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Abstract

An r-uniform hypergraph is uniquely k-colorable if there exists exactly one par-
tition of its vertex set into k parts such that every edge contains at most one vertex
from each part. For integers k > r > 2, let ®;, denote the minimum real num-
ber such that every n-vertex k-partite r-uniform hypergraph with positive codegree
greater than @y , - n and no isolated vertices is uniquely k-colorable. A classic result
by of Bollobds [Bol78] established that @52 = 32=5 for every k > 2.

We consider the uniquely colorable problem for hypergraphs. Our main result
determines the precise value of ®; , for all £ > r > 3. In particular, we show that
@}, exhibits a phase transition at approximately k& = 4T3’ 2 a phenomenon not seen
in the graph case. As an application of the main result, combined with a classic
theorem by Frankl-Fiiredi-Kalai, we derive general bounds for the analogous problem
on minimum positive i-degrees for all 1 < ¢ < r, which are tight for infinitely many

cases.
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1 Introduction

Given an integer r > 2, an r-uniform hypergraph (henceforth r-graph) # is a collection
of r-subsets of some finite set V. We identify a hypergraph H with its edge set and use
V(H) to denote its vertex set. The size of V(H) is denoted by v(H).

Given an r-graph H, the shadow of H is

OH = {e € (V(H1)> : exists ¥ € ‘H such that e C E} .
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For every (r — 1)-set S C V(H), the neighborhood of S in H is
Ny(S)={veV(H): SU{v} e H},

and the degree of S in H is dy(S) = |Ny(S)|. Following the definition of Balogh—
Lemons—Palmer [BLP21], the minimum positive codegree of # is given by

57 (H) = min {dy(e): e € OH}.
Given a vertex v € V(H), the link of v in H is
Ly(v) ={e€dH: eU{v} e H},

and the degree of v in H is dy(v) = |Ly(v)|. The minimum degree of H is denoted
by 6(H). Note that 8 (G) = 6(G) for every graph G without isolated vertices.

Given two r-graphs H and G, amap ¢: V(H) — V(G) is a homomorphisnﬂ from H to G
if Y(e) € G for all e € H. An automorphism of H is simply a surjective homomorphism
from H to itself. We use Hom(#, G) to denote the collection of all homomorphisms from H
to G, and use Aut(#) to denote the collection of all automorphisms of H. We say H is G-
colorable if Hom(H,G) # (. Two homomorphisms 1,1, € Hom(H, G) are equivalent,
denoted by 11 = 1)9, if there exists an automorphism 7 € Aut(G) such that 1 o = 1)s.

Given integers k > r > 2, we use Kj, to denote the complete r-graph on k vertices. For
convenience, we always assume that the vertex set of K is [k]. We say an r-graph H
is k-colorable if it is Kj-colorbale. In other words, H is k-colorable if and only if it is
k-partite. A k-colorable r-graph H is called uniquely k-colorable if 1y = 1) for all
Y1, € Hom(H, K}).

A classical theorem by Bollobas [Bol78] from 1970s established the tight minimum degree
(equivalently, the minimum positive codegree) bound that forces an n-vertex k-partite
graph to be uniquely k-colorable.

Theorem 1.1 (Bollobés [Bol78]). Let n > k > 2 be integers. Suppose that G is a k-partite
graph on n vertices with
3k—5

Then G is uniquely k-colorable. Moreover, the constant % s optimal.

In this work, we extend the theorem of Bollobas to r-graphs for all » > 3. More specifically,
for integers k > r > 2, we study the minimum real number ®;, , such that for n > k, every
k-partite r-graph on n vertices without isolated vertices and with 6f_l(H) > Pp . -nis
uniquely k-colorable. Note that Bollobas’ theorem can be restated as @0 = g’,’:—:g for
every k > 2.

In the following theorem, we determine the exact value of ® , for all integers & > r > 3.
In particular, our results reveal an interesting phenomenon: for each fixed r» > 3, ®; , as
a function of k exhibits a phase transition around % (see Figure , a feature not seen
in the case of graphs.

To avoid any ambiguity, every hypergraph considered in this paper is vertex-labeled, with each vertex
having a unique label.



Theorem 1.2. Letn > k > r > 2 be integers. Suppose that H is a k-partite r-graph on
n vertices with no isolated vertices, and

54— (H) > k;—?;ln’ Zf k< 4r?:2’ (1)
-1 3k—3r+1 . 4r—2
' wtn, i k2R

Then H is uniquely k-colorable. Moreover, both constants k;:gl and 3k?;€3f’;1 are optimal.

Remarks.

e The assumption that H has no isolated vertices cannot be omitted, as there exist
n-vertex k-partite r-graphs satisfying that contain isolated vertices, which are
clearly not uniquely k-colorable.

e Theorem [[.2 can be restated as

> ma k—r+1 3k—3r+1
= X
ko E+2 °  3k—2

} forall k>r > 3.

The witnesses for the lower bounds come from the constructions #Hy (1, m) and
Hp.r(3,m), defined below.

e The theorem of Bollobds (Theorem employs a straightforward induction on k.
Our proofs, however, differ significantly. In addition to the induction on the unifor-
mity r, our approach relies on several technical innovations, notably Propositions [2.2]
and Proposition asserts the existence of special edges containing specified
vertices and colors, while Proposition [2.4] provides a useful certificate for the equiva-
lence of two homomorphisms. It is worth noting that Proposition together with
some additional arguments, provides a different proof of Bollobds’ theorem (see the
remark after Proposition .

e In general, beyond the uniquely K7 -colorable problem, one could also explore the
uniquely F-colorable problem, where F' is a fixed r-graph (see Section . This type
of problem was studied in [Lai87, [Lai89] for odd cycles and in [HLZ24] for general
hypergraphs. However, for » > 3, the complete r-graphs Kj are the only family for
which the tight bound is known.

Construction #Hj,(o,m): Let & > r > 3,m > 1 be integers, and a > 0 be a real
number. Let Vi,...,Vi_2, Vi_11, Vk—1,2, Vi1, Vk,2 be pairwise disjoint sets with
|V1| == |Vk_2‘ = LamJ and ‘sz—l,l

Let Vi=ViU-- UV oUVe 11 UVp_120U Vi1 UVio, Uy =V \ (Vk,LQ U Vk72), and
Uy =V \ (Vk—11UVi1). Let Hy (o, m) denote the r-graph on V' whose edge set is the
union of the following two sets:

= |Vi—12] = |Vi1| = [V 2| = m.

U
{ee <7‘1>: lenVi| <1lforielk—2], lenVi_11| <1, and |eNn V| Sl},

U
{66 <7‘2>: lenVi| <1lforielk—2], lenVi_12/ <1, and |eN Vgl gl}.

It is clear from the definition that #j,(a,m) is a k-partite r-graph without isolated
vertices, and it has two non-equivalent k-colorings as follows:

Yi(Vi) =i for i €[k —2], P1(Vi-11) =1(Vek—12) =k — 1, ¥1(Vi1) = ¥1(Vi2)
Po(Vi) =i for i €[k —2], a(Vi—11) =va(Vio) =k —1, v2(Vi-12) = ¥2(Vi,1)

k.
k.
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Figure 1: ®;¢ for k € [6, 11].

Given integers r > i > 1, the i-th shadow 9;H of an r-graph H is defined inductively by
letting O;H = 00;—1H with 01 H = OH. For every i-set S C V(H), the link of S in H is

Ly(S) ={ecOH: SUeec H},

and the degree of S is dy(S) = |L#(S)|. Similar to the definition of & |(H), the
positive minimum i-degree of H is defined as

6 (H) := min {dy(e): e € Op_iH}.

)

For integers k > r > i > 1, let ®; ,.; denote the minimum real number such that for n > k,
every n-vertex k-partite r-graph H without isolated vertices and with 5i+ (H) > @ppi-n™"
is uniquely k-colorable.

We establish the following inequality concerning ®y, ,; using a classical Kruskal-Katona-
type theorem by Frankl-Fiiredi-Kalai [FFKSS].

Theorem 1.3. Suppose that k > r1 > ro >4 > 1 are integers. Then

1/(r1—1) 1/(ra—1)
(q)k,rl,i> ' < (q)k,rg,i> ’
k—i — k—i :
(7‘1 fi) (7‘277;)

As an application of the main theorem (i.e. Theorem7 we provide the following general
upper bound for ® ,.;, which is tight when k < %.

Corollary 1.4. Suppose that k > r > i > 1 are integers. Then

o < (ki Lo [k—i k-3 21\
i =\p—i) \k—i " \k+2 k-2 '

k—i 1\ 4i+2
By = — < .
k,ri (7“ . 2) (k T 2) fOT all k < 3

The remainder of this paper is organized as follows: The proof of Theorem[I.2]is presented
in Section[2} Proofs for Theorem [I.3]and Corollary[I.4]are presented in Section[3] Section[d]

includes some remarks and open questions.

In particular,




2 Proof of Theorem [1.2|

2.1 Preliminaries

In this subsection, we present several necessary definitions and preliminary results.
Given an r-graph H and a vertex v € V(H), the neighborhood of v is
Ny (v) :={ue V(H)\ {v}: exists e € H such that {u,v} C e}.

Throughout this subsection, we will assume the following conditions:

(a) n,k,r are integers satisfying n > k > r > 2.

(b) H is a k-colorable n-vertex r-graph without isolated vertices and satisfies

5:_1(H)>max{3k—3r+1 E—r+1 }

3k—2 " k+2
Given a vertex set S C V(H), we classify S as follows:

e Sis good if |S| > 4o otherwise, it is bad.

o Sis large if |S| > 32%; otherwise, it is small.

For every ¢ € Hom(#H, K}), define
I, = {j € [K]: 0 1(j) is good} and J, = {j € [k]: © 1)) is large} .
Note that, by definition, every large set is good, and hence, J, C I.
For every vertex v € V(H), let
[Vl =A{u e V(H): p(u) = ¢(v)}.

For a subset A C V(#H), we denote by ¢(A) the set of all colors p(v) for v € A. Tt
will be convenient later to set S := [k] \ S for every S C [k]. In particular, for every
¢ € Hom(H, K}), we have I, = [k] \ I, J, = [k] \ J,, and ¢(e) = [k] \ ¢(e) for every
ecH.

Proposition 2.1. The following statements hold for every ¢ € Hom(H, KJ).

(i) | ()| = k_lﬂrl -6 [(H) for every set J C [k| of size at least k —r + 1.

(ii) ¢ is surjective.

(iii) |J,| <7 —2.

Proof of Proposition[2.1l First we prove Proposition Note that it suffices to show
this for every J € (k_[flﬂ), as the other cases follow from a standard averiging argument.
Fix a set J C [k] of size k —r +1. Let e € H be an edge such that |p(e) N J| is maximized.
Since |J| = r — 1, there exists a vertex v € e \ ¢ 1(J). Let € :== e\ {v}. It follows from

the maximality of e that Ny (e') C ¢~ 1(J). Therefore, |p~1(J)| > dy(€') > 6 | (H).



Next, we prove Proposition The case k = r is trivially true, so we may assume
that £ > r + 1. Suppose to the contrary that ¢ is not surjective. Then there exists a
homomorphism ¢ € Hom(H, K]_,). Let V; :== ¢~1(i) for i € [k — 1]. Proposition
applied to v yields

k—1 N

n= > Wil=lW (k=12 gy o

i€lk—1]

1(%)7

which implies that 5;"_1(7%) < g:’l"n Simple calculations show that ’]::71’ < 3’“3_,;’_’"; L which
contradicts Inequality .

Now we prove Proposition Suppose to the contrary that |J,| > r — 1. Fix an
edge e € H such that |p(e) N J,| is maximized.

Suppose that [p(e)NJ,| > r—1. Then there exists a vertex v € e such that p(e\{v}) C J,.
It follows from the definition of J, that

3n  3k—3r+1
,Z Vilsn=(r=1) 3= 3k—_2
JEp(e\{v})

dy(e\{v}) <n—

contradicting Inequality .

Suppose that |[p(e) N J,| < r —2. Then fix a vertex v € e such that p(v) ¢ J,. Note
that the set M = J, U p(e \ {v}) satisfies |M| > |¢(e\ {v})| + 1 > r. It follows from the
maximality of e and the definition of .J, that

3n 3k —3r+1

du(e\ (o} = S eI < (b —r) o < T

JEM

contradicting Inequality ([2f). |

The following simple but crucial proposition will be used extensively throughout the paper.
Proposition 2.2. The following statements hold for every ¢ € Hom(H, K}), i € [k], and
v € e 1(i).
(i) Suppose thati € J,. Then for every (r—|Jy|)-set I C J,, there exists an edge e € H
containing v such that ¢(e) = J, U I.

(i) Suppose that i € J,. Then for every (r — 1 — |Jy|)-set I C J,, there exists an edge
e € H containing v such that p(e) = J,U T U {i}.

(i1i) For every j € [k] \ {i}, there exists an edge e € H containing v such that j € p(e)
and

min {|¢ ™ (0)]: £ € p(e) \ {i,5}} = max {J¢™ (O] £ € (€] }

(i) Suppose that J, = 0. Then for every (r — 1)-set I C [k] there exists an edge e € H
containing v such that I C p(e).

Proof of Proposition [2.3. We will present the proof for Proposition[2.2](i)|only, as the proof
for Proposition is nearly identical. Additionally, Proposition [2.2][(iii)| and [(iv)] follow

directly from Proposition and the fact that |.J,| < r—2 (see Proposition[2.1|(iii)).

6



Fix ¢ € Hom(H, K}), i € J,, and v € ¢~ 1(i). Fix an arbitrary set I C J,, of size r — |.J,|.
First, we show that there exists an edge e € H containing {v} such that J, C p(e).

Let e € H be an edge containing v such that |¢(e) N J,| is maximized. Suppose to the
contrary that |p(e) N Jy| < |J,| — 1. Then it follows from Proposition that there
exists a vertex u € e such that [u], is small. Similar to the proof of Proposition
the set M’ == J, U (e \ {u}) has size at least r. Thus, by the maximality of e, we have

3n 3k—3r+1
1
E < .

jeM’

contradicting Inequality . Therefore, we have J, C ¢(e).

Let € € H be an edge that contains v and satisfies J, C ¢(€), such that |[p(é) N I| is
maximized among all such edges. Suppose to the contrary that |¢(€) N I| < |I| —1. Then
there exists a vertex w € ¢ such that ¢(w) € I U J,. In particular, [w], is small. Similar to
the argument above, the set M = I Ugp(e\{w}) has size least r. Thus, by the maximality
of €, we have

3n 3k—3r+1
_1 < . )
VD £ TS -0 g7 < S n
je

contradicting Inequality (|2f). |

The following result provides a lower bound for the size of I.

Proposition 2.3. We have |1,| > r for every ¢ € Hom(H, K}).

Proof of Proposition[2.3. Suppose to the contrary that |I,| < r—1 for some ¢ € Hom(H, K7},).
Then it follows from Proposition (or|(ii)) and the fact J, C I, that there exists an

edge e € H such that I, C ¢(e). In particular, |¢~1(j)| < for every j € ¢(e). Since

k+2
|I,| <r —1, there exists a vertex u € e such that ¢(u) € I,. It follows that
1, n
e\ < Y e 1<j>|s<k—r+1>‘k+2,
j€p(e\{u})
contradicting Inequality . |

2.2 Two key propositions
In this subsection, we present two technical but crucial results that are necessary for the
proof of Theorem [I.2] The proofs of these results are deferred to Sections [2.4] and [2.5]

We continue to assume that Assumptions @ and @ hold throughout this subsection.
Recall that two homomorphisms ¢, € Hom(H, K},) are equivalent (denoted by ¥ = ¢) if
there exists an automorphism 1 € Aut(K}) such that no ¢ = .

Proposition 2.4. Let ¢, € Hom(H, K}). If [9(0~1(i))| < 2 for alli € [k], then 9 = ¢

We say a homomorphism ¢ € Hom(H, K} ) is small if ¢ ~!(i) is small (i.e. |71 (i)] < 5225)
for every i € [k]. Note that ¢ is small if and only if J, = 0.



Proposition 2.5. Suppose that every homomorphism in Hom(H, K}) is small. Then
for every pair of homomorphisms ¥, € Hom(H, K}) and for every i € [k], we have
[9(¢~1(7))| < 2. Consequently, H is uniquely k-colorable.

Remark. Notice that in the case where r = 2 (i.e. for graphs), for every ¢ € Hom(H, K7,)
we have |J,| <r—2 =0 (by Proposition [2.1][(iii)}), meaning that ¢ is small. Consequently,
it follows from Proposition [2.5] that # is uniquely k-colorable. This provides an alternative
proof of Bollobés’ theorem (Theorem |[1.1)).

2.3 Proof of Theorem [1.2]

We present the proof of Theorem in this subsection, addressing it in two separate
cases:

Proposition 2.6. Theorem holds for k > (4r — 2)/3.
Proposition 2.7. Theorem holds for k < (4r — 2)/3.

First, we prove Theorem [1.2| for the case k > (4r — 2)/3.

Proof of Proposition[2.6. By contradiction, let r be the smallest integer for which Propo-
sition fails. By Theorem we may assume that r > 3. Let H be an n-vertex

k-partite r-graph without isolated vertices, and with &1 | (H) > %n which is not

uniquely k-colorable. Let V =V (H).

Fix ¢ € Hom(#, K]) such that |J,| is maximized. Let V; == ¢~ 1(i) for i € [k]. Let
q = |J,|. By relabelling vertices in K, we may assume that J, = [¢], i.e. V1,...,V, are
large sets. We may assume that ¢ > 1, since otherwise, by Proposition we are done.
Recall from Proposition that we have ¢ < r — 2 as well.

Fix an arbitrary homomorphism ¢ € Hom(#, K7,).

Claim 2.8. For every i € [q] and v € V;, the following statements hold:

(1) [9(Nw(v) N Vi) =1 for every j € [K]\ {i},
(7i) 9(Ny(v) NVj) # D(v) for every j € [k] \ {i}, and
(iii) Y(Ny(v) NVj) # I(Ny(v) N Vjr) for all distinct j, 5" € [k] \ {i}.

Proof of Claim[2.8 Fix i € [¢] and v € V;. We may assume that ¥(v) = ¢; otherwise, we
can replace ¥ with 7o, where € Aut(K}) satisfies no(v) = i. Let N := Ny(v), noting
that N C V'\ V;. Since i € [q], we have [N| <n—|V;| < n— 322 it follows
from the assumption & > MT*Q that £ — 1 > W. We consider the link Ly (v) as an
(r — 1)-graph on N, and, in particular, Ly (v) contains no isolated vertices. Since Ly (v)
satisfies

3k —3r+1 3k —3r+1 3n
6 (L > 6 = -
ro(Lw(v)) > 6,7 (H) > 3k — 92 " 3k—5 ( 3k—2>
3k—3r+1
>3l
3k—5

it follows from the minimality of  that Ly (v) is uniquely (k — 1)-colorable. Therefore, the
induced maps @[y, 9|y ( Vlewed as homomorphisms from Ly (v) to K;j) are equivalent.

This implies Claim -. and m |



Our next step is to show that |¥(V;)| < 2 for every i € [k]. By Proposition this will
complete the proof of Proposition We will achieve this in two cases, addressed in

Claims and respectively.

( ) ( ) ( ) ( )
[ ® @ \
u \r N\ N\ [ N\ A
Ne ( )
O
v
N
X
. y, . y, \____J \_____J . J U J \C J y,
large parts small parts

Figure 2: auxiliary figure for the proof of Claim
Claim 2.9. We have |9(V;)| < 2 for every i € [q + 1,k].

Proof of Claim[2.9. Fix i € [¢+1,k] and v € V;. By Proposition there exists an edge
e € H containing v such that [q] C ¢(e) (see Figure [2)). Let

X = VN Nygle\ {v}) = Nu(e \ oD\ | V3.

i€p(e)
Since Vj is small for j € ¢(e) C [¢ + 1, k], we have

3k —3r+1 3n n
X| > - - '
[X| =z du(e\{vh) = 3 Wil > =g —5—n—(k=1) 35— = 37—

j€p(e)

Let u denote the vertex in e N Vi, noting that X C Ny(u). Claim applied to u
shows that |¢(X)| = 1, and hence, X C [v]y (recall from the definition that v € X). It
follows that

3k—2— 3

[y Vi > [X] >

Since v was chosen arbitrarily, we conclude that |¢(V;)| < \‘L:/Ii/‘i’) =3. |

Claim 2.10. We have |9(V;)| < 2 for every i € [q].

Proof of Claim[2.10. Suppose to the contrary that there exists i € [¢] such that [¢(V;)| >
3. By symmetry, we may assume that ¢ = 1. Let v1,vo,v3 € V] be three vertices such
that 9(v1),9(v2),0(v3) are pairwise distinct. Let Nj = Vj N Ny(v;) for (i,5) € [3] x
[k]. By Claim [2.8] there exists a unique pair {Z*,j*} C [2 k] with i, # j. such that
(V(N}), 19(N1 ) = (¥(v2),¥(v3)). In addition (by Clalm. ii)), we have N} N N? =0
and Nj N N3 = () (see Figure 3).

Fix a (k —r)-set S == {i1,...,ik—r} C {1,144, j«} such that

max {[Vj|: j € S} < min{|vj|: je {1,@,;;}\5}.



° 5 e °
vy Ni.
N—] —
— —
3
(-] N]*
v3
L J . J/ . J/ . J . J . J . J . J
1 Vi, Vi. small parts

Figure 3: auxiliary figure for the proof of Claim [2.10]

Let (m,£) € {(ix, 1), (4x,2), (Js, 1), (j«,3)} be a member such that

4 .
| Ny | = min {|N |, [NZ]ING | ING T}

)/4.

Since there are ¢ < r — 2 large parts and V; is large, each V; is small for j € S. By
Proposition there exists e € H containing vy such that ¢(e) = S (see Figure [2| for the
case ({,m) = (1,i4)). Let u denote the vertex in e N Vj,, noting that u € N’,. Observe
that Ny(e\ {u}) C N5, UV, U---UV;,_ . Hence,

In particular, |N% | < (|Vi, | + |V;,

Vi |+ V.|
4

dy(e\ {u}) < INL|+ Vil + -+ Vi, | <

Vil o Vi |

Let I == {j € {1,is,4:}: Vj is small} and p := |I|, noting that p > k—2—-q >k —r
(recall that V; is large). In addition, since k > 422 we have p < k — 3 < 4k — 4r. It

follows from the definition of S and a simple averaging argument that |V, |+---+|Vi,_ | <
k—r
P

-2 jer |Vj|. Therefore, the inequality above for dy (e \ {u}) continues as

Vil +1Vi| k-
e’ (up) < B 2T 5y,

jel

which implies that |Vi*|—|—|Vj*|—i—4(k_r) >ier Vil = 4-6% | (H) > 4-3230E Ly Consequently,

p
n=7_ Vi

1€[k]
4k —r) dk—r)—p
= V1| + !‘€*|4-|V9*\+-‘**};“* Vil "““‘};““"EE:“9|'* >
jel g€l FE{Lix, g NI
3n 3k—3r+1 Ad(k—r)—p 3n 3(k—3—p)
4. _ LD —

T R T S » T R T

a contradiction. [

Claims 2.9 and together with Proposition imply that H is uniquely k-colorable,
contradicting the assumption that H is not uniquely k-colorable. |
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Next, we prove Theorem for the case k < MT*Q. The proof closely parallels that of

Proposition

Proof of Proposition|2.7. By contradiction, let r be the smallest integer for which Propo-
sition fails. Note that the case r = 2 is is vacuously true, as 2 =r < k < 47"3 2 -2
So we may assume that r > 3. Let H be an n-vertex k-partite r-graph without isolated

vertices and with & | (H) > & k_:‘gln that is not uniquely k-colorable.

Fix ¢ € Hom(H, K}) and let V; = ¢~ !(i) for i € [k]. Let p := |I,| and recall from
Proposition that p > r. By relabelling vertices in K} we may assume that I, = [p],
ie. Vi,...,V, are good sets.

Fix an arbitrary homomorphism ¢ € Hom(#, K})).
Claim 2.11. For every i € [p] and v € V;, the following statements hold:

(1) [9(Ny(v) O V)| =1 for every j € [K]\ {i},
(ii) 9(Ny(v) NVj) # D(v) for every j € [k]\ {i}, and
(iii) 9(Ny(v) NVj) # I(Ny(v) N Vjr) for all distinct j, 5" € [k] \ {i}.

Proof of Claim[2.11] The proof is similar to that of Claim Fixi € [¢] and v € V;. We

may assume that ¥(v) =i Let N = Ny(v), noting that N C V' \ V;. Since i € [p], we
have [N| <n —[Vj| <n — 5. Since both k and r are integers, the assumption k < a2
implies that k < 4222, Thus, we have k — 1 < %

We consider the link Ly (v) as an (r — 1)-graph on N, and, in particular, Ly(v) contains
no isolated vertices. Notice that Ly (v) satisfies

k—r+1 k—r+1 n k—r+1
( ) NI,

+ L > + = -
6r—2( 'H(U)) —57’—1(?—[) > k+2 n k41 ) k+1

A(r—1)—2 3(k—1)—3(r—1)+1 k—1)—(r—1)+1
Ik —1 =4 3) , then 2 3(271()72) = { (lz—g)+2)

tion that Ly/(v) is uniquely (k — 1)-colorable. If £k — 1 < 4(T_31)_2, then it follows
from the minimality of r that Ly /(v) is uniquely (k — 1)-colorable. Thus, in both cases,
Ly(v) is uniquely (k — 1)-colorable. Therefore, the induced maps |y, V| y (viewed as
homomorphisms from Ly (v) to K,’;_%) are equivalent. This implies Clalmﬁn,

|

and

Next, we show that [J(V;)| < 2 for every ¢ € [k]. By Proposition this will complete
the proof of Proposition We will achieve this in two cases, addressed in Claims [2.12

and respectively.
Claim 2.12. We have |9(V;)| < 2 for everyi € [p+ 1, k].

, and it follows from Proposi-

Proof of Claim[2.13 The proof is similar to that of Claim Fixi € [p+1,r] and v € V;.
By Proposition there exists e € ‘H containing v such that

min {|[ul|: u € e\ {v}} > max {|Vjl: j € p(e) }

11



Since |J,| < r —2 (by Proposition , we have J,, C ¢(e). Thus, ¢(e) C J,. Let

X = Ny(e\ {o}) N Vi = Nu(e\ {vh)\ | V5.

jep(e)
Then simple calculations show that
—r + 1 3n
X| 2 dle\ o) = 30 Wil > = (=) oo

JEp(e)

no |
>

|

1 1
T3 Er2 T Bk—2)(k+2)" 3 Ey2

Fix j € p(e) N I, and let u denote the vertex in V; Ne. The existence of such a j is
guaranteed by the definition of e; in fact, by Proposition we have p(e) \ {i} C I,.
Note that X C Ny(u) and v € X. It follows from Claim [2.11] “. (1)| that [9(X)] = 1. In
particular, X C [v]y. Therefore,

Vil
o s
Since v was chosen arbitrarily, we conclude that |¢(V;)| < \V:/I )3 3. |

Claim 2.13. We have |9(V;)| < 2 for every i € [p].

Proof of Claim[2.13. The proof is similar to that of Claim Suppose to the contrary
that there exists ¢ € [p] such that |9(V;)| > 3. By symmetry, we may assume that ¢ = 1.
Let v1,v9,v3 € V7 be three vertices such that ¥(v1),¥(v2),¥(v3) are pairwise distinct.
Let N} := Vj N Ny(v;) for (i,5) € [3] x [k]. By Claim there exists a unique pair
{ix,Jx} C [2,k] with s # ¢ such that (ﬁ(Nii),ﬁ(NJ-l*)) = (¥(v2),¥(v3)). In addition (by
Claim , we have N! N N2 = and le* N N;’* = 0 (see Figure 3.

Let (m,£) € {(ix, 1), (44,2), (J, 1), (j«,3)} be a member such that

)/4.

By Proposition there exists e € H containing vy such that

In particular, |[N%| < (|Vi,| + Vi,

meg(e) and min{lp~'(j)]: j € p(e)\ {1m}} = max {|o™"(j)|: j € p(e) } -

Assume that p(e) = {i1,...,ir_,}. Let u denote the vertex in eNV;,, noting that u € NJ,.
Observe that Ny(e\ {u}) € N, UV;, U---UV;,_ . Therefore,

Vil + |V,
dnle\ {u}) < NG|+ Vi o+ 1V | < Dl TV

+|‘/7:1|+.“+|‘/ik7'r|7

which implies that

4(k—r+1)

Vil +1V

FA(Vi |+ Vi, |) =467 (H) >

12



Consequently,

D SN B SN S

n=> [Vil=il+ | Vil + 1V,

jE[k*T} jek T‘] je{l,i*,j*}
n 4k —r+1)
st M Y M Y W 3)
jE€[k—7] JE{Lyix,gx}

Since both k£ and r are integers, the assumption k < ‘“"T*Q implies that k < 47"5 3 which

is equivalent to 4(k — r) < k — 3. Therefore, we can choose a set S C {1, i, j«} of size
4k — 4r such that

max {|Vj|: j € S} < min{yvj\; je {1,i*,j*}\8}.

Let T := {1,144, j« }\ /S, noting that |T| = 4r—3k—3 < r—3 < |I,|—3 (the second inequality
is due to Proposition . So, by the definition of S, we have T' C I,. Therefore,

— 3k — 3
SNoowil—a > iyl Y Z]V|>Z\V|> P
GE€{L i g} j€lk—r] ]E{l,i*,j*} Jes JET
Combining this with , we obtain

" n 4. k—r—+1 +47"—3]{:—3
_ n n=mn
k+2 k+2 k+2 ’

a contradiction. |

Claims [2.12] and 2.13] together with Proposition [2.4] imply that # is uniquely k-colorable,
contradlctmg the assumption that H is not uniquely k-colorable. |

2.4 Proof of Proposition

We prove Proposition in this subsection. The following structure will be crucial for
the proof.

Let m > r > 2 be integers and ¢q = {T_*SJ. Given an ordered vertex set (vi,...,vm),
the r-uniform quasi-sunflower on (vy,...,v,,), denoted by 8" (v1,...,vy,), is the r-graph
with edge set

{{/Ula Tty Ur—1, vm}v ) {U(q—l)(r—1)+la 0 Ug(r=1)s Um}7 {’Ume+1a T ,Um}} .

The following fact about quasi-sunflowers can be derived through a simple inductive ar-
gument (see Figure {4)).

Fact 2.14. Let k > m > r > 2 be integers and V = (v1,...,vy) be an ordered vertex set.
Suppose that H is an r-graph on V' such that 8" (v, ...,v;) € H for every j € [r,m]. Then
every pair of vertices in V is contained in some edge of H. In particular, p(v1),...,o(vm)

are pairwise distinct for every homomorphism ¢ € Hom(H, K}).

Now we are ready to prove Proposition

13



Figure 4: S3(1,...,5) — 83(1,...,6) — S3(1,...,7).

Proof of Proposition[2.5 Let n >k > r > 2 be integers. Let ¢ and s be integers satisfying
k—1=gq(r—1)4+sand 0 < s <r—2. Assume that every homomorphism in Hom(#, K7,) is
small. Fix ¥, p € Hom(#H, K7) and let V; := ¢~1(i) for i € [k]. Note from the assumption
that J, = Jy = (). The key step in this proof is to show that [J({;c; Vi)| < r for every
(s 4 1)-set I C [k] (i.e. Claim[2.17).

Claim 2.15. Let I C [k] be a set of size s+ 1. For every i € I and v € V;, there exists an
ordered vertex set (vi, - ,vp_s) C Ujem Vj with vi = v such that

S"(viy - yvp) CH  for every L€ [rk—s].

In particular, by Fact Y(), H(va),...,Hvk_s) are pairwise distinct.

Proof of Claim[215. FixI € ( s[ﬂ)’ i € I, and v € V;. We will find inductively the ordered
vertex set (vy, -+, Vk_g) C Ujemvj with v; = v such that S"(vy,--- ,v7) C H for every
teirk—s.

The base case ¢ = r is guaranteed by Proposition so it suffices to focus on the

inductive step. Suppose that we have found an ordered vertex set (v1,...,v) € Uj eI Vj
with v; = v for some ¢ € [r, k — s — 1] such that S"(v1,...,v;) € H for every j € [r,{]. Let
t:= V:—}J <qg-—1. Let

r

ej = {ve_1)j11 - V-1 § for j€ (0,6 —1], and e = {vp_ryo,... v}

Since 8" (v1,...,vg) C H, we have e; € OH for every j € [0,1] (see the red pairs in Figure[d]
for the case r = 3). Let

U = Ny(eo) -+ N Ni(er):

Consider the number of pairs (ej,u) with j € [t] and u € V(H) such that e; U {u} € H.
For each ej, by the assumption on 5;“_1(7-[), the number of possible choices for u is greater
than %n On the other hand, for each u € V(H) \ U, there are at most ¢ choices for
ej; and for each u € U, there are at most ¢ + 1 choices for e;. Therefore, we obtain

3k—3r+1
Ul-(t+ 1) +(n—|U)t>@+1). 22
3k —2
It follows that
3k—3r+1 3(r—1) _ 3k—3r+1 3(r—1)  3s+1
I — 7 S > — —1) - = 4
Ul> =557 2 "2 ai_p " gy =g 4
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which is greater than s - z2%> > > jeng [Vil- Therefore, U\ U ep iy Vi # 0

Fix a vertex vip1 € U\ Ujep gy Vj- It follows from the definition of U that the set
{e; U{ves1}: 7 € [0,¢]} C H forms the quasi-sunflower S"(v1,...,ve41) (see Figure H4]).
This concludes the proof of the inductive step, and hence, the proof of Claim [2.15] |

u

Figure 5: S3(1,...,7) — 83(3,4,5,6,2,7, u).

Claim 2.16. Let I C [k] be a set of size s+ 1. For every v € |

Vj, we have

jel
n

plon UV >y (5)
JeI

Proof of Claim[2.16. Fix I € (S[J’i]l), iel,andveV;. Let (v, - ,v5_5) C Ujemvj be
an ordered vertex set, with v; = v, as guaranteed by Claim Let

€ = {ve_1)j415 - V-4t for j € [g—1] and e = {v2,v3,...,vp_1,Vk_s}.

Since S™(v1, -+ ,vk-s) C H, we have e’ € OH for j € [g] (see the yellow pairs in Figure
for the case r = 3). Let

M = Ny(€h) N+ (1 Nyg(e}).

It follows from the definition of M that for every vertex u € M, the set {e} U {u}: j €

[q]} € H forms the quasi-sunflower S"(vg, ..., vp—s,u) (see Figure [5)). Therefore, similar
to Claim [2.15] we obtain

Y(u) € [k]\ {F(v2),...,vg_s)} for every wu € M.
In particular, 9(M) C [k] \ {9(v2),..., P (vk—s)} has size at most s + 1.
A proof similar to that of yields

3s+1
|M| > 3o (6)
On the other hand, since ¥ is small, we have
1. 1. 3n .
971G ML < 07 < 22 for every € 9(M). (7)

Combining this with (), we obtain ¥(M) > s+ 1, and hence, J(M) = s+ 1. This implies
that 9(M) = [k] \ {9 (v2), ..., ¥ (vk_s)}. Since ¥(v1) € [k] \ {F(v2),...,Hvk—s)} = (M),
it follows from that

3n n
NM|>|M|—s- .
Recall that v1 = v and M C | ;er Vj. Therefore, the inequality above implies (15)). |
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Claim 2.17. We have [J(U;c; Vj)| < 1 for every (s + 1)-set I C [k]. In particular,
[9(Vi)| < r for every i € [k].

Proof of Claim[2.17. Suppose to the contrary that |79(Uje[ Vj)| > r+12> s+ 3 for some
(s+1)set I C [k]. Fixi € I and v € V. Let (v1, - ,v5—s) C Ujemvj be an
ordered vertex set, with v; = v, as guaranteed by Claim Let M be be defined
as in the proof of Claim Recall that 9(M) = [k] \ {9(v2),...,0(vk—s)} has size
s + 1. So, there exist two vertices wi,wy € UjeIVj with ¥(w1) # J(wz) such that
{H(wy), Hw2)} C {H(v2),...,(vg_s)}. In particular, M N [wi]y = M N [wa]y = 0. So, it
follows from and @ that

3(s+1) 1)
U V| = |lwilo 0| J V5| + |[walo 0 [ V5| + [M] > e
jerl jerl jel
However, since ¥ is small, we have ’U el Vj‘ (s+1)- Sk 5, a contradiction. 1

By Proposition 2.5 to finish the proof, it suffices to prove that [9(V;)| < 2 for every i € [k].

Suppose to the contrary that |¢(V;)| = p > 3 for some i € [k]. Then, by averaging, there
exists a vertex v € V; such that |[v]y N V;| < M' < (3k 5 S 3Eoge Since [9(Vi)| <7 (due
to Claim [2.17] -, Proposition -m ensures the existence of an edge e € H containing v

such that ¥(V;) C ¥(e). This implies that Ny(e \ {v}) NV; C [v]p N V;. Therefore,

Vil (b B Bl
3k — 2 3k—2

dy(e\ {v}) < |[v]

j€p(e)

contradicting Inequality (|2f). |

2.5 Proof of Proposition

We prove Proposition in this subsection. The following results will be useful.

Recall from Section that the (r — 2)-th shadow 9,_oH of an r-graph H is a graph, where
{u,v} € 0,_9H if and only if it is contained in some edge of H.

Proposition 2.18. Letn > k > r > 2 be integers and H be an n-vertex r-graph satisfying
Assumption @ Let ¢ € Hom(H, K},). For every pair {u,v} € 0r—oH, there exists an
edge e € H containing {u,v} such that

min {|[w],|: w € e\ {u,0}} > max{|g~(0)]: i € p(e) } .
In particular, by Proposition 0~ 1(i) is small for every i € p(e).

Proof of Proposition[2.18. The proof is analogous to that of Proposition Fix ¢ €
Hom(H, K},) and {u,v} € 0,_2H. Recall from Proposition that |J,| <r —2.

First, we claim that there exists an edge é € #H containing {u,v} such that J, C ¢(€).
Indeed, choose an edge € € H containing {u, v} such that [p(€)NJ,| is max1m1zed Suppose
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to the contrary that J,  ¢(€). Then there exists a vertex w € € such that [w], is small.
Similar to the proof of Proposition [2.1] it follows from the maximality of € that

dy e\ {w}) < > Iso‘l(j)lS(k:—?“)-g,:)ﬁ2 < 31{3_/{3—74;1”’

j€doUp(e\{w})

contradicting Inequality . Therefore, we have J, C ¢(€).

Fix a set I C J, U {p(u), p(v)} of size r — |J, U {¢(u), ¢(v)}| such that

min {}¢(3)]: i € I} > max { ™" (j)]: j € TUJ, U{p(u), p(0)} }

It suffices to show that there exists an edge e € H containing {u,v} such that ¢(e) =
IT'UJ, U {p(u),p(v)}. Let e € H be an edge containing J, U {¢p(u),¢(v)} such that
|p(e) N I| is maximized. Suppose to the contrary that |p(e) N I| < |I| — 1. Then there
exists a vertex w € e such that ¢(w) € I U J, U {¢(u), p(v)}. In particular, [w], is small.
Therefore, similar to the argument above, we obtain

e\ wh s Y @< ko) o < I,

JelUp(e\{w})

contradicting Inequality (|2f). |

Vi, Uk,

Figure 6: the intersection of two homomorphisms has cyclic structures.

Proposition 2.19. Letn > k > r > 2 be integers and H be an n-vertex r-graph satisfying
Assumption. Suppose that ¢, € Hom(H, K}) satisfy [9(o~1(i))| < 2 for every i € [k].
Then the following statements hold.

(i) There exists a t-set T C [k| for some t > 2, and by symmetry, we may assume that
T = [t], such that 9(V;) = {ki, kiy1} for i € [t], where {k1,...,kt} C [k] is a t-set,
and ki1 = k1 (see Figure @

(ii) Every set T C [k] satisfying the conclusion above must have |T'| > 3.
Proof of Proposition[2.19 Let H, ¢, ¥ be as assumed in Proposition Let V; == o 1(d)
and U; == 9~1(i) for i € [k]. We begin by proving Proposition Note that it suffices

to show that if |9(V;)| = 2 for some ¢ € [k] (which is ensured by the assumption that 9 2 ¢),
then there exists j € [k] \ {¢} with |9(V})| = 2 such that [9(V;) n9(V;)| > 1.

Fix an ¢ € [k] such that 9(V;) = {p, ¢} for some distinct p,q € [k]. This is equivalent to
saying that V;NU, # 0 and V; NU, # 0. Fix a vertex v € V;NU,. By Proposition
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there exists an edge e € H containing v such that p € J(e), ie. enNU, # 0. Let u
denote the vertex in e N U,. Since e N V; # 0, the index j € [k] such that u € V; must
be different from i, i.e. j € [k] \ {i}. Note that u € V; N U, and ¥(u) = p. So we obtain
p € 9(V;) N9(V}), and hence, |[9(V;) NI (V;)| > 1.

Now fix a vertex w € V;NU,. By Proposition there exists an edge € € H containing
w such that j € p(€), i.e. €NVj # 0. This implies that J(é N V}) # ¥(w) = p. Therefore,
Y¥(Vj) has size at least two, and based on the assumption, we conclude that |9(V})| = 2.
This completes the proof for Proposition

Next, we prove Proposition Suppose to the contrary that there exists a set
T C [k] of size two satisfying Proposition Let {k1, k2} C [k] be the corresponding
set guaranteed by Proposition By relabeling the vertices in K}, we may assume
that T'= {1,2}. We may also assume that (k1, k2) = (1, 2), since otherwise, we can replace
¥ with 7 o ¥, where n € Aut(K7}) satisfies (n(k1),n(k2)) = (1,2).

N\ a

U

Us |

Figure 7: auxiliary figure for the proof of Proposition

Case 1: k> %.

Let s := [J, \ {1,2}| < |Jy| < r—2 (due to Proposition R.1|[(ili)). By symmetry, we may
assume

Vi n U] = min {[Vi N Uj[: (i,5) € [2] x [2]}.

In particular, Vi NU;| < (|Vi| +]|V2])/4. Fix a vertex v € V1 NU;. By Proposition
there exists an edge e € H (see Figure [7]) containing v such that

2 € p(e) and max{|w|;ie@}gmin{|m|;ie¢(e)\{1,2}}.

Since |J,U{1,2}| <r—242 =r, it follows from the definition of e that J, C ¢(e), which
implies that ¢(e) C J, U {1,2}. Additionally, it follows from a simple averaging argument
that

k—r
> i< JU({B' Y M=ty X

j€p(e) jeJLU{1,2} j€Jou{1,2}
Therefore,
3k—3r+1
T <dnE\ ) <intil+ 3
j€p(e)
Vil + [V k—r
< : |-
e R s T R |41

jeJ,u{1,2}
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Consequently,

n= Vil 4+ [Vl

| a4 Ve k—r
=4 4 R—— E: Vil
jeJoU{1,2}
3k— (4r —2—s)
SEAEE S wie Y Wl
jeJLU{1,2} JeJo\{1,2}

3k—3r+1 3k — (4r —2—s) 3n 3s

> sk—2 ranens e Chak R R e R T L

W > 0, which follows

from the assumption that k > %.

Case 2: k< 47%2.

Let s := |1, \ {1,2}| > |I,| —2 > r — 2 (due to Proposition [2.3). By symmetry, we may
assume

[VinUy| = min{|[ViNUjl: (i, 7) € [2] x [2]} .

In particular, |[ViNUy| < (|Vi|+|V2])/4. Fix a vertex v € V3 NU;. By Proposition
there exists an edge e € H containing v such that

2€ p(e) and max{|V;|: i€ @} <min {|Vj]: i € p(e) \ {1,2}}.

Note that
E—r+4+1 Vi| + V2|
g P\ S ViU + Y Vi< =+ > Vil
i€p(e) i€p(e)
Therefore,

n_Z\V]—él |V1|+|V2 + Y Wil - S i+ Y

i€p(e) icp(e) i€[3,k]
k— r—i—l
>4 —4 > il+ > il (8)
icp(e) i€[3,K]

Since both k and r are integers, the assumption k < ‘LTT*Q implies that k < %. It follows
that k —3 > 4(k —r) =4 -|¢(e)|. The choice of e implies that

n
Z Vil — 4 Z Vil = ) ){Z|%|}Z(4T—3k—2)'lma

1€[3,k] icp(e) 6(47»727% €T

where the last inequality follows from the fact that |I, N [3,k]| > r —2 > 4r — 3k — 2.
Therefore, Inequality continues as
k—r+1 n

4T (4r 3k —2) -
n > ) n+ (4r — 3 ) )

:n’

a contradiction. |
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Now we are ready to prove Proposition [2.4] and we will proceed by considering two cases
based on the value of k.

Proof of Proposztzonafor k> 4’" 2 Let n >k >r > 2 be integers satisfying k > 2
Let H be an n-vertex k-partite r- graph with no isolated vertices and with 5+ 1(3'-[) >
3oSrtn. Fix ¢, € Hom(’H K7) such that [9(¢71(i))] < 2 for every i € [k]. Let
V; = (i) and U; == 9~ 1(i) for i € [k]. Suppose to the contrary that o 2 9.

Figure 8: auxiliary figure for the proof of Claim

Let T C [k] and {ki,...,k:} C [k] be the t-sets guaranteed by Proposition where
t > 3. Similar to the proof of Proposition we may assume that 7" = [t] and
(k1,...,k) = (1,...,t). For convenience, let B; :=V;NU;4; and C; :=V; N U; for i € [t],
with the indices taken modulo ¢ (see Figure @

Claim 2.20. We have {v,u} & O,_oH for every pair (v,u) € Cy X By.

Proof of Claim[2.20. Suppose to the contrary that there exists a pair of vertices (v,u) €
Cy x By such that {v,u} € 0,_o9H. By Propositi there exists an edge e € H
containing {v,u} such that V; is small for every j € ¢(e). Since Vi = (U1 NVi)U (U2 NV7)
and {v,u} C e, it follows that 1 & ((e) (see Figure[§). If there exists a vertex w € e\ {v,u}
such that [w], is small, then we would have

dyle\{wh) < 3n  3k—3r+1

Vil<(b=r) g5 < g5 ™

jeplefwnU{L}

a contradiction. Therefore [w], is large for every w € e\ {v,u}. Together with Proposi-
tion this implies that |J,| =7 — 2 and ¢(e) = J, U {2,t}.

For every i € J,, let w; denote the vertex in e N'V;. From the inequality
3k —3r+1 3n
W”<d“r£(6\{wi})§|%|+ Z Vil <lVil+(k=r—1) .0—
j€p(e)u{1}
it follows that |V;| > 3 . Combining this with Prop051t10n E., we obtain

4n k—r+2 3k—3r+1
:5 V.:E V. E vV _9). .

Jj€Jdy j€Jp
(14 (r—2)k— (r* = 3r+4) .
B Bk —2)(k—r+1)
Since k > [47" 2] simple calculations show that (r (3k)k2)((71; :,%:;34) > 0 forall r > 3, implying
that the inequality above is a contradiction. |
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Figure 9: auxiliary figure for the proof of Claim

Claim 2.21. We have

min {|B;| + [Biy1l, |Ci + |Ciq1]} >

4
% i 5 for every i € [t].

In particular,

for every i € [t].

8n
Vil + |Viga| > 3% — 9

Here, the indices are taken modulo t.

Proof of Claim|2.21 Suppose to the contrary that this is not true. By symmetry, we may
assume that |Cy|+ |Cy| < 52%5. Fix a vertex v € Co. By Proposition there exists

an edge e € H containing v such that
t € ¢(e) and Vj is small for every j € ¢(e) U {1} (see Figure @)

Additionally, we may assume that 1 & ¢(e). Indeed, suppose that 1 € p(e). Then let w
denote the vertex in eNV}. Observe that w must be contained in C (see Figure E[) Since

k> [47”3_ 2], simple calculations show that 3k —3r+1 > 4 for all integers r > 3. Therefore,

3k—3r+1 4n
> >

which means that there exists a vertex @ € V(H) \ C; such that (e \ {w}) U{w} € H. It
is easy to see that w cannot lie in V;. Thus, we can replace e with (e \ {w}) U {w}, and
this new edge will have empty intersection with V;, as desired. Therefore, we may initially
assume that 1 & p(e).

Let u denote the vertex in eNV;, noting that v must lie in Cy (see Figure E[) Additionally,
observe that Ny(e\ {u}) NVy C C and Nyl(e\ {u}) NV; C Cy. Therefore, similar to the
proof of Claim we obtain

3k—3r+1
Sy <dule\ ) ol lcl+ Y W

i€p(@U(1}
4n 3n 3k—3r+1
i TN g = 5

a contradiction. |

<

n,

Claim 2.22. All but at most two sets in {Vi,...,V;} are large. In particular, by Propo-
sition
t<|J| +2<r
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Proof of Claim[2.23 Suppose to the contrary that there exist three sets in {V1,...,V;}
with size smaller than 52, By Claim [Vi|+|Vig1| > 322 for every i € [t]. Therefore,
there exist three sets V;,, V,, Vi, with size greater than 3,§f2 — 3,:;'% = 3,‘22 (note that
this implies that |J,| > 3, and hence, r > 5). Combining this with Proposition [2.1][(Q)} we

obtian

MWVl =Val+ Vil + Vil + > [Vl
JEK] j€finsizsis}
5n k-3 3k—-3r+1 2(3k —4r +17)
. + . =11 n>n,
3k—2 k—r+1 3k—2 Gk—2)(k—r+1)

>3

a contradiction. |

Figure 10: auxiliary figure for the proof of Proposition [2.4

Let 3 be the real number such that } ;. [Vi| = 35%2 It follows from Claim that
B > 4t. By symmetry, we may assume that Bj is the smallest among {B;: 7 € [t]} U

{Ci: i€ [t]}. Tn particular, |Bi| < 3 Y,cy [Vil = gsigy- Fix a vertex v € Bi. By

Proposition and Claim there exists an edge e (see Figure containing

v such that
(S ple) and max{|Vjl: j € p(e)} <min{|Vjl: j € ple\ {o})}.
In particular, it follows from a simple averaging argument that

k—r k—r Bn
| < . | < . — .
S sty X Wi (e gs)

j€p(e) JE[t+1,K]

Since By Ne # () and [t] C p(e), it is easy to see inductively that V; Ne C B; for i € [2,]
(see Figure[L0)). Therefore, Ny (e \ {v}) N Vi C By. It follows that

du(e\ (o)) < B+ Y V] < 2t(3§”_2) *Z:Z'("‘gkﬁfﬁ

j€p(e)
_k:—rni k—r 1 6n
k-t E—t 2t) 3k—2

Since k > 4T3_2 and t > 3, we have

k—t 2t 2(k — t) = 2t(k — t) 2tk —1)

hor 1 _@k—2r 4Dtk 32k—2r+1) -k _Sk-6rt3
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Therefore, the inequality above for dy (e \ {v}) continues as

k—r k—r 1 4tn
< — —— ).
dule\{v}) < g (k—t 2t> 3k — 2
3k—3r+1  (k—r+Lt+k—2r

sk—2 ' Bk-2)(k-1)
3k—3r+1 4k — 5r + 3 3k—3r+1

— <
=T 8k—2 " Bk-k—t) ~ 8k—2
a contradiction. This completes the proof of Proposition for the case k > %—_2. |

Next, we consider the case k < %.

Proof of Pmposmonafor k< 47” 2 Let n >k >r > 2 be integers satisfying k < 4T 2,
Let H be an n-vertex k-partite r- graph with no isolated vertices and with 5 (7—[) >

kkrgln Fix ¢,9 € Hom(H, K}) such that [9(¢~1(i))] < 2 for every i € [k]. Let V; ==

¢~ 1(i) and U; :== 971(4) for i € [k]. Suppose to the contrary that ¢ 2 9.

Let T C [k] and {ki,...,k:} C [k] be the t-sets guaranteed by Proposition where
t > 3. Similar to the proof of Proposition we may assume that 7" = [t] and
(k1,...,k) = (1,...,t). For convenience, let B; :== V; N U;;+1 and C; == V; N U; for i € [t],
with the indices taken modulo ¢ (see Figure @

Claim 2.23. We have {v,u} & 0,_oH for every pair (v,u) € Cy X By.

Proof of Claim[2.23. Suppose to the contrary that there exists a pair (v,u) € Cy x By
such that {u,v} € 0,_9H. Notice that every edge containing {u,v} must have empty
intersection with V. Therefore, we have k > r + 1. By Proposition there exists an
edge e € H containing {u,v} such that

max{m\: i e@} < min {|Vi|: i € p(e) \ {2,t}}.
Fix i, € p(e) \ {2,t} such that
Vi

=min{[Vj|: j € p(e) \ {2,t}}.

Let w denote the vertex in eNV;,. Let K = [k]\ {1,2,t} and T == p(e \ {w}) U {1} C K.
Since Ny (e \ {w}) N'V1 =0, we obtain

k—r+1
k+2

C I < dy (e fw}) < SV

jeT

Choose a set S C [k] of size 2(k — r + 1) such that {1,2,¢} C S. Note that this is possible
since k > r+ 1 (implying 2(k —r + 1) > 4) and k < 4.2 2 (implying 2(k —r+1) <k). B
Proposition we have > . o |Vj[ > 2- 6 (H) > 2 kkfgln On the other hand, 1t
follows from the definition of e and w that

max {|V;|: j € T} <max{|Vj|: j € K\T},

Since S C K and |S| =k —2(k—r+1) > k—r = |T|, a simple averaging argument shows
that

kE—2(k—r+1) k k—r—+1
g > g
'S|V]|_ k— ]ETW' —r k+2 "
je
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Consequently,

—r+1 2r—2—k k—r+1
2. .
D Vil =2 Vil + > IVl > k+2 (- Ktz
JE[K] J€S j€S

(14 g )=

a contradiction. |

Fix a vertex v € By C V;. By Proposition there exists an edge e € H containing
v such that

2 € p(e) and max{m\: i e w} < min {|Vi|: i € p(e) \ {2,1}}. 9)

Let u denote the vertex in e N V5. It follows from Claim that v € By. Let K =
[k]\ {1,2,t}. Note that {2,t} C p(e)

Claim 2.24. There exists a (k—r —1)-set I C p(e) U{1} C K such that

k—r+1
|B1| + | Be| +§€;yvj\ >y (10)
J

Proof of Claim[2.2]] Define an edge € € H and a (k—r —1)-set I C [k]\ {1, 2} according
to the following rules:

o If 1 ¢ ©(e), then let & := ¢ and T := p(e) U {1}.

o If 1 € p(e) and |By| > k;_gln, then let € := e and I C @(e) be an arbitrary set of
size k —r — 1.

e Suppose that 1 € p(e) but |B;| < kk_g'ln Then let w denote the vertex in e N Vj.
Note that w is contained in By since e N B; # (). For the same reason, we have
Ny (e\ {w})NVi C By. Since dy(e\ {w}) > kkfgl > |By], the set Ny(e\ {u})\ By
is nonempty. Fix a vertex w € Ny(e \ {u}) \ Bi, noting that @ ¢ V;. Let € :=

(e \ {w}) U{w} and I := ¢(é) U {1} C p(e), noting that 1 & ¢(é).

Note that in all three cases we have 1 ¢ I and I C ¢(e), and hence, I C ¢(e) U {1}.
Additionally, in all three cases we have {v} = &N B;. Therefore, Ny(é\ {u})NV; C By.
Furthermore, by Claim we have Ny (€ \ {u}) N Vo C By. Therefore, it follows from
the definition of € and I that

k— 1 k— 1
either |By| > Tj_;n or %n<dq{(e\{u}) < \B1|+\B2|+;\Vﬂ-
In both cases, we have kkrﬂn < |B1| + |Ba| + > icr Vil 1

Let I C p(e) U{1l} C K be the (k —r — 1)-set guaranteed by Claim By symmetry,
there exists a (k —r — 1)-set J C K such that

E—r4+1
j —_—n. 11
Gl 1G24 Wl > (1)
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Claim 2.25. There exists a (k—1 —1)-set Q C K \ J such that 3 ;o |Vj| = >, V)l

Proof of Claim[2.25 Note that |[K\J| > k—3—(k—r—1) =r—2 > k—r (since k < #32).
So there exists a (k —r)-set Q C K \ J. Fix i, € Q such that |V;,| = min{|Vj\ 1 j € Q}
K

Fix j. € ¢(e) such that |V}, | = min{|Vj\: Jj€ @(e)}. Let Q == Q\ {i.}. Since ¢(e) C
it follows from (9) that

Sz 3 wil= Y Wil -min{|Vl i e e

JEQ j€p(e)\{jx} j€p(e)

Since I C p(e) has size |¢(e)| — 1, we have

Sl < Y Wil —min{|Vj|: j € oe)}

Jel j€p(e)

which implies that > .o [Vj| = 32,/ [Vil- 1

Let @ C K \ J be the (k — r — 1)-set ensured by Claim m Let R == JUQU{1,2}.
Since |[R|=k—2—(k—r—1)—(k—r—1)=2r—k >k—r—1 (by k < 22), it follows
from Proposition that

2r—k k—-r+1 2r—k
> . — )
Zm'—k—rﬂ k+2 ' kt2

JjER

Combining this with (10)), (L1]), and Claim we obtain

S Vil= | IBil + Ba + > _ [V +<\cn+\czw+21w)+2\w

jG[k] ieQ ieJ i€ER
=Y (CIRERES wii?) B (CTPRESS oii%) RO it
icl = i€R
k—r+1 _I_k—r—l—l +2r—k
n n n=mn
k42 k42 kE+2 ’
a contradiction. This completes the proof of Proposition for the case k < 4T3—_2. |

3 Proofs for Theorem and Corollary

We prove Theorem [1.3] and Corollary [T.4] in this section.

We will use the following result, proved by Frankl-Fiiredi-Kalai [FFK88] and later ex-
tended in [LM21l [LM23].

Theorem 3.1 ([FFKS8g|, [LM21, Theorem 1.17]). Let k > r > i > 1 be integers. Suppose
that H is a k-partite r-graph. Then

(&) <)
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Proof of Theorem[1.5 Let n >k >r > i > 1 be integers. It suffices to show that

1/(r—i 1/(r—1—1
Dy i [ Dpr_1; ! :
k—i < k—i :
(rfi) (rflfi)

Suppose to the contrary that the inequality above is not true. Then there exists a k-partite
n-vertex r-graph H with

NP AN
+ T N rT—1
woo- () ()

r—1—1

and without isolated vertices that is not uniquely k-colorable.

Take an arbitrary e € 0,_;H. Since H is k-partite, the link Ly(e) is (k — i)-partite. Note
that 0Ly (e) = Lay(e), so it follows from Theorem [3.1| that

r—i—1

—i=1\ ()

()

r—i

r—i—1

r—1

k—i Prro1i\ T o
(5 (('H‘)) !

r—1—:

=®p 1, 0N

This implies that OH is a k-partite n-vertex (r — 1)-graph with &;" (OH) > @y 1, -n"~17%
Since H has no isolated vertices, 9H has no isolated vertices as well. Therefore, IH is
uniquely k-colorable. Consequently, H is uniquely k-colorbale, a contradiction. |

Proof of Corollary[1.f} Applying Theorem with (ry,72) = (1,4 + 1), we obtain

k—i\ [ ®rii\"" [(k—i 1 k—i 3k—3i—2)\""
(prié . — - -] . ’ :
ko, <r—z><k—2> <T_Z) <k:—z max{k+2 3k — 2 })

On the other hand, simply calculations show that the construction Hy (1, m) defined in
Section [ satisfies

st ) = () (25) T ot am

. r—i
Since Hy, (1, m) is not uniquely k-colorable, we have ®y, ,.; > (ﬁ:;) (%4-2) forallk > r >

. r—i . .
i > 1. Therefore, @y, ,; = (f:f) (%4_2) for all kK > r >4 > 1 that satisfy ,’:;; > 3]“37;112_2,

which is equivalent to k < #. |

4 Concluding remarks

In general, given two r-graphs H and G, let SHom(#,G) denote the collection of all
surjective homomorphisms from H to G. We say H is surjectively G-colorable if
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SHom(H,G) # 0. Similarly, an r-graph #H is uniquely surjectively G-colorable if
for every pair 11,19 € SHom(H,G) there exists an automorphism n € Aut(G) such that
o1 = Ps.

As one way to extend Theorem Lai [Lai87, Lai89] considered the minimum degree

constraint that forces a graph to be uniquely surjectively Cyg1-colorable.

Theorem 4.1 (Lai [Lai87]). Let k > 2 and n > 2k + 1 be integers. Suppose that G is a
surjectively Cogy1-colorable graph on n vertices with

n
> .
0 = T

Then G is uniquely surjectively Copy1-colorable. Moreover, the constant k%rl s optimal.

Extensions of Theorems|[l.1land[4.1]to general graphs were explored in recent work [HLZ24],
but K} and Coy1 remain the only two classes of graphs for which tight bounds are known.

One could also explore extensions of Theorems and to r-graphs with r > 3. In
particular, the following question concerning the tight cycles seems durable.

Problem 4.2. Letk>r >3 and 1 <i <r —1 be integers. Determine the minimum real
number Wy, .; such that for n > k, every surjectively C} -colorable r-graph without isolated
vertices, and satisfying (5?(7-[) > Wy e n"~t, is uniquely surjectively C.-colorable. Here,
C} denotes the r-uniform tight cycle on k vertices.

Corollary suggests that the extremal constructions for ®y ,;, when k& > 4? 2 might
come from 7-graphs Hy, (o, m). Hence, we propose the following conjecture.

Conjecture 4.3. Suppose that k > r > i > 1 are integers satisfying k > %. Then

@y, i = sup 5;F(Hk’r(a’m) ca>0and me NT} .
" (0 ()

Heuristically, Conjecture becomes more challenging as ¢ decreases, with the hardest
case likely being i = 1. In the following theorem, we determine ®3 31, providing weak
evidence in support of Conjecture [4.3

Theorem 4.4. We have $331 = %8.

Proof of Theorem[{-4. The lower bound @331 > ;% comes from the construction H33(2, m).

So it suffices to prove the upper bound. Let H be an n-vertex 3-partite 3-graph with
2

6(H) > fg. We will show that H is uniquely 3-colorable.

Suppose to the contrary that there exist two non-equivalent homomorphisms ¢,9 €
Hom(H, K3). By symmetry, we may assume that

max {|p ™" (4)]: i € [3]} > max {|97(i)]: i € [3]}.

Let V; == ¢ 1(i) for i € [3] and by relabelling the vertices in K3, we may assume |V;| >
[Va| = |Va]. So [ > 5.

Claim 4.5. For every pair of distinct vertices vi,vo € Vi, there exist vertices u € Vo and
w € V3 such that {v1,u,w} € H and {va,u,w} € H.
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Proof of Claim[{.5 Suppose to the contrary that this is not true. Then for every u € V3
we have Ny (viu) N Ny(vou) = 0. Notice that Ny (viu) C Vi and Ny (vou) C Vi, hence,

2-6(H) < dy(v1) +dy(v2) = Z (N3 (v1w)] + [ N3y (v2u)])
u€eVy

n—Vi[\? _n?
<D Wl=ml- W< () <5
u€eVs

a contradiction. |

It follows from Claim that J(v1) = Y(v2) for every pair {vi,v2} C Vi, ie. [9(V1)| =
1. By symmetry, we may assume J(Vi) = {1}. Let V;; == V; N 971(j) and n;; =
\Vi | for (i,7) € {2,3} x [3]. Note that ng; = n3; = 0, since otherwise we would have
max{|o~1(i)|: i € [3]} < max{]971(i)|: i € [3]}, a contradiction. So ¢~1(1) = V; =
971(1).

Claim 4.6. We have n;j > 0 for every (i,7) € {2,3} x {2,3}.

Proof of Claim[{.6. Let us present only the proof for the case (¢, j) = (2,2) since the other
cases are analogous. Suppose to the contrary that ngo = 0. Then we must have n3 3 > 0
since otherwise we would have ¢ = 9, a contradiction. Let v € V33 be a vertex. Suppose
that {u,w} is an element in Ly (v). Then either (u,w) € Vi x Vo or (w,u) € Vi x Va. By
symmetry, we may assume that (u,w) € Vi x Va. Then {d(w)} = [3]\ {?(v),d(u)} = {2},
meaning that w € Vo N Wa, contradicting the assumption that ng o = 0. |

Let ny := |V;|. Fix a vertex u € V2. Note that §(H) < dy(u) < ny - ng 3. Similarly, we
have

0(H) <ny-nyy; forevery (i,75) € {2,3} x {2,3}. (12)

Summing them up, we obtain

[\

S(H) <y - ng2 + N2 3 1- n3o +n33 nl(n4— ni) - %

Fix a vertex v € V4. Then

2 2
ngo2 +n +
S(H) < du(v) < nns - ns + nasg - ns < <22233> N <"232"32> _

2 4 ni
to (12))). Since the function 2? + (A — x)? is decreasing when z < % = "=, we obtain

5(H) < 2%+ (A— )’ < (5(H)>2+ (”_”1 - 5(H)>2.

ni 2 niy

Let 2 := min {n2’2;n3’3, "2’3+n3’2} and A := "5 Note that x < "™ and z > 0(3) (due

Rearrange this inequality and using the fact n; > %, we obtain

(n —n1)%ng N 2-6%(H)

< s
0< 1 - n-6(H)
nd  6-0%(H) 6 n? n?
<e+——-—n-6H)==(H)— < | [(H) — — 0
< S s = 2 (s - 1) (00 - ) <o
a contradiction. Here the last inequality is due to the fact ’f—; <O(H) < 71‘—;. This finishes
the proof of Theorem [£.4] ]
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Remark. From the above proof, we see that the unique extremal 3-graph achieving
O35 = 1—18 is the 3-graph Hz3(2,m).
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