (V")) if all vertices in N (u) N V5 are non-extendable, then we say u is poor. Let
P be the set of all poor vertices in S;\(B U N(V}*)). Consider the number M of pairs (v, u), where
v € V3 is non-extendable and u € S,\(B U N (V}")) is the type-I vertex of v. Clearly M is at most the

number of pairs (v,u’), where v € V3 is non-extendable and v’ € S;\B is the type-II vertex of v. By
Claims 59 and 5.14] [P]- ((1 — € —30)g — (1 4+ 6/6) — 4q) < |[M| < |S,\B| - 40¢. This implies that

459 -|S,\B| _ 49q-1S,\B|

[Pl < (1—e—38)qg—(1+6/6) —45q (1—e—178)q— (1+6/0)

(13)

We point out that any u € S;\(B U N(V}*) U P) has an extendable neighbor in V5, which implies at
least one good line (not in £) containing N(u). By Claim (.I5] if w is type-I, then the unique good
line containing N(u) is Nu]. If u is type-II, then there are at most two good lines containing N (u),
say F}* and F3'. We call these good lines as the associated lines of u € S;\(B U N (V{*) U P).

Let F' be any line in F; with up ¢ N(V}¥). Clearly up € S,\(BUN (V}*)) is type-I and F' = Nup].
By Claims (5.9 and 515 up is the good vertex of type-I for at least (1 —e — 3d)qg — (1 +6/6) > dq
vertices in N(up) N Va. This shows that there are at least dg good lines of type-II adjacent to F' in G,
i.e., F' has degree at least dq in G.

Consider a type-II vertex u € S;\(B U N (V") U P). As mentioned above, there are at least one
and at most two associated lines say F}* and F3' of u. By Claims 5.9, 514 and B.I5] we see that w is
the good vertex of type-II for at least (1 —e —30)g — (1 +6/5) —4dg — 1 > 80 vertices in N(u) N V5.
Thus at least one of F|* and F3' has at least 40 neighbors in F;. By the previous paragraph, we see
that at least one associated line of u is contained in a rich or heavy component of G.

Now we show that the number of type-I vertices u € S;\(BUN(V}*) U P), which has no associated
e (o7
neither rich nor heavy, then each F' € V(D) has urp ¢ N(V;") and it has no more than 40 vertices in
Fr, implying that each F' € V(D) N Fy; has degree at most 40. Let e*,¢; and ¢, denote the numbers
of edges, vertices of F; and vertices of Fj; contained in all components of G which are neither rich
nor heavy, respectively. Then we have ¢ - ((1 —e —30)g — (1 +6/6)) < e* <40- ¢y <40|S,\B|. This
implies what we want.

Therefore we have |(F, U Fp)\L| > [S,\(BUN(V{*) U P)| —
@3) and |£| = |S; N N(V}")|, imply that

lines in any rich or heavy component of G, is at most If a component D of G is

40|54\ B|
(1—c—30)q—(116/3)

. This, together with

40/5,\B]
(1—e—30)g—(14+6/9)
46q - |S4\B| 40[5,\B|

2 S\Bl — T 70— (156/0) (A —c—30)q— (16/0)"

FUF UL > IS\(BUN(VY) U P)| — + 1S, N (V)

By (@) and ([I2), it shows that |F, U Fp U L] > 2aq + %(1 — €)q, completing the proof. O
Claim 5.20. At least half of the lines in Fp, are pair-wise friendly.

Proof. We define H to be a graph whose vertices are heavy components of G, where components
C,D € V(H) are adjacent if and only if they are not friendly. To prove this, we may assume that any
component has a non-friendly component in H (as otherwise, we can delete it and process). By Claim
[B.I7 it suffices to show that H is a bipartite graph.

Let C and D be two heavy components of G which are not friendly. Take a type-I line F' € V(D).
By Claim B.I6] for any edge e = (L1, L2) in C, c(e) := (|F' N L1, |F N Lg|) is either (0,2) or (2,0).
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Repeatedly applying this, we see that all edges e in C have the same c(e). So for any line F' € V/(D)NF7y,
exactly one of the following holds:

(A). All type-I lines L in C satisfy |F'N L| = 2. Since |N(ur) N N(ur)| <1, we have urup € E(G).

(B). All type-II lines L in C satisfy |F N L| = 2. Suppose L is a type-II line for vy, € Vo. Then
L = N(ur) U{v}} and we have either v] = up, viup € E(G), or urur € E(G).

Suppose (A) holds for some F' € V(D) N F;. Repeatedly applying the above conclusion, one would
derive that in fact any L € V(C) N Fr and any R € V(D) N Fr satisfy |[LN R| =2 and urugr € E(G).
Since all uy,upr are distinct, it is easy to force a C4 in GG, a contradiction.

Hence (B) holds for all type-I lines F' € V(D) and any heavy component C which is not friendly
with D. For every such F, we can partition V(C) N Fy; into three sets X (F'),Y (F) and Z(F),
where X(F) = {L € V(C) N Fir : v = up}, Y(F) = {L € V(C)N Fir : vjur € E(G)} and
Z(F)={L e V(C)N Fy : upup € E(G)}. Let F,F" € V(D) N F; be distinct. Then it is easy to
see that | X(F)NX(F')| =0 and |Z(F)NZ(F")| < 1. If there are L1, Ly € Y(F)NY(F'), then both
vy, and v}  are adjacent to {up,us}. This shows that vy = v} , as otherwise there is a Cy in G.
That is, all lines L € Y(F) NY (F’) have the same v}. By fe(w), we denote the number of all lines
Le V(C) N Frr with ?}z = w.

We first assert that there exists some vertex w with fe(w) > (|[V(C)NFyr|—6)/6. To see this, let us
take four lines Fi, Fy, F3, Fy € V(D) N Fr. We have ‘V(C) ﬂf[[’ > ‘ Ui<i<4 X(FZ)’ = Zl<i<4 ’X(FZ)‘,
and by inclusion-exclusion, o

V) NFul > |Vicica YR = Y [Y(EF) = Y [Y(B)NY(F)
1<i<4 1<i<j<4

and similarly, [V/(C) N Frr| > >0 ;<4 |Z(F;)| — 6. Summing up the above three inequalities, using

| X (F)|+ Y (F)| +|Z(F;)| = |[V(C) N Frr| for each i € [4], we obtain that

V(@) NFul =4V N Ful— Y. [Y(F)NY(F)| 6.

1<i<j<4

Therefore one of Y (F;) NY (F}) contains at least (|V(C) N Frr| —6)/6 lines L, all of which have the
same v} . This proves our assertion.

We further assert that in fact for each heavy component C, there exists a unique vertex we with
fe(we) > 0.6 -|V(C) N Frr]. Let ¢ = |V(C) N Fyrl|, which is at least dq. We choose w such that fe(w)
is maximum. So we have fe(w) > (¢ — 6)/6. Take any 20 lines say Fi, ..., Foo in V(D) N Fr. Then
we have 20¢ = 32 icoo(IX(F3)| + [Y ()| + |Z(F)]) < Xicicn|Y (Fi) + 2¢ + (%), implying that
Y 1<i<oo Y (F)| > 18¢ — (220). Without loss of generality we may assume wup, € F(G) if and only if
i € [s] for some s € [20]. Note that for s < ¢ < 20, we have |Y(F})| < ¢ — fo(w). If s < 10, then
Y o1<i<oo 1Y (F)] £20c—(20—s5)- fe(w) < 20c—10(c—6)/6 < 18¢c— (220), a contradiction. Hence s > 11.
For i € [s], let A; = Ng(up,)\{w} and let f; = > 4 fe(z). We claim that A;’s are disjoint over
i € [s]; as otherwise say x € A N Ay, then both up, ,up, are adjacent to w,z in G, a contradiction. So
> icfs) fi < ¢— fe(w). Then we can derive that 18c — (220) < D icicon Y (F) < s+ fe(w) + 3iepq fi+
(20 —s)c < (s —1)fe(w) + (21 — s)e < 10f¢(w) + 10¢, implying that fe(w) > (8¢ — (220))/10 > 0.6¢,
as desired. Clearly such w is unique, denoted by we.

We say we is the associated vertex of C. We also point out that from the above proof, among
any 20 lines Fy, ..., Fy in V(D) N Fr, the vertex we is adjacent to at least 11 of ug,’s in G. Consider
any two incident edges in H, say CC;1,CCo € E(H). Let wy,ws be the associated vertices of Ci,Ca,
respectively. Take any 20 lines F1, ..., Foo in V/(C) N F;. Then each of w; and ws is adjacent to at least
11 of ug,’s in G. So there are two vertices Ry, UF, adjacent to both wy and wy in G. If wy # we, then
this forces a Cjy, a contradiction. So we conclude that wy = ws.

Now suppose on the contrary that H contains an odd cycle, say C1Cs...C:C1, where t is odd. Let
w; be the associated vertex of C; for each ¢ € [t]. Applying the above conclusion, as ¢ is odd, we can
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derive that these w;’s are the same vertex, say w. Take any Ly € V(Cy) N Frr and Ly € V(C2) N Fr1
with v7 = v}, =w. Then Ly = N(ug,) U {w} and Ly = N(ur,) U {w}, implying 1 < [L; N La| < 2.
If |Ly N Ly| = 1, then C; and Cy are friendly, a contradiction. Hence |L; N Lg| = 2. Let L1 R; be
an edge in C; and LyRy be an edge in Co, where Ry, Ry are type-1. By Claim [5.16] as |L1 N Lo| = 2,
we have |R; N Ra| = 2. So (A) holds for the line Ry € V(C1) N Fr and the heavy component Cy, a
contradiction. This proves that H is bipartite, completing the proof of Claim O

Finally, we show how to add certain good lines into R to make a larger 1-intersecting hypergraph
on the vertex set V. By Claim [.20] there exists a l-intersecting F; C Fj, with |F;| > |F4|/2. By
Claim 5.I8], we see that R U F,. UF} is also l-intersecting. Since L € L satisfies Claim 5.7, by Lemma
2.5, we see that R U F, U F;, U L remains 1-intersecting. Using Claim [5.19] we have

1
[RUF, UF, ULl =|R|+|FUF, ULl > |R|+§|frufhu£|
1
> (¢" —aq+1-2/6) + 5(2aq+ (1 - €)q/2) > ",

This finishes the proof of Lemma 5.1 |

6 Finding a polarity

In this section, we complete the proof of Theorem Fix 0 < € < 1 and let ¢ be an even integer
with ¢ > €. Let G = (V, &) be a Cy-free graph on ¢ + g + 1 vertices with maximum degree ¢ + 1 and
at least %q(q +1)2 - 5q edges. We aim to show that there exists a unique polarity graph of order ¢
containing G as a subgraph.

By Lemmal[G.] there exists a 1-intersecting (g+1)-hypergraph R* on the vertex set V' with R C R*
and |R*| > ¢%. By Theorem 21 R* (and thus R) can be embedded into a projective plane P of order
q. Since |R| = |A| > ¢®> —eq —2/5 > ¢*> — ¢ + 1 (by Claim (1)), applying Theorem 2, we see that
such P and the embedding of R into P both are unique. Let R¢ = P\R. Now let us recall some basic
facts about P: every two lines intersect with exactly one vertex, every two vertices are contained in
exactly one line, and every column or row of any incidence matrix of P has ¢ + 1 1’s as entries.

We say v € V is feasible, if there exists a line L € P with N(v) C L; otherwise, we say v is
non-feasible. For non-feasible v, we say it is near-feasible, if there exist a line L € R¢ and a subset
K, C N(v) such that N(v)\K, C L and |K,| < 5,/g/. In both definitions, we say v and L are
associated with each other. For feasible v, we let K, = (). By ([0 and since G is Cy-free, for any two
feasible or near-feasible vertices v and v, we have

(N ()\Ku) U (N(@)\Ko)| > (d(u) = 5/q/8) + (d(v) = 5/q/d) =1 > (2= €)g—10y/g/6 = 1> q+1.

This implies that each line in P is associated with at most one feasible or near-feasible vertex. On
the other hand, if there are two lines in P associated with the same feasible or near-feasible vertex v,
as d(v) > (1 —¢€)q by ([I0), then it is easy to see that these two lines will intersect with more than two
vertices, a contradiction. So each feasible or near-feasible vertex is associated with a unique line in P.
Next we study some properties on non-feasible vertices v € V. Let N(v) = {vy,...,v4}. Since v is
non-feasible, we see N(v) € L for any L € P and thus v ¢ A. Then any pair {v;,v;} for i,j € [d] is
not contained in any line N(u) € R. This is because that otherwise, we see that v;uvjvv; forms a Cy
in G, a contradiction. So every such pair {v;,v;} is contained in a unique line L € R¢. Let £, be the
family of lines L € P which contains at least two vertices of N(v). Then we have £, C R¢ and thus

Lol IR =IP| = [R[ < (1+€)qg+2/5+1 (14)

We also point out that any vertex in N (v) appears in at least two lines of L,.
We process to show that all non-feasible vertices are near-feasible in the following claims. First
we show any vertex has a neighbor which belongs to many lines in R.
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Claim 6.1. Any vertex v € V has a neighbor v; with dr(v;) = |N(vj) N Al > ¢ — 15 —2/6 — 2.
In addition, if v ¢ B has degree at least %(1 +e+40)qg +6/0 + 1, then v has a neighbor v; with
dR(Uj) Z q— 1.

Proof. Let N(v) = {v1,...,uq}. By ([{0), we have d = d(v) > (1 —€)q. Let N; = N(v;)\N[v] for i € [d].
Since the sets N; U {v;} are disjoint over i € [d], we have

greq+1>f(V)> > f(N;U{v}) + f(v) = > f(N;U{wi}) + (g +1—d).

i€[d] i€[d]
By averaging, there is some j € [d] with f(N; U {v;}) < & +1 < 1% + 1. Therefore,

dr(vj) > INj N Al > [Nj| = [N; N S| = |B] > (d(v;) = 2) = f(N;) —2/6
=(g—1—=f(vj) = f(N;) =2/6 > q—¢/(1 —€) —2/6 -2,

as desired. Next we consider vertices v ¢ B with d = d(v) > (1 + €+ 46)g + 6/5 + 1. Let
B, = N(v)N(SUB) and B} = B,U(N(B,)NN(v)). Then we have |B,| < |N(v)NS|+|B| < dq+2/6.
Since G is Cy-free, every vertex in B, has at most one neighbor in N(v), implying that |B}| < 2|B,|.
Let T = {v; € N(w)\B} : N;N B = (}. Since N;’s are disjoint and there are at most |B| many
Nj’s containing some vertex in B, we get |T'| > |[N(v)\Bj| — |B] > d —2dq — 6/6. If f(IN;) > 2
for all v; € T, then g+ eq+1 > f(V) > 2|T| > 2(d — 26q — 6/5) > q + €q + 2, a contradiction.
Therefore, there exists a vertex v; € T such that f(IN;) < 1. By the definition of T, we can see that
dr(v;) = |N(v;) N A] > d(v;) — 1 — f(N;) > ¢ — 1. This completes the proof. O

We partition V into three disjoint sets Uy U Uy U Us, where U; consists of all feasible vertices and
Us consists of non-feasible vertices v ¢ B with d(v) > 2(1 + e+ 48)q +6/5 + 1.

Claim 6.2. There exists some w € V such that all v € Uy are near-feasible with K, = {w}.

Proof. For any v € U, by Claim [6.I] there is a neighbor v; of v with dg(v;) > ¢ — 1. By the
above discussion, v; appears in at least two lines in £, C R¢. If dr(vj) > ¢, then dp(vj) > ¢+ 2, a
contradiction. So dr(v;) = ¢—1 and there are exactly two lines, say L and Lo, in £, C R containing
vj. Let Ny = L1 N N(v) and Ny = Ly N N(v). Then we have N; N Ny = {v;} and N1 U Ny = N(v).
Consider any other line L; € L,\{L1, Lo} for i > 3. Set N; = L; N N(v). We see that for any i > 3
and j € {1,2}, ’Nz ﬂNj‘ <1 and ’Nz mNﬂ + ‘Nz N NQ‘ > ‘Nz N (N1 UNQ)‘ = ‘Nz’ > 2. This shows
that for any ¢ > 3, IV; consists of two vertices, one from Ni\{v;} and the other from N\{v;}. Hence,
£al = (N1 = (N2 — 1) + 2.

Let d = d(v). We may assume that d —1 > |Nj| > |[Na| > 2. If |Na| > 3, then we have
|y = (|N1|=1)(|N2| —1)+2 > 2(d—3)4+2 =2d—4 > (14+€+40)q+12/0—2 > (14€)q+2/0+1 > | L],
where the last inequality holds by (I4]), a contradiction. Thus, |N1| = d — 1 and |N3| = 2, implying
|Ly| = d. Suppose that No = {v;,w}. Then every N; for 2 < ¢ < d contains the vertex w. Also
Nw)\{w} C L; € R¢, implying that v € Us is near-feasible with K, = {w}.

Assume there is another non-feasible vertex v' € Uy with K,y = {w'}, where v’ # w. Let d = d(v)
and d’ = d(v’). By the above arguments, w and w’ appear in d— 1 and d’ — 1 lines in R¢, respectively.
By (I4), |R¢|+2 < (14+¢€)qg+2/64+3 < (1+e+40)g+12/§ < (d—1)+(d'—1), which shows that w and
w’ appear in at least two lines of R¢ in common. This contradicts that P is a projective plane. U

Claim 6.3. All non-feasible vertices are near-feasible.

Proof. Let v € V be any non-feasible Vertex We have d(v) > (1—¢)g. By Claim[6.1] v has a neighbor
u with dgp(u) = ¢+ 1 —m, where m < ;- +2/6 +3. Let Y = {L € L, : uw € LN N(v)}. We have
|U| < m and UreyNr, = N(v), where NL = LN N(v). We assert that for all but at most one L € U,
the size of N is at most 2,/q. Suppose on the contrary that there are L1, Ly € U with |Np,| > 2,/q+1
and |Ngz,| > 2,/q + 1. Then all pairs (z,y) with z € Ny, \{u} and y € Nr,\{u} should appear in
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distinct lines in £,,. By (I4), this shows that (14 €)qg+2/0 +1 > |Ly| > (|Nz,| — 1)(|Nz,| — 1) > 4q,
a contradiction.
Let Ly be the line in Y with the maximum N, and let Ky = Upgpgr,3(NVo\{u}). Then

N(@\K, € L € RE with [Ky] < X pen iy (Ve = 1) < (m—1)-27 <2 (15 +2+2) y7 < 242
Therefore, v is near-feasible.

We express V' = {v1,...,v,} such that Uy = {v1,...,va}, Uz = {Vat1, ..., 0p} and Us = {Ups1, ..., v }
for 1 <a < b < n. Since all vertices in G are feasible or near-feasible, by the discussion before Claim
[6.1] we can conclude that each v; € V is associated with a unique line denoted by L; in P. Let
m: V < P be a function which maps v; <> L; for every i € [n]. Let M = (m;;) be the incidence
matrix of P with respect to .

Let s := |Us|. We point out that any v € Us either is in B or has d(v) < (1 +¢+4d)g/2+6/6. In
the latter case, we have the deficiency f(v) =q¢+1—d(v) > (1 —e—40)q/2 —6/6. So by (&), we see

f() <2 qg+eq+1

Z < O*
(I —c—40)q/2—6/5 =05 " ¢

(1—€e—40)q/2—-6/6 —

s < |B|+

where C* is a constant depending on € and § only. Let K be the union of K,’s over all v € V. By
Claims and 6.3, we know that K, = 0 for v € Uy, K, = {w} for v € Uy and |K,| < 5,/q/0 for
v € Uz. Hence |[K| <1+ s-5,/q/0 = O(,/q).

Claim 6.4. M is symmetric.

Proof. We assert that if v; € A\K, then m;; = my; for all j € [n]. If m;; = 1, then as v; € A, we
have v; € L; = N(v;) € R. Since v; ¢ K, we see v; € N(vj)\K C N(v;)\K,, € Lj, which shows
that mj; = 1 = m;;. Now we observe that as v; € A, the ¢’th column and the 7’th row of M have
exactly ¢ + 1 many l-entries, and all these 1-entries are in the symmetric positions. This shows that
the 7’th column and the #’th row are symmetric, proving the assertion. Since |A\K| > |A| — |K| >
(¢* —eq—2/6) — O(,/q) > ¢* — ¢ + 3, by Lemma [2.4], the whole matrix M is symmetric. O

Hence we see from (2) that the above function 7 : V' <+ P is a polarity of the projective plane P.
Let H be the polarity graph of m. For any k x ¢ matrices X = (x;;) and Y = (y;;), we say X is at
most Y if x;; < y;; for all 4, j and we express this by & < Y.

Now we are finishing the proof of Theorem B2/ by showing that G is a subgraph of H. Let A = (a;;)
be the adjacent matrix of the graph G. It suffices to shows that A < M. We call these (i, j)-entries
with a;; = 1 and m;; = 0 problematic. Since both A and M are 0/1 matrices, it is equivalent for us
to show that there is no problematic entries.

For every v; € Uy, as it is feasible, we see that N(v;) C L; and thus the i'th row of A is at most
the i’th row of M. Since both A and M are symmetric, the i’th column of A is also at most the i’th
column of M, whenever v; € U;. Now consider vertices v; € Us. By Claim[6.2] N (v;)\{w} C L;, where
w = vy is fixed. Consider a;; = 1 for possible j which is not £. Then we have v; € N(v;)\{w} C L;.
This shows that the i’th row of A is at most the i’th row of M, except the (i,¢)-entry. By symmetry,
we see that for all v; € Us, the i'th column of A is at most the i'th column of M, except the
possible (£, 7)-entry. We also know w is feasible or near-feasible. So |Ky| < 5,/¢/0 and the number
of problematic (¢, 7)-entries is clearly at most |K,| < 5,/q/6. This further shows that the number of
problematic (7, 7)- or (j,4)-entries for all v; € Us is at most 10,/q/d. Note that |Usz| = s is at most a
constant C* depending on only € and §. Putting all the above together, we see that the number of
problematic (i, j)-entries for 4,j € [n] is at most 10,/g/6 + s> = O(,/q).

Let Ey be the set of v;v; for all problematic (i, j)-entries. It is easy to see that Ey = E(G)\E(H)
and |Ep| = O(/q). Suppose that there is some edge say e = vv; € Ey. By Lemma 28, H U {e}
contains at least ¢ — 1 copies of Cy, all of which contain the edge e and are edge-disjoint otherwise.
Hence in order to turn H U {e} into a subgraph of G containing e (which is Cy-free), one needs to
delete at least ¢ — 1 edges in H U {e}. On the other hand, since H is a polarity graph, we have
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e(H) < 3q(q+1)? and |E(H)\E(G)| — |Eo| = e(H) — e(G) < 3eg. So one can delete |E(H)\E(G)| <
%eq + |Ey| < %eq + O(y/q) < q— 1 edges to turn H U {e} into a subgraph of G while preserving the
edge e. This is a contradiction. Therefore, Ey = () and G is a subgraph of H.

It only remains to show that the polarity graph H is unique. Recall that the projective plane P
containing R has been shown to be unique. So it is equivalent to show that the polarity = is unique.
Suppose for a contradiction that there exists another polarity «’ : V <> P, where 7’ : v; <> Ly for
some permutation o on [n]. Let M’ = (mj;) be the incidence matrix of P with respect to «’. By the
same proof as above, we can deduce that A < M’. By (I0), we see that any vertex v; € V has degree
at least (1 —€)g > 2. Choose any pair {z;,y;} C N(v;). Since the i’th row of A is at most the ’th
row of M', we see {x;,y;} € N(v;) C L,y € P. Also we have {z;,y;} € N(v;) € L; € P. Since P is
a projective plane, it is clear that L,; = L; for all i € [n]. This shows that 7 = ' and indeed the
polarity graph H is unique. The proof of Theorem (and thus Theorem [[3]) is completed. [ |

We remark that it would suffice to choose g. = % in the statement of Theorem

7 Turan numbers

In this section, we discuss the consequences of Theorem [I.3] on Turédn numbers. First, let us restate
and prove Corollary [[L4l Recall the definition of A(g).

Corollary 7.1. Let q be even. If A(q) > %q(q +1)% - %q—l— o(q), then ex(¢®> +q+1,Cy) = Mq), where
the equality holds only for polarity graphs of order q with X(q) edges; otherwise, ex(q®> + q +1,Cy4) <
%q(q +1)2 - %q +0(q). In particular, ex(¢®> + ¢+ 1,C4) < max {)\(q), %q(q +1)2 - %q + o(q)}.

Proof. Let g be even and G be an extremal graph for ex(¢? + ¢ + 1,Cy). First suppose that A(q) >
Sa(a+1)? — Lg+o(g). As e(G) > Aq) > 3q(qg+ 1) — 1q + o(g), by Theorem [[3] there exists a
polarity graph H of order ¢ containing G as a subgraph. Then we have A\(q) < e(G) < e(H) < A(q),
which implies that G = H must be a polarity graph of order ¢ with A(q) edges. Now assume A\(q) <
2q(qg+1)? — 1q+o0(q). By Theorem [[3 it is easy to conclude that e(G) < 3¢(qg+1)> —2g+o(q). O

A quick inference of this corollary is that: For all even integers ¢ such that there is no projective
planes of order ¢, it holds that

1 1
ex(¢® +q+1,Cy) < Sala+ 1)? — 5@+ 0(q)-

We point out that by Theorem 2.3] there are infinitely many such integers ¢, including all integers
q = 2 mod 4 which cannot be expressed as a sum of two square numbers.
Another inference can be stated related to the existence of orthogonal polarity graphs of order q.

Corollary 7.2. Let q be a large even integer. If there exists an orthogonal polarity graph of order q,
then ex(q® +q+1,Cy) = %q(q + 1)2; otherwise, we have ex(q®> + ¢+ 1,Cy) < %q(q +1)2 - % q and
in addition if q is not a square number, then ex(¢®> + q+1,Cy) < %q(q +1)2 - %q +0(q).

Proof. By Proposition 2.6] any polarity graph of order ¢ has %q(q +1)2 - %m\/a edges for some
integer m > 0. The first assertion follows by Theorem [[LT. Now we may assume that m > 1 for any
polarity graph of order ¢ and thus A(q) < %q(q +1)2 — %\/(_] By Corollary L4, ex(¢? + ¢+ 1,C4) <
max {)\(q), %q(q +1)2 - %q +o(q)} < %q(q—i— 1)2— %\/6 In addition, if ¢ is not a square number, then
this implies that there is no polarity graphs of order ¢ and the conclusion follows easily. ]

We conclude this section with an explicit lower bound of ex(n, Cy) for later use.

Proposition 7.3. For any sufficiently large n, there exists some prime number p with \/n —n%2625 —

1 <p < (=14 +4n —3) such that ex(n,Cy) > ex(p® +p+1,Cy) > $(n'5 — 301265 4 ).

Proof. Let x = %(—1 + v4n — 3). As n is sufficiently large, by Theorem 2.I3] there exists a prime
number p € [z — 2%%%° 2]. Son =2+ 2+ 1> p?> +p+ 1, where p > x — 2052 > /n — n0262 _ 1,
By Theorem [, we derive ex(n, Cy) > ex(p? + p+1,Cs) = ip(p + 1)2 > 2(n15 — 3n126% +p). O
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8 Supersaturation: one additional edge

Here, we extend Theorem to Theorem [R1], which implies Theorem [L.§] clearly.

Theorem 8.1. Let q be a large even integer and G be a graph on ¢> +q+ 1 vertices with %q(q—l— 1)2+1

edges. Then either G has at least q9/8/30 copies of Cy, or there exists an orthogonal polarity graph H

of order q such that |E(G)\E(H)| = s and |E(H)\E(G)| = s — 1 for some 1 < s < ¢'/%/30. In the

latter case, the number of copies of Cy in G is between sq — s and sq + s>.

Proof. We will prove this by following the proof of Theorem 1.3 in [20] closely. It should be mentioned
that most claims there can be generalized in this setting easily and thus, in these cases, we often
only mention the modified statements without providing many details. For other cases where extra
arguments are needed, we give self-contained proofs.

By #Cy, we denote the number of copies of Cy in G. For v € V := V(G), let ¢(v) be the number
of copies of Cy containing v. Throughout this proof, let ¢ = ¢'/3 /30, we may assume that

#Cy < tq and Z c(v) =4-#Cy < 4tq. (15)
veV
We say a pair {u,v} C V is opposite if d(u,v) > 2. The deficiency f(v) is defined by f(v) =
max{q + 1 —d(v),0}. So f(v) + d(v) > g+ 1 holds for every v € V.
Recall the definitions of sets UP and P». For A C V, let UP N A be the set of uncovered pairs
{u,v} C A of G and let P, N A be the set of 2-paths of G with both endpoints in A.
First, we can get the following claim about the lower bound of #Cj (see Proposition 2.5 in [20]).

Claim 8.1 ([20]). Let G be a graph with A C V(G). Then 2#Cy > [Py Al + [UP N A] — (4).

Similarly as in earlier sections, we let S; be the set of all vertices of degree 7 in G and let S = U?_,S;.
For v € V, let dy(v) be the number of vertices u € V' with d(u,v) = 0. We retain Claim 4.1 in [20].

Claim 8.2 ([20]). Any vertex v satisfies c(v) > (d(v) —qg—1)g— f(N(v)) +do(v), and if d(v) > g+1
and N(v) NS =0 then c(v) > 1.

By adjusting the proof of Claim 4.2 in [20], one can derive A(G) < g + 2 + t. Indeed, suppose on
the contrary that there is a vertex v; € V with d(v1) = q + k for some t + 3 < k < ¢°. Following the
proof therein, we can get > 1 ,a; < ¢* + (t + 1)g and

n
2-#Cy > q° = 20" + 20— (q— 1) > _a; — 0.5k> + k(¢® — ¢+ 1.5) — 2.
=2

So we see that when k =¢+3 and ) " 5 a; = ¢ + (t +1)q, the above inequality achieves its minimum
q> — 0.5t — 1.5t — 2, which is a contradiction to (I5)) for large gq. This proves A(G) < g+ 2 +t. We
then see that the deficiency of V is

t

f(V)=(g+1n+ Z(k + 1)[Sgro4k] —26(G) =g —1+ Z(k + 1)[Sqt2+k]- (16)
k=0 k=0

Let §" = Sgy2 U -+ U Sgyo4+. By a similar proof as Claim 4.3 in [20], one can show |S’| < 34/tq.
Following the deductions of Claim 4.3 in [20], one can conclude g — 4t < |S| < g— 14 3(t+1)/tq and

f(T) <|SNT|+3(t+1)Vig+4t—1 forany T C V. (17)

We also can derive the following analogue of Claim 4.3 in [20].

Claim 8.3. Y_i _o(k + 1)|Syro4x] < 2t +2.

23



Proof. For any u,v € V, we have d(u,v) < 2/tq; as otherwise there are at least 2tq copies of Cy, a
contradiction to (I3]). Choose vy, ...,vs € S’ for s = min{4t, |S’|}. By the inclusion-exclusion principle,

191> WV @) NS> Y INw)nSI— Y INw)NN@) > > |N(”ﬂ')m5|_2<s>m
j=1

2
1<j<s 1<i<j<s 1<j<s

which implies that Y-, ;. [N (v;) N S| < ¢+ (3t + s* + 3)/Tq — 1. Since each Cy has two opposite
pairs, we see there are at least 1 D im1 Dimst (d(v]é’vi)) copies of Cy containing opposite pairs {vj, v;}
for 1 <j<sand s+ 1<i<n. Forany j € [s], by the inequality (9) of Claim 4.1 in [20] and (I7])
we derive

Z (d(UjQ, Uz)) > Z (d(vj,v;) —1) > Z (d(vj,v;) — 1) — 2(s — 1)y/tq

i=s+1 i=s+1 i€[n]\{j}
>(d(v;) —q—1)q = f(N(vy)) = 2(s = 1)v/tq > (d(vj) — ¢ —1)g — [N(v;) N S| = X',

where X’ = (3t + 2s + 1)\/tq + 4t — 1. Putting the above together, we have that

S n d v S S
2t >24Ca> 30 3 (") 2 Yl - - Da= S INw) 8] - sx
j=li=s+1 j=1 j=1
t
>q ) (k+1)|Sqrapr N {ve, v} = (g + (3t + 8% + 3)vEg — 1) — sX,
k=0

Since s/4 <t < ¢*/#/30 and ¢ is large, we can derive S5 _o(k +1)[Sy04x N {v1, ..., vs}| < 2t +2. This
shows that s < 2¢+2 and by the choice of s, we have S" = {v1, ..., v5}. Therefore >y _o(k+1)|Syro1x| <
2t + 2, completing the proof of Claim B3l O

Using Claim B3 and (I6]), we can easily deduce that ¢ — 4t < [S| < f(V) < ¢+ 2t + 1 and for
any T C V, f(T) < |SNT|+ 6t + 1. In particular, for any v € V, we have f(v) < 6t + 2 and
d(v) > q+1— f(v) > q¢— 6t — 1. Following the arguments in the proof of Claim 4.4 in [20], we can
show that for any v € V, either [N(v) N S| < 7t + 2 or [N(v) N S| > ¢ — 11t — 2. Again we note
that there is at most one vertex (denoted by z if it exists) in V' with |[N(z) N S| > ¢ — 11t — 2. Let
W = 5"U{z}. Claim B3 shows |W| < 2t + 3.

Let ¢(v) denote the number of vertices € N(v) with ¢(z) > 1. Then one can generalize the
proof of Claim 4.5 in [20] and get the following: if {u,v} is an opposite pair with « € V\W and
v e V\{z}, then c(u) + (6t +3) - ¢ (v) > q — (13t + 3)(6t +4) > g — 200t2. Choose £ = ¢'/*/2 such that
lq/(100t) — (g) - 24/tq > 4tq holds for large g. Then Claim 4.5 in [20] can be extended as following.

Claim 8.4. If there are ¢ opposite pairs {u;,v;} for i € [] such that u;,v; € V\W and all v; are
distinct, then there is some wu; with c(u;) > 0.8q.

Let A={v eV :ec(v) >08¢} and X = AUW. So |X| < 4tq/(0.8q) + 2t + 3 = Tt + 3. According
to the arguments after Claim 4.5 in [20], one can obtain that there exists an edge set E* C E(G) with
|E*| < 45¢t? such that G’ = G — E* has at most 0.1¢ copies of Cj.

Having the above, the arguments after Claim 4.5 in [20] can be directly converted to show that
there exists an orthogonal polarity graph H of order ¢ such that G’ C H. Let |E(G)\E(H)| = s. Then
|IE(H)\E(G)| = s—1and 1 < s < |E(G)\E(G")| = |E*| < 45t%. By Lemma 28] there are at least
s(qg — 1) copies of Cy in HU (E(G)\E(H)) such that each edge in E(H)\E(G) can appear in at most
s of them. This shows that G has at least s(g—1) — (s — 1)s = sq — s copies of Cy. If s > t+ 1, then
since s < 45t?, G has at least tq copies of Cy, contradicting our assumption. Hence we have 1 < s < t.

It remains to show that the number L of copies of Cy in G is at most sq+s2. Let Cy be the collection
of all Cy’s in G using exactly one edge in E(G)\E(H) and C; be the collection of the remaining Cy’s
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in G. By Lemma 2.8 we have |Cy| < s(¢+ 1). There are three types of Cy’s in C;, namely using two
edges, three edges or four edges in E(G)\E(H). For each 4-cycle C in C;, we define one or two pairs
of edges in (E(G) N E(C))\E(H) as following. If C' has exactly two edges in E(G)\E(H), then we
take these two edges to form a pair. If C' has three edges in E(G)\E(H) which form a path of length
three, then we take the two non-incident edges to form a pair. Otherwise all four edges in C' are from
E(G)\E(H), then we take two pairs, each of which is formed by two non-incident edges of C. Let us
call all such pairs feasible. It is easy to verify that each feasible pair can be contained in at most two
4-cycles in C;. Thus we have |C1| < 2(3), implying that L = [Co| +[C1] < s(g+1) +s(s — 1) = sq+ s°.
This completes the proof of Theorem Rl |

9 Supersaturation: the general case

In this section, we establish two supersaturation results - Theorems and [0.2] which together imply
Theorem [[LI We also give a proof of Proposition [L.I0

9.1 A generalization of Theorem

We now deduce a supersaturation result for a wider range on the number of edges from Theorem Rl
This is also optimal for infinitely many values ¢ (as powers of two).

Theorem 9.1. Let q be a large even integer and t be any integer such that 1 <t < q1/8/30. Let G be
a graph on ¢* + g+ 1 vertices with 1q(q+ 1) +t edges. Then either G has at least (t +1)g — (t +1)?
copies of Cy, or G is obtained from an orthogonal polarity graph of order q by adding t new edges. In
particular, G has at least t(q — 1) copies of Cy.

Proof. Suppose on the contrary that G has less than (t+1)g— (t+1)? copies of Cy. We denote G’ to be
any spanning subgraph of G with 3¢(g+1)2+1 edges. Thus G’ has less than (t+1)g—(t+1)% < ¢°/8/30
copies of C4. By Theorem Bl there exists an orthogonal polarity graph H of order ¢ such that
|[E(G'\E(H)| = s and |E(H)\E(G')| = s — 1 for some 1 < s <t.

Let |[E(G)\E(H)| = j. Then j —t = |[E(H)\E(G)| < |[E(H)\E(G")| = s — 1 < t, implying that
t < j <2t So G has at least j(¢ — 1) — (j — t)j copies of Cy. If j > ¢t + 1, then G has at least
(t+1)(g—1)— (t+ 1) copies of Cy, a contradiction. So j =t and G is obtained from H by adding ¢
new edges. By Lemma 2.8 G has at least t(q¢ — 1) edges. This finishes the proof of Theorem O

9.2 A half~way bound

Theorem 9.2. Let q be a positive even integer. If G is a graph on ¢> +q~+1 vertices with %q(q—l— 1)24t
edges for t > 1, then G contains at least %(tq —2.5q — t) copies of Cy.

Proof. As earlier, we let #C4 be the number of copies of Cy in G, ¢(v) be the number of Cy containing
the vertex v, and S; be the set of vertices of degree ¢ in G. We may assume that #Cy < %tq — %q (as
otherwise we have the desired number of Cy’s). Let V = V(G) = {v1,...,v,}, where n = ¢ + ¢ + 1.

Claim 9.1. Let v; € V be any vertex with d(v;) = ¢+ 2+ k for some k > 0. Then k < 4. Moreover,
if k =0 then c(v;) > t, and otherwise c(v;) > kq.

Proof. Without loss of generality, we consider v; with d(v1) = g+ 2+ k for £ > 0. First suppose that
t>q+1. Wehave Y, .y, d(v) = 2¢(G) = (¢* + ¢+ 1)g + (¢* + 2t), where ¢* + 2t > —(¢* + ¢+ 1). By
Claim Bl and Lemma 2.T14] we see 2 - #Cj is at least

S (d(;)> _ (Z) z(q2+q+1)<g> +q(q? +2t) — <q2+2q+1> =2tq—q° — q > tq.

veV

This implies #Cy > %tq, contradicting our assumption. Hence we may assume that ¢ < q.
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Let P} be the set of 2-paths in G with none of its endpoints in N(v1). Since each Cy contains two

covered pairs, we see that 2 #Cy = 3¢, 1o\ N(u) (d(%’v)) + c(v1) is at least

—d
S 1) et 2 17— (73 et
{u,0}CVAN(v1)
Let a; = |[N(v;) N N(v1)| — 1 for 2 < i < n. Then we have

n

Pl =>" (d(”) L 1) and fjai < fj <“" N 1) < c(vr) < tq/2 < /2.

i=2 i=2 i=2
On the other hand, we can derive that
D (dw) —a; —1) =(2e(G) —d(v1)) =Y (i +1) = (@ +@)(g— 1) + X.
i=2 1=2

Here X =2 +2t—2—k -1 ya; > ¢>+2t —2—k — c(v1) > —(¢° + q), where the inequalities hold
because 1 <t < ¢, k< ¢*>—2and > i ,a; < c(v1) < ¢°/2. Putting the above all together, by Lemma
214l we infer that t¢ — g > 2 - #C4 is at least

n—d(v - 2 k-
7= (") et 2@+ 0 (") Ha-vx = (T T e
(@~ 0) — (R 4 K) — c(vn)q —2) + 26g — g~ 2+ 1.

Simplifying the above one can derive c(vy) > q_% (k(¢* —q) — 3(K*+ k) +t(g—2)+1) and

1 1 1 1 kt
c(v) = 5ta 2 m(k(cf —q)— §(k?2 +k) - §tq2 +2t(g—1) + 1) = i(_ 2)-
Suppose 4 < k < ¢> — 2. Then %(k,t) = —%(q —2)2 < 0 and %(k,t) = —1 < 0. This implies

#Cy — 2tq > c(v1) — 3tq > min{g(4,q)/(¢ — 2),9(¢*> — 2,9)/(¢ — 2)} > 0, a contradiction. Therefore
we obtain that & < 1.
If k=0, then c¢(v1) > (t(¢ —2) +1)/(qg — 2) > t, as desired. We also have
h(k,t)

1 1,
— kg > —— - = — = .
c(vr) k‘q_q_2(kq 5 (K + k) + (g 2)+1) .

Consider 1 < k < 4. Since %(k,t) =qg—2>0and %(k,t) =q—k—3 >0, we have c(v;) — kg >

h(1,1)/(q —2) > 0. This proves the claim. O
Let A(G) = ¢+ 2+ m. By Claim @], we see that m < 1.
Claim 9.2. [Sg 42| < 2¢ and > ;" k|Sgr24k| < 2t.

Proof. By Claim [0 we see that if v € Sy42, then c(v) > t. So 2tq > 4#Cy > t|S442|, implying
that [Sy12| < 2¢. For v € Spioqy with 1 < k < m, by Claim we have c¢(v) > kq. Then

m
2tq > 44#Cy > > " kq - |Sqro1k|, which implies that > k[S;io4k| < 2t. O
k=1

Now we are ready to complete the proof of Theorem First let us estimate |UP)|, i.e., the
number of uncovered pairs in G. Consider a vertex v € Syy1, where the maximum degree of the
vertices in N(v) is at most ¢ + 1. We assert that v is contained in at least one uncovered pair.
Otherwise, as ¢ is even, the number e, of edges in G[N(v)] is at least ¢/2 4+ 1 and thus there are at
most (q+1)q—2e, < ¢? —2 vertices adjacent to N[v], which again forces an uncovered pair containing

26



v. For 1 <k <q+1,if v € Syq1_k and the maximum degree of the vertices in N (v) is at most ¢+ 1,
we can get at least

(n=1— > (uw)-1)=@+2+1-k) - Y du)>kq
ueN (v) u€eN (v)

uncovered pairs containing v. If some vertex in N(v) has degree ¢ + 1 + ¢ for £ > 1, then the above
number of uncovered pairs containing v will decrease by £. Thus, by double-counting, we can get

q+1 m-+1
P> (1011 + 3 kalSyersl = 32 S HING) 0 Syirial)
k=1 ueV k=1
(18)
q+1 m+1
(|5q+1| + ) kglSgra-kl = > k‘(q+1+kz)|5q+1+k|).
k=1 k=1

Next, we give a lower bound on |P;| — (5). Let S = Sgyo U+ U Sgyo4m. We have

m+1 m+1
> dw) =20(G) = D (a+ 1+ R)ISqarerl = (n = D ISgral)Ja+ V-
veEV\S’ k=1 k=1

m-+
Here Y = 2t+¢° - Z (1+K)[Sgs14x| > 2t+¢*—2[Sy12[ =3 Z k|Sqr2vk| > ¢* —4q—6t > —(n—|9')),
k=
where the second mequahty holds because of Claim [9.2 By Lemma 214,
d(v)\ (n 2 = q ¢ +q+1
> <2>—<2> Z(q +Q+1_I;|Sq+1+k|) o) T4V — 5

veV\S’
m+1

=2tq—q* —q— Y ((g) +qk+Q)!Sq+1+k\-

k=1
Recall that P» is the set of all 2-paths in G. We have

ni-(3) = nff\s+1+kr(+”k) > (%))

VEV\S (19)
1 m+1
> 20— " —q+ kZl (k + 1)[Sg4144-
Let M = 2tq — ¢*> — ¢ + 3|Sq+1|- Combining (I8) and ([J), by Claim BI] we derive that
g+1
2#C 2|l + 0P| - () 2 21 - 4 Z LSRR SLCHRT)
(20)
1
=M — 3(2e(G) ~ (g+ 1)) = tg — 5(¢* + 4~ |Syal).
Finally, by Claim we have
g+1
¢ +q—1S1] = 1Sg41- k|+|S+2|+Z|S+2+k|_1
k=1 k=1
m+1 m
< Y (@D =@+ 148)  [Sprrenl +2USpeol +2 7 klSyeaen] — 1
k=—(q+1) k=1

<(qg+1)n—2¢e(G) +4q +4t — 1 = bq + 2t.
This together with (20) show that #Cy > 1(tq — 2.5¢ — t). The proof of Theorem @2 is finished. M
We point out that Theorem [0.2] only works for ¢ > 3 and becomes invalid when ¢ € {1, 2}.
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9.3 Proofs of Theorem and Proposition 1.10]

Before presenting the proofs, we show a upper bound on h(g? 4+ ¢ + 1,t) for any prime power ¢ and
t > 1, using a random construction based on polarity graphs.

Lemma 9.3. Let ¢ be a prime power and t be an integer such that 4t < ¢®>(q +1). Then there exists
a graph on ¢ + q+ 1 vertices, which contains at least %q(q +1)2 4+t edges and at most 500(tq + t4/q8)
copies of Cy.

Proof. We may assume ¢ > 3 and ¢t > 1. Let H be an orthogonal polarity graph on n = ¢ + ¢ + 1
vertices. Let o = m € [0,1] and let G be obtained from H by adding an edge for each non-adjacent
pair of vertices independently and randomly with probability a. Denote by X the number of new
edges added to H. Since the number of non-adjacent pairs in H is N = (g) —e(H) = %, we have
E[X] = Na = 2t. Here, X is a binomial random variable X ~ Bin(N,a). Then the Chernoff bound
states that P(X < (1—e)Na) < e~ Ne/2. Choosing € = 1/2, we can get that P(X < t) < et < 0.78.

Let Y be the number of copies of Cy’s in G. For 1 < i <4, let Y; be the number of copies of Cy’s
in G consisting of exactly 7 new edges. We estimate E[Y] = Y7, E[Y;] as follows. Note that every
vertex in H has degree q or ¢+ 1. For E[Y;], each of these Cy’s corresponds to a unique path of length
three in H. Thus we have E[Y1] < in(q+ 1)¢® - o < 3tq. For E[Y3], each of these Cy’s contains two
edges in H which are incident or not. Thus we have E[Ys] < in%(¢+1)q-o? + (e(f)) 202 < 2012 /2.
Similarly, we can get that E[Y3] < e(H)(}) - 2a® < 60t3/¢° and E[Yy] < n'a*/8 < 50t*/¢®. Since
2/¢> +13/¢° < tq+t*/q®, we can get that E[Y] = Z?:l E[Y;] < 110(tq + t*/¢®).

Since P(X > t) > 0.22, we have E[Y] = P(X > ) - E[Y|X > t|+ P(X <t)-E[Y|X <t] >
0.22 - E[Y|X > t]. So E[Y|X > t] < E[Y]/0.22 < 500(tq + t*/¢®). This shows that there exists an
n-vertex graph with at least 2g(q + 1)? + ¢ edges and at most 500(t\/n + t*/n*) copies of Cy’s. O

In aid of Lemma @3] we are ready to derive Theorem from Theorems and

Proof of Theorem Let ¢ = 2¥ be sufficiently large. So ex(¢?> +¢+1,Cy) = %q(q +1)2.

First we consider (A). Suppose that 1 <t < ¢'/3/30. Let G be a (¢*> + g + 1)-vertex graph with
ex(¢®? +q+1,C4) +t edges. By Theorem and Lemma 2.8, G has at least t(q — 1) copies of Cy, with
equality only if GG is obtained from an orthogonal polarity graph of order ¢ by adding ¢ edges between
vertices of degree ¢q. As any two vertices of degree ¢ in a polarity graph has a common neighbor, it
is straightforward to see that when G has exactly (¢ — 1) copies of Cy, these aforementioned ¢ new
edges must form a matching (in fact it is also an induced matching by Lemma 2.7)). This proves (A).

For the first assertion of (B), it suffices to consider when ¢ > ¢'/8 /30 and this follows from Theorem
@2 that h(q? + g+ 1,t) > 3(tg — 2.5 — t) = (3 + o(1))tg, where o(1) — 0 as ¢ — oo.

Finally we prove the second assertion of (B) that h(q? 4 q+1,t) = O(tq+t*/q®). It is well known
(see [13]) that for any ¢ > 0 there exists some ¢ > 0 such that h(¢? + g+ 1,t) > ¢ - t*/¢® for any
t > cq®. Also as q is large, from the above proof, we have h(q® +q + 1,t) > (% + 0(1))tq > tq/3 for
any t > 1. Note that tq > t*/¢% if and only if ¢t < ¢3. Combining the above all together, we see that
there exists some absolute constant d > 0 such that for any ¢ > 1, h(¢® + ¢+ 1,t) > d - (tq + t*/¢®).
The upper bound easily follows from Lemma The proof of Theorem [[.9 is completed. |

We now complete the proof of Proposition [[LI(0l

Proof of Proposition [LI0. Let n be sufficiently large and t > 3n!'2625. By Proposition [73}
there exists some prime p with \/n — n%26% — 1 < p < L(—1 4 /An —3) such that ex(n,Cy) >
ex(p? +p+1,C4) > (n'5 — 3n12625 4 n) /2. We first consider the lower bound of h(n,t). Consider
any n-vertex graph G with ex(n, Cy) + ¢ edges. Let s be such that ex(n, Cy) +t = 2(nl5 + n) +s. So
s>t — %nl'%% > 0.5t. By Jensen’s inequality, we see that the number M of 2-paths in G is at least

5 ()= (E) () (e

veV(G)
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2 2 2)) = 72
It is known that if ¢ > n%/2, then h(n,t) > c - t*/n* holds for some ¢ > 0. Combining these facts, we
infer h(n,t) = Q(ty/n + t*/n*) for t > 3n'2625, For the upper bound of h(n,t), let r be the integer
such that ex(n,Cy) +t = %p(p +1)% +r. By our choice of p, we can derive that r < ¢ + %nl'%% < 2t.
Using Lemma [0.3] there exists a graph on p? +p+ 1 vertices with p(p+1)2/2+7r = ex(n, Cy) +t edges
and at most O(rp + r4/p®) = O(ty/n + t*/n*) copies of Cy’s. Since p? + p + 1 < n, this also shows
that h(n,t) = O(ty/n + t*/n*), finishing the proof of Proposition [LI0l [ ]

As s > 0.5t, this implies that h(n,t) > #C4(G) > l(M - (")) > %(ZveV(G) (d(;)) — (”)) > W

10 Concluding remarks

In this paper, we focus on extremal problems of 4-cycles and prove several stability and supersaturation
theorems. These imply some exact or near-optimal extremal results on Cy for infinite instances. In
what follows we discuss related problems, some of which in fact partially motivate the results here.

Theorem [[3] provides a stability type result for dense Cy-free graphs G on ¢ + ¢ + 1 vertices
where ¢ is even. It states that if e(G) > 1¢(¢+1)? — g+ 0(g), then G is contained in some (unique)
polarity graph of order q. We wonder if some other form of stability (e.g., in the sense of “edit
distance”, which counts edges adding and deleting between G and the extremal configuration) can
hold for a much weaker condition on the number of edges. This stability also indicates that there
exists some hierarchy on the number of edges for mazimal Cy-free graphs G, in the interval starting
from %q(q +1)2 - %q + o(q). This is because any of these graphs G must be some polarity graph and
according to Proposition 2.6 e(G) = 1q(q + 1)> — 1m,/g holds for some integer m > 0. We remark
that using the result of Metsch [22] and similar arguments here, one also can establish an analogous
stability result for C4-free balanced bipartite graphs where the size of two parts equals ¢? + ¢ + 1 for
any (even or odd) large integer ¢q. (As a side note here, we would like to mention that recently Nagy
[23] proved some supersaturation results on 4-cycles in the bipartite setting.)

Arguably, Theorem [[.3]provides some (very weak) evidence to the following conjecture of McCuaig.

Conjecture 10.1 (McCuaig, 1985; see [15], [18]). Fach extremal graph which achieves the maximum
number ex(n,Cy) is a subgraph of some polarity graph.

Suggested by orthogonal polarity graphs, the following supersaturation problem seems plausible:
For large ¢ = 2%, is it true that h(¢?+q+1,t) = t(¢g—1) holds for every 1 < ¢ < 17 Theorem L9 confirms
this for 1 <t < O(ql/ 8), while its proof perhaps can be generalized further. Another problem is to
determine all integers ¢+ > 1 such that every graph achieving the maximum h(q? + ¢ + 1,t) contains
an orthogonal polarity graph of order q. Regarding to Proposition [[LT0, a similar supersaturation
result for C4 perhaps can hold under a more general condition: Is there a constant ty such that
h(n,t) = O(ty/n +t*/n?) holds whenever t > ty?
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also would like to thank Prof. Zoltan Fiiredi for instructive comments.

References

[1] R. Baer, Null systems in projective space, Bull. Amer. Math. Soc. 51 (1945), 903-906.
[2] R. Baer, Polarities in finite projective planes, Bull. Amer. Math. Soc. 52 (1946), 77-93.

[3] R. C. Baker, G. Harman and J. Pintz, The difference between consecutive primes, I, Proceedings
of the London Mathematical Society 83(3) (2001), 532-562.

[4] W. G. Brown, On graphs that do not contain a Thomsen graph, Canad. Math. Bull. 9 (1966),
281-285.

29



[5]

R. H. Bruck and H. J. Ryser, The non-existence of certain finite projective planes, Canadian J.
Math. 1 (1949), 88-93.

F. Chung, Open problems of Paul Erdés in graph theory, J. Graph Theory 25 (1997), 3-36.

S. Dow, An improved bound for extending partial projective planes, Discrete Math. 45 (1983),
199-207.

P. Erdds, On sequences of integers no one of which divides the product of two others and some
related problems, Izvestiya Naustno-Issl. Inst. Mat. i Meh. Tomsk 2 (1938), 74-82. (Zbl. 20, p.5)

P. Erdés, Extremal problems on graphs and hypergraphs, in Hypergraph Seminar (Proc. First
Working Sem., Ohio State Univ., Columbus, Ohio, 1972) Lecture Notes in Math. 411, Springer,
Berlin, 1974. pp. 75-84.

P. Erdos, Problems and results in combinatorial analysis and graph theory, Discrete Math. T2
(1988), 81-92.

P. Erdds, Some of my favourite unsolved problems, A Tribute to Paul Erdds. Cambridge Univer-
sity Press, New York (1990), 467-478.

P. Erdds, A. Rényi and V. T. S6s, On a problem of graph theory, Studia Sci. Math. Hungar. 1
(1966), 215-235.

P. Erd6s and M. Simonovits, Cube-supersaturated graphs and related problems, Progress in
Graph Theory (Waterloo, Ont., 1982), pp. 203-218, Academic Press, Toronto, Ont., 1984.

Z. Firedi, Graphs without quadrilaterals, J. Combin. Theory Ser. B 34 (1983), 187-190.

7. Firedi, Quadrilateral-free graphs with maximum number of edges, preprint 1988,
http://www.math.uiuc.edu/~z-furedi/PUBS/furedi_C4from1988.pdf

Z. Firedi, On the number of edges of quadrilateral-free graphs, J. Combin. Theory Ser. B 68
(1996), 1-6.

7. Fiiredi, Extremal quadrilater-free graphs, Lecture at the 1st Canadian Discrete
and Algorithmic Mathematics Conference (CanaDAM 2007), Banff, May 28-31, 2007.
https://canadam.math.ca/2007/MS/MS_Extremal_Haxell.pdf

Z. Fiiredi and M. Simonovits, The history of degenerate (bipartite) extremal graph problems, in
Erdés centennial, volume 25 of Bolyai Soc. Math. Stud., pages 169-264. Janos Bolyai Math. Soc.,
Budapest, 2013.

F. A. Firke, P. M. Kosek, E. D. Nash and J. Williford, Extremal graphs without 4-cycles, J.
Combin. Theory Ser. B 103 (2013), 327-336.

J. He, J. Ma and T. Yang, Some extremal results on 4-cycles, J. Combin. Theory Ser. B, to
appear.

K. Metsch, Linear Spaces with Few Lines, Springer Lecture Notes in Math., 1991.

K. Metsch, On the maximum size of a maximal partial plane, Rend. Mat. Appl. (7) 12 (1992),
345-355.

Z. Nagy, Supersaturation of Cy: From Zarankiewicz towards Erdds-Simonovits-Sidorenko, Furo-
pean J. Combin. 75 (2019), 19-31.

I. Reiman, Uber ein Problem von K. Zarankiewicz, Acta Math. Acad. Sci. Hungar. 9 (1958),
269-273.

30


http://www.math.uiuc.edu/~z-furedi/PUBS/furedi_C4from1988.pdf
https://canadam.math.ca/2007/MS/MS_Extremal_Haxell.pdf

	1 Introduction
	2 Preliminaries
	2.1 General notations
	2.2 Projective planes
	2.3 Polarity graphs
	2.4 C4-free graphs
	2.5 Others

	3 Proof outline of Theorem 1.3
	4 Reducing to =q+1
	5 Finding a large 1-intersecting hypergraph
	5.1 An initiatory bound
	5.2 The completion of the proof of Lemma 5.1

	6 Finding a polarity
	7 Turán numbers
	8 Supersaturation: one additional edge
	9 Supersaturation: the general case
	9.1 A generalization of Theorem 1.6
	9.2 A half-way bound
	9.3 Proofs of Theorem 1.9 and Proposition 1.10

	10 Concluding remarks

