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Abstract. Let A ⊂ Fp with density 1/2. We call a set A almost affine invariant under an
affine transformation ϕ(x) = ax+ b if

|A△ϕ(A)| = o(p).

We determine that, the threshold value of K such that A is almost affine invariant simulta-
neously under all ϕ(x) with |a|, |b| ≤ K and a ̸= 0, is K = o(log p). This solves Ben Green’s
Open Problem 90.

1. Introduction

Let p be an odd prime and identify Z/pZ with the finite field Fp. The following problem is
Problem 90 on Ben Green’s list of 100 open problems [2].

Problem 1.1 ([2, Problem 90]). Determine for which ranges of K = K(p) there exists a set
A ⊂ Fp of density 1/2 which is almost invariant under all affine maps

ϕ(x) = ax+ b, 1 ≤ |a| ≤ K, |b| ≤ K.1

Here almost invariant under an affine transformation ϕ means that as p → ∞, it holds that

|A△ϕ(A)| = o(p).

Note that a set A is almost invariant under a given ϕ implies certain structural information of
the set A. In other words, the set A needs to satisfy some constraints. The interesting feature
of the problem is to investigate how many different constraints that set A can simultaneously
satisfy. It is a very natural question to find an optimal upper bound on K for any set A with
density 1/2 with the given almost affine invariance property. Here, an optimal bound means
that there exists a construction of A such that it does satisfy the property for K below the
bound.

In the comments to Problem 90, Green noted that the problem had been considered by
Eberhard, Mrazović, and Green in unpublished work [1]. He claimed that one can take K → ∞
slowly, for instance K ≥ (log p)c for some c > 0, while K cannot be as large as p1/100. He
commented that their lower bound is proved by considering the amenability of affine groups,
and we also refer to [5, 8] for related discussions around this idea.

In this paper, we show that K = o(log p) is the sharp bound and thus determines the
threshold.

Theorem 1.2. Let p be a prime and K = K(p) be a positive integer. If there exist sets
Ap ⊂ Fp with |Ap| = (1/2 + o(1))p such that

max
a,b∈Z

1≤|a|≤K(p), |b|≤K(p)
p∤a

|Ap△(aAp + b)|
p

= o(1), (1)

1We note that in the original statement of the problem, it does not exclude the possibility a ̸= 0 in Fp. But
it is clear in this case that |A△ϕ(A)| = (1/2 + o(1))p. So we consider the modified version of the problem.
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then K = o(log p). Conversely, if K = o(log p), then such sets Ap exist.

Remark 1.3. By tracking the proof, one can get a quantitative relation between the two
convergence rates o(1) in the statement. We do not pursue it here, and it seems to the authors
that the method here would not lead to a sharp dependence estimate. We leave this question
to interested readers.

We prove the upper bounds in Section 2 and give a construction of sets Ap in Section 3
satisfying (1), as long as K = o(log p). So the proof of Theorem 1.2 is completed by combining
the two propositions.

Outline. We give a quick outline of the proof strategy. For the upper bound proof, we use
Fourier analytic tools. Let f := 1A− |A|

p . It is shown that translation invariance implies that the
Fourier mass

∑
r |f̂(r)|2 is concentrated on frequencies |r| ≪ p/K. This is relatively standard

and easy to show. Then we restrict ourselves to a probability measure µ on {1, 2, . . . , N} with
N ≍ p/K and the assignment to the mass is essentially proportional to the size |f̂(r)|2. To use
the multiplicative invariance property, we consider the dilation by primes q ≤ K and it would
imply that µ is an almost invariant probability measure on the interval {1, . . . , N} under the
maps n 7→ qn. Moreover, under such a measure, we will show that q-adic valuation vq(n) is
relatively large and this holds for every prime q ≤ K, which is possible only when the total
prime weight satisfies that

∑
q≤K log q is o(log p) and this implies that K = o(log p).

For the lower bound, we use the probabilistic method to construct it. The main part of the
proof is to establish a general statement (Lemma 3.3) about showing the existence of large
“Følner sequences” Ap under actions by elements s in a small family Sp of affine transformations.
More precisely, this just means that |sAp△Ap|/p is small for all s ∈ Sp. The existence is
guaranteed under certain conditions, and the key condition is that there exists a small family
F of affine transformations such that |F△s−1F|/|F| = o(1) holds for all s ∈ Sp. Here “small”
means on the order of po(1). Lemma 3.3 is proved by the probabilistic method. To prove our
lower bound, we first need to choose Fp and Sp. And the natural choices are obtained from
sets of suitable affine maps over Q and then modulo p (which leads to affine transformations).
Then we get the existence of A by applying Lemma 3.3 to Fp and Sp.

An interesting step in applying the probabilistic argument is that we first prove that a
random A with correct size in expectation, i.e. E|A| ∼ p/2, and it satisfies the desired invariant
property; however, this can not guarantee the existence of A. To do so, we employ the so-called
bounded difference inequality to get a concentration estimate which leads to the existence.

Notation. Throughout the paper, all o(1) denote the quantities that tend to zero as p → ∞.
For r ∈ Fp, write |r| for the absolute value of the representative of r in [−(p−1)/2, (p−1)/2]∩Z,
and write e(t) = e2πit. For a field F , we write

Aff(F ) := {x 7→ ax+ b : a ∈ F×, b ∈ F }

for the affine group over F , with group law given by composition.
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AI Disclosure. We used ChatGPT 5.4 in this work. AI input plays an important role in
some part of the work, although the original arguments came up by AI contain many logical
mistakes and gaps along the iterative processes. We provide a summary of the ideas that, in
our opinion, are mostly due to AI. First, AI came up with the idea of considering the q-adic
valuation formulation (see Lemma 2.4), which provides a clean way in the final step to get
the sharp upper bound o(log p). Second, the idea of using the amenability of the affine group
(especially in an old version of Lemma 3.3) is due to AI. But we emphasize again that this
idea was first used in [1] (as explicitly mentioned in [2]) and also, as Ben Green pointed out
to us afterwards, there were related discussions around this idea online (a question asked by
Freddie Manners on MathOverflow [5] and the answer [8] by Terry Tao).

2. The upper bound

In this section, we prove the upper bound K = o(log p).

Proposition 2.1. Suppose that A ⊂ Fp satisfies |A| = (1/2 + o(1))p and

max
a,b∈Z

1≤|a|≤K, |b|≤K
p∤a

|A△(aA+ b)|
p

= o(1).

Then K = o(log p).

Proof. For any subsequence of primes p, we may only need to consider the case that

K = K(p) → ∞.

If not, then K(p) is bounded along the subsequence and the conclusion holds.
Set

εp := max
a,b∈Z

1≤|a|≤K, |b|≤K
p∤a

|A△(aA+ b)|
p

= o(1), α :=
|A|
p

=
1

2
+ o(1).

As usual, we do the shift and put f := 1A − α. For r ∈ Fp define

f̂(r) :=
∑
x∈Fp

f(x)e(−rx/p).

Since f̂(0) = 0, Parseval identity gives

M :=
∑
r∈F×

p

|f̂(r)|2 = p
∑
x∈Fp

|f(x)|2 = α(1− α)p2 =

(
1

4
+ o(1)

)
p2.

We shall use the probability measure that for r ∈ F×
p

µ(r) :=
|f̂(r)|2

M
.

We start to investigate the approximate invariant properties. Our first goal is to show that,
by using the approximately translation invariant property, the measure µ is concentrated on
those small r, say, no larger than p/K.

For 1 ≤ b ≤ K,
εpp ≥ |A△(A+ b)| =

∑
x∈Fp

|f(x+ b)− f(x)|2.
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Another application of Parseval identity to function f(x+ b)− f(x) yields that for |b| ≤ K,∑
r∈Fp

|f̂(r)|2|e(br/p)− 1|2 ≤ εpp
2.

Averaging in 1 ≤ b ≤ K gives∑
r∈Fp

|f̂(r)|2WK(r/p) ≤ εpp
2, WK(t) :=

1

K

K∑
b=1

|e(bt)− 1|2.

Lemma 2.2. There is an absolute constant c0 > 0 such that, for every K ≥ 2 and every
t ∈ R/Z with ∥t∥R/Z ≥ 2/(5K), one has WK(t) ≥ c0. Here ∥t∥R/Z denotes the distance of t to
the nearest integer.

Proof. The proof is very straightforward and standard; we omit the proof. □

Let

N :=

⌊
p− 1

2K

⌋
, I := {r ∈ F×

p : |r| ≤ N}.

If r /∈ I, then |r| ≥ N + 1. Since

N + 1 >
p− 1

2K
≥ 2p

5K

for all p ≥ 5, it follows that ∥∥∥∥rp
∥∥∥∥
R/Z

=
|r|
p

≥ 2

5K

for all sufficiently large p. Lemma 2.2 therefore implies that WK(r/p) ≥ c0 for every r /∈ I,
and hence

c0
∑

r∈F×
p \I

|f̂(r)|2 ≤ εpp
2.

Thus ∑
r∈F×

p \I

|f̂(r)|2 = o(p2), and hence µ(I) = 1− o(1). (2.1)

In particular I is non-empty for all large p, so N ≥ 1 and K ≤ (p − 1)/2. All primes q ≤ K
are therefore non-zero modulo p.

Next we investigate the dilations x 7→ qx for primes q ≤ K. Since |A△qA| ≤ εpp,∑
x∈Fp

|f(q−1x)− f(x)|2 ≤ εpp.

Taking Fourier transforms, it gives∑
r∈Fp

|f̂(qr)− f̂(r)|2 ≤ εpp
2.

Combining Cauchy’s inequality and the above bound, we have

∑
r∈F×

p

∣∣∣|f̂(r)|2 − |f̂(qr)|2
∣∣∣ ≤

∑
r∈Fp

|f̂(qr)− f̂(r)|2
1/2∑

r∈Fp

(|f̂(r)|+ |f̂(qr)|)2
1/2

≪ √
εp p

2.
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After division by M ∼ p2/4, ∑
r∈F×

p

|µ(r)− µ(qr)| = o(1) (2.2)

uniformly for all primes q ≤ K. Consequently, for every E ⊂ F×
p ,

|µ(E)− µ(qE)| = o(1) (2.3)

uniformly for primes q ≤ K.
We first record a rough consequence. We claim that

K ≤ 2N (2.4)

for all sufficiently large p. If not, choose a prime q ≤ K with q > N (when N = 1 take q = 2,
while for N ≥ 2 this follows from Bertrand’s postulate). Since qN ≤ KN ≤ (p − 1)/2, the
set qI does not wrap around modulo p, and qI ∩ I = ∅ (due to q > N). This implies that
µ(qI) + µ(I) ≤ 1. But (2.3) gives µ(qI) = µ(I) + o(1). Together, these contradict to (2.1)
which states µ(I) = 1−o(1). This proves (2.4), and we remark that this already gives a bound
K ≪ p1/2.

Set
M0 := min(K,N).

By (2.4), M0 ≥ K/2. Define a probability measure λ on {1, . . . , N} as follows. For 1 ≤ n ≤ N
put

an := µ(n) + µ(−n), λ(n) :=
an
µ(I)

.

For an integer q ≥ 2, define

(Tqλ)(n) :=

{
λ(qn), qn ≤ N,

0, qn > N.

Throughout the next two lemmas, ∥ · ∥1 denotes the unnormalised ℓ1-norm on {1, . . . , N}.

Lemma 2.3. By using the approximately dilation invariant property, we have that for every
prime q ≤ M0,

∥λ− Tqλ∥ℓ1({1,...,N}) = o(1)

uniformly in q.

Proof. Fix a prime q ≤ M0. Let

Sq := {±n : N/q < n ≤ N} ⊂ F×
p .

Since q ≤ K and qN ≤ KN ≤ (p− 1)/2, the set qSq lies outside I. Using (2.3) and (2.1),

µ(Sq) ≤ µ(qSq) + o(1) ≤ µ(F×
p \ I) + o(1) = o(1). (2.5)

Moreover, by (2.2),∑
n≤N/q

|an − aqn| ≤
∑

n≤N/q

|µ(n)− µ(qn)|+
∑

n≤N/q

|µ(−n)− µ(−qn)|

≤
∑
r∈F×

p

|µ(r)− µ(qr)| = o(1).

Combining this and µ(I) = 1− o(1), we obtain∑
n≤N/q

|λ(n)− λ(qn)| ≤ 1

µ(I)

∑
n≤N/q

|an − aqn| = o(1),
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and by using (2.5), ∑
N/q<n≤N

λ(n) =
1

µ(I)

∑
N/q<n≤N

an =
µ(Sq)

µ(I)
= o(1).

Therefore triangle inequality implies that

∥λ− Tqλ∥1 ≤
∑

n≤N/q

|λ(n)− λ(qn)|+
∑

N/q<n≤N

λ(n) = o(1). □

A quick consequence of the above lemma is that the q-adic evaluation vq along the measure
λ is large.

Lemma 2.4. Let λ be a probability measure on {1, . . . , N} and let q ≥ 2. Let vq(n) denote
the q-adic valuation of n. If ∥λ− Tqλ∥1 ≤ η with 0 < η ≤ 1/8, then

Eλvq(n) ≥
1

8η
.

Proof. For t ≥ 0 let

Ht := {n ≤ N : vq(n) ≥ t}, Rt := {n ≤ N : vq(n) = t}.
Since (Tqλ)(Ht) = λ(Ht+1), we have

λ(Rt) = λ(Ht)− λ(Ht+1) = λ(Ht)− (Tqλ)(Ht) ≤ ∥λ− Tqλ∥1 ≤ η.

For t ≥ 1, since Hc
t = R0 ∪R1 ∪ · · · ∪Rt−1, the bound just proved gives

λ(Ht) ≥ 1−
t−1∑
j=0

λ(Rj) ≥ 1− tη.

If m := ⌊(2η)−1⌋, then for 1 ≤ t ≤ m we have λ(Ht) ≥ 1/2, and m ≥ (4η)−1 because η ≤ 1/8.
Hence

Eλvq(n) =
∑
t≥1

λ(Ht) ≥
m∑
t=1

λ(Ht) ≥
m

2
≥ 1

8η
. □

We now finish the proof of Proposition 2.1. Since K → ∞ and M0 := min(K,N) ≥ K/2,
we have M0 → ∞. Put

ηp := max

p−1, max
q≤M0
q prime

∥λ− Tqλ∥1

 .

By Lemma 2.3, the bound ∥λ − Tqλ∥1 = o(1) holds uniformly for all primes q ≤ M0, and
therefore ηp = o(1). In particular ηp ≤ 1/8 for all sufficiently large p. For every prime q ≤ M0,
Lemma 2.4 gives

Eλvq(n) ≫
1

ηp
.

Since
log n =

∑
q≤N

q prime

vq(n) log q (1 ≤ n ≤ N),

and log n ≤ logN for all 1 ≤ n ≤ N , taking expectation with respect to λ gives

logN ≥ Eλ log n =
∑
q≤N

q prime

(log q)Eλvq(n) ≥
∑
q≤M0
q prime

(log q)Eλvq(n) ≫
1

ηp

∑
q≤M0
q prime

log q.
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By using Chebyshev’s estimate
∑

q≤M0
q prime

log q ≫ M0, it follows that M0 ≪ ηp logN = o(log p).

Recall that K ≤ 2M0 and this completes the proof. □

3. The lower bound

The goal of this section is to prove the following existence result.

Proposition 3.1. Let p be large and assume K = o(log p). Then there is a set A ⊂ Fp with2

|A| = (1/2 + o(1))p such that

max
a,b∈Z

1≤|a|≤K, |b|≤K
p∤a

|A△(aA+ b)|
p

= o(1).

Our construction is probabilistic in nature. To begin with, we prove the following proba-
bilistic result.

Lemma 3.2. There is an absolute constant C with the following property. Let U, V be subsets
of a finite index set with |U | = |V | = n being odd, and let d := |U△V |. For independent
Bernoulli(12) variables (ζi), define

M(U) := 1

[∑
i∈U

ζi >
n

2

]
, M(V ) := 1

[∑
i∈V

ζi >
n

2

]
.

Then

P(M(U) ̸= M(V )) ≤ C

(
d

n

)1/3

.

Proof. The cases d = 0 and d ≥ n are trivial after enlarging C, so we assume 0 < d < n. Since
|U | = |V | = n, the number d = |U△V | is even and

|U \ V | = |V \ U | = d

2
.

Put m := |U ∩ V | = n− d/2. Let

Z :=
∑

i∈U∩V
ζi, X :=

∑
i∈U\V

ζi, Y :=
∑

i∈V \U

ζi.

Then Z ∼ Bin(m, 1/2), X,Y ∼ Bin(d/2, 1/2), and these variables are independent. Set

W := Z +X − n

2
, D := X − Y.

Since n is odd, W and W − D are non-zero half-integers. If M(U) ̸= M(V ), then W and
W −D have opposite signs, so |W | ≤ |D|. For any γ > 0,

P(M(U) ̸= M(V )) ≤ P(|W | ≤ γ
√
d) + P(|D| > γ

√
d).

Now Z +X ∼ Bin(n, 1/2), whose largest point mass is O(n−1/2). Therefore

P(|W | ≤ γ
√
d) ≪ γ

√
d+ 1√
n

.

Also Var(D) = d/4, so Chebyshev’s inequality gives P(|D| > γ
√
d) ≪ γ−2. Taking γ =

(n/d)1/6 yields the result. □

2We remark that one may even show the existence of such a set with |A| = ⌊p/2⌋ by further altering o(p)
number of elements. We skip the details for the proof of this strengthened claim.
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The key step is the following general result on the construction of “Følner sequence” with
respect to the action by a small subset of the affine group Aff(F ). We also refer the readers
to [5, 8].

Lemma 3.3. Let p tend to infinity through primes. For each p, let S = Sp ⊂ Aff(Fp) and let
F = Fp ⊂ Aff(Fp). Put

H := F ∪
⋃
s∈S

s−1F and ∆ := max
s∈S

|F△s−1F|
|F|

.

Assume that n := |F| is odd and that

|S| = po(1), |H| = po(1), ∆ = o(1).

Assume also that, for all h1, h2 ∈ H, the affine maps h−1
1 and −h−1

2 are distinct, where −u
denotes the map x 7→ −u(x). Finally, assume that there is a bijection ι : F → F such that

g−1(−x) = − ι(g)−1(x) (g ∈ F , x ∈ Fp).

Then there exists a set A ⊂ Fp such that

A = −A, |A| =
(
1

2
+ o(1)

)
p and max

s∈S

|A△sA|
p

= o(1).

Proof. The proof is a probabilistic construction. We will first show a set A defined below satis-
fies all size conditions in expectation, and we then use concentration to pass from expectation
to existence.

Let
Ωp := {[y] : y ∈ Fp}, [y] := {y,−y},

be the set of orbits of the involution y 7→ −y on Fp. For each ω ∈ Ωp, choose an independent
random variable ξω taking value ±1 with equal probability 1/2. Next, we introduce our
definition of the random A. 3 Define

A :=

x ∈ Fp :
∑
g∈F

ξ[g−1x] > 0

 ,

which can be viewed as the set consists of elements x such that (ξ ∗ 1F )(x) > 0. There are no
ties because n is odd.

The symmetry assumption implies that A is even (i.e. x ∈ A ⇐⇒ −x ∈ A). Indeed,∑
g∈F

ξ[g−1(−x)] =
∑
g∈F

ξ[−ι(g)−1(x)] =
∑
g∈F

ξ[ι(g)−1(x)] =
∑
g∈F

ξ[g−1(x)],

since ι is a bijection of F .
Let G ⊂ Fp be the set of points x such that the map h 7−→ [h−1x] is injective on H. If

x /∈ G, then for some distinct h1, h2 ∈ H one has either h−1
1 x = h−1

2 x or h−1
1 x = −h−1

2 x. The
first affine equation is not an identity because h1 ̸= h2, and the second is not an identity by
the hypothesis that h−1

1 and −h−1
2 are distinct. Hence each ordered pair contributes at most

two points x ∈ Fp \G, and so
|Fp \G| ≤ 2|H|2 = o(p).

3We remark that the basically same construction appeared in the slides [7] for the work [4]; also it appeared
with similar ideas in [3, Section 4].
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If x ∈ G, then the orbits [g−1x], g ∈ F , are distinct. Thus ξ[g−1x] are independent random
variables for x ∈ G and this is crucial for us to deduce that

P(x ∈ A) =
1

2
(x ∈ G).

It follows that
E|A| = p

2
+ o(p). (3.1)

Fix s ∈ S. For x ∈ G, define

Ux := {[g−1x] : g ∈ F}, Vx := {[h−1x] : h ∈ s−1F}.
The injectivity defining G gives |Ux| = |Vx| = n and

|Ux△Vx| = |F△s−1F| ≤ ∆n.

Moreover, 1A(x) and 1A(sx) are precisely the majority functions associated with Ux and Vx

(note that if h = s−1g, then h−1x = g−1sx). Lemma 3.2 therefore gives

P(1A(x) ̸= 1A(sx)) ≤ C∆1/3 (x ∈ G).

Since s is a bijection of Fp, we have

|A△sA| =
∑
x∈Fp

1[1A(x) ̸= 1A(sx)].

Thus uniformly for all s ∈ S, it holds that

E|A△sA| ≤ C∆1/3p+ o(p) = o(p).

It remains to pass from expectation to existence. The idea is to show that the size A would
not change dramatically as we change small amount of seed random variables ξω. Note that
there are (p+ 1)/2 independent seed variables ξω with ω ∈ Ωp. Changing one seed can affect
1A(x) only if g−1x ∈ {y,−y} for some g ∈ F , and hence it affects at most 2n values of 1A(x).
Therefore |A|/p changes by at most 2n/p; and for any fixed s ∈ S, the quantity |A△sA|/p
changes by at most 4n/p.

By the bounded-differences inequality (McDiarmid [6, Lemma (1.2)]), applied to the in-
dependent seed variables (ξω)ω∈Ωp , there is an absolute constant c > 0 such that for every
η > 0,

P
(∣∣∣∣ |A|p − E

|A|
p

∣∣∣∣ > η

)
≤ 2 exp

(
−c

η2p

n2

)
,

and, uniformly in s ∈ S,

P
(∣∣∣∣ |A△sA|

p
− E

|A△sA|
p

∣∣∣∣ > η

)
≤ 2 exp

(
−c

η2p

n2

)
.

Since n ≤ |H| = po(1), choose

ηp :=

(
n2

p

)1/4

= o(1).

Then
η2pp

n2
=

( p

n2

)1/2
= p1/2−o(1).

Since |S| = po(1), a union bound over S shows that with positive probability both

|A| =
(
1

2
+ o(1)

)
p and max

s∈S

|A△sA|
p

= o(1)

hold. This proves the lemma. □
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We now prove Proposition 3.1, i.e. the condition K = o(log p) is sharp.

Proof of Proposition 3.1. We construct A by using Lemma 3.3. To satisfy the conditions in
the lemma, we first construct the desired families F̃ and H̃ of rational maps over reals and
then modulo p. We shall claim those reduced families F ,H indeed satisfy desired conditions
as stated in Lemma 3.3.

To simplify the writing later, we use some local notations. Let

L := log(2K)
√

log p/K.

Since K = o(log p), we have the following relations that we need later

L → ∞,
log(2K)

L
=

√
K/ log p → 0,

LK

log(2K)
=

√
K log p = o(log p). (2)

In particular L = o(log p) and K < p for all large p.
For every prime q ≤ K, define

Lq :=

⌊
L

log q

⌋
.

If there is no prime q ≤ K, all products below are interpreted as empty products. Put

Q :=
∏
q≤K

q prime

qLq , M :=


∏
q≤K

q prime

qnq : −Lq ≤ nq ≤ Lq

 .

Every m ∈ M is a positive rational number with Q−1 ≤ m ≤ Q, and Q2/m ∈ Z. Let

T := ⌊LKQ3⌋

and define rational affine maps

g̃m,j(x) := mx+
mj

Q2
(m ∈ M, −T ≤ j ≤ T ).

Set
F̃ := {g̃m,j : m ∈ M,−T ≤ j ≤ T}.

Let
S+ := {sa,b(x) = ax+ b : 1 ≤ a ≤ K, |b| ≤ K},

and define
H̃ := F̃ ∪

⋃
s∈S+

s−1F̃ .

We record the required size estimates. We use the standard bound π(x) ≪ x/ log(2x). Since

logQ =
∑
q≤K

q prime

Lq log q ≤ Lπ(K) ≪ LK

log(2K)
= o(log p),

we have Q = po(1). Also, for large p,

log |M| =
∑
q≤K

q prime

log(2Lq + 1)

≤ π(K) log(4L) ≪ K log(4L)

log(2K)
= o(log p),
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where in the last estimate we recall L = log(2K)
√
log p/K. Finally,

log(2T + 1) = O(logL+ logK + logQ) = o(log p).

Therefore
|F̃ | = (2T + 1)|M| = po(1), |F̃ |2 = o(p),

and, since |S+| = K(2K + 1) = po(1),

|H̃| ≪ |S+||F̃ | = po(1), |H̃|2 = o(p). (3)

We next reduce these rational maps modulo p. If h̃(x) = αx + β has rational coefficients
whose denominators are coprime to p, write ρp(h̃) ∈ Aff(Fp) for its reduction modulo p.

For all sufficiently large p, this reduction is defined for every element of H̃. Indeed, write
m = u/v in lowest terms. Then u, v | Q. The coefficients of g̃m,j have denominators dividing
vQ2, while the coefficients of s−1

a,b g̃m,j have denominators dividing avQ2. Here 1 ≤ a ≤ K < p,
and every prime divisor of Q is at most K. Thus all these denominators are coprime to p.

The slopes are also nonzero modulo p. Indeed, the slope of g̃m,j is m = u/v, while the slope
of s−1

a,b g̃m,j is m/a = u/(av). Here u, v | Q and 1 ≤ a ≤ K < p, and every prime divisor of Q
is at most K. Hence neither the numerator nor the denominator of any such slope is divisible
by p. Thus ρp(h̃) ∈ Aff(Fp) for every h̃ ∈ H̃, and

ρp(h̃
−1) = ρp(h̃)

−1.

Lemma 3.4. For all sufficiently large p, the reduction map ρp is injective on H̃. Moreover, if
h̃1, h̃2 ∈ H̃, then

ρp(h̃
−1
1 ) ̸= −ρp(h̃

−1
2 )

as affine maps Fp → Fp, where the minus sign denotes pointwise negation.

Proof. Every h̃ ∈ H̃ is either in F̃ , or has the form s−1
a,b g̃m,j with 1 ≤ a ≤ K and |b| ≤ K.

The first case is included by taking a = 1 and b = 0. Write m = u/v in lowest terms. Since
m ∈ M, we have u, v | Q, hence u, v ≤ Q. A direct computation gives

h̃−1(x) = g̃−1
m,j(ax+ b) =

av

u
x+

bvQ2 − ju

uQ2
.

Thus h̃−1 can be written in the form

h̃−1(x) =
r

s
x+

c

d
,

where one may take

r = av, s = u, c = bvQ2 − ju, d = uQ2.

In particular s | Q and d | Q3, so s and d are coprime to p. Moreover

1 ≤ r ≤ KQ, 1 ≤ s ≤ Q, |c| ≤ 2(L+ 1)KQ4, 1 ≤ d ≤ Q3.

Let
D∗ := 2(L+ 1)KQ4.

Then D∗ dominates all the quantities r, s, d, |c| above. Moreover, D∗ = po(1).
Suppose first that ρp(h̃1) = ρp(h̃2). Then also ρp(h̃

−1
1 ) = ρp(h̃

−1
2 ). Writing

h̃−1
i (x) =

ri
si
x+

ci
di

(i = 1, 2),

with the above bounds, equality modulo p implies

r1s2 ≡ r2s1 (mod p), c1d2 ≡ c2d1 (mod p).
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Moreover, for large p, we have

|r1s2 − r2s1| ≤ 2D2
∗ < p, |c1d2 − c2d1| ≤ 2D2

∗ < p.

Thus the two congruences are in fact equalities in Z. Hence h̃−1
1 = h̃−1

2 , and therefore h̃1 = h̃2.
Similarly, if ρp(h̃−1

1 ) = −ρp(h̃
−1
2 ), then

r1s2 ≡ −r2s1 (mod p).

Equivalently, p divides r1s2 + r2s1. But ri, si ≤ D∗, and hence

0 < r1s2 + r2s1 ≤ 2D2
∗ < p,

which is impossible. □

From now on identify F̃ and H̃ with their reductions modulo p, and write

F := ρp(F̃), H := ρp(H̃).

For m ∈ M and |j| ≤ T , write gm,j := ρp(g̃m,j).

Lemma 3.5. For every s = sa,b ∈ S+,

|s−1F△F|
|F|

≤ C

(
log(2K)

L
+

KQ3

T

)
=: δp,

where C is absolute and δp → 0.

Proof. It is enough to work with the rational model, because reduction modulo p is injective
on F̃ ∪ s−1F̃ ⊂ H̃. Since left multiplication by s is a bijection of the affine group,

|s−1F̃△F̃| = |F̃△sF̃ |.

Thus we only need to bound |F̃ \ sF̃ |.
For g̃m,j ∈ F̃ ,

s−1
a,b g̃m,j = g̃m/a, j−bQ2/m,

and bQ2/m ∈ Z. Therefore g̃m,j /∈ sF̃ only if either m/a /∈ M, or j − bQ2/m /∈ [−T, T ] ∩ Z.
For the slope parameter, write

a =
∏
q≤K

q prime

qtq , tq = vq(a).

This is an empty product when K = 1, in which case the slope contribution below is vacuous.
The set M is parameterised by the exponent vector( ∏

q≤K
q prime

[−Lq, Lq]
)
∩ Zπ(K).

For every prime q ≤ K, we have L
log q ≥ L

log(2K) =
√

log p
K → ∞. Thus, for sufficiently large p,

it holds that

Lq =

⌊
L

log q

⌋
≥ L

2 log q
(q ≤ K, q prime).



ALMOST AFFINE INVARIANCE OVER PRIME FIELDS: GREEN PROBLEM 90 13

The map m 7→ m/a translates the exponent vector by (−tq)q. A union bound over the
prime coordinates gives

#{m ∈ M : m/a /∈ M}
|M|

≤
∑
q≤K

q prime

tq
2Lq + 1

≪ 1

L

∑
q≤K

q prime

tq log q =
log a

L
≤ log(2K)

L
.

For the translation parameter, fix m ∈ M and set um := bQ2/m ∈ Z. Since m ≥ Q−1,
|um| ≤ KQ3. The number of j ∈ [−T, T ]∩Z for which j−um /∈ [−T, T ] is O(|um|), and hence
the proportion of such j is O(KQ3/T ).

The above estimates and the fact |F̃△sF̃ | = 2|F̃ \ sF̃ | imply the stated bound δp. Finally,
LKQ3 → ∞, since L → ∞, K ≥ 1, and Q ≥ 1. Hence, for all sufficiently large p,

T = ⌊LKQ3⌋ ≥ 1

2
LKQ3.

It follows that
KQ3

T
≪ 1

L
,

and therefore δp → 0 by (2). □

Let
n := |F| = |M|(2T + 1).

This integer is odd, since each factor 2Lq + 1 and 2T + 1 is odd.
We verify the hypotheses of Lemma 3.3 with S = S+. First, |S+| = K(2K +1) = po(1), and

|H| = po(1)

by (3). Lemma 3.4 gives the required no-sign-collision condition after reduction modulo p, and
Lemma 3.5 gives

max
s∈S+

|s−1F△F|
|F|

≤ δp = o(1).

It remains only to check the symmetry condition in Lemma 3.3. For g = gm,j ∈ F ,

g−1(x) =
x

m
− j

Q2
.

Hence
g−1(−x) = − x

m
− j

Q2
= − g−1

m,−j(x).

The map gm,j 7→ gm,−j is a bijection of F . Thus the symmetry hypothesis holds.
Lemma 3.3 therefore gives an even set A ⊂ Fp such that

|A| =
(
1

2
+ o(1)

)
p and max

s∈S+

|A△sA|
p

= o(1).

Since A = −A, the same estimate also holds for negative dilations. Indeed, if a < 0, put
a′ = −a > 0; then

aA+ b = a′(−A) + b = a′A+ b.

Therefore
max
a,b∈Z

1≤|a|≤K, |b|≤K
p∤a

|A△(aA+ b)|
p

= o(1),



14 JIE MA, QUANYU TANG, AND MAX WENQIANG XU

and the proof is completed. □
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