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A strengthening on odd cycles in graphs of given chromatic number

Jun Gao* Qingyi Huof Jie Ma?

Abstract

Resolving a conjecture of Bollobas and Erdds, Gyarfas proved that every graph G of chromatic
number k + 1 > 3 contains cycles of L%J distinct odd lengths. We strengthen this prominent result
by showing that such G contains cycles of L%J consecutive odd lengths. Along the way, combining
extremal and structural tools, we prove a stronger statement that every graph of chromatic number
k 4+ 1 > 7 contains k cycles of consecutive lengths, except that some block is Kjp41. As corollaries,
this confirms a conjecture of Verstraéte and answers a question of Moore and West.

1 Introduction

One of the basic results in graph theory says that every graph of chromatic number k contains a cycle of
length at least k. This leads to many natural studies on the relation between the chromatic number and
the distribution of cycle lengths. One cornerstone in this direction is the following celebrated theorem,
which was conjectured by Bollobds and Erdés [5] and proved by Gydérfas [10].

Theorem 1.1 (Gyéarfas [10]). Let k > 2 be an integer. If G is a graph of chromatic number k+ 1, then
G contains cycles of at least L%J distinct odd lengths.

This result has inspired extensive research. Let k > 2 be an integer and G be a graph of chromatic
number k + 1. Mihok and Schiermeyer [16] obtained an analogue for even cycles that every such G
contains cycles of at least {%J —1 distinct even lengths. Confirming a conjecture of Erdés [5], Kostochka,
Sudakov and Verstraéte [12] showed that if such G does not contain a triangle, then it contains at least
Q(k?log k) cycles of consecutive lengths. Recently, the authors and Liu [9] proved a conjecture of
Sudakov and Verstraéte [20] that such G contains k — 1 cycles of consecutive lengths. We remark that
Theorem [[T] and these results of [9.[16] are all tight for G being the clique Kji1. For related results,
we refer readers to [2,[7), 1T, 13]15,19L23].

The aim of this note is to provide a common extension of Theorem [I.1] and the aforementioned
results of [9.[16] on cycles of consecutive lengths in graphs of given chromatic number.

Theorem 1.2. Let k > 6 be an integer. If G is a graph of chromatic number k + 1, then G contains k
cycles of consecutive lengths, except that some block of G is Kp41.

Depending on if the graphs contain a triangle or not, we treat the proof of Theorem differently.
The proof for graphs without a triangle is motivated by [12] and utilizes extremal arguments, where we
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use a new lemma on A-B paths (see Lemma [B.2]). On the other hand, the proof for graphs containing
a triangle follows the line of [9] and relies on the structural analysis.

As an attempt to have a common generalization of the results of [10] and [16], Verstraéte conjectured
in [22] Conjecure XVI] that for any k > 2, if G is a graph of chromatic number k 4 1, then G contains
k — 1 cycles of consecutive lengths which start with an odd number. The case k = 2 is obvious and the
cases k > 6 follow as a direct corollary of Theorem Here, we give a proof for every k > 5.

Theorem 1.3. Let k > 5 be an integer. If G is a graph of chromatic number k + 1, then there exists
some m such that G contains k — 1 cycles of lengths 2m + 1,2m + 2,...,2m + k — 1, respectively.

Unfortunately the proof of Theorem [[3] for the cases k = 3,4 requires different techniques and a
lengthy argument, for which we present in a separated note [§].

Using Theorem [[L2] we also can answer a recent question of Moore and West [I7]. A graph is k-
critical if it has chromatic number k& but deleting any edge will decrease the chromatic number. Moore
and West [17, Question 2] asked whether every (k4 1)-critical non-complete graph has a cycle of length
2 modulo k. By Theorem [[.2], we can give an affirmative answer to this question in the following form.

Theorem 1.4. For k > 6, every (k + 1)-critical non-complete graph contains cycles of all lengths
modulo k.

We remark that Theorem [I.4] also holds for 3 < & < 5. For instance, the case k = 3 follows by the
results in [4,14,[I8], and the case k = 5 follows by some similar arguments of Section [6l More results
related to cycle lengths modulo k can be found in [31[6,0L21].

The rest of the paper is organized as follows. In Section 2] we introduce the notation and some
results in [9]. In Section 3] we give a new lemma on A-B paths. In Sections 4] and 5] we consider graphs
without a triangle and graphs containing a triangle, respectively. In Section [6] we investigate graphs of
chromatic number six. In Section [l we complete the proofs of Theorems and [[L3l Throughout the
paper, we write [k] for the set {1,2,...,k} for a positive integer k.

2 Preliminaries

We follow the notation in [9L13]. Let G' be a graph. For a non-trivial partition (A, B) of V(G) we
say a path P is an A-B path if one end of P is in A and another is in B. Let P be a path in a graph
G. Let |P| be the number of edges in P. We say P is an even (respectively, odd) path if |P| is an
even (respectively, odd) number. Let C be a cycle with vertices vg, v1,...,v,—1 in cyclic order. Let C; ;
denote the subpath v;v;41...v; of C, where the indices are taken under the additive group Z;.

Let H be a subgraph of G. We say that H and a vertex v € V(G) — V(H) are adjacent in G
if v is adjacent in G to some vertex in V(H). Let No(H) = Uyey ) Na(v) — V(H) and Ng[H] =
Ng(H)UV(H). For S C V(G), we say that a graph G’ is obtained from G by contracting S into a
vertex s, if V(G') = (V(G) — S)U{s} and E(G') = E(G — S)U{vs : v € V(G) — S is adjacent to S in
G}. A vertex v of a connected graph G is a cut-vertex of G if G — v contains at least two components.
A block B in G is a maximal connected subgraph of G such that there is no cut-vertex of B. Note
that a block is an isolated vertex, an edge or a 2-connected graph. An end-block in G is a block in G
containing at most one cut-vertex of G.

We say that (G,z,y) is a rooted graph if G is a graph and z,y are two distinct vertices of G. The
minimum degree of a rooted graph (G, z,y) is min{dg(v) : v € V(G)—{z,y}}. We also say that a rooted
graph (G, z,y) is 2-connected if G+ xy is 2-connected. We say that k paths or k cycles Py, Py, ..., Py are

LA partition (A, B) is non-trivial if each of A and B is non-empty.



admissible if |Py| > 2 and |Py|, |P|,...,|Px| form an arithmetic progression of length k& with common
difference one or two. We need the following results in [9].

Theorem 2.1 ( [9], Theorem 3.1). Let k be a positive integer. If (G, x,y) is a 2-connected rooted graph
of minimum degree at least k + 1, then there exist k admissible paths between x and y in G.

Define K to be the graph obtained from K, by deleting one edge.

Lemma 2.2 ( [9], Lemma 5.2). Let k > 3 and G be a 3-connected graph of minimum degree at least k.
If G contains a K3 but does not contain a K, , then G contains k cycles of consecutive lengths.

3 A new lemma on A-B paths

The following well-known lemma is due to Bondy and Simonovits [I] and, independently, Verstraéte [23].

Lemma 3.1 ( [1L23]). Let G be a graph comprising a cycle with a chord and (A, B) be a non-trivial
partition of V(G). Then G contains A-B paths of every length less than |V (G)|, unless G is bipartite
with the bipartition (A, B).

We prove a modified version of Lemma [3.1] as follows.

Lemma 3.2. Let G be a connected graph of minimum degree at least three and (A, B) be a non-trivial
partition of V(G). For any cycle C' in G, there exist A-B paths of every length less than |V (C)| in G,
unless G is bipartite with the bipartition (A, B).

Proof. We assume that (A, B) is not a bipartition of G (even if G is bipartite). Let C' := vgvy ... vs.

First consider that V(C) C A. Since G is connected, there exists a path ) which links some u € B
and a vertex say vg in C internally disjoint from V(C'). We may assume that V(Q) — u C A and write
Q = xox1 ... 74, where g = v9 and x; = u. It is straightforward to see that z;z;41...2; and Cp; U Q
for 0 <i<t—1andj € [s] form A-B paths of every length less than |V (C)| + |V(P)| — 1.

So we may assume that V(C) N B # 0 and similarly, V(C)N A # (). Then (ANV(C),BNV(C)) is
a non-trivial partition of V(C). We say that an edge in G is crossing if one of its endpoints is in A and
the other is in B, and internal otherwise.

Suppose that there is an internal edge in G[V(C')]. Then (ANV(C), BNV (C)) is not a bipartition
of G[V(C)]. By Lemma [B1] we may assume that C' is an induced cycle in G. So E(C) has an internal
edge. Since (ANV(C),BNV(C)) is non-trivial, there is also a crossing edge in E(C). Without loss of
generality, we can suppose that vs € A and vg,v; € B. As §(G) > 3 and C' is an induced cycle, vy has a
neighbor z € V(G)\ V(C). If z € A, then one of CjoUxvy and Cj; is an A-B path of length s — j + 2
for each 2 < j < s; otherwise € B, then one of xvy U Cp; and C; ; is an A-B path of length j + 1 for
each 1 < j < s— 1. Note that an internal edge is an A — B path of length 1. Hence in either case, G
contains A-B paths of every length less than |V (C)].

Therefore, we may assume that every edge in G[V(C)] is crossing. This shows that s is odd. Since
(A, B) is not a bipartition of G, there exists at least one internal edge in G — E(G[V(C)]). By the
connectedness of G, there exists a path Q' starting with an internal edge f and ending with a vertex
say vo in C such that @’ is internally disjoint from V(C) and all edges in F(Q') — f are crossing. Then
Q' UCy s is a path of length at least s + 1, whose first edge is internal and all other edges are crossing.
It is not hard to see that Q" U Cp s contains subpaths which are A-B paths of every length at most
s+ 1=|V(C)|. This finishes the proof of Lemma 1



4 Graphs without a triangle

In this section, we prove the following result on Kj-free grapth Its proof ideas can be traced back
o [12]. Our new ingredient is Lemma [B.2] which assembles the parts of the proof.

Theorem 4.1. Let k > 6 be an integer. If G is a Ks-free graph of chromatic number k + 1, then G
contains k cycles of consecutive lengths.

To facilitate the use of Lemma B.2] we also need the coming lemma.

Lemma 4.2. Let k > 3 be an integer. Let G be a 2-connected graph of minimum degree at least k. If
G is K3-free, then G' contains a cycle of length at least 2k + 2, except that G = Ky, ,, for some n > k.

Proof. Suppose to the contrary that there exists a 2-connected graph G with §(G) > k, which is not
K, ,, for any n > k and does not contain a cycle of length at least 2k +2. We first prove some properties
about the longest paths in G. Let P = vgv; ... vp be any longest path in G which has length .

Claim 1. Ng(vg) C V(P) consists of k vertices such that either (a) £ > 2k — 1 and Ng(vo) = {vait1 :
0<i<k—1}, or (b) £ > 2k and Ng(vo) = {v1,v3,...,Vs_3, Vs, Us12,--.,Vak} for some even integer
4 < s<2k.

Proof of Claim[. Since P is a longest path in G, it is clear that Ng(vg) C V(P). Let vy, Upy, .., Up,
be all neighbors of vy in P, where 1 =p; < py < --- < p; and t > k. Since G is Ks-free, p;11 — p; > 2
for each i. Also by the assumption we see p; < 2k. The result now follows by an easy analysis. |

Claim 2. There is no cycle of length £ + 1 in G. Hence, vovy ¢ E(G) and ¢ > 2k.

Proof of Claim[2. Suppose to the contrary that there is a cycle C := xgxy ... xypxg, where the indices
are taken under the additive group Z,1. Since Cy ¢ is a longest path in G and G is connected, we have
V(G) = V(C) (otherwise one can find a longer path, a contradiction). As vgv, € E(G), by Claim [II we
see 2k — 1 < ¢ < 2k. Suppose that £ = 2k — 1. Consider the longest path C; ;_1 for each j € Zy,, for
which Claim [i(a) occurs. So Ng(xj) = {«j42i—1 : ¢ € [k]}. This shows that G is a complete bipartite
graph Kj, 1, a contradiction.

Therefore ¢ = 2k. Consider the longest path C;;_; for each j. Since z;z;_; € E(G), Claim [dI(b)
must occur for the endpoint z; of C; j_1. So there exists some even integer s; € {4,5,...,2k} such that
Na(2j) = {Zj41,Tj435 - s Tjrs;—3, Tjts;s Tjts; 42, - - - » Tj2r ) Where additions are taken under Zgy 1. In
particular, there exist some x, x4++3 which have a comment neighbor say x,,. Without loss of generality,
we may assume t = 0. Since G is Ks-free, zg cannot be adjacent to x3. This implies sy = 4 and thus
xg is adjacent to both of z1,z4. By the same argument, we can further derive that s; = 4 and z7 is
adjacent to both of zo,x5. Continuing this, we conclude that s; = 4 for each 0 < j < 2k. It shows
xore—3 € E(G). However, as sy = 4, by Claim [I] we also see xgzs_s € E(G). Then zgxy_oxs_3 forms a
K3 in G, a contradiction. This proves the claim. |

For the path P = vgvy ... v, we call (vo,vg)p a crossing pair, if voa € Ng(ve),vg € Ng(vp) and
vy & Ng(vo) U Ng(vg) for each integer v € (o, §). Let 8 — a denote the gap of a crossing pair (vq, vg)p.

Claim 3. FEach longest path P has a crossing pair, and the gap of each crossing pair of P is at least 2.

2A graph is Ks-free if it does not contain a triangle as a subgraph.



Proof of Claim[3. First, we show the second assertion. Let (vq,vg)p be any crossing pair of P. Clearly
we have § —a > 1. If B — a = 1, then one can easily find a cycle of length £ + 1, a contradiction to
Claim 2l Hence, the gap of each crossing pair of P is at least two.

Let p be the maximum integer with v,up € E(G) and ¢ be the minimum integer with v,v, € E(G).
It will suffice to show that p > ¢. First suppose that p < ¢q. By Claim [ there are two vertex disjoint
cycles C1,Cy of length at least 2k in G. Since G is 2-connected, there are two disjoint paths Lq, Lo
from V(Cy) to V(Cs). Then it is easy to find two cycles Dy, Dy with |D1| + |Dso| = |C1| + |Co| +
2(|L1| + |Ls|) > 4k + 4, which gives a cycle of length at least 2k + 2, a contradiction. Now suppose
p = ¢. Since G is 2-connected, there is a path L from vs € {vg,v1,...,vp—1} to vy € {vg4+1,Vg+42,...,0¢}
in G internally disjoint from P — v,. Let r € (s,p] be the minimum integer with vov, € E(G).
Let Cf = vov1 ... vsLogvisy . .. 0pvpUp_1 ... 009 and Ch = vgvy ... vsLvgw—y ... vvg be two cycles. By
Claim [ each of C{ and C% contains at least 2k — 1 vertices in {vp,...,vp}. Thus, one of C{ and C}
contains at least (2k — 1) + k > 2k + 2 vertices, where k > 3. This contradiction finishes the proof. &

Claim 4. Let (vq,vg)p be an arbitrary crossing pair of P. Then the gap of (va,vg)p equals two.

Proof of Claim[j] We have  —a > 2 from the previous claim and 8 — a < 3 from the definition of
crossing pairs and Claim [Il Let us suppose for a contradiction that 8 — a = 3. Note that this forces
that both vy and vy satisfy Claim [[(b). So « is odd, § is even and ¢ — (3 is odd, implying that ¢ is
odd. The cycle vgv ... vaVe0¢—1 ... vgv0 has length £ — 1, so £ —1 < 2k + 1, ie., £ < 2k + 2. By
Claim B we also see £ > 2k. Combining with the above, we can conclude that ¢ = 2k + 1. Therefore,
Ng(vo) = Na(ve) = {v1,v3,...,0a,08,V842,...,02} := N, where 8 = o+ 3 and |N| = k.

Consider the longest path va42va+1-..v0v8V541...ve. If voyo is adjacent to v,—1, then using
vve € E(G), we can find a cycle of length ¢ + 1, a contradiction. Hence by Claim [Il Ng(vai2) =
{Vat1,Va—2,. .., v1,08,0842,...,v2} = (N\{va,vs}) U{vat1,vs}. Similarly, by considering the path
Vat1Va42 - - - UpUaUa—1 - - - Vg, We can derive Ng(va+1) = (N\{va,v8}) U{va,vas2}. Note that |[N| =k >
3. S0 var1 and va19 have a common neighbor, which forces a triangle in GG. This proves Claim 4. 1

Therefore 8 — o = 2. Note that vovy...vavev—1 ... 0870 is a cycle of length ¢. Hence, we have
2k < ¢ <2k + 1. First suppose that £ = 2k + 1. If v satisfies Claim [Ib), then there exists s such that
vs_3, U are the neighbors of vy for some even number 4 < s < 2k. By Claim[I] since s > 4, v, must have
a neighbor in {vs_3,v5_2,vs_1}. By Claim 2] v, is not adjacent to vs—1 and vs_4. Since G is Ks-free,
exactly one of v,_3 and vs_o can be adjacent to vy. By Claim M vy is not adjacent to vs_3. Therefore,
vpvs—g € E(G). Since G is Ks-free, vs_1 is not adjacent vs_3. Suppose vs_; is adjacent to vs_4, then
VQUL -+ . Ug—4Vs_1 - . . UpUs_9Vs_30g 18 a cycle of length £+1, contradicting Claim[l So, both vs_1 and v, are
not adjacent to vs_4 and vs_3. Then the longest path vs_1vs_2...vgUsVs11 ... v would contain a crossing
pair of gap at least 3, contradicting Claim [l Therefore, by symmetry, we may assume that both vy and
vy satisfy Claim [[(a). So, we have Ng(vg) = {v1,vs,...,v95_1} and Ng(ve) = {ve_1,v0—3, ..., V—2p+1}-
Then vgvy ... Vo _oVUok11V2k V2100 is a cycle of length ¢ + 1, contradicting Claim [21

Hence we have ¢ = 2k. In this case, Ng(vg) = Ng(vag) = {v1,v3,...,09k—1} = Y. Let X =
V(P)\Y. For each even integer 2 < j <2k — 2, Rj := vjvj_1 ... UgUj4+1Vj42 . .. V2 is a longest path in
G. By Claim [I[a), we have Ng(v;) =Y for each even j. As G is K3-free, G[V(P)] consists of a copy
K, k+1 with two parts X and Y. Since P is a longest path in G, G — V(P) forms an independent set,
and every vertex of G — V(P) can only be adjacent to vertices in Y. Since §(G) > k and |Y| = k, we
see that Ng(v) =Y for each v € V(G) — Y. Hence G is a complete bipartite graph K ,, for some m,
a contradiction. This completes the proof of Lemma |

We remark that Lemma is best possible by the following examples. For any integers k > 3 and
m > 2k, let K denote a complete bipartite graph Kj_1 ,,, with two parts X and Y, where |X| =%k —1



and Y = Y; UY5 has size m with |Y;| > k for ¢ € {1,2}. Let Gj,, be the graph obtained from K by
adding two new vertices 1,2 and edges in {x1x2, x1u, z2v : Yu € Y1,Vv € Yo}. We see that Gy, is a
2-connected K3-free graph of minimum degree at least k, whose longest cycles have length 2k + 2.

Now we are ready to prove Theorem Il Let 7' be a tree with root . For a,b € V(T), let T, be
the unique path between a and b in T'.

Proof of Theorem [4.1]l Let £ > 6 and G be a K3-free graph of chromatic number k + 1. Fix a vertex
r and let T" be the breadth first search tree in G with root r. Let Lo = {r} and L; be the set of vertices of
T at distance ¢ from its root r for ¢ > 1. There exists some ¢ > 1 such that G[L;] has chromatic number
at least ¢ := [(k + 1)/2] where ¢ > 4. Let H be a (-critical subgraph of G[L;]. So H is a 2-connected
non-bipartite K3-free graph of minimum degree at least £ — 1 > 3. By Lemma[£.2] H contains a cycle
of length at least 2¢. Let 7" be the minimal subtree of T' whose set of leaves is precisely V (H), and let
r’ be the root of T”. Let h denote the distance between r’ and vertices in H in T”. Since G is K3-free,
h > 2. By the minimality of T”, v’ has at least two children in 7”. Let x be one of its children. Let
A be the set of vertices in H which are the descendants of  in 77 and let B = V(H) — A. Then both
A, B are nonempty and for any a € A and b € B, T, has the same length 2h. By Lemma [3.2] there
are 2¢ — 1 paths of H from a vertex of A to a vertex of B of length 1,2,...,2¢ —1, respectively. Putting
all together, we see that G contains 2¢ — 1 = 2[(k + 1)/2] — 1 > k cycles of consecutive lengths. 1

5 Graphs containing a triangle

We devote this section to a sharp result on consecutive cycles in graphs containing a triangle. This
improves some results in [9, Lemmas 5.1 and 5.2 | to 2-connected graphs.

Theorem 5.1. Let k > 2 be an integer. Fvery 2-connected graph G of minimum degree at least k
containing a triangle K3 contains k cycles of consecutive lengths, except that G = Kjy1.

Proof. Assume that G is a 2-connected graph with 6(G) > k such that it contains a triangle and
G # Kj41. First, suppose that G contains a separating set S = {s1, s2}. Let X and Y form a partition
of V(G) — S, which are separated by S in G. Let Ty be a K3 in G and denote V(Ty) by {u1,us,us}.
Since Tp is a clique, we may assume that T is contained in G[X U S]. Note that (G[X U S], s1,s2)
is 2-connected. There exist two disjoint paths Lq, Lo from S to V(Tj) internal disjoint from V(7p)
in G[X U S]. Without loss of generality, we may assume that L; links s; and u; for i = 1,2. So
L} := Ly Uujugs U Ly, LY := Ly Uujugug U Lo are 2 paths of consecutive lengths from s; to sg in
G[X U S]. Also, it is easy to check that (G[Y U S], s1, s2) is a 2-connected rooted graph of minimum
degree at least k. Then by Theorem 2.1], there exist k — 1 admissible paths Py, P, ..., P,_1 from s to s
in G[Y U S]. Concatenating each of these paths with L/, L),, we obtain k cycles of consecutive lengths.

Therefore, we may assume that G is 3-connected. So k > 3. If G does not contain a K, , then by
Lemma [2.2] G contains k cycles of consecutive lengths. Therefore, G contains a K, . Let 77 be a K
in G with V(T1) = {v1,v2,v3,v4}, where v; has degree two in 77 and v, is a neighbor of v;. Let K be
a maximal clique in G — {v1,v2} containing v3,v4 and let ¢t = |V (K)|. We may assume that ¢t < k — 1
(as, otherwise, we can easily find k cycles of lengths 3,4, ...,k + 2, respectively).

Suppose that t = k — 1. Since G has minimum degree at least k and G # Kj,1, we may assume
that |[V(G)| > k+2. Let H := G[V(K)U{v1,v2}]. Let x be a vertex in G — H. Since G is 3-connected,
there exist three internally disjoint paths Mj, My, M3 from z to V(H) internally disjoint from H. Let
y; be the end of M; in H for i = 1,2, 3. It is easy to see that there exist y; and y;, where 1 <7 < j <3,
such that there are k paths of lengths 1,2,...,k from y; to y; in H, respectively. Concatenating each
of these paths with M; U M, we obtain k cycles of consecutive lengths.



Therefore, t < k — 2. Let F' be the component of G — K containing {vq,v2}. By the maximality of
K, every vertex in G — (K U {v1,v2}) has at most ¢ — 1 neighbors in K. So 0((F,v1,v2)) >k —t+ 1.

Suppose that F' is 2-connected. Then (F,v1,v9) is a 2-connected rooted graph of minimum degree
at least k —t+1. By Theorem 2] there exist k —t¢ admissible paths Q1, Qa, ..., Qk_; from vy to vy in F.
Note that there exist ¢ 4+ 1 paths of length 1,2,...,¢+ 1 from vy to ve in G[K U {v1, v2}], respectively.
Concatenating each of these paths with @Q; for i € [k — t], we obtain k cycles of consecutive lengths.

Therefore F' is not 2-connected. Suppose that there is a leaf y in F'. Then y has at least £ — 1
neighbors in K. It follows that |K| > k — 1, a contradiction. So |V(F')| > 3 and every end-block of F is
2-connected. Let B be an end-block of F' with cut-vertex b such that vy, ve ¢ V(B) — b. Let G be the
graph obtained from G[BU (Ng(B —b) N K)] by contracting Ng(B —b) N K into a vertex w. It is clear
that (G1,w,b) is a 2-connected rooted graph of minimum degree at least k — ¢t + 2. By Theorem 211
there exist k —t+ 1 admissible paths from w to b in G;. Hence, G contains k —t+ 1 admissible paths R;
from a vertex p; € Ng(B —b) N K to b for i € [k —t+ 1] internally disjoint from K U (F — (B —b)). Let
L be a fixed path from b to {v1,ve} in F' — (B —b). Without loss of generality, we may assume that L
links b and v;1. Note that there exist ¢ paths from vy to p; in G[K U {vy,v2}] with lengths 2,3,...,t+1,
respectively, for each i € [k —t 4+ 1]. Concatenating these paths with R; U L, we obtain k cycles of
consecutive lengths. This proves Theorem [B.11 |

6 Graphs of chromatic number 6

As a further exploration of the proof of Theorem [4.1], we now consider consecutive cycles in graphs of
chromatic number 6. The following is the main result of this section.

Theorem 6.1. Every graph of chromatic number six contains four cycles of consecutive lengths which
start with an odd number.

Proof. 1t suffices to consider 6-critical graphs G. Suppose that G does not contain four cycles of lengths
2m + 1,2m + 2,2m + 3,2m + 4 for any integer m. Since G is 2-connected with 6(G) > 5, by Theorem
B, we may assume that G is Ks-free. Fix a vertex r and let T be the breadth first search tree in G
with root . Let Ly = {r} and L; be the set of vertices of T" at distance 4 from its root r.

We first show that every component of G[L;| for ¢ > 0 has chromatic number at most 3. Suppose to
the contrary that there exists a component D of G[L;] which has chromatic number at least 4 for some
t. Then using the exactly same arguments as in the proof of Theorem [A1] (taking ¢ = 4 therein), one
can derive that G contains 2¢ — 1 = 7 cycles of consecutive lengths, a contradiction to our assumption.

We now prove a claim which is key for this proof. For two vertex-disjoint subgraphs H, H' of G, let
Ny (H') be the set of vertices in H which is adjacent to some vertex in H’'. For a connected graph D,
a vertex x € V(D) is called good if it is not contained in the minimal connected subgraph of D which
contains all 2-connected blocks of D, and bad otherwise.

Claim. Let Hy be a non-bipartite component of G[L;] and Hy be a non-bipartite component of G[L;41]
for some i > 1. If Ny, (H2) # 0, then every vertex in Ny, (Hs) is a good vertex of Hj.

Proof of Claim. Suppose that there exists a bad vertex v of H; which has a neighbor u in Hy. Let T”
be the minimal subtree of T" whose set of leaves is precisely V(H7), and let ' be the root of T”. Let h
denote the distance between r’ and vertices in Hy in T”. Since G is K3-free, h > 2. By the minimality
of T", r' has at least two children in 7”. Fix a child = of 7’ in 7" and let Y be set of the children of
" in T" other than . Let A be the set of vertices in H; which are the descendants of x in 7" and let
B =V(H;)— A. Note that every vertex in B is the descendants of Y in 7”. Let A’ be the set of vertices



in L; — A which are the descendants of z in T". Let B’ be the set of vertices in L; — B which are the
descendants of Y in T'. Let M := L; — (AUA’UBUB’). Note that A, A’, B, B’ and M form a partition
of Lz

Let C = wvgvy...v, be an odd cycle of Hy, where n > 4. Suppose that V(C) C A. Let z be a
vertex in B. Since Hj is connected, there exists a path P from z to V(C) internal disjoint from V (C).
Without loss of generality, we assume that V(P)NV(C) = {vo}. Then PUCy,;UT, ,, for i € [5] give 5
cycles of consecutive lengths, a contradiction. Therefore, BN V(C) # (), and similarly, ANV (C) # 0.
Then there must be an A-B path of length 4 in C' (otherwise, since 4 and |C] is co-prime and |C| > 5,
one can deduce that all vertices of C' are contained in one of the two parts A and B, a contradiction).

Since C is an odd cycle, we may assume that vy, v1 € A and vy € B. Then Ty, 4, Uvav1, Ty 0, U201
are two cycles of lengths 2h + 1, 2h + 2, respectively. We have showed that there exists some A-B path
of length 4 in C' which gives a cycle of length 2h 4 4, so we may assume that there is no A-B path of
length 3 in C. This would force that vs;, v3;+1 € A and vs;19 € B for each possible i > 0. So |C| > 9
and G contains a cycle of length ¢ € {2h + 1,2h + 2,2h 4+ 4,2h + 5,2h + 7,2h + 8}. Moreover, for any
path P = wow ... wy, in Hy with wg € V(C) and (V(P) —wo) NV (C) = ), we can derive that w; € B
if 7 = 0 modulo 3 and w; € A if j =1 or 2 modulo 3; call this property (x). In particular, since H; is
connected, for any vertex b € B, there exists a path of length 2 in Hy from b to some vertex in A.

Note that every vertex of Hs has a neighbor in L;. Suppose that there exists a vertex ¢ € V(Hs)
which has a neighbor p in M. Recall that v is a bad vertex in H; and u € Ng,(v). Clearly there exists
a path zj20232425 of length 4 in H; with z; = v. It is easy to see that T}, , contains 1’ for i € [5], so
they have the same length. Let @ be a fixed path from u to ¢ in Hy. Then Q Uuzi2z...2,UT, , Upg,
for i € [5] are 5 cycles of consecutive lengths in G, a contradiction. Therefore Ny (Hs) = (0.

Suppose that Npup (Hs) # 0. If Nayar(Hz) # 0, then since Hy is connected and every vertex of Hy
has a neighbor in AUA’UBU B’, there exist two adjacent vertices p, g of Hy such that p has a neighbor
p'in AUA’ and ¢ has a neighbor ¢’ in BU B’. Then p'pqq’ UT,y , is a cycle of length 2h + 3. It follows
that G contains 4 cycles of lengths 2h+1,2h + 2, 2h + 3, 2h + 4, respectively. Therefore N4/ (Hs) = (.
Since Naup(Ha) # 0, we have that v € B. Let u be any vertex in Ny, (v). Choose wy € V(Hz) such
that there exists a path @ of length 2 from u to w; in Hy. Let wy be a neighbor of wy in B U B’
Suppose that wy # v. We have showed that there exists a path R of length 2 in H; from v to some
vertex say v’ in A. Then RUvuUQ Uwiws UT,,, is a cycle of length 2k + 6. So G contains cycles of
lengths 2h + 5,2h + 6,2h + 7,2h + 8, a contradiction. Therefore we = v and wy € Ng,(v). That says,
every vertex in Hoy of distance 2 from a neighbor of v is a neighbor of v. Continuing to apply this along
with a path from v to an odd cycle Cy in Hs, we could obtain that v is adjacent to all vertices of Cy,
which contradicts that G is Ks-free. Therefore, Ngyp/(Hz) = 0.

Now we see that Ny, (H2) C AU A’. This forces that v € A. For any neighbor u of v in Ha, let
w3 € V(H,) satisfies that there exists a path @’ of length 2 from u to ws in Hy. By property (x) and
the fact that v € A is bad in Hq, we can infer that there exists a path t3vtits in Hy such that t; € A
and to,t3 € B. Note that v and t; are symmetric. Let w4 be a neighbor of w3 in AU A’. Suppose that
wy ¢ {v,t1}. Then vu U Q" Uwswy U Ty, 1, Utativ is a cycle of length 2k + 6. So again, G contains
cycles of lengths 2h + 5,2h + 6,2h + 7,2h + 8, a contradiction. Therefore, wy € {v,t;}. That is, every
vertex in Hy of distance 2 from a neighbor of v or ¢; is adjacent to one of v,¢;. Continuing to apply
this along with a path from u to an odd cycle C in Hs, we could obtain that every vertex of Cy is
adjacent to one of v,¢;. But this would force a K3 in G. This final contradiction completes the proof
of this claim. |

Now, we define a coloring ¢ : V(G) — {1,2,3,4,5} as following. Let D be any bipartite component
of G[L;] for some 4. If i is even, we color one part of D with color 1 and the other part with color 2,



and if 7 is odd, we color one part of D with color 4 and the other part with color 5. Let F' be any
non-bipartite component of G[L;] for some j. If j is even, by using the block structure of F, we can
properly color V(F') with colors 1,2 and 3 by coloring bad vertices with colors 1,2 and 3 and coloring
good vertices with colors 1 and 2. If j is odd, then we also can properly color V(F') with colors 3,4 and
5 by coloring bad vertices with colors 3,4 and 5 and coloring good vertices with colors 4 and 5.

Next, we argue that ¢ is a proper coloring on G. Let H; be a component of G[L;] and Hy be a
component of G[L; 1] for ¢ > 0 such that there exists an edge between H; and Hj. If one of them is
bipartite, then ¢ is proper on V(H;) UV (Hz) . Therefore, both H; and Hy are non-bipartite. By the
above claim, all vertices of Hs are not adjacent to vertices of color 3 in H;. It follows that ¢ is proper
on V(H;)UV/(Hsy). Therefore, ¢ is a proper 5-coloring of G, which contradicts that G is 6-critical. This
completes the proof of Theorem |

7 Proofs of Theorems 1.2 and 1.3

We conclude with the proofs of Theorems and [L3]

Proof of Theorem Let G’ be a (k + 1)-critical subgraph of G. Then G’ is a 2-connected graph
of minimum degree at least k. If G’ is K3-free, then by Theorem [£.I, G’ contains k cycles of consecutive
lengths. If G’ contains a K3, then by Theorem 5.1 either G’ contains k cycles of consecutive lengths or
G’ is Kj11. In the latter case, let B be the block of G containing G'. If there exists x € V(B)\V (&),
then there are two internally disjoint paths from z to two vertices in G’ and then we can easily find k

cycles of consecutive lengths. Therefore, the block B of G is a copy of Kjy1. |
Proof of Theorem [I.3l This follows from Theorems and [6.1] |
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