%31 % % 48 h ¥ ¥ #® Vol. 31, No.4
1999 # 7 A ACTA MECHANICA SINICA July, 1999

& 1E R HES e Ze FnERBE A4 LAY
ERHHEENR G

REL REMKR
(FEMEERKENENIRTER, 416 230027)

¥ TR SEXHFIRKMEREH NSRBI, #9 T Ll Eshelby-Mori-Tanaka
TERBEHEE AR SR SARUERROREIEAR, X T=ZHEXHRRRIKN
EX&RARENH, RATHARSE (REWBR, TEMERIY) RrmSHAERR
KT EAR. EREMLE, BET - E4REAWEXEAFERGET, AR T
HUBHSEBNERGMHONAINEXRR. BE, HERFHRGHARGHSEHRTT o
¥r.

KA EXFHEHE, SHMEKE, Eshelby-Mori-Tanaka 77#k, IERXRH G, MWHR
tisi&

El

i

EZHEXHRREEWETFHEME - KU LNESHE, =W ERKTEH RN
AERBEEAHERE— 5 U FYREHHMERNRGSHEANSROXE, Bi—5
BEAT IR BAL B sS4 40 v it o 2R v SR,

BE SRS ORERENAMER R, Mori-Tanaka H#k P! BB BN —F%
BIGTTE, DEERNNFHRBIEN, FTEA (REER) BABTFHN . ERELERT
RKEMMEER, BMBI ZHNAE. XK B NAZFEESTSRRELMNEMER R
HEAEMBOENHEERTEAN, BRAFEREESR RAENATLHELITE.

EERGNEMARBEN%RARMBBGOREEERR, ENINEABERDSH
HAREHHKRN., RBBREGEGNENERBERAROTTHE. B, BTFRGRENHER
RANMEERERETERR, FHENEARMEIESH. Zheng Fl Bettenl! Fk BB LA H
T ZHBMMERGR—BER, R [5) ERERE, RET RHAME S K S m R R 4
Rirgd. AW, MHORGZREAREN. BRI SARMRGERNN—RTERE
BUREFMARNIOESEER A=4F0, ARGKE D #RSmetas. BR, &
FLAESRGEL O~ RETNE (HKM. M) SHER, BRFBHNERE—ER
B 5],

A XM A Eshelby-Mori-Tanaka /¥, #¥EZMHEXREOELREME, BY TEH
HHERE S AR, FUAEROBRER, NESHEXSLAINO M, BET
FHRGSHERE AR ERGEE, Y3 — S0 050 B AR R R SR,

1 SHESMHEREREEERAR

BEAMREE n MMERRIEN. S4HEERRANTUREE MREER. RAIEE
1998-01-04 B &, 1998-11-04 W 9B XM,
1) PEMER “NE" ERFTEAA FLHRE (KI951-1-201).




476 h =4 = % 1999 £ % 31 %

R FUMBEEBARR G RRBEA—H, EXEED 0" A, HBUEEEREN L, H4K
BHIRGEA co, B r MRRMBOFRERBKER L, KEHEBEBOLEIAN ¢, 1

e =1 (1)

r=0
BESHMREIGAAZBTGHINN N & WEH, RERTPHYREN e U
e=Cv & o=L¢ (2)
Hef C ASAMBKOMERERE, L[AHNMOBEEREKE &3

n n
e=c?+) &", F=c7 P+ 7" (3)

r=1 i=1

Hep, 70 ME® HRAEEMEBFHNAMNE, 70 M HE r MREHERTEY
B SIFPiAE, M Eshelby F3 3 8:8ig ) %

7" = L8 = L, (5 +€Pt) = Lo(e® + & - &) (4)

Wb off 5 et BRHIAE r HEKMBERATNE ¢ SIENSLANNMBRRER, —
FBAR A 3 3 B A1 F R R
e 5 R IAMEER A EBAR T & K FlB AT,

eft = S, et (5)

Heo, S, A% r M¥RH S ki, HoaRAXaT IR [10). kB

ey =[(Lr - LO)Sr]—l(LO - Lr)E(o) (6)
AKX (4), B
g =80 1 2t =50 4 5 ¢f = 4,50 (7)
B,
A, =1+ S,[(L, — Lo)S, + Lo] (Lo - L,) (8)

Iimprifigkag 8K (7) /AKX (3), g
£=) A0, 7= > e L AE® (9)
r=0 r=0

K Ao =1 Hilt, B (2), RIBF

n

L= [ZcrLrAr] [zn:crAr]_l (10)

r=0 r=0

NN EA MR OREKR C N

C= [Zn:chrAr] B [gcﬂ‘lf] (11)

r=0



%4 W RELAS : FEZHTIRMAG AR 0 SHRERBMBR L 477

feald, 243K (10) 1 (11) PRRFEHBBEBAT (L, =0,r=1,---,n) B, BEILEMK
HIBRESLR. JLR
A, =I+8,[I-8,)" (12)

X (10) F1X (11) IAZMESHMERENBEBRBRKBOHEAN. RAIITEHEEITHRR
FERE, MATSR H & PR H.

X B RATH—Mh% HESEESIEABEY TEMRANMEEER. BEd
FESGRHEMOXMENZE, SHEM—HARLTMA—HRKELTE, ARHEFESR, WX
HETEREREE LT ——a50Mm0. 3O (11, 12] HFWRAXMIE, KEROEZIN
SCHR [11] BT L —3E, FEAKRB S BT RHRRBIE SR SRR A

SR (3] M EMLE, AXHESEM—HREHFAIERNITHE, HSIBEEY
®EL.

2 FEHEIRFAMMBIHEFRSEER

2.1 #EFE
KB R EEARERAE M REMRNOEE. HEERE- A& F = HEE MR
RKIREIFRL, WRO=D¥Ha; 0=1,2,3) HHEZDERTH, ZHRRELZOERI S
FIA c1,c0,03. ERGEHA e BIRR, a1 # a2 = a3, AKBHHR o« = a1 /a3, HKLKHE.
ATHRAERBLIZ TR Eshelby i) S5ijr, 3% B, WRIRHERGBITTH S- kBB NE
RELHFTH S- KE. EHFEN, T -FBAEREERKE. R3E A Mathematica 3K
HHERH T ABMMEE ST RS,
2.2 #B

XEEWRENEBI o BRESHRBRIESHR O SHMEBEAR. 125 r HEZN
PR BV BRI B B E,, Gy B v, B3 RO B B A
BB ES 5 E,Go # v.
221 SRAHIZHBREFGESHE (0 #0,cp =c3 =0)

BRI 1 S WE AR RS RN, 55 ML HREEY, B B, Gy,

V12, Gas.

1) &8 FREK (o - 0)

Ey =EyEr[ei Er(1 - vo) + coEo(1 - 1))/
{EoEr(1 = v1) + c2[Eo(1+ 1) — Ey(1 + o)) (Ey — Eg + 20, Eg — 2 Er )+
a1 [EF (1~ vo — 208) = 2B By (1 — vy — 2vo1y) + EZ (1 — vy — 20%)]}
B, = [c1E1 (v + 1) + coEo(v1 + 1)][e1E1(vo — 1) + Eg(vs — o — c11)]
1B (v — 1) + coEo(v? — 1)

~ 1/ coky ca k)
Gaoz =~ -
23 2(u0+1+u1+1

Gy = o
2{E\ + E\vg + a1[Eo(1h + 1) — Ey(np + 1)]}

vz = {EoEi[eyny — vo(vy ~ )]}/




478 bl 2 = i 1999 £ % 31 #

{ - EQEI(I/l - 1) + Cg[— E1(1 + I/o) + Eo(l + Ul)(El - 2E1Vo + E0(2V1 - 1))+
ar(— EF (208 +vo — 1) + 2EB0Ey (2w + vy — 1) — B3 (23 + v — 1))]}

2) FH A EBEE % (@ o)

E, =, E? [vo+1-c1(208 +vo—1)] + B3 (20 +v1 — 1) = Boco (20 + 1 = 1)~ )
coEoEr[ci(dvovs +vo +11 — 2) — 1 — 1]/ B [l/o +1-¢ (21/3 +yy — 1)]

By = {Eo[-E1(3 + 1 — 40)(1 + vo) — coBo(1 + 1)) [e B3 (1 + vo) (=1 + ¢ (20 — 1))—
BEL (= 1+ v +208) = coEoEr(1 + o — e1(—2 + o + 11 + 4uo11))] }/
{cocr B} (vo — 1)(1 + 1)3[=3 — 2¢; + 4(c1 + 1)wp] — A ES [-142¢ (£ -1)]
(1+11)%(2v1 = 1) + coEZE1(1 + vo) (1 + 1) [4 — 6v1 + 4vp(20 — 1)+
eai(L+ v +vo(=1+v1 —dyny)) +6¢3 (o — 1) (=1 411 + 2V0V1)]+
EoE2(1 +14)*[3 — dvp — 2c1[11 + 1o(2 — 3v1 + vp(=3 + 20)) )+ ¢ (14)
G[—1+ 201 + 200(2 + 3v1 — 206 (1 + 201))] + 63 (o — 1) (=1 + vo + 20e1)] }

=~ Eo[Ey(c1 + 3 — 4vo)(vo + 1) + Eo(v: + 1)co]

Gz = — _
2 2(vo + 1){Erco (48 + vo — 3) + Eo(v1 + Der (4 - 3) — 1]}
é . Eo[El (V() + 1)(61 + 1) + Eo(1y + I)Co]
13 — .oy (.. T
2(vg + 1)[E1(vo + L)ea + En(v, + 1){ey + 1]]
5 El(Vg + 1)[—'1/0(‘4; + 21211/1('—1 + Vo)] + Egpeg (21/% +v - ].)
13 =

Ei1(vy + D]e1(2vg — 1) = 1] + Egco(v1 + 1)(2v1 — 1) J

222 FEXARBIRIMH

R (12) /A 11), B RASHZMEXARIRIMEXMBHBHBAE AR, £
SCHEH THERRTL. TR (e < 1), R (@ 2 0) . BRTL (a=1) FBL (¢ 2 0) =
MIEZHFIH AR KR EER BT, BTRERR, XENFIHEAXRMTENT=HT
WAL $PRAMB AR R R R AR

1) FFEZMERTRAMBHBEELER (0 1)

B o RBADER, ARFPEERSBEDE, FHTHALR

Er _ dmac (r=1,2,3) 1

Ey  dAma+c(1+ )16 — 17ra + 16(ra — 1)y)

éts _ 7 Co . .

Go + dler +cs)(vo —1) 16¢:(vo — 1) (r#s#trst=123 > (15)
@ (vy — 2)a 16 — Tra + 8y (T — 2)

E _ 27ra[c,+c_.,— (cr + ¢4 —2)u0—2(cr+ca)u(2,] (rés rs=123)

vo  vo{dma + c.(1 + 1)[16 — 177a + 16(ma — 1)1]} PR TS J

2) FAZHERFRAMH B BERE (0 - )



® 4 M REA% : FEZHFIAMGE B R SABERB B 479

N

Er Co
— = r#s#£t rst=123
Eo  1+42(cs+c)(1—13) (r#s# )
ére Co
= t; r,5,t=1,2,3) ¢ (16)
Go 1+4+cr+es+c(3—41) (r#sstns )
Vrs Vo—ct(2llg+l/0—1)
— = rZs#t rst=1,23).
vo  wll+2(cr +¢5) (1 - 1)] (r#s# )J

3) SRNIMBHFREERE
HTFHEAREEHR, XEFRA Budiansky il 0’Connell'® S| # B G BE R BB LUK 3

B, HEXA
n=Nd/V (17)

RPN RGB YV ABLEH, dRBYLER. 1 ATERAR. Ht ARKEE, o=t/d N
% r MBLGERSHEA

¢y = 4nd’tN,/3V =4rwan./3 (r=1,2,3) (18)

ETRLAMHOSHAEMEB AR (16) #, £ 20, WRESHELRIMHH%E
BB R

= 3
% _ 1 (r=1,2.3
O 1+ —=1-2)n
’;’;r,q /R 1 M _1 2 3
Go T BIzw (r#sms=123)3} (19)
3 2—1/0 e s
‘177'3 1
L 16 (r#s; r,8=1,2,3)
120} 1+?(1'—V§)nr p,
B L% - - -

El E2 E3 EO

MK (19) TR, SNERLABLHMRE (2 =03 =0) HK, 01,70,m3 KENFEFEH
KT P B AS B NAR, B AR R REER B f1 T, TR

HFR RN EARNESEZMATAM RS, B (19) 1 (20) TR, 9 MFRHEMAE
HES, N 3ADRMSE, HNBEE 3 M RGET. ENEARLER=NERSH
BB m,n2,n WES, SEARETLUH=AMIZMER 01,02, 7s KRRV H B,
223 FEZRFRBBAMHOBEERE (02 0,¢1#0,c2#0,¢3=0)

RO BATAEXARBEEEMBOSEHUEROBRTER. H=84F 1,2 5HH
KERAZN, HAMBRZRAEXRERREN, 9 MBI MOBEELE. AW, BTE/LA
FHERE L2 FREXMKRE, BE L FRGREEENRARP, Tk 1,2 H AR
BREEpEERY, DTET 2 RN REEEREAR. BTERE, LAaREN.



480 b ¥ ¥ H® 1999 £ & 31 %

3 FEHEXRMRMTRHMBL KM EHR{GER

3.1 MHGEF
WATHR, REBRREENNEEN—PRELBELORGER. A CEEHHHE
MMM R E RGER. KR ARSHMEME S5 ETRE L ETRMANE K E M
GRS AREEMY, ERLESN, SEWHRTEX, HETATAWMER ¥
BEXRHRG M MRGREER Y 04 E), By, Es, 019, s, U1, Gi2, Gas, Ga1, W
X RGER

E E; )
D11=1—’E§, Dy =1 %}', D33=1-‘—z,
Di=1-22 Dyp=1-28 py=1-2L ( : (21)
140} Vi 140}
623 531 5’12
Dua=1-228 Dyg=1- 3L Deg=1— 222
44 Co 55 Gy 66 Go )

HA Eo,vo,Go 5 ARREG MR MR MEEER, R LB DI E. SN RBA4GH, 7
HRBRESN O, MEMMBHHNERE, ROGXE—BENHMA, Du, i, sz, Da, Dss #
Des B RIBME A 1, {6 Dy, Di3 1 Doz MIRMLHLEE R, SHBKGEBRERX. HEL L,
AXKHICER TRBBEBERENER, hRES5SRORBTUNS. SENAN, R4
AR ENRE LR E.

32 R HEEXE
MRBG RN N R Rk RS

0ij = Lijuen B €ij = Cijuow (22)

B Cij F Liju AR BRGRERESBRNCHHREN R, TLUESR 1) LRGHE
RFER, SBE—FHBOTH, DARSHRER. IERABRETHRETND (HLH. N
F7) e 0 2 S T R 405 B 1 R R

4 FEMSEX = [ IEZHRBEERER S RGO

XFERBMMEEAE, ERASXGRHEERNERT AL, —LKEESHRTE
—HBHHEOBREEEYN. B-REESMBABMBEWHFE, ERBERANER, LA
RAF, EEAFRHSAMERRIMHEER. XBEXUSERHALFOM R AP, i85k k
L, SRR, k5 2 AR RPRL I M B 400 VT BE % 45 45 B9 52 W

Bl 1 WE=FIEO=mEXHE, LEEYH E = 2.76 GPa, vy = 0.35, ZF#H KL
FRER (KEK) THRE: BB L o =a =03 =01, K 2: ay =0y = a3 = 0.5, }¥ 3
ay=az =03 =100. B 1 A=MMELE ¢ =3 =01 BBRGEF D, B o B934, TTUE
H, AEERALBENRGEFOERAE.

Bl 2 WER=EFMHHN=RERZRYG, HBEAYN E) =2.76GPa, v, = 0.35, ZfH R T&
LEAMBMARRE. M 1 o) =25, az = 0.5, az = 0.05, #H 2: o =0.05, az = 25, az = 0.5, #
¥ 3: a1 =05, a2, =005 a; =25 Bl 2 A=FMBFE co =c3 =005 BHRGEF Dy Mo 1
k. ATLUEH, AREBRAFAHTMALRR, YE—-RERTHEERRE.



4 M BEAS  FEZRHFIRRAGR BB SRR R R 481

1.0 1.0
2
1
0.8 0.8
3 3
< 0.6 < 0.6 4
Q Q
0.4 0.4
0.2 0.2
0.2 04 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
Cc1 Cc1
H1 #tRF D1 MARERS ML B2 ®EHEETF D MALHEARSRNZL
Fig.1 Variation of D1 with the volume Fig.2 Variation of Dy; with the volume
fraction of the void fraction of the void

fi 3 WREAMBELENMHHBGHEN. BANBEEEER Fy = 2.76GPa, ZHEX
RKENERIEHE, co=c=c =01, ZHILAKNEREAR, o =0 = a3 =10. T
D11 = Doy = D33, Dyy = D35 = Dgg, D1z = D13 = Doz, ENINEABIAF I vo FIENLWME 3,
e, fRGEFMETIRGE T vo PR NEERN. HE 3 ATA, Dz, Di3,Das
BE vo BHE K, HEBVGBE TN K. B3frt, NE4TR, v SEFHHELERERY
WEAK, Kb, RSy HRER SRR RN vo BRI REER, F3A
FALURE vo BOARL 2 HRMER.

0.5 R ————
N 1.4 — = ~
Dy, 7 Ey=Ex;=E3
Dy
0.4 1.2
1.0
0.3
0.8
0.2
Dyz O G12=Gis=Gx
0.1 04 -
W
0.2
0.20 0.25 0.30 0.35 0.40 0.45 0.20 0.25 0.30 0.35 0.40 0.45
vo Yo
B3 R TFREARRL 1o B B4 SHAEERBESTENT vo L
Fig.3 Variation of the damage Fig.4 Variation of the effective elastic
variables with g constants with vy

5 #it5itit

1) EA Eshelby-Mori-Tanaka 77 #3881, #HTEMENREESHRNSFNERNOEET
HAX fFUS=FRAEEAHARLEAMEXFESSHHOSIHUEE BHTE=



482 ] = 24 # 1999 £ % 31 %

MIER RIS, BEELE. ARNELFHHRRSERBRERENBRARER;

) RETEXREMHKBRGHAN— MR, BT SRS ROTGN S 5HAERX
. ZHRBAKEEMESRE AHBETETERNRLSHLHBRPNSRRGALH
Rk

) MEXHAMHMFHHEUEBNANELWERET THR. IHBHANERI L. B
R 7L BB B AR SR AR B R T RS BE AT T o S LA

4) AR T SHRBGHRON S NRRR, FREYRRGOEL. EELH%R
MBRBEHEE. KX, ERSARRZAYENG, FEX—SHR. RERNBELREGERLYT
B, AR{BAMBRGITANZEET.

g 1R R P RBE I E BRI E B MPFR A X — TR BEMA RN
$ % X W

1 Ji M, Ishikawa H, Anahara M et al. The estimation of fracture resistance of orthogonal three-dimensional
fiber-reinforced composite by DCB testing. JSME Int J, 1997, Series A, 10(1): 37~43
2 Mori T, Tanaka K. Average stress in matrix and average elastic energy of materials witi misfitting inclusions.
Acta Metal, 1973, 21: 571~574
3 Weng GJ. Some elastic properties of reinforced solids with tpecial raterence to isotropic ones containing special
inclusions. Int J Engng Sci, 1984, 22(7): 845~856
4 Zheng QS, Betten J. On damage effective stress and equivalence hypothesis. Int J Damage Mech, 1996, 5:
219~240
5 WEN, BREK, KFX. EZWAiRLEREGONFREE. S1E$M, 1996, 5: 543~549 (Gao Yunxin, Zheng
Quanshui, Yu Shouwen. Dicuble-scalar formulation of isotropic elastic damage. Acta Mechanica Sinica, 1996,
5: 543~549 (in Chizese))
Kachanov LM. "Time of the rupture process under creep condition. Izv Alad Nauk USSR Otd Tekhn Nauk, 1958,
8: 26~31
7 Lamaitre J. Local approach of fracture. Engineering Fracture Mechanics, 1986, 25: 523~537
8 Chaboche JL. Continuum damage mechanics, Part I and Part II. J Appl Mech, 1989, 55: 59~72
9 Eshelby JD. The determination of the elastic field of an ellipsoidal inclusion, and related problems. Proc Roy
Soc, A241, 1957. 376
10 Mura T. Micromechanics of Defects in Solids. 2nd ed. Martinus Nijhoff, publishers, 1987
11 Tandon GP, Wang GJ. The effective of aspect ratio of inclusions on the elastic properties of unidirectionally
aligned composite. Polymer Composite, 1984, 5(4): 327~333
12 Tandon GP, Wang GJ. Average stress in the matrix and effective moduli of randomly oriented composites.
Comp Sci Tech, 1986, 27: 111~132
13 Budiansky B, O’Connrell RJ. Elastic moduli of a cracked solid. Int J Solids & Structs, 1976, 12: 81~97

o



4 M RFLA% : FEZHTIFZMGR BRI SHRER BB 483

THE OVERALL ELASTIC MODULI AND DAMAGE OF
THE MATERIALS CONTAINING ORTHOGONAL
INCLUSIONS AND DEFECTS V

Zhao Aihong Yu Jilin
(University of Science and Technology of China, Hefei 230027, China)

Abstract The effective elastic moduli and damage of materials containing orthogonal inclusions
or defects are investigated in this paper. Based on Eshelby-Mori-Tanaka’s theory, a simplified
formula of the effective moduli for a multiphase, anisotropic composite is developed. The explicit
expressions of the effective elastic compliance tensor of an orthotropic composite reinforced by three
mutually perpendicular families of ellipsoidal inclusions are then derived. These expressions contain
the micro-structural parameters (shape, orientation and volume fraction of the inclusions) of the
composite. A model of orthotropic damage of materials thai combinas m=2croscopic mechanical
properties with micro-structural parameters of the materiz! is proposed. Thz stress and strain
relation with micro-structural parameters is nrescuied. Furthermore, the effects of the micro-
structural parameters on the damage ¢f material arve ansiyzed.

Key words orthet:opic waterial, effective elastic moduli, Eshelby-Mori-Tanaka’s method, or-
thotropic damage, wicro-structural parameters
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