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Abstract

For a positive integer m, let f(m) be the maximum value ¢ such that any graph with
m edges has a bipartite subgraph of size at least ¢, and let g(m) be the minimum value s
such that for any graph G with m edges there exists a bipartition V(G) = V; U V, such
that G has at most s edges with both incident vertices in V;. Alon proved that the limsup
of f(m)—(m/2+ /m/8) tends to infinity as m tends to infinity, establishing a conjecture
of Erdés. Bollobas and Scott proposed the following judicious version of Erdés’ conjecture:
the limsup of m/4 + /m/32 — g(m) tends to infinity as m tends to infinity. In this paper,
we confirm this conjecture. Moreover, we extend this conjecture to k-partitions for all
even integers k. On the other hand, we generalize Alon’s result to multi-partitions, which
should be useful for generalizing the above Bollobas-Scott conjecture to k-partitions for
odd integers k.
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1 Introduction

Let G be a graph and e € E(G). We will use V(e) to denote the set of the vertices of G
incident with e. Let S,T C V(G). We write eq(S) := |[{e € E(G) : V(e) C S}|, (S,T)g :=
{e € E(G) : V(e)NS # 0 # V(e)NT}, and eq(S,T) := |(S,T)¢g|. If S = {v}, then we
simply write eg(v,T) for eq({v},T). For any integer k > 2 and any k-partition Vi, Va, ..., Vj
of V(G), let eq(V1,Va, ..., Vi) = 321 j< €(Vi, V;). When understood, the reference to G in
the subscript will be dropped.

Again let G be a graph. We write e(G) := |E(G)|. For any integer k > 2, let fi.(G) denote
the maximum number of edges in a k-partite subgraph of G. For any integers £ > 2 and
m > 1, let fr(m) :=min{fx(G) : e(G) = m}. Let f(G) := f2(G) and f(m) := fa(m).

The problem for deciding f(G), known as the Maxz Cut Problem, is NP-hard, and there
has been extensive work on approximating f(G), see [4,14-16,19]. On the other hand, it
is easy to prove that any graph with m edges has a partition Vi, Vo with e(Vq,Va) > m/2.
Edwards [11,12] improved this lower bound by showing

1 1
f(m) > % +3 <\/2m+ 1/4 — 2> =m/2+ v/m/8+ O(1).
This is best possible, as Ko, are extremal graphs. Erdés [13] conjectured that the limsup of

f(m) = (m/24+/m/8)
tends to infinity as m tends to infinity. Alon [1] confirmed this conjecture with the following

Theorem 1.1 (Alon) There exist absolute constants ¢ > 0 and M > 0 such that for every
even integer n > M, if m = n?/2 then

f(m) >m/2+/m/8 + em!'/%.

When m is sufficiently large, the function f(m) was determined exactly in a recursive formula
by Alon and Halperin [3] and Bollobas and Scott [7] independently.

Bollobéas and Scott [5] considered problems in which one needs to find a partition of a given
graph or hypergraph to optimize several quantities simultaneously. Such problems are called
Judicious partitioning problems, and we refer the reader to [7-9,17] for more problems and
references.

Let G be a graph and k a positive integer; we use gi(G) to denote the minimal number ¢
such that there exists a k-partition V(G) = Vi U ... UV}, satisfying e(V;) < ¢ for i = 1,..., k.
For any positive integers k and m, let gp(m) := max{gx(G) : e(G) = m}. Let g(G) := g2(Q)
and g(m) := ga(m).

The problem of determining ¢(G) is known as the Bottleneck Graph Bipartition Problem
and is also NP-hard. The NP-hardness of determining ¢(G) can be derived from the NP-
hardness of Max Cut: taking a graph G consisting of two disjoint copies of graph H, then one
can see that ¢g(G) = e(H) — f(H). On the other hand, Bollobés and Scott [6] showed that for
any positive integer m

g(m) < % + %(\/Qm F1/4—1/2) = m/4 + /m/32 + O(1).
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This bound is sharp, as Ky, 1 are extremal graphs. In fact, the result they proved is stronger,
which states that this bound as well as the Edwards bound can be achieved simultaneously by
some bipartite in every graph with m edges. Bollobds and Scott [7] (also see [17]) proposed
the following judicious version of Erdés’ conjecture.

Conjecture 1.2 (Bollobds and Scott) The limsup of

m/4 +/m32 — g(m)
tends to infinity as m tends to infinity.

The main goal of this paper is to prove the coming result which confirms Conjecture 1.2.

Theorem 1.3 There exist absolute constants d > 0 and N > 0 such that for every even
integer n > N, if m = n?/2 then

g(m) < m/4++/m/32 —dm!/*.

We describe the main ideas of the proofs as follows. To establish an upper bound of g(m),
i.e., to find a bipartition such that each of its two parts contains a small number of edges, we
start with a maximum cut, say (V1,V3). In light of Theorem 1.1, this already guarantees that
e(V1) +e(V2) is relatively small. We then modify the bipartition by moving some vertices from
the part with more edges (say V1) to the other part until V; has a small enough number of
edges left, and keeping the number of edges in V5 not growing too much. Therefore, at each
step we wish to choose a vertex in V7 to move such that the number of edges lost in V; and
the number of new edges added in V2 both are under control. To prove the existence of such
a vertex (say a “good” one), we show that there cannot be too many “bad” vertices. Similar
approaches have been employed in [2,6, 10], while the challenges for us are to find suitable
measures of “goodness” in all different cases, which are classified by the size of the maximum
cut.

Bollobas and Scott [8] (also see [7]) extended Edwards’ bound to k-partitions of graphs
and proved that for any graph G with m edges has a k-partition Vi, ..., V, such that

k—1 k—1
with equality when G is the complete graph of order kn 4+ 1, where the O(k) term is (—k? +
4k — 4)/(8k). Bollobds and Scott [6] also showed that the vertex set of any graph G with m
edges can be partitioned into Vi, ..., V} such that for i € {1,2,...,k},

e(V;) < %+%(\/2m+1/4—1/2). (2)

Recently, Xu and Yu [18] showed that a k-partition Vi,...,V} can be found that satisfies both
inequalities (1) and (2) simultaneously, generalizing an earlier bipartition result of Bollobas
and Scott [6] as mentioned previously.

It is natural to ask whether Theorems 1.1 and 1.3 can be extended to k-partitions. We
show that the generalization of Theorem 1.3 to k-partitions does hold for all even integers k.



Theorem 1.4 Let k > 0 be an even integer, and let d and m be the same as in Theorem 1.3.
Then,

m k-1
2 +

4
Vam — 3y o),

gr(m) < oKz 12

We also prove the following generalization of Theorem 1.1, which we think should be useful
for extending Theorem 1.3 to k-partitions for odd integers k.

Theorem 1.5 For any integer k > 2, there exist positive constants c(k) = O(1/Vk) and

N(k) = O(k?) such that for every even integer n > N(k), if m = n?/2 then

k—1
k

k—1
fr(m) > m + o Vom + c(k)ym!/*.

We organize this paper as follows. In Section 2, we prove Theorem 1.3 by establishing a
sequence of lemmas. In Section 3, we first present the proof of Theorem 1.4, and then prove
Theorem 1.5 by refining Alon’s original proof of Theorem 1.1. In Section 4, we offer some
concluding remarks.

2 Bipartitions

In this section, we prove Theorem 1.3. Our proof is divided into several cases according to
values of f(G) — e(G)/2. Since we will be using maximum bipartite subgraphs to find good
judicious partitions, we need a result from [2] which establishes a connection between f(G) and
g(G); a similar connection between f;(G) and gx(G) can be found in Bollobas and Scott [10].

Lemma 2.1 (Alon, Bollobds, Krivelevich and Sudakov) Let G be a graph with m edges and
f(G)=m/2406. If § > m/30 then there exists an absolute constant D such that, when m > D
there exists a bipartition V(G) = Vi U Vy satisfying

m m

max{e(V1),e(V2)} < 1 = 755 (3)

If 6 <m/30, then there exists a partition V(G) = V4 U Vs such that

max{e(V1),e(V2)} < — —

m
4

et 3v/m. (4)

The following easy consequence of Lemma 2.1 proves Theorem 1.3 for graphs G with
e(G) =m and f(G) —m/2 > m/10%

Lemma 2.2 There exists an absolute constant My > 0 such that the following holds. If G
is a graph with m edges and f(G) = m/2+ 35, m > My, and § > m/10%, then there exists a
bipartition V(G) = V1 UV, such that fori=1,2,




Proof. Let D be from Lemma 2.1. Let M; > D be a sufficiently large constant (here and later
we do not express the constants explicitly to keep the presentation clear). Then by Lemma 2.1,
we may assume that m/10* < § < m/30, and that there exists a partition V(G) = V3 UVa such
that (4) holds. As the function h(8) := —3/2 + 1062/m achieves its maximum at § = m/40,
we see that e(V;) < 2 + h(m/40) + 3y/m < m/4 —m/(4 x 10%) for each i = 1,2, ]

In view of Lemma 2.2, it suffices to prove Theorem 1.3 for graphs G with f(G) —m/2 <
m/10*. We will find special vertices that we could use to modify existing bipartitions. This will
be done in the next lemma and Lemma 2.5, using the approach described in the introduction.

Lemma 2.3 Let G be a graph with m edges, and assume f(G) =m/2+ 8, where § < m/10%.
Suppose V(G) = V1 U Vi is a partition such that e(v, V1) < e(v,Va) for every v € Vi, and
e(Vi) > m/4 — /2. Then there exists v € Vi such that

e(v, V1) < /m/2 +3V5 and e(v, Va) < (1 +20/3/m)e(v, V1).

Proof. Let
T={veWV:ew,Vi)>m +3\[}

and

S={veV:e(v,Va) > <1+20W) (v, 1)}

We will show that _ y. e(v, V1) > > s pe(v, V1), from which the existence of the desired
vertex v follows. To this end, we bound } _re(v, V1) and }°, cge(v, V7).
Since e(v, V1) < e(v, Vo) for all v € V7,

(&)
2

\_/

_|_

| s

e(Vi) = 5 3 elw Vi) < 1 3 elw, Vo) = selVa, Vo) <

veVy veVy

_m
4

On the other hand,

2e(Vi) = 3 e(0,11) = > e(0, 1) > (V/m/2 +3V5) IT],

veEWV] veT

implying that

2e(V1) m/2+ 6 —s 3
7l F+BW<F+3W /2= 5V,

where the final inequality holds because § < m/10*. Hence

S e(v, Vi) < e(Vi) + e(T) < e(Vi) + |Ty2 <e(Vi)+ (F— f)

veT
Since § < m/10%, we have
3

Ze(v,Vl) <e(Vh)+ % 1 mo /2. (5)
veT



Note that e(V1,V2) = > cqe(v, Va) + > oy, g e(v, Va), s0

e(Vi, Vo) > <1+20\/5/ )Z (v, V1) + Z e(v,Vl):26(V1)+20\/5/mZe(U,V1).

vES veVi—S vES
Together with (V1) > m/4 —§/2 and e(Vi, V2) < f(G) = m/2+ 6, we get
1 1
D e(0: Vi) < oo V/m/8 - (e(Vi, Va) = 26(Vh)) < 5 Vmd. (6)

vES

Combining (5) and (6), we have > g re(v,V1) < e(V1) + 2 — 2./md/2, implying that

5 3
3 (v, Vi) = 2e(Vh) = (Vi) + % — 5> (V) + % —SVma2> YT e, V),
veVy veSUT

where the first inequality follows from e(Vi) > m/4 — §/2 and the second inequality holds
because § < m/10%. So Vi — (SUT) # (), completing the proof. ]

The following result says that there exists an absolute constant C' > 0 such that Theo-
rem 1.3 holds for graphs G with m edges and \/m/8 + Cm'/* < f(G) — m/2 < m/10%.

Lemma 2.4 Let ¢ be the absolute constant in Theorem 1.1, let d = ¢/4, and let C' := 2(70+d).
There exists an absolute constant Mo > 0 such that the following holds. If G is a graph with
m edges, f(G) = m/2+ 3, m > Ma, and \/m/8 + Cm'/* < § < m/10*, then there exists a
partition V(G) = V1 U Vy such that for i = 1,2,

e(V;) <mj4+/m/32 —

Proof. Let My > 0 be a sufficiently large constant. Let (U1, Us) be a maximum cut of G, i.e.,

e(U1,Us) = f(G) = 5 +6.

Without loss of generality we may assume e(U;) > e(Uz). Note that e(v,U;) < e(v,Us) for
every v € Uy; otherwise, e(U; — {v}, Us U {v}) > e(Un, Ug) f(@), a contradiction. Hence

1 1 5
e(U) =5 D e(w,U) < 5 ) e(v,U) = (Ul,U2) 2l
veUy veUy

We now define a process to move vertices from U; to Us, using Lemma 2.3, such that in
the end we get the desired bipartition.

e Initially, we set V" := Uy, V) := Us. Let Vi U VJ denote the partition of V(G) after the
ith iteration.

o Ife(Vi) <m/4—6/2+ (\/m/2+3V5)/2, set Vi :=V} and V, := VJ, and stop.

o If (V) > m/4— /2 + (/m/2 + 3V6)/2 then by Lemma 2.3, there exists u; € V{ such
that

Uz,V1 <vm +3\f and e(ul,VQ <+20\/5/ > uZ,V1

Set Vf+1 = V) — {w}, Vziﬂ := Vi U{w;}, and repeat the above steps for Vf+17 Vziﬂ.



Note that, after i iterations (for each ), we always have e(v, Vi) < e(v, Vi) for every v € V{;
so Lemma 2.3 may be applied to V},Vy. Let V; = Vlk,Vg = VQk denote the final partition,

after k iterations. Then
(Vl) Z - = + vVm/8+ = \[

Moreover, since V; is obtained from V1 by moving ug_1 to V2 1, we have

e(V1) > % - g - %(\/m/Q—I—S\/S).

Since e(Vi) = e(U1) — SoF=4 e(uq, Vi), we have
k—1
;e ui, Vi) = e(Ur) — e(Vi) < e(Uh) — 4 \/ 2+ 3V6).

Hence, since 6<U2) = m — e(Uy,Uz) — e(U1) = m/2 —§ — e(Uy) and e(u;, V4) < (1 +

20+/6/m)e(u;, Vi), we have

k—1
e(Va )+ euZ,VQ
=0
k—1
g%—é—e(Ul + (14 20/3/m) Zz;eul,vl
S%—(S—e(Ul 1+20W< (U1) —%+g+ Vm/2+ = f)
:%—g+ Vm/2+ = f+20W< U1—T+ +- F+ f)
g%—ng Vmj2+ = f+20«/5/ <5+ Vm/2 + f) (since e(Uy) < m/4+6/2)
= % - g +/m/8 + (3/2 + 5V2)V6 + 20\/% + 30\/‘%.
Therefore, m
max{e(V1),e(Va)} < 2TV m/8 4 h(6)
where
h(3) :_+(3/2+5f)f+20\;+30\5f

Since m > My is sufficiently large, one can verify that h(J) is a decreasing function in the
domain /m/8 + Cm!/* < § < m/10*. Therefore,

max{e(V1),e(Va)}
S% +1/m/8 + h(y/m/8 + Cm!/*)
<%+mf m'* +70m*  (since /m/8 + Cm'/4 < \/m)
:% +/m/32 — dm'*  (since C' = 2(70 + d)),



completing the proof of this lemma. |

The next result is similar to Lemma 2.3, Which will be used to prove Theorem 1.3 for
graphs G with m edges and f(G) —m/2 < \/m/8 + Cmt/4,

Lemma 2.5 Let ¢ be the constant in Theorem 1.1 and d,C be the constants in Lemma 2./.
There exists an absolute constant Ms > 0 such that the following holds. If

e (G is a graph with m > Ms edges,

o f(G)=m/2+0,

° m+cm1/4 <5< M+Cm1/4

e V(G) = V1 UVy is a bipartition such that e(v,V1) < e(v,Va) for every v € Vi, and
e(V1) > m/4+ /m/32 —dm!'/*

then there exists v € Vi, such that
Vi) < v/m/2+ g\/g and  e(v,Va) < (1 + Z 5/m) e(v, V7).
Proof. Let M3 > 0 be a sufficiently large constant (compared to ¢,d and C'). And let

T:{Uevl: (v,V1) \/74— \[}

and

S:{veVl: e(v, V) > (1—|— Vo/m ) vVl}
Since e(v, V1) < e(v, Va) for all v € Vi, we have

6(V1,V2) < @ —

e(Vl) S B

_l’_

| 3

N =
| >

On the other hand,

2e(V1) = 3 e(v,V3) > (\/m/2+ g\fé

veT

N———

7.

Thus

2e(V1) m/2+§ c
IT| < F+CW<F+CW <~\/m/2 12\@,

where the last inequality holds because \/m/8 + emt/t <§ < v/m/8+ CmY* and m > Ms is
large enough. From ) _re(v, V1) < e(V1) + e(T), we obtain that

Ze(U,Vl) <e(Vh)+ (\/ ——\f) <€(V1)+Z_i md /2. (7)

veT

Since e(V1, V2) = > cse(v, V2) + > ey, s e(v, Va),

e(Vi,V3) > (1+ Vaim) Y ew i)+ Y (v, V1) = 2¢(V1) + 7/3/m - 3" e(v, V1),

vES veV =S vES
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Therefore

O | i~

D e(v, ) <

vES

which, together with e(Vi, Vo) < m/2 46, e(V1) > m/4 + /m/32 — dm'/* and § < \/m/8 +
Cmt/4, imply that

m/d - (e(Va,V2) — 2e(V1)),

o |

> e(v, V1) < =(C +2d)/m/5 - m!/*. (8)

veES

Again, because e(V1) > m/4 4+ /m/32 — dm'/*, we have

> e(v, Vi) = 2e(Vi) > e(V4) + m/4+ /m/32 — dm!/*. (9)

veEWV]

When m > Ms, in view of § = ©(y/m), we see

Vm/32 —dm*/* > %(C+2d)\/m/6 -mM — i md/2,
c

which, combining with (7), (8) and (9), imply that

Z e(v,Vq) > Z e(v, V7).

veEV] veSUT

So we get V4 — (SUT) # ) as desired. |

Now we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let ¢, M be the absolute constants in Theorem 1.1, and let
My, My, M3 be the absolute constants in Lemmas 2.2, 2.4 and 2.5, respectively. Let d := ¢/4,
M’ := max{Mj, Ms, M3}, and N > max{M, (2M’)'/?} be a sufficiently large constant.

Let m = n?/2, where n > N is even; so n > M and m > M; for i = 1,2,3, and hence we
may apply Theorem 1.1 and Lemmas 2.2 and 2.4 and 2.5.

Let G be a graph with m edges and f(G) = m/2 + 6. By Theorem 1.1, Lemma 2.2 and
2.4, we may assume that

Vm/8 +em!t <6 < \/m/8+ Cm'/4, (10)

Let V(G) = Uy U Uz, with e(Ur,Us) = f(G) = 5 + 0 and e(U1) > e(Uz). Then, as before, we
see that e(v,Ur) < e(v,Us) for every v € Uj.

We now describe a process similar to that in the proof of Lemma 2.4, to obtain the desired
bipartition.

e Set V) := U, V3 := Uy, and let V(G) = V{ U V4 be the partition obtained after i
iterations.

o If e(V}) < m/4 + +/m/32 — dm'/*, then set V; := V{ and V5 := VJ, and stop.



o If e(V{) > m/4++/m/32 —dm!/* then by Lemma 2.5, there exists a vertex u; € V{ such
that

e(ui, V7) F—{— Vo and  e(u, Vi) < (1 + - W) (ug, V}).
Set Vi =V} — {w;}, Vit := V§ U {u;}, and repeat the above steps for V; ™ v+t

Note that, in each iteration of the above procedure, we always have e(v, V{) < e(v, V§) for
every v € V{; thus Lemma 2.5 may be applied for Vi, Vi. Let Vi = V{¥, Vo = Vi be the final
partition, obtained after k steps. Then

e(Vi1) <m/4d+ /m/32 —

and

e(V1) > m/4++/m/32 — dm*/* (\/7%— \[)

It suffices to show the upper bound of e(V3). Since e(v,U;) < e(v,Us) for every v € Uy,

m 0
G(Ul,UQ) == Z + 5

| =

e(Uy) <

Since e(V1) = e(U;y) — Zf;ol e(u;, Vi), we have

e
=

e(ui, Vi) = e(Uh) — e(Vi) < e(U1) — m/4 — \/m[32 + dm* + /m/2 + = Vi

Il
=)

i

Then, since e(Va) = e(Us) + Zf:ol e(u;, V), e(u;, Vi) < (1 + 4\/7> e(u;, Vi) and e(Uy) <
m/4 4 6/2, we have

k—1
e(%)§?—5—e(U1)+< \/7>Ze uz,Vl

<——d—e(U))+ (1+ W)( () —*—\/T+dml/4+\/7+ f)
:@—5+3\/T+dm1/4+ Vo4 TVo/m: < (U1) ——+3\/T+dm1/4+ \f)

§%—5+3\/ 732+ dm"/4 + < f+ 1Vo/m ( +3v/m/32 +dm'/* + f)
By (10), it holds that dm!/* + (¢/6)v/d < \/m/32. Hence,

e(Va) < % +3y/m/32 + dm"/* + h(s),

where

10



is a decreasing function in the domain of (10), provided that m > N?2/2 is sufficiently large.
Therefore, we have

e(Va) < % +3v/m/32 + dm"* + h(\/m/8 + em'/*)
< % +3y/m/32 + dm'* — \/m/8 — E -m!* (using \/m/8 + em'/* < /m)
% +/m/32 —dm!*  (since d = ¢/4).

This completes the proof of Theorem 1.3. |

3 k-Partitions

In this section, we first show Theorem 1.4, extending Theorem 1.3 to all multiple partitions
with even parts.

Proof of Theorem 1.4. Write k := 2t for some integer ¢t > 0 and let d, m be the same as in
Theorem 1.3. Consider an arbitrary graph G with m edges. By Theorem 1.3, there exists a
bipartition V(G) = V! U V2 such that for i = 1,2,

= (V') <m/4 +\/m/32 — dm'/*
Using the inequality v/1+x <1+ 3 for x > —1, we have
Ve < /m/4- (1 +(1/2) - (Vm/32 — dm}Y)) m/4)) = Jm/2+ O(1).

By the equation (2), each G[V] has a t-partition V7, ..., V} such that for j € {1,2,...,t},

i el 1 t—1 d 1/4
These two t-partitions together form a desired k-partition of G. |

Next we generalize the proof of Alon in [1] to prove Theorem 1.5. We need the following
lemma which appears in several articles, for example, as Lemma 2.1 in [1].

Lemma 3.1 Let G = (V, E) be an s-colorable graph with m edges. Then for any positive
integer k < s,

fk(G)zt(s’k)m, where t(s, k)= 3 FJFZ:—lJ {sﬁti—lJ'

(;) 1<i<j<k

In the coming proof of Theorem 1.5, we will be using Lemma 3.1 for ¢(ks, k). Note that

k ks k—1 k-1 1
— o2 _
t(ks, k) =s <2> and t(ks,k)/<2> = + e 1

11




Proof of Theorem 1.5. Fix k > 2, and let € = ﬁ, c(k) = %6, and N (k) = 322k3. (We

do not attempt to optimize these constants.) Let n be an even integer such that n > N(k).

Consider an arbitrary graph G with m = n?/2 edges. Let s denote the unique integer satisfying
n—e/n+1l<ks<n-—e/n+k+1.

Claim 1. We may assume that x(G) > ks + 1.
For, suppose G is ks-colorable. Then

fk(G) > t(]({::s’;) (by Lemma 3.1)
2
k- lm n k—1 m
ok k ks—1

E—1 E—1 n?

> Z m+ ok n_c/n ik (since m =n?/2 and ks <n —ey/n+k+1)
-1 -1

Zkk m+k2k (n+§\/ﬁ) (since n > N (k) = 32%k3 and € = 1/(16Vk))
-1 -1 1

Zkk m+k2k v2m+§e(2m)1/4 (since m = n?/2 and (k —1)/(4k) > 1/8).

This proves Claim 1.
Let H C G such that x(H) = x(G) and H is vertex-critical. Then

5(H) > x(G)—1>ks>n—ey/n.

Since e(H) < n?/2, |V(H)| < 2e(H)/56(H) < n + 2ey/n. Then there are at least n — dey/n
color classes of size 1 in any proper coloring of H using x(G) colors. So there exists a complete
subgraph R of G with |V(R)| :=n —r > n — 4ey/n.

Note that r < 4e/n and

¢(R) = <”_r> :7;2_(27““)2“(70;1).

Hence,

Ve(R) = ”_7\;1/2 +0(1) > Vm — ev/8n + O(1),

where the O(1) term is 1/(2v/2) — 1/8. Let W := V(G) — V(R). Then

n o ri-r
e(W)—I—e(R,W):m—e(R):r(n—r)—i—§+ 5

Claim 2. We may assume that e(W) < n/(8k).
Otherwise, assume e(W) > n/(8k). By the equation (1), there exist k-partitions W =
UE, Wi and V(R) = U%_, R; such that
k—1 k—1

k—1 k—1
—e(W) + == /n/k + O(k),

>
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k—1
k
k—1

>
-k

e(R) + ’“2—_]{1\/2@(1%) +O(k)

—1 —1

and e(Ri,...,Ry) >

For any permutation 7 € [k], we define e(7) := Zle e(Wi, Rr()); then

> e(m) = (k— 1)l e(W, R).
Tek]
Thus there exists a permutation 7 € [k]| such that e(7) < (k—1)! e(W, R)/k! = e(W, R)/k. So
e(W1U Ry1yy ooy Wi U Rrpy)
:e(VVa R) - 6(71') + e(Wla ey Wk) + e(R17 ey Rk)

k—1 k—1 k—1 k—1 k—1 k—1
> - - - - - - - —_
2= e(W,R) + ’ e(W) + P vn/k+ ’ e(R) + o Vv2m ok 4ev/n+ O(k)
k—1 k-1 k—1 1 2
= m + \/2m+2m1/4<—>+0k
k 2k P em Wk 16VEk (k)
S P am e L em) 4 ok
S m o m 8\/E m .

Note that the O(k) term here is 2(—k? + 4k — 4)/(8k) + 1/(2v/2) — 1/8. Since m > n?/2 >
(322k3)2/2, we see that
k-1

k

So the assertion of the theorem holds with the partition W1 U Ry (y), ..., Wi U Ry (1), completing
the proof of Claim 2.

Let v1,vg, ..., vn—r be the vertices of R and let d; := |N(v;) N W] for 1 <i < n —r, where
dy < dy < ... < dp_,. Since R is complete, a balanced k-partition of V(R) (i.e., the sizes

of parts differ by at most 1) gives fix(R). So let V(R) = Ule R; be a k-partition such that
Lnfrj = |R1| < ‘R2| <. < |Rk‘ = [nfr“’ and let Ry = {U1, ’UL%J} Then

k—1
6(W1URﬂ(1),...,WkUR7r(k))Z m + 5% v2m—|—c(k:)m1/4.

k k

k-1 k—1
L €(R) + W\/ 2€<R) + O(k‘),
where the O(k) term is (—k? + 4k — 4)/(8k). Let

. d;
_ Zlgzén—T — e(W, R)7 and Dy := D — |D]|.

n—r n—r
Then, since e(W) +e(R,W) =r(n—r)+n/2+ (r? —r)/2, we have
n/2+ (r* —r)/2 —e(W)

n—r

e(Rla SX) Rk) >

D :

Dy =

Since r < 4ey/n,n > N(k) and e(W) < n/(8k), we conclude that
n

in{Dg,1 — Dy} > .
min{ Dy, 0}_5(71—7“)
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Hence, D differs from an integer by at least ﬁ

Claim 3. e(W,RoU...URy,) > ELe(W,R) + 2.
To see this, let us con81der two cases. Iden nr| 2> D then dLn nor| 2> D+ ( o) by integrality;
so Claim 3 follows as

k-1
5k

e(W,RyU...URy) = §:d> n.

n 7‘

=) (D+”>> =k;1e<w,R>+

Otherwise, dLn nor| < D:; then d\_n rp < D — ( o) by integrality. Hence

n—r n
W, Ry) d; < D——— W, R
e(W.Ri)= D, k ( an—m>—k( ) - M
<Ln TJ
so e(W,RyU...URy) > %e(VV, R) + £}, completing the proof of Claim 3.
Now, consider the k-partition WURy, Ra, ..., R of V(G). Since e(Ry1, ..., Rg) > %e(R)—F
k—_kl\/%(R) + O(k) and by Claim 3, We have

e(W URy,Ra,...,R)
:€(R1,R2,...,R )+€(WR2U URk)

k—1
> _
2= e( 2k 2¢e( WR)+5k+O(k)

—1 —1

Zkk m— kk e(W)+Wv2m— ’ 46\/ﬁ+%+0(/€) (as \/e(R) > /m — ev/8m + O(1))
> — _
22— m+ o7 V2m 8k ok 4e(2m)* /" + —— 5k +O(k‘) (by Claim 2)
>
2——m ok v2m + c(k)m

where the last inequality holds because n > N (k) > 322k and the O(k) term is (—k? + 4k —
4)/(8k). ]

4 Concluding remarks

We point out that Theorem 1.3 is best possible up to the constant d. To see this, let m = #
The lower bound on f(m) remains unchanged since the proof in [1] works for values of m which
differ from n?/2 by a constant; so our proof also gives the same upper bound on g(m). Let G
be the vertex-disjoint union of K,, and K}, where n is odd, k is even, and n = k(k — 1) — 1.
Let m:=¢e(G) = (3) + (g) An easy calculation shows that

4(G) = (?) + (g) = /mf32 - (2";)1/4 +o(1).

This shows that for m = #, g(m) >m/4++/m/32 — (2m)'/4/8 + O(1).
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In our proof of Theorem 1.3, we choose d = ¢/4, where c is the constant from Theorem 1.1.
The calculation in the end of the proof of Theorem 1.3 in fact only requires that d—c+O(1) <
—d, where the O(1) term may be made arbitrarily small when m is sufficient large. So one
can show that for any € > 0, there exists an integer N = N (¢) such that when n > N,

g(m) < T +v/m/32 - (5 — ) m/.

We do not know if one can get rid of the e.

Our proofs of Lemmas 2.3 and 2.4 may be modified to show that if G is graph with m edges,
f(G) =m/2446, and 6 < am, then for sufficiently large m, there is a partition V(G) = ViUV,
such that

m 0 §3/2

max{e(V1),e(Va)} < 13 +/m/8+ V5 + ’yﬁ,

where « is an absolute constant and 3, are constants depend on a only. When § = O(m?),

where ¢ < 2, this bound is better than Lemma 2.1, since \/m/8 dominates v/, 832 )\ /m
(while 3/m dominates 10§?/m in Lemma 2.1).

Another conclusion we may draw from the proofs of Lemmas 2.3 and 2.4 is that: If f(G) >
m/2++/m/8+a, where a = O(m!) and 1 < ¢ < 1, then g(G) < m/4+/m/32+0(m'/*)—a/2.

We conclude our discussion with the following natural question: Is it also true that for
every integer k, the limsup of

m %(m_ 1/2) — gr(m)

tends to infinity when m tends to infinity? Theorem 1.4 has answered this question when k is
even. For the case that k is odd, Theorem 1.5 and results of Bollobds and Scott in [10] seem
to be relevant.

Acknowledgment. We would like to thank two anonymous referees for their helpful com-
ments and suggestions. We are grateful to a referee for bringing reference [3] to our attention
and for arising a related question which enables us to discover Theorem 1.4.

References

[1] N. Alon, Bipartite subgraphs, Combinatorica 16 (1996) 301-311.

[2] N. Alon, B. Bollobds, M. Krivelevich and B. Sudakov, Maximum cuts and judicious
partitions in graphs without short cycles, J. Combin. Theory Ser. B 88 (2003) 329-346.

[3] N. Alon and E. Halperin, Bipartite subgraphs of integer weighted graphs, Discrete Math.
181 (1998) 19-29.

[4] P. Berman and M. Karpinski, On some tighter inapproximability results, (extended ab-
stract) Lecture Notes in Computer Science, Springer, Berlin, Heidelberg, 1644 (1999)
200-2009.

[5] B. Bollobds and A. D. Scott, On judicious partitions, Period. Math. Hungar. 26 (1993)
127-139.

15



[6]

[18]

[19]

B. Bollobas and A. D. Scott, Exact bounds for judicious partitions of graphs, Combina-
torica 19 (1999) 473-486.

B. Bollobas and A. D. Scott, Problems and results on judicious partitions, Random Struc-
tures and Algorithms 21 (2002) 414-430.

B. Bollobéas and A. D. Scott, Better bounds for Max Cut, in Contemporary Comb, Bolyai
Soc Math Stud 10, Jdnos Bolyai Math Soc, Budapest, (2002) 185-246.

B. Bollobéds and A. D. Scott, Judicious partitions of bounded-degree graphs, J. Graph
Theory 46 (2004) 131-143.

B. Bollobas and A. D. Scott, Max k-cut and judicious k-partitions, Discrete Math. 310
(2010) 2126-2139.

C. S. Edwards, Some extremal properties of bipartite graphs, Canadian J. math. 25 (1973)
475-485.

C. S. Edwards, An improved lower bound for the number of edges in a largest bipartite
subgraph, in Proc. 2nd Czechoslovak Symposium on Graph Theory, Prague (1975) 167—
181.

P. Erdés, Some recent problems in Combinatorics and Graph Theory, Proc. 26 th South-
eastern International Conference on Graph Theory, Combinatorics and Computing, Boca
Raton, 1995, Congressus Numerantium.

U. Feige, M. Karpinski, and M. Langberg, Improved approximation of max-cut on graphs
of bounded degree, J. Algorithms 43 (2002) 201-219.

M. X. Goemans and D. P. Williamson, Improved approximation algorithms for maximum
cut and satisfiability using semidefinite programming, J. ACM 42 (1995) 1115-1145.

R. M. Karp, Reducibility among combinatorial problems, in Complexity of Computer
Computations, (R. Miller and J. Thatcher, eds) Plenum Press, New York, (1972) 85-103.

A. Scott, Judicious partitions and related problems, in Surveys in Combinatorics (2005)
pp- 95-117, London Math. Soc. Lecture Note Ser., 327, Cambridge Univ. Press, Cam-
bridge, 2005.

B. Xu and X. Yu, Better bounds for k-partitions of graphs, Combinatorics, Probability
and Computing 20 (2011) 631-640.

M. Yannakakis, Node- and Edge-Deletion NP-Complete Problems, STOC (1978) 253-264.

16



