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Abstract. The phenomenological constitutive framework for compressible elasto-plastic solids 
presented by Chen and Lu [1] is extended to the dynamic cases by assuming that the material 
parameter curves in the stress potential depend also on the strain rate. To check the applicability of the 
extended model, three types of dynamic experiments, i.e., uniaxial compression, lateral-constrained 
compression and side-constrained compression tests, are conducted for an open-cell aluminum foam 
at different strain rates. The first two types of dynamic tests are used as characteristic tests to 
determine the material parameter curves at different strain rates which are then used to construct the 
stress potential function in the model. The results show that the stress-strain curves under 
side-constrained compression predicted by the model are in agreement with those obtained 
experimentally. 

Introduction 

Low density metal foams are new materials with promising mechanical, thermal and acoustical 
properties. A wide range of engineering applications is under exploration. In the numerical simulation 
and design of engineering structures using metal foam and foam-based components, constitutive 
models for the foam are required. 
 Considering the compressibility, the geometry imperfections, the complexity of microstructures, 
and the variety of failure behaviors [2-5], a macro-mechanical model of metal foams is extremely 
demanded in engineering applications. A yield surface was derived from the analysis of an idealistic 
metal foam element by Gibson et al [6]. A self-similar yield surface model and a differential 
hardening model were proposed by Deshpande and Fleck [7], based on the quadratic yielding surface 
in the mean stress versus effective stress space found in their experiments. By incorporating the yield 
surface of metal foams derived in [6], Miller [8] extended the Drucker-Prager model and proposed an 
isotropic constitutive model. There were also other constitutive models in the literature and finite 
element codes. These models have different formulations for the yield surface, hardening rule and 
plastic flow rule. A survey of nine constitutive models claiming to be applicable for structural 
considerations of aluminum foams was given by Hanssen et al [9] where experimental and numerical 
validations of some constitutive models were performed. 
 A framework of constructing phenomenological constitutive models for elasto-plastic materials 
was presented by Chen and Lu [1]. A stress potential based on characteristic stress and total strain was 
proposed, which differs from the conventional yield function as no attempt is made to separate elastic 
strains from plastic deformations. The stress potential and the associated constitutive model were 
characterized by a set of multiaxial tests. No information about the initial yield surface and its 
evolution was required. It was shown in our previous quasi-static experimental investigation on an 
open-call aluminum foam and a closed-cell aluminum foam [10] that this model could describe the 
compression-dominant behavior of the foams well. 
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The dynamic response of metal foams is also very important for some engineering applications, 
especially those related to impact and energy absorption. Unfortunately, while many research works 
have been reported for the uniaxial compression behavior of aluminum foams under different strain 
rates, no dynamic constitutive model is available in the literature. In this paper, we extend the 
phenomenological constitutive framework presented by Chen and Lu in Ref. [1] to the dynamic cases 
for metal foams and apply the dynamic constitutive model to an open-cell aluminum foam. Three 
types of dynamic tests were performed and the experimental results are used to validate the model.  

Theoretical Model 

Characteristic Stress and Characteristic Strain. The assumption made in Ref. [1] is that the 
material is isotropic and rate-independent. The characteristic stress and characteristic strain are 
introduced as follows: 
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where  eσ  and mσ  are the Mises effective stress and mean stress, eε  and vε  are the Mises effective 
strain and mean strain, respectively. It can be verified that σ  is related to ε  by 
 

Eσ ε= ,                                                                                                                                         (2) 
 
where  E  and β  are material parameters defined as 
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where E  and ν  are Young’s modulus and Poisson’s ratio, respectively. 

Under uniaxial compression, ucσ  and ε  are simplified as 
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where uσ  and uε  are, respectively, the axial stress and strain under uniaxial compression. 
Lateral-Constrained Condition. The stress and strain under this condition are 

 
11 22 33 12 23 13

11 22 33 12 23 13

  0   0,

    0,   ( 0).k k

ε ε ε ε ε ε ε
σ σ σ σ σ σ σ σ

= = = = = =

= = = = = = ≥

， ，

， ，

                                                               (5) 

 
This is a non-proportional loading condition that ( )k k ε= . σ  and ε  under this condition can be 
obtained as 
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Stress Potential Function. The following stress potential function Φ  is proposed by Chen and Lu 
for cellular metal foams: 
 

2 2
m( ) Y( ) 0Cσ ε σ εΦ = + − = ,                                                                                                       (7) 

  
where ( )C ε  and ( )Y ε  are two material parameters to be determined by characteristic experiments. 
We extend this model to dynamic cases by introducing the strain-rate effect into Eq. 7 that 
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where ( , )C ε ε&  and ( , )Y ε ε&  are to be determined by two sets of dynamic tests, e.g. uniaxial and 
lateral-constrained compression tests. In this case we have 
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where subscripts uc and lc denote the uniaxial and lateral-constrained compression tests 
respectively, and 11 22/ ( , )k kσ σ ε ε≡ = & , which is associated with the lateral-constrained condition 
and need to be  solved simultaneously.  
 Under the lateral-constrained condition, we have 22 33 0d dε ε= = , and it can be approved that 
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which, using Eq. 9, leads to 
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where 2 2/uc lcS σ σ= . 

Thus, ( , )C ε ε&  and ( , )Y ε ε&  can be obtained from Eqs. 9 and 11 when the stress-strain curves in 
uniaxial and lateral-constrained compression tests under different strain-rates are available. It is 
assumed that the stress potential function, Eq. 8, can be used in conjunction with the associated flow 
rule to give the total strain rate as 
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where the proportionality factor λ&  is determined from the consistence condition of plasticity as 
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Side-Constrained Condition. The stress and strain tensors under the side-constrained condition 

are as follows: 
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From Eqs. 12 and 13, in conjunction with Eqs. 1 and 14, we get 
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Since 33 0dε =  and consequently 33/ 0σ∂Φ ∂ = , the relationship between 1σ  and 3σ  can be 

obtained from Eq. 16. On the other hand, from Eq. 15 we have 11
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between 11ε  and 22ε  can also be obtained. So the relationship between σ  and 1σ , and that between 

ε  and 1ε  are established. Finally, the stress and strain curve under side-constrained compression 
condition can be predicted by the model using the stress potential function.  

Experimental Results and Discussion 

The above dynamic constitutive model is validated by experiments using an open-cell aluminum 
foam. Three types of dynamic experiments, i.e., uniaxial compression, lateral-constrained 
compression and side-constrained compression tests, are conducted under quasi-static condition and 
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dynamic conditions at three different strain rates. The experimental setup and parameters used in the 
experiments are detailed in Ref. [11]. Here we only show some typical results. 
 The stress-strain curves obtained experimentally under different constraint conditions are shown in 
Fig.1. The material parameter curves ( , )C ε ε&  and ( , )Y ε ε&  at different strain rates determined from 
the uniaxial and lateral-constrained compression tests are shown in Fig.2. It is obvious that ( , )C ε ε&  
under dynamic condition is different from that under quasi-static condition. 
To validate the dynamic constitutive model presented in the previous section, these material 
parameter curves are used in the model to predict the stress-strain response of the open-cell aluminum 
foam under side-constrained condition. A comparison of the result with that obtained experimentally 
at a strain rate of 1400/s is shown in Fig.3. Although the curve predicted by the model is slightly lower 
than that of experiments, the trend of two curves is consistent. In considering the fact that metal foams 
are highly heterogeneous with large dispersion in strength, the agreement is good. 

Conclusion 

In this paper, the model proposed by Chen and Lu for compressible solids is extended to the dynamic 
cases for metal foams by assuming that the material parameter curves in the stress potential depend 
also on the strain rate. The expressions of the dynamic constitutive model are presented. Three types 
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Fig.1. Axial stress-strain curves of the open-cell aluminum foam under (a) quasi-static 
and (b) dynamic loading 

Fig.2. The material parameter cuves ( , )C ε ε& and ( , )Y ε ε&  at different strain rates 
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of dynamic compression tests, i.e., uniaxial compression, lateral-constrained compression and 
side-constrained compression, are conducted for an open-cell aluminum foam. The first two of them 
are used to obtain the material parameter curves required in the constitutive model. The results are 
then used to predict the dynamic response of the foam under side-constrained compression. It is found 
that the axial stress-strain curve of the foam under side-constrained compression predicted by the 
extended model is in good agreement with the experimental results. So, we conclude that the present 
constitutive model could be used to predict the compression-dominated dynamic behavior of the 
aluminum foam under investigation well. 
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