
Extremal and Probabilistic Graph Theory
2020 Spring, USTC

Homework 1

• The due is on Mar. 8, 2020.

1. Prove that any n-vertex graph with
⌊
n2

4

⌋
+ 1 edges has at least

⌊
n
2

⌋
triangles.

2. For any k ≥ 3, formalize the Turán number for any family F of k-graphs. Then prove that
the Turán density π(F) always exists.

3. For any k ≥ 3, characterize all families F of k-graphs with π(F) = 0.

4. Let G be a Kr+1-free graph with V (G) = [n].1 Prove that when the function

P =
∑

ij∈E(G)

pipj

achieves its maximum over all choices of pi ∈ [0, 1] with
∑

i∈[n] pi = 1 and subject to it, the
number of vertices i with pi > 0 is minimum, then these vertices i with pi > 0 form a clique
in G. Then use this to show that ex(n,Kr+1) ≤

(
1− 1

r

)
n2

2
.

5. Let α(G) be the maximum size of an independent set in G. Prove that if a graph G has n
vertices and m edges, then α(G) ≥ n2

2m+n
.

6. Let k ≥ 1 and n ≥ k + 2 be integers. Prove that any n-vertex graph G with at least
kn− k2+k−2

2
edges contains a subgraph of minimum degree at least k + 1.

1Throughout this course, [n] denotes the set {1, 2, ..., n}.
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