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Abstract

The dynamic buckling of thin isotropic thermoviscoplastic cylindrical shells compressed with a uniform
axial velocity prescribed at the end faces is investigated analytically and numerically. In the first part of the
paper, the stressed/deformed state of a shell is assumed to have buckled if infinitesimal perturbations
superimposed upon it grow. Cubic algebraic equations are derived for both the initial growth rate of the
perturbation and its wavenumber. The wavenumber corresponding to the maximum initial growth rate of a
perturbation introduced at an axial strain of 0.1 is taken to determine the buckling mode. The computed
buckling modes are found to match well with those listed in the available experimental data. A
thermoviscoplastic constitutive relation is used to delineate the influence of material parameters on the
buckling behavior. In the second part of the paper, the finite element method is used to analyze the collapse
of an imperfect circular cylindrical tube with axial velocity prescribed at one of its flat end faces with the
other end face kept fixed. The influence of initial randomly located imperfections on the buckling behavior
is investigated and discussed.
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1. Introduction

Thin-walled circular cylindrical shells are used widely as energy absorbing devices since they are
inexpensive, efficient and reliable. It is important to examine various features of their response in
order to predict the energy-absorbing property and to estimate the associated crushing forces. An
understanding of axial crushing of thin-walled shells under quasi-static loading has been well
established over the past two decades [1]. Generally, due to very low rate of deformation, the
inertia and strain rate effects play a negligible role and the progressive buckling mode is obtained.
The progressive buckling under a quasi-static load results in folds that generally occur at one end
of the shell, though these folds may appear in different forms, such as axisymmetric, concertina,
and mixed mode. When a shell is subjected to a sudden axial load, the response is dynamic plastic
buckling, which may be quite different from progressive buckling. Wrinkling will occur along a
large portion of the length, and folds may also occur if the load is severe enough. The energy-
absorbing characteristics of elastic–plastic shells under impact are often associated with folding
mechanism of deformation [1–6]. A comprehensive review of progressive and dynamic buckling is
given in [1].
Historically, dynamic plastic buckling is associated with high velocity impact of cylindrical

shells made of an aluminum alloy [7,8]. When cylindrical shells are subjected to axial impact at
speeds sufficient to cause a moderate amount of plastic deformation axisymmetric buckling
occurs. Experiments on 6061-T6 aluminum cylindrical shells showed that the wavelengths of
buckled cylinders were uniform along the length and buckled shapes were reproducible. Similar
plastic instabilities have been observed in rods and plates subjected to impact or impulsive loads.
Abrahamson and Goodier [9] investigated the plastic buckling of rods caused by axial impact.
They defined amplification factor as the ratio of the maximum amplitude of the shape
imperfection associated with the nth mode to its average value, and postulated that the structure
buckled when the amplification factor exceeded a prespecified value, say 10. This method has
been successfully used to analyze plastic buckling of rods caused by axial impact [9], plastic
buckling of plates due to in-plane forces [10], and plastic buckling of cylindrical shells under axial
impact [7]. Wang and Ru [11] used the following energy criterion for analyzing the dynamic
buckling of a structure. The structure is unstable if under a kinematically admissible perturbation
superimposed on the dominant motion, the work done by internal stresses is less than the work
done by external forces. The energy criterion has been applied to study the radial buckling of
cylindrical shells by Gu et al. [12]. Batra and Wei [13] have postulated that the buckling mode
corresponds to the wavelength of the superimposed perturbation that has the maximum initial
growth rate, and have used it to study the buckling of a thin anisotropic thermoviscoplastic plate
due to inplane forces.
Dynamic plastic buckling has been associated with high velocity impacts, while progressive

buckling has been assumed for low-velocity impacts [1]. However, some experiments on aluminum
shells subjected to high-velocity impacts, e.g. see [14], also registered progressive buckling, which
means that the dynamic plastic buckling cannot be associated only with the influence of inertia
effects. The experimental study in [15] shows that a variety of dynamic buckling response of
axially loaded shells is caused by coupling of the inertia effect with the inelastic material
properties. Dynamic elastic–plastic buckling is a complex phenomenon which is sensitive to
inertia and strain rate effects as shown in [16–18].
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Recent developments in axisymmetric buckling of circular cylindrical shells have generated
interest in the effects of stress wave propagation [19–22]. It is reported that the inertia
characteristics of the shell, together with the material properties, determine particular patterns of
the axial stress propagation thus causing either dynamic plastic or dynamic progressive buckling
to develop. These simulations did not consider the effect of initial imperfections.
In the first part of the paper we use a perturbation method to analyze the buckling of simply

supported thin cylindrical shells under high speed axial impact. The influence of density, specific
heat, strain hardening, strain-rate sensitivity, thermal softening of material, the applied strain
rate, the shell-wall thickness and the mean radius of the shell on the wavelength of the buckled
shape is investigated. Subsequently, the buckling of circular cylindrical aluminum shells under
low-speed axial impact is studied using the finite element method and the influence of
imperfections is investigated.
2. Dynamic plastic buckling analyzed by the perturbation method

2.1. Formulation of the problem

The dynamic elastic–plastic buckling of structures is a complex phenomenon, due to various
factors such as inertia effects, large deformations, and inelastic behavior. It is thus not possible to
obtain analytical solutions in general cases, so simplified models are necessary for analysis.
Following [1,7,8], it is assumed that during deformation the shell is axially loaded with a uniform
prescribed velocity. The assumption of constant velocity is based on high-speed camera
observations on the deformation of several shells [1,7,8]. It is presumed that strain rates associated
with the unperturbed motion are dominant so that no strain-rate reversal occurs until buckling
has well developed. The von Mises yield criterion and the isotropic strain hardening are envisaged.
Finally, elastic strains are neglected and deformations are regarded as isochoric. A solution of the
governing equations is given for the case of constant nominal strain rate or velocity to provide
simple formulas for the preferred buckling mode. In [7,8] the preferred buckling mode is
determined numerically by the amplification of initial imperfection for linear hardening materials.
Here a closed-form expression for the growth rate of a perturbation of a given wavelength is
derived for a thermoviscoplastic cylindrical shell.
We apply the axial velocity V to the ends of a shell to create a uniform stress field sx;sy and

strain rate field _ex; _ey. Subscripts x and y denote, respectively, the axial and the circumferential
directions. Let the inward radial displacement be wðx; tÞ. Assuming that the sides of the shell
elements formed by planes perpendicular to the shell axis remain plane during longitudinal
bending, the strain rate in the thin shell is given by Florence and Goodier [7] and Lindberg and
Florence [8]

_ex ¼ _ex0 þ z
q3w
qtqx2

; _ey ¼ 1�
z

R

� �
_ey0 �

1

R

qw

qt

� �
, (1)

where _ex0 ¼ �_e0 ¼ �V=L, _ey0 ¼ �_ex0=2, _ex0, _ey0 and _e0 are the axial, the circumferential and the
effective strain rate on the middle surface of the shell, respectively, z is the radial distance from the
midsurface, and R and L are the radius and the length of the shell, respectively.
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It has been tacitly assumed in Eq. (1) that sy0 ¼ 0. Recent three-dimensional (3D) analysis
[19–22] of the stress state of the shell has revealed that it is in a biaxial stress state, i.e.,sxa0,
sya0, sz ¼ 0, during the early stages of deformation. However, it was shown in [19] that stress
states with sy ¼ 0 do exist for particular combinations of shell geometries, material properties and
loading types and it was explained using stress wave propagation. Generally, the assumption
sy0 ¼ 0 is appropriate as small radial displacements and a sustained plastic flow are prevalent
during the impact event.
The incompressibility condition is

_ex þ _ey þ _ez ¼ 0. (2)

Following [7,8], the effective strain rate is given by

_e2 ¼ 2
3
ð_e2x þ _e

2
y þ _e

2
zÞ (3)

and stress components derived from the flow rule associated with the von Mises yield criterion can
be written as

sx ¼
2ð2_ex þ _eyÞs

3_e
; sy ¼

2ð2_ey þ _exÞs
3_e

, (4)

where s is the effective stress.
In the following formulae, terms with powers of z=R higher than one and terms involving

products of displacements have been neglected. Thus, by substituting from Eqs. (1) and (2) into
Eq. (3), the effective strain rate is given by

_e2 ¼ _e20 þ 2_e0
2

3R

qw

qt
� R

q3w
qtqx2

� �
z

R
(5)

or equivalently

_e ¼ _e0 þ
2

3R

@w

@t
� R

@3w

@t@x2

� �
z

R
, (6)

which can be integrated to give

e ¼ e0 þ
2w

3R
� R

q2w
qx2

� �
z

R
. (7)

Eq. (7) differs from the corresponding equation in [7,8] because the effect of initial imperfection
is included in [7,8].
A constitutive relation is needed for further analysis. Whereas a linear relation between the

stress and the strain is assumed in [7,8], a general relation is considered in [13]. For a thermo-
viscoplastic material, s ¼ s e; _e; yð Þ where y is the temperature. For high-speed impact under the
assumptions of constant strain rate, fixed portion of plastic work converted into heating, and
negligible heat loss, it can be reduced [13] to s ¼ sðeÞ. Hence for infinitesimal strain increment e,

s ¼ s0 þ EðeÞe, (8)

where EðeÞ ¼ dsðeÞ=de is the equivalent hardening modulus and s0 the stress level intersected on
the stress axis by the tangent to the stress–strain curve, as shown in Fig. 1.
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Substitution from Eq. (7) into Eq. (8) gives

s ¼ s0 þ EðeÞ
2w

3R
� R

q2w
qx2

� �
z

R
, (9)

where s0 is the stress at the midsurface of the shell. From Eqs. (1), (6), (9) and (4), we obtain the
following expressions for the stress components:

sx ¼ � 1þ
2

3R_e0

qw

qt

� �
s0 �

s0

3
1�

4

R_e0

qw

qt
�

R

_e0

q3w
qtqx2

� ��

þEðeÞ
2w

3R
� R

q2w
qx2

� ��
z

R
,

sy ¼ �
4s0

3_e0

qw

qt
�

2s0

3
1�

2

R_e0

qw

qt
�

R

_e0

q3w
qtqx2

� �
z

R
. ð10Þ

The superscript 0 on s will be omitted in the following expressions for the ease in writing.
Adopting the sign convention used in [7,8], stresses have the following resultant forces and

moments:

Nx ¼

Z h=2

�h=2
sx dz ¼ � 1þ

2

3R_e0

qw

qt

� �
sh,

Ny ¼

Z h=2

�h=2
sy dz ¼ �

4

3_e0

qw

qt
sh, ð11Þ

Mx ¼ �

Z h=2

�h=2
sxzdz ¼

h3

36R
s 1�

4

R_e0

qw

qt
�

R

_e0

q3w
qtqx2

� ��

þEðeÞ
2w

R
� 3R

q2w
qx2

� ��
,
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My ¼ �

Z h=2

�h=2
syzdz ¼

h3s
18R

1�
2

R_e0

qw

qt
�

R

_e0

q3w
qtqx2

� �
. ð12Þ

Here h is the thickness of the shell.
The equation of the transverse motion of a thin cylindrical shell deformed axisymmetrically is

[7,8]

q2Mx

qx2
þNx

q2w
qx2
þ

Ny

R
¼ rh

q2w
qt2

, (13)

where r is the mass density. After substituting from Eqs. (11) and (12) for forces and moments
into Eq. (13), we arrive at

q2w
qt2
þ a

qw

qt
þ b

q2w
qx2
þ c

q3w
qtqx2

þ d
q5w
qtqx4

þ e
q4w
qx4
¼ 0, (14)

where

a ¼
4s

3rR2_e0
; b ¼

1

r
s�

EðeÞh2

18R2

� �
; c ¼

sh2

9rR2_e0
; d ¼

sh2

36r_e0
; e ¼

EðeÞh2

12r
.

By letting the radius R approach infinity in Eq. (14), we obtain the corresponding equation for a
flat plate. The buckling modes of a thin anisotropic plate under impact loading have been studied
by Batra and Wei [13]. Furthermore, by omitting the directional longitudinal bending term in
Eq. (14), we obtain the following equation for a rod [9]:

q2w
qt2
þ ~b

q2w
qx2
þ ~e

q4w
qx4
¼ 0, (15)

where ~b ¼ s=r; ~e ¼ EðeÞh2=12r, and h is related to the radius of the rod.

2.2. Buckling modes

In order to find the buckling mode we perturb the deformed state of the cylindrical shell by an
infinitesimal amount as has been done in Refs. [1,7]. If the superimposed perturbations grow with
time, then the deformed state is assumed to have buckled, and the buckled shape of the shell
corresponds to the wavelength of the perturbation that results in the maximum initial growth rate
of the perturbation.
Let w0ðxÞ ¼ wðx; t0Þ give the deflection of the shell at time t ¼ t0, e0 ¼ _e0t0 the axial strain at

time t0, and an infinitesimal perturbation dwðx; tÞ where sup0pxpLjdw=w0j51 and
sup0pxpLjd _w= _w0j51, be added to it. We assume that the resultant forces and moments are
unaffected by the superimposed perturbation. Also, the perturbation field satisfies the following
boundary conditions at the edges of the shell:

dwð0; tÞ ¼ dwðL; tÞ ¼ 0, (16)

q2dwð0; tÞ

qx2

����
ð0;tÞ

¼
q2dwða; tÞ

qx2

����
ðL;tÞ

¼ 0. (17)
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The perturbation field

dwðx; tÞ ¼ dw�eZðt�t0ÞsinðoxÞ; o ¼ 2pn=L, (18)

where n is an integer, satisfies boundary conditions (16) and (17). There are numerous other
perturbations that satisfy boundary conditions (16) and (17). However, they are not considered
here. In Eq. (18), Z is the initial growth rate of the perturbation at time t ¼ t0 and o is the
wavenumber. A positive value of Z implies that the deformed shell at time t0 is unstable; otherwise
it is stable. Substituting w ¼ w0 þ dw into Eq. (14) and subtracting Eq. (14) from the resulting
equation, we get the following algebraic equation relating the wave number o to the initial growth
rate Z:

Z2 þ ða� co2 þ do4ÞZþ ð�bo2 þ eo4Þ ¼ 0. (19)

In order to find the wavelength for which the growth rate of perturbation is maximum we set

qZ
qo2
¼ 0. (20)

Differentiating both sides of Eq. (19) with respect to o2 and using Eq. (20) we obtain

o2 ¼
cZþ b

2ðdZþ eÞ
or Z ¼

2eo2 � b

c� 2do2
, (21)

where we have tacitly assumed that the denominators do not vanish; a similar assumption is made
in the equations to follow. Substituting from Eq. (21) into Eq. (19), we obtain the following two
cubic algebraic equations for the initial growth rate and the wavelength:

Z3 þ f 1Z
2 þ f 2Zþ f 3 ¼ 0,

o6 þ g1o
4 þ g2o

2 þ g3 ¼ 0, ð22Þ

where

f 1 ¼
4ðeþ adÞ � c2

4d
; f 2 ¼

4ae� 2bc

4d
; f 3 ¼

�b2

4d
,

g1 ¼
4eðe� adÞ � cðce� bdÞ

2dðce� bdÞ
; g2 ¼

2aðceþ bdÞ � 4be

2dðce� bdÞ
; g3 ¼

b2
� abc

2dðce� bdÞ
.

Note that b and e are evaluated at e ¼ e0. The cubic Eq. (22) has either one real root and two
complex conjugate roots, or three real roots of which at least two are equal, or three different real
roots according as ðp1=3Þ

3
þ ðq1=2Þ

3 and ðp2=3Þ
3
þ ðq2=2Þ

3 are positive, zero, or negative,
respectively. Here p1 ¼ �f 2

1

�
3þ f 2, q1 ¼ 2ðf 1=3Þ

3
� ðf 1f 2Þ=3þ f 3, p2 ¼ �g2

1

�
3þ g2,

q2 ¼ 2ðg1=3Þ
3
� ðg1g2Þ=3þ g3. If ðp1=3Þ

3
þ ðq1=2Þ

3
X0, and ðp2=3Þ

3
þ ðq2=2Þ

3
X0 then the only

one real root of the cubic Eqs. (22) is given by

Z ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�q1=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1=3Þ

3
þ ðq1=2Þ

2
q

3

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�q1=2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp1=3Þ

3
þ ðq1=2Þ

2
q

3

r
� f 1=3,

o2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�q2=2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp2=3Þ

3
þ ðq2=2Þ

2
q

3

r
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�q2=2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðp2=3Þ

3
þ ðq2=2Þ

2
q

3

r
� g1=3. (23)
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If ðp1=3Þ
3
þ ðq1=2Þ

3o0 and ðp2=3Þ
3
þ ðq2=2Þ

3o0 then the three real roots of the cubic Eqs. (22)
are given by

Z1 ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�p1=3Þ

p
cosða1=3Þ,

Z2; Z3 ¼ �2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�p1=3Þ

p
cosða1=3� 60�Þ,

o2
1 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�p2=3Þ

p
cosða2=3Þ,

o2
2;o

2
3 ¼ �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�p2=3Þ

p
cosða2=3� 60�Þ, ð24Þ

where

cos a1 ¼ �q1



2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðp1=3Þ

3

q
; cos a2 ¼ �q2



2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðp2=3Þ

3

q
.

We note that which one of the three values of o corresponds to Z1 is determined from Eq. (21).
For a rod with deformations governed by Eq. (15), the analog of Eqs. (23) and (24) is

Z ¼

ffiffiffi
3
p

s
h
ffiffiffiffiffiffiffi
rE
p ; o ¼

ffiffiffi
6
p

h

ffiffiffiffiffiffi
s
E
:

r
(25)

From Eq. (25) we conclude that the initial growth rate of the perturbation and the
corresponding wavenumber increase with an increase in the value of the initial axial stress and a
decrease in the hardening modulus. Moreover, the initial growth rate increases with a decrease of
the mass density but the wavenumber is independent of mass density.
Should o computed from Eq. (24) be such that oL=2p is not an integer then an integer just

below oL=2p or just above it that gives the higher value of Z is chosen.
Recalling expressions for a, b, c, d and e given after Eq. (14) and those for f 1; f 2; f 3; g1; g2 and

g3 given before Eq. (23), we see that the maximum initial growth rate Z and the corresponding
wavenumber o of perturbations depend upon the length of the cylindrical shell and the prescribed
axial velocity V only through _e0 ¼ V=L. Thus for a prescribed nominal axial strain rate _e0, the
buckling of a cylindrical shell is not affected by the aspect ratio L=R.

2.3. Comparison of predicted buckling mode with experimental observations

Florence and Goodier [7] have experimentally studied the dynamic plastic buckling of
cylindrical shells made of 6061-T6 aluminum alloy. Material parameters for their tests are:

r ¼ 2700kg=m3; s0 ¼ 307MPa; E ¼ 724MPa: (26)

Geometric parameters and test results are given in Table 1. For each one of the 24
configurations tested by Florence and Goodier [7], the half wavenumber computed from the
present analysis, with the perturbation introduced at time t0 ¼ 0:1=_e0, is also listed in Table 1. For
the first 20 test configurations, it differs from the experimentally observed one by less than 33%.
Possible reasons for this discrepancy are: (i) the assumption of homogeneous axisymmetric
deformations, (ii) neglect of initial imperfections, (iii) ignoring in expressions (1) and (5) for
strains terms of order higher than one in z=R, and (iv) the simple form (18) of the presumed
perturbation. A real structure most likely has numerous randomly distributed perturbations of
different magnitudes.
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2.4. Influence of parameters on buckling mode

In order to calculate the hardening modulus EðeÞ for a thermoviscoplastic material we assume
that it obeys the following Litonski–Batra thermoviscoplastic relation [23]:

s ¼ sn 1þ
e
ey

� � ~n

ð1þ B_eÞm
~ym �

~y
~ym �

~yr

 !v

, (27)

where s is the effective stress, e the effective plastic strain, _e the effective plastic strain rate, ~y the
temperature, and s�, ey, B, ~ym, ~yr, m, ~n and v are material parameters.
During a relatively high strain rate loading process deformations can be assumed to be locally

adiabatic. A part of the plastic work is converted into heat causing the temperature to rise. For
locally adiabatic deformations, the evolution of temperature is given by

d~y
de
¼

bs
rC

, (28)

where 0obo1 and C is the specific heat. For most metals, 0:85obo0:95.
Suppose that the strain rate is constant. Substitution for s from Eq. (27) into Eq. (28) and

integration of the resulting equation give

~y ¼ ~ym � ð
~ym �

~yÞ exp �
bsneyð1þ B_eÞm

rCðym � yrÞð ~nþ 1Þ
1þ

e
ey

� � ~nþ1

� 1

" #( )
for v ¼ 1, (29)

~y ¼ ~ym � ð~ym �
~yrÞ

1�n
�

bð1� nÞsneyð1þ B_eÞm

rCðym � yrÞ
n
ð ~nþ 1Þ

1þ
e
ey

� � ~nþ1

� 1

" #( )1=1�v

for va1.

(30)

Thus the hardening modulus, shown in Fig. 1, is given by

EðeÞ ¼
ds
de
¼

qs
qe
þ

qs

q~y

d~y
de

. (31)

The terms in Eq. (31) can be evaluated by using Eq. (27) and either Eq. (29) or Eq. (30).
Henceforth we assume that the body is made of HY-100 steel. Values of material and geometric

parameters are listed in Table 2.
Table 2

Values of material and geometric parameters

b _e0 (1/s) r (kg/m3) ~n m ~ym (K) ~yr (K)

0.9 1000 7860 0.107 0.0117 1500 300

C (J/kgK) B (s�1) ey s� (MPa) R (mm) h (mm) v

473 17320 0.007 405 11.43 2.54 1.0



ARTICLE IN PRESS

0.0 0.2 0.4 0.6 0.8 1.0
33

36

39

42

45

48

51

M
ax

. i
ni

tia
l g

ro
w

th
 r

at
e 

(1
03 /

s)

Axial strain

 Max.initial growth rate
- - - -  Half wavelength

10

11

12

13

14

15

H
al

f w
av

el
en

gt
h 

(m
m

)

Fig. 2. Dependence of the maximum initial growth rate of perturbation and the corresponding half-wavelength upon

the nominal strain when the homogeneously deformed shell is perturbed.
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Fig. 2 shows the dependence of the maximum initial growth rate of perturbation and the
corresponding half-wavelength, defined as p=o, upon the nominal axial strain when the deformed
shell is perturbed. It is found that with an increase in the initial strain, the growth rate increases
dramatically at first and soon reaches a plateau. The corresponding half-wavelength exhibits a
similar behavior except that it decreases slowly. Although buckling initiates at a small strain with
a small half-wavelength, however, in dynamic deformations the initial buckling mode may not
prevail since the strain increases rapidly with time and the preferential wavelength may change
during the deformation process. Hence the final buckled shape will depend on the entire loading
history. However, it was observed in [7,8] that the buckling mode was selected very early in the
deformation process. Without knowing full details of the experiment, henceforth we choose the
buckling mode that corresponds to the perturbation introduced at an initial axial strain of 0.1,
and delineate the influence of different parameters on the buckling mode. The hardening modulus
given by Eq. (31) is evaluated at e ¼ 0:1. While conducting the parametric study, only one variable
is varied at a time, others are assigned values listed in Table 2, and the nominal axial strain rate
equals 1000/s.
Fig. 3a–g exhibits the influence of the strain hardening exponent, strain rate hardening

exponent, shell wall thickness, thermal softening exponent, strain rate, mass density and the
hardening modulus on the half-wavelength of the buckled shape. Results are obtained by using
Eq. (24). The half-wavelength increases monotonically with an increase in the radius of the shell,
the shell wall thickness, the strain hardening exponent and the strain rate hardening exponent,
and decreases monotonically with an increase in the applied strain rate, the mass density and the
thermal softening exponent. A large value of the half-wavelength implies that the cylindrical shell
will buckle as a column. Fig. 3d also evinces that the larger inertia associated with the higher value
of the mass density makes the half-wavelength smaller. We note that Florence and Goodier [7]
tested only aluminum alloy cylindrical shells, and the range of strain rates considered is too small
to compare their results with those of Fig. 3c. Moreover, aluminum is usually less strain-rate
sensitive than steel.
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3. Dynamic plastic buckling analyzed by the finite element method

Dynamic plastic buckling can develop at high strain rates while dynamic progressive buckling
dominates the shell response for a wide range of loading and material parameters especially at low
to moderate strain rates [1]. Dynamic plastic buckling is characterized by an initial wrinkling
within a sustained plastic flow along the shell length during the initial phase of deformation,
but the strain localizes in the case of progressive buckling. In this section, the buckling behavior
of cylindrical shells under relatively low speed of impact is studied by the finite element
method (FEM).
The shell is made of an aluminum alloy that is taken to be homogeneous, isotropic,

incompressible and elastic–plastic with a mass density of 2700 kg/m3. Its Young’s modulus, yield
stress and hardening modulus are 72GPa, 320MPa and 426MPa, respectively. The strain rate
effect is not considered because the aluminum alloy is strain-rate insensitive. Note that in the
perturbation analysis of Section 2, elastic deformations and strain-rate reversals were neglected.
The geometric and material properties used in the simulation are assigned the following values:
the length is 60mm, the radius of the middle surface is 10mm, the thickness is 1.0mm. In
simulations, the shells are sandwiched between two rigid platens. The top platen moves downward
with an axial velocity of 10m/s, while the bottom platen is stationary. Thus deformations are not
symmetric about the horizontal plane passing through the centroid of the shell, and the nominal
strain rate equals 167/s. All contacts, including contact between the shell and the platens, and the
contact between folded surfaces of the shell when they have developed are assumed to be
frictionless. No constraints are applied to nodes at the distal and the proximal ends and the shell is
regarded as simply supported. The numerical simulation is carried out using the FE code MSC/
Dytran. Several test simulations were performed to determine the proper mesh density and the
element size. These exercises suggested that the entire shell be divided into 2500 Belytschko–
Lin–Tsay shell elements and nine integration points be used to evaluate domain integrals. The effects
Fig. 4. Buckled cylindrical shells with 3 different random distributions of imperfections (5 seeds).
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of imperfections have been simulated by many investigators, e.g. see [18]. However, these were not
considered in [19–22] wherein the effects of the stress wave propagation on the buckling behavior
were studied in detail. In all numerical simulations reported in [19–22], the axisymmetric buckling
mode was assumed and 2D axisymmetric solid elements were used. Here, due to the presence of
imperfections and different boundary conditions at the end faces, the deformation is asymmetric,
so the entire shell is simulated. The influence of imperfections is investigated.
In the automotive industry mechanically imposed triggers are often used to control the behavior

of the energy absorber during axial loading. When an imperfection is introduced, asymmetric
deformations appear. Fig. 4 shows three typical buckled shapes of the aluminum alloy shells at a
Fig. 5. Buckled shapes of cylindrical shells with 2 different randomly distributed imperfections (50 seeds) at

DL=L0 ¼ 0:116, 0.232, 0.348, 0.464, 0.58, respectively.
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deformation of DL=L0 ¼ 0:6, where DL and L0 are the axial displacement of the top end and the
initial length of the shell, respectively. These simulations are with different random imperfections
in the form of 30% reduction in the thickness of shell elements. This initial perturbation is quite
different from that considered in Section 2. Different random distributions alter the deformed
configurations but do not significantly change the development of the buckling mode. Fig. 5
shows other 2 typical examples of the buckled shapes for aluminum alloy shells at different levels
of deformation obtained with 50 different random imperfections. It is evident that more
imperfections result in a stronger asymmetric deformation than that observed in Fig. 4. All shells
buckle progressively, with buckling initiating from the distal end.
A quantity of particular interest in the buckling analysis is the axial force as a function of the

axial displacement. The axial forces at the two end faces of a shell are computed and it is found
that there is no noticeable difference between the forces endured at distal and proximal ends due
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to the relatively low impact speed. Fig. 6 shows the force–deformation histories for 3 different
random distributions of imperfections, results plotted in Fig. 6a are with 5 imperfections and
those in Fig. 6b are with 50 imperfections. It is found that the number of imperfections rather than
their locations determines the force–deformation curve. The number of peaks in the
load–displacement curve is more for 5 defects than those for 50 defects. Also, the magnitude of
each peak load is higher for 5 defects than that for 50 defects; however, the average value of the
axial load during the deformation process is nearly the same. Thus the energy absorbed by the
shell for the same axial strain is virtually unaffected by the number of defects. Fig. 7 shows a
comparison of the force–deformation histories for random distributions of 5 and 50 imperfections
and that without any imperfection. It is evident that, by introducing a large number of initial
imperfections in the shell the peak load during the initial and the subsequent buckling can be
significantly reduced. This conclusion is consistent with that obtained in [18].
4. Conclusions

The dynamic buckling behavior of a thermo-viscoplastic thin circular cylindrical shell with axial
velocity prescribed at its end faces is investigated analytically in the first part and numerically in
the second part of the paper. In the first part, cubic algebraic equations for the maximum initial
growth rate of infinitesimal perturbations superimposed upon a homogeneously deformed state
and for the corresponding wavelength are obtained. It is hypothesized that the buckled shape
corresponds to this wavelength. The influence of many parameters on the growth rate and the
wavelength of the buckling mode is delineated.
In the second part of the paper the buckling behavior of a circular cylindrical shell under

relatively low impact speed and containing initial imperfections is studied using the finite element
method. Two mechanisms of buckling initiation are observed for the shell geometry analyzed:
dynamic plastic buckling, when the entire length of the shell wrinkles before the development of



ARTICLE IN PRESS

Z.G. Wei et al. / International Journal of Impact Engineering 32 (2005) 575–592 591
large radial displacements, and dynamic progressive buckling, when the shell folds develop
sequentially.
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