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This paper presents a postbuckling analysis of carbon nanotube-reinforced functionally
graded (CNTR-FG) cylindrical panels under axial compression. Based on kernel particle
approximations for the field variables, the Ritz method is employed to obtain the discret-
ized governing equations. The cylindrical panels are reinforced by single-walled carbon
nanotubes (SWCNTs) which are assumed to be graded through the thickness direction with
different types of distributions. The effective material properties of CNTR-FG cylindrical
panels are estimated through a micromechanical model based on the extended rule of mix-
ture. To eliminate shear locking for a very thin cylindrical panel, the system’s bending stiff-
ness is evaluated by a stabilized conforming nodal integration scheme and the membrane
as well as shear terms are calculated by the direct nodal integration method. In the present
study, the arc-length method combined with the modified Newton–Raphson method is
used to trace the postbuckling path. Detailed parametric studies are carried out to investi-
gate effects of various parameters on postbuckling behaviors of CNTR-FG cylindrical panels
and results for uniformly distributed (UD) CNTR-FG cylindrical panel are provided for
comparison.

� 2013 Elsevier B.V. All rights reserved.
1. Introduction

Carbon nanotube-reinforced composite (CNTRC) material, known as the replacement for conventional carbon fibers
with carbon nanotubes (CNTs), has drawn considerable attention from researchers in many engineering fields [1–3]. CNTs
have been demonstrated to have high strength and stiffness with high aspect ratio and low density. Considering these
remarkable properties, CNTs can be selected as an excellent candidate for reinforcement of polymer composites. Sun
et al. [4] analytically investigated the axial Young’s modulus of single-walled carbon nanotube (SWCNT) arrays with diam-
eters ranging from nanometer to meter scales. Their results confirmed that CNTs have mechanical properties superior than
carbon fibers.

In recent years, many works have been carried out to study the constitutive models and mechanical properties of CNT
polymer composites. Coleman et al. [5] reported a review and comparison of mechanical properties of CNTRCs fabricated
by different processing methods. Tensile tests of CNT composites have demonstrated that reinforcement with only 1 wt%
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nanotubes resulted in 36–42% increase in elastic modulus and 25% increase in break stress [6]. Gojny et al. [7] investigated
the influence of different types of nanofillers on mechanical properties of epoxy-based nanocomposites and the relevance of
surface functionalisation. They discovered that the strength and stiffness of the nanocomposites produced can be consider-
ably enhanced and a significant increase in fracture toughness was also observed. Pötschke et al. [8] studied rheological
behavior of compression molded mixtures of polycarbonate and carbon nanotubes using oscillatory rheometry at 260 �C.
They discovered that 2 wt% nanotubes caused an obvious improvement in electrical resistivity and complex viscosity. The
thermo-mechanical properties of epoxy-based nanocomposites reinforced by randomly oriented single- and multi-walled
CNTs were examined by Fidelus et al. [9]. These investigations indicated that the introduction of CNTs into a polymer matrix
may greatly improve mechanical, electrical and thermal properties of the resulting nanocomposites.

Since structure elements (beam, plate and shell) are widely used in actual structural applications, it is necessary to
obtain global responses of CNTRCs in actual structure elements. Wuite and Adali [10] presented a multiscale analysis
of deflection and stress behavior of CNTRC beams and a pure bending and bending-induced buckling analysis of a nano-
composite beam was reported by Vodenitcharova and Zhang [11]. Yas and Samadi [12] studied free vibration and buckling
of nanocomposite Timoshenko beams reinforced by SWCNTs resting on an elastic foundation. By using the finite element
method (FEM) based on the first order shear deformation plate theory, Zhu et al. [13] carried out bending and free vibra-
tion analyses of functionally graded CNTRC plates. Shen [14] presented an analysis of nonlinear bending of functionally
graded CNTRC plates in thermal environments using a two step perturbation technique. Based on a higher-order shear
deformation plate theory, the large amplitude vibration of nanocomposite plates reinforced by SWCNTs resting on an
elastic foundation in thermal environments was investigated by Wang and Shen [15]. Effective material properties
estimated by either the Eshelby–Mori–Tanaka approach or the extended rule of mixture were used for investigating
the impact of uniaxial and biaxial in-plane loadings on a functionally graded nanocomposite rectangular plate [16]. In
addition to analysis of beams and plates, much research has been done about CNTRC cylindrical shells. Shen and Xiang
[17] examined the large amplitude vibration behavior of nanocomposite cylindrical shells in thermal environments. Aragh
et al. [18] studied natural frequency characteristics of a continuously graded CNT-reinforced cylindrical panel based on
the Eshelby–Mori–Tanaka approach. Based on the multiscale approach, numerical simulations were carried out for ther-
mal buckling and postbuckling analysis of nanocomposite cylindrical shells subjected to a uniform temperature rise [19].
For nanocomposite cylindrical shells subjected to axial and pressure loads, a postbuckling analysis was also conducted by
Shen in [20,21].

The main purpose of the present work is to investigate the postbuckling behaviors of carbon nanotube-reinforced func-
tionally graded (CNTR-FG) cylindrical panels under axial compression. The element-free kp-Ritz method previously used for
plate problems [22,23] is now extended to study CNTR-FG cylindrical panel problems. In this study, the element-free kp-Ritz
method based on the first-order shear deformation shell theory is adopted to derive the discretized governing equations
which are solved by a combination of the arc-length iterative algorithm and the modified Newton–Raphson method, to trace
the postbuckling path. In this paper, several different types of distributions of single-walled carbon nanotubes (SWCNTs) in
the thickness direction are considered. The effective material properties of CNTR-FG cylindrical panels are estimated through
a micromechanical model based on the extended rule of mixture. In computational simulation, several numerical examples
are presented to investigate the influences of carbon nanotube volume fraction, length-to-thickness ratio and radius on the
postbuckling behavior of CNTR-FG cylindrical panels. The effects of boundary condition and distribution type of CNTs are
also examined in detail.

2. Carbon nanotube-reinforced composite cylindrical panels

As shown in Fig. 1, three types of CNTR-FG cylindrical panels (UD, FG-O and FG-X) with length a, radius R, span angle h0

and thickness h are considered in this paper. The CNTs are assumed uniaxially aligned in the axial direction of the cylindrical
panels, that is, UD represents uniformly distributed; FG-O and FG-X denote the other two types of functionally graded
distributions of CNTs which are symmetric about the middle surface of the cylindrical panel. For FG-O type panel, the middle
surface of the cylindrical panel is CNT-rich and in case of FG-X, both top and bottom surfaces are CNT-rich. As it is well
described that the structure of CNT extensively affects the effective material properties of CNT-reinforced materials [24–
27], several micromechanical models have been successfully developed to predict the effective material properties of
CNT-reinforced nanocomposites, such as Eshelby–Mori–Tanaka scheme [28–30] and the extended rule of mixture [14,31].
Compared with the Mori–Tanaka scheme applicable to microparticles, the rule of mixture is simple and convenient to
obtain the overall material properties and responses of the CNTR-FG structures. In [32], the accuracy of the rule of
mixture was discussed and an excellent agreement was reported between the Mori–Tanaka and Voigt models for
functionally graded ceramic–metal beams. The effective material properties of CNTR-FG cylindrical panels are given accord-
ing to [14]:
E11 ¼ g1VCNT ECNT
11 þ VmEm; ð1Þ

g2

E22
¼ VCNT

ECNT
22

þ Vm

Em ; ð2Þ



Fig. 1. Carbon nanotube reinforced composite cylindrical panels. (a) UD CNTRC cylindrical panel; (b) FG-O CNTRC cylindrical panel; (c) FG-X CNTRC
cylindrical panel.
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g3

G12
¼ VCNT

GCNT
12

þ Vm

Gm ; ð3Þ
where ECNT
11 ; ECNT

22 and Em are the Young’s moduli of CNTs and the matrix, respectively. GCNT
12 and Gm are the shear moduli. With

the knowledge that the load transfer between the nanotube and polymeric phases is less than perfect (e.g. the surface effects,
strain gradients effects, intermolecular coupled stress effects, etc.), gj ðj ¼ 1;2;3Þ , which are CNT efficiency parameters, are
introduced in Eqs. (1)–(3) to consider the size-dependent material properties. Through matching the elastic moduli pre-
dicted by the MD simulations with the solutions of the extended rule of mixture in Eqs. (1)–(3), the values of gj will be deter-
mined later.

Moreover, VCNT and Vm are volume fractions of CNTs and the matrix, related by
VCNT þ Vm ¼ 1: ð4Þ
According to distributions of CNTs in the thickness direction of cylindrical panels, CNT volume fractions VCNT zð Þ of various
types of CNTR-FG cylindrical panels can be expressed as
VCNT zð Þ ¼

V�CNT ðUDÞ;

2 1� 2jzj
h

� �
V�CNT ðFG-OÞ;

2 2jzj
h

� �
V�CNT ðFG-XÞ;

8>>><
>>>:

ð5Þ
where
V�CNT ¼
wCNT

wCNT þ ðqCNT=qmÞ � ðqCNT=qmÞwCNT
; ð6Þ
in which wCNT is the mass fraction of CNTs, and qm and qCNT are densities of the matrix and CNTs, respectively. The overall
CNT volume fractions of UD cylindrical panel and those of the other two types of CNTR-FG cylindrical panels are similar,
which means these three types CNTR-FG cylindrical panels having the same mass and volume of CNTs.

As Poisson’s ratio is not sensitive to position, v12 is assumed as
v12 ¼ V�CNTvCNT
12 þ Vmvm; ð7Þ
where vCNT
12 and vm are Poisson’s ratios of CNTs and matrix, respectively.

Similarly, the thermal expansion coefficients can be calculated by
a11 ¼ VCNTaCNT
11 þ Vmam; ð8Þ

a22 ¼ 1þ vCNT
12

� �
VCNTaCNT

22 þ 1þ vmð ÞVmam � v12a11; ð9Þ
where aCNT
11 and aCNT

22 are thermal expansion coefficients of CNTs. am is the expansion coefficient of the matrix. Since it is as-
sumed that material properties of CNTs and matrix are temperature-dependent, the resulting material properties of CNTR-FG
cylindrical panels, such as Young’s modulus, shear modulus and thermal expansion coefficients, are functions of temperature
and position.
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3. Theoretical formulations

3.1. Total potential energy

According to the first-order shear deformation shell theory [33], displacements ðu; v; wÞ at points ðx; y; zÞ in the panels
are expressed as functions of displacements and rotations of the middle surface of the cylindrical panel:
uðx; y; zÞ ¼ u0ðx; yÞ þ z/xðx; yÞ; ð10Þ

vðx; y; zÞ ¼ v0ðx; yÞ þ z/yðx; yÞ; ð11Þ

wðx; y; zÞ ¼ w0ðx; yÞ; ð12Þ
where u, v and w are the displacements along the x, y and z directions, and ðu0; v0; w0; /x; /yÞ are the displacement compo-
nents on the mid-plane (z = 0). It is worth noting that
/x ¼
@u
@z
; /y ¼

@v
@z
; ð13Þ
which indicate that /x and /y are the transverse normal rotations about the positive y and negative x axes, respectively.
With von Kármán’s assumptions for moderately large deformation, the strain components can be written as
exx

eyy

cxy

8><
>:

9>=
>; ¼ e0 þ zj ¼

@u0
@x þ 1

2
@w0
@x

� �2

@v0
@y þ

w0
R þ 1

2
@w0
@y

� �2

@u0
@y þ

@v0
@x þ

@w0
@x

@w0
@y

8>>><
>>>:

9>>>=
>>>;
þ z

@/x
@x
@/y

@y

@/x
@y þ

@/y

@x

8>><
>>:

9>>=
>>;; ð14Þ

cyz

cxz

� �
¼ c0 ¼

/y þ @w0
@y �

v0
R

/x þ @w0
@x

( )
: ð15Þ
The total in-plane force resultants, total moment resultants, transverse shear force resultants and thermal stress resultants
are expressed as
N
M
Qs

8><
>:

9>=
>; ¼

A �B 0
�B D 0
0 0 As

2
64

3
75

e0

j

c0

8><
>:

9>=
>;�

NT

MT

0

8><
>:

9>=
>; ð16Þ
where matrixes A, B, D and As are in-plane extensional, bending-extensional coupling, bending and shear stiffness, respec-
tively [33]. NT and MT are the thermal force and moment resultants, defined as
NT ¼
Z h=2

�h=2
a11 a22 0½ � Q 11 þ Q 12ð ÞDTdz ð17Þ

MT ¼
Z h=2

�h=2
a11 a22 0½ � Q11 þ Q 12ð ÞDTzdz ð18Þ
The strain energy of the CNTRC cylindrical panel is given as
Ue ¼
1
2

Z
X
eT SedX; ð19Þ
where
e ¼
e0

j

c0

8><
>:

9>=
>;; S ¼

A �B 0
�B D 0
0 0 As

2
64

3
75: ð20Þ
The external work is given by
We ¼
Z

X
uT�fdXþ

Z
C

uT�tdC; ð21Þ
where �f represents the external load and �t is the prescribed traction on the natural boundary.
Eventually, the total potential energy functional of the CNTR-FG cylindrical panel can be expressed as
Ps ¼ Ue �We: ð22Þ
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3.2. Discrete system equations

In this section, the construction of shape functions for reproducing kernel particle method is briefly reviewed. For a cylin-
drical panel domain, the generic displacement field can be expressed as
ðu;v ;w;/x;/yÞ
T ¼

XNP

I¼1

wIðxÞðuI; v I;wI;/xI;/yIÞ
T ¼

XNP

I¼1

wIðxÞuI; ð23Þ
where wI(x) and uI are the shape function and nodal parameter associated with node I, respectively, and NP is the number of
scattered nodes. In reproducing kernel particle method [34,35], the two-dimensional shape functions are defined as
wIðxÞ ¼ Cðx; x� xIÞUaðx� xIÞ; ð24Þ
where Ua(x � xI) is the kernel function and C(x; x � xI) is the correction function introduced to satisfy reproducing conditions
XNP

I¼1

wIðxÞx
p
I yq

I ¼ xpyq for pþ q ¼ 0;1;2: ð25Þ

Cðx; x� xIÞ ¼ HTðx� xIÞbðxÞ; ð26Þ
where
bðxÞ ¼ ½b0ðx; yÞ; b1ðx; yÞ; b2ðx; yÞ; b3ðx; yÞ; b4ðx; yÞ; b5ðx; yÞ�T; ð27Þ

HTðx� xIÞ ¼ ½1; x� xI; y� yI; ðx� xIÞðy� yIÞ; ðx� xIÞ2; ðy� yIÞ
2�; ð28Þ
Now, the shape function can be written as
wIðxÞ ¼ bTðxÞHðx� xIÞUaðx� xIÞ; ð29Þ
Substituting Eq. (29) into reproduction condition leads to
bðxÞ ¼ M�1ðxÞHð0Þ; ð30Þ
where
MðxÞ ¼
XNP

I¼1

Hðx� xIÞHTðx� xIÞUaðx� xIÞ; ð31Þ

Hð0Þ ¼ ½1;0;0;0;0; 0; �T; ð32Þ
The two-dimensional kernel function Ua(x � xI) is defined as
Uaðx� xIÞ ¼ UaðxÞ �UaðyÞ; ð33Þ
where
UaðxÞ ¼ u
x� xI

a

� �
: ð34Þ
The cubic spline function is used here as the weight function u(x)
uzðzIÞ ¼

2
3� 4z2

I þ 4z3
I for 0 � jzIj � 1

2
4
3� 4zI þ 4z2

I � 4
3 z3

I for 1
2 < jzIj � 1

0 otherwise

8><
>:

9>=
>;; ð35Þ
where
zI ¼
x� xI

dI
; dI ¼ dmaxcI; ð36Þ
where dI is the size of the support of node I. dmax is a scaling factor and distance cI is chosen by searching a sufficient number
of nodes to avoid the singularity of matrix M.

The shape function can be expressed as
wIðxÞ ¼ HTð0ÞM�1ðxÞHðx� xIÞUaðx� xIÞ: ð37Þ
Since the present shape function wI(x) does not possess Kronecker delta property, the transformation method [34] is em-
ployed to impose the essential boundary conditions in this paper.



6 K.M. Liew et al. / Comput. Methods Appl. Mech. Engrg. 268 (2014) 1–17
Substituting Eq. (23) into (22) and taking the variation of the total potential energy functional lead to the discrete system
equation
KsðuÞu ¼ F; ð38Þ
where
KsðuÞ ¼ KL þ KNðuÞ; ð39Þ

FI ¼
Z

X
wI

�fdXþ
Z

C
wI

�tdCþ
Z

X
BmT

I BbT

I

h i NT

MT

" #
dX; ð40Þ
where KL and KN(u) represent the linear and nonlinear parts of the stiffness matrix, respectively, and are given by
KL ¼ Kb þ Km þ Ks þ Kt ; ð41Þ

Kb
IJ ¼

Z
X

BbT

I DBb
J dX; ð42Þ

Km
IJ ¼

Z
X

BmT

I ABm
J dXþ

Z
X

BmT

I
�BBb

J dXþ
Z

X
BbT

I
�BBm

J dX; ð43Þ

Ks
IJ ¼

Z
X

BsT

I AsBs
J dX; ð44Þ

Kt ¼
Z

X

�GT
I

�N�GJdX; ð45Þ

KN
IJ ¼

Z
X

1
2

BLT

I SBN
J þ BNT

I SBL
J þ

1
2

BNT

I SBN
J

� 	
dX: ð46Þ

BL
I ¼

Bm
I

Bb
I

Bs
I

2
64

3
75;BN

I ¼ �H�G: ð47Þ
The bending stiffness matrices Kb are evaluated via the stabilized nodal integration [36] and the other stiffness and force
terms Km, Ks, Kt, KN and FI are calculated using direct nodal integration [37] instead of the Gauss integration since the sta-
bilized nodal integration and direct nodal integration may reduce the high computational cost and eliminate errors caused
by the mismatch between the quadrature cells and the shape function supports [38]. Approximations of Eqs. (40) and (42)–
(46) are given by
Kb
IJ ¼

XNP

L¼1

~BbT

I ðxLÞD~Bb
J ðxLÞAL; ð48Þ

Km
IJ ¼

XNP

L¼1

BmT

I ðxLÞABm
J ðxLÞ þ BmT

I ðxLÞ�BBb
J ðxLÞ þ BbT

I ðxLÞ�BBm
J ðxLÞ

h i
AL; ð49Þ

Ks
IJ ¼

XNP

L¼1

BsT

I ðxLÞAsBs
J ðxLÞAL; ð50Þ

Kt ¼
XNP

L¼1

�GT
I ðxLÞ�N�GJðxLÞAL; ð51Þ

KN
IJ ¼

XNP

L¼1

1
2

BLT

I ðxLÞSBN
J ðxLÞ þ BNT

I ðxLÞSBL
J ðxLÞ þ

1
2

BNT

I ðxLÞSBN
J ðxLÞ


 �
AL; ð52Þ

FI ¼
XNP

L¼1

wIðxLÞ�fðxLÞAL þ
XNPb

L¼1

wIðxLÞ�tðxLÞsL þ
XNP

L¼1
BmT

I ðxLÞ BbT

I ðxLÞ
h i NT

MT

" #
AL; ð53Þ
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where xL and AL are the nodal coordinate and representative area, respectively; NP and sL denote the number of nodes on the
natural boundary and the weights associated with the boundary point, respectively. Here matrices ~Bb

I ðxLÞ, Bb
I ðxLÞ, Bm

I ðxLÞ,
Bs

I ðxLÞ, �GðxLÞ and �N are calculated by
~Bb
I ðxLÞ ¼

0 0 0 ~bIxðxLÞ 0

0 0 0 0 ~bIyðxLÞ
0 0 0 ~bIyðxLÞ ~bIxðxLÞ

2
664

3
775; ð54Þ

~bIxðxLÞ ¼
1
AL

Z
CL

wIðxLÞnxðxLÞdC; ~bIyðxLÞ ¼
1
AL

Z
CL

wIðxLÞnyðxLÞdC; ð55Þ

Bb
I ðxLÞ ¼

0 0 0 @wIðxLÞ
@x 0

0 0 0 0 @wIðxLÞ
@y

0 0 0 @wIðxLÞ
@y

@wIðxLÞ
@x

2
664

3
775; ð56Þ

Bm
I ðxLÞ ¼

@wIðxLÞ
@x 0 0 0 0

0 @wIðxLÞ
@y

wIðxLÞ
R 0 0

@wIðxLÞ
@y

@wIðxLÞ
@x 0 0 0

2
664

3
775; ð57Þ

Bs
I ðxLÞ ¼

0 0 @wIðxLÞ
@x wIðxLÞ 0

0 0 @wIðxLÞ
@y 0 wIðxLÞ

" #
; ð58Þ

�H ¼
@w
@x 0 @w

@y 0 0 0 0 0

0 @w
@y

@w
@x 0 0 0 0 0

" #T

; ð59Þ

�GðxLÞ ¼
0 0 @wIðxLÞ

@x 0 0

0 0 @wIðxLÞ
@y 0 0

" #
; �N ¼

Nxx 0
0 Nyy


 �
: ð60Þ
3.3. Postbuckling paths

In this section, incremental-iterative Newton-type method combined with the arc-length method is used to solve the
non-linear equation system. The governing equation (38) can be re-expressed in incremental form as
gðdÞ ¼ Ksd� F ¼ 0; ð61Þ
We assume the external load is proportional to a fixed load F0 as
F ¼ kF0; ð62Þ
Substituting Eq. (62) into (51), the nonlinear equilibrium equation becomes a function of displacements and the load scaling
factor k
gðd; kÞ ¼ Ksd� kF0 ¼ 0; ð63Þ
With the external load changing from kF0 to ðkþ DkÞF0; we can obtain a new equilibrium configuration near the old
configuration
gðdþ Dd; kþ DkÞ ¼ 0; ð64Þ
Applying the Taylor series expansion to the above equation,
gðdþ Dd; kþ DkÞ ¼ gðd; kÞ þ KtDd� DkF0 ¼ 0; ð65Þ
The stiffness matrices can be derived from taking the first and second order differential of potential energy with
displacements
@U
@dI
¼ Ksd; ð66Þ
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@2U
@dI@dJ

¼ Kt; ð67Þ
where
Kt ¼ K0 þ Kn þ KG; ð68Þ
where K0 is the linear stiffness matrix, KG is the geometrical stiffness matrix and Kn is the nonlinear displacement-dependant
stiffness matrix.

Thus the incremental formulae of the equilibrium equation and the displacement are given by
Ddm ¼ KtðdmÞ½ ��1 DkmF0 � gðdm; kmÞ½ � ¼ KtðdmÞ½ ��1 DkmF0 � KsðdmÞdm þ kmF0½ �; ð69Þ
dmþ1 ¼ dm þ Ddm; ð70Þ
where m is the load step number.
An additional constraint equation is needed since Dk is a new variable to be solved for each incremental step. Here the

arc-length continuation is used to provide this constraint. In the arc-length continuation method, subsequent iterations are
applied for each Dk step to reach a new equilibrium. Superscripts n and m denote the nth iteration cycle and mth load step,
respectively. Then the generalized equations of the incremental-iterative formulae are given as
Ddn
m ¼ ðKtÞm

� 
�1
Dkn

mF0 � gn�1
m

� 

¼ ðKtÞm
� 
�1

Dkn
mF0 � Ksðdn�1

m Þdm þ kn�1
m F0

h i
¼ Dkn

m df

� 

m þ DdR½ �nm; ð71Þ
dn
m ¼ dn�1

m þ Ddn
m; ð72Þ
where df
� 


m is one part of the displacement increment from the external load increment and DdR½ �nm is the other one from the
residual forces. Here the increment of the load level parameter Dkn

m is obtained by using an iterative arc-length strategy as
proposed by Crisfield [39].

The convergence for each iteration process is checked by the following error tolerance procedure:
gn
m

�� �� � b Fn
m

�� �� ¼ b � kn
mF0

�� ��; ð73Þ
where b is a tolerance parameter which is set as 10�3.
4. Numerical results

Postbuckling responses of CNTR-FG cylindrical panels under axial compression are investigated in this section. Poly
(methyl methacrylate), referred as PMMA, is selected as the matrix and (10, 10) SWCNTs are selected as reinforcement.
The isotropic matrix has material properties vm = 0.34, am = 45(1 + 0.0005DT) � 10�6/K and Em = (3.52 � 0.0034T) GPa, where
T = T0 + DT and T0 = 300 K (room temperature). Since material properties of SWCNTs are dependent on chirality, size and
temperature [40–43], all material properties of SWCNTs used for postbuckling analysis of CNTR-FG cylindrical panels are se-
lected from MD simulation results reported by Zhang and Shen [31]. In this paper, properties of the matrix and CNTs are
given as at temperature T = 300 K (room temperature), unless otherwise specified. Determining the CNT efficiency parameter
is very important for applying the extended rule of mixture to estimate effective material properties of CNTRCs. g1 is always
taken to be 0.2 for short fiber composites [44]. In this paper, CNT efficiency parameters g1 and g2 are estimated by matching
Young’s moduli E11 and E22 of CNTRCs obtained by the extended rule of mixture to molecular simulation results [45]. As
shown in Table 1, the Young’s moduli obtained from the extended rule of mixture match very well with those obtained from
MD simulation if CNT efficiency parameters g1 and g2 are properly chosen. We assume g3:g2 = 0.7:1 and G23 = 1.2G12 = 1.2G13

according to [45]. For all cases in this paper, the scaling factor that represents the size of the support is set to be 2.2 and a
regular nodal distribution 13 � 13 is used.
ison of Young’s moduli for PMMA/CNT composites reinforced by (10, 10) SWCNTs under T ¼ 300 K (from Shen and Zhang [31]).

MD [45] Rule of mixture

E11 (GPa) E22 (GPa) E11 (GPa) g1 E22 (GPa) g2

94.6 2.9 94.78 0.137 2.9 1.022
138.9 4.9 138.68 0.142 4.9 1.626
224.2 5.5 224.50 0.141 5.5 1.585
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4.1. Postbuckling analysis of isotropic cylindrical panel

In this section, postbuckling analysis of an isotropic aluminum cylindrical panel is considered first to validate the present
formulations. The material and geometric properties of this aluminum cylindrical panel are Young’s modulus E = 10.0 Msi,
Poisson ratio v = 0.33, length a = 14.75 in, width b = 14.5 in., nominal thickness h = 0.13 in. and radius R = 60 in. In this study,
the axial compression loads are assumed to impose only on the curved edges of the panel with the loaded edges clamped and
the unloaded edges simply supported. The boundary conditions are defined as
Fig. 2.
h = 0.13
Clamped ðCÞ : At x ¼ 0; a : v0 ¼ w0 ¼ /x ¼ /y ¼ 0; ð74Þ
Simply supported ðSÞ : At y ¼ 0; b : w0 ¼ /x ¼ 0: ð75Þ
Fig. 2 shows the central deflection w of the panel subjected to axial compression load Pb ¼ ~Nxb (~Nx is the uniformly dis-
tributed load on the curved edges). The corresponding end-shorting response is described in Fig. 3. The results reported by
Thornburgh and Hilburger [46] using a finite element method based on Kirchoff–Love thin shell theory and an experimental
approach are also provided for comparison. It can be seen that the results obtained by the present element-free method are
in reasonable agreement with the solution reported by Thornburgh and Hilburger. Since different shell theories and solution
strategies are adopted in these two studies, it can be observed that the buckling point obtained by the proposed method is a
little lower than that in the literature.
4.2. Postbuckling analysis of CNTR-FG cylindrical panels

Buckling analysis for CNTR-FG cylindrical panels is carried out in which the first four buckling mode shapes of FG-X cylin-
drical panel are obtained and presented in Fig. 4. It follows by a parametric study to investigate the postbuckling response of
CNTR-FG cylindrical panels under axial compression. In this section, the effects of CNT volume fraction, length-to-thickness
ratio and radius on postbuckling behaviors of CNTR-FG cylindrical panels are examined in detail. Also, different types of dis-
tributions of CNTs in the cylindrical panels and two more boundary conditions are considered. The external axial compres-
sion loads are also assumed to impose only on the curved edges. The non-dimensional parameters including a central
deflection �w ¼ w=h, end-shorting �u ¼ u=h and load parameter Nb ¼ ~Nxa2=Emh3 are defined to report the results and typical
results are shown in Figs. 5–18.

Figs. 5 and 6 show the non-dimensional central deflection and end-shorting of various types of CNTR-FG cylindrical pan-
els under axial compression. Geometric properties of the panel are a = b = 0.2 m, h0 = 0.2 rad, R = 1.0 m and h = 0.004 m. The
CNT volume fraction V�CNT is taken to be 0.12. It can be seen that the central deflection increases slowly in the pre-buckling
stage and increases very fast in the postbuckling stage. We also find that there are no apparent buckling points, although the
central deflection increases relatively quickly in the mid-stage between the pre-buckling and postbuckling stages. For end-
shorting in the pre-buckling and postbuckling stages, the relationship of displacement and the load parameter is almost lin-
ear. For different types of distributions of SWCNT in the cylindrical panels, it can be seen that FG-O cylindrical panel has the
lowest postbuckling strength, while FG-X cylindrical panel has the highest postbuckling strength among the three types of
CNTR-FG cylindrical panels, and the postbuckling path of UD cylindrical panel lies between FG-X and FG-O. It is concluded
The central deflection of a curved isotropic aluminum panel under axial compression with CCSS boundary conditions (a = 14.75 in, b = 14.5 in,
in, R = 60 in).



Fig. 3. The end shorting of a curved isotropic aluminum panel under axial compression with CCSS boundary conditions (a = 14.75 in, b = 14.5 in, h = 0.13 in,
R = 60 in).

(a) (b) 

(c) (d) 

Fig. 4. The first four buckling mode shapes of FG-X cylindrical panel.

Fig. 5. The non-dimensional central deflection of FG-CNTRC cylindrical panels under axial compression with CCSS boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 1.0 m, h = 0.004 m, V�CNT ¼ 0:12).

10 K.M. Liew et al. / Comput. Methods Appl. Mech. Engrg. 268 (2014) 1–17



Fig. 6. The non-dimensional end shorting of FG-CNTRC cylindrical panels under axial compression with CCSS boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 1.0 m, h = 0.004 m, V�CNT ¼ 0:12).

Fig. 7. The non-dimensional central deflection of FG-CNTRC cylindrical panels under axial compression with CCSS boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 0.5 m, h = 0.004 m, V�CNT ¼ 0:12).

Fig. 8. The non-dimensional end shorting of FG-CNTRC cylindrical panels under axial compression with CCSS boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 0.5 m, h = 0.004 m, V�CNT ¼ 0:12).
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Fig. 9. The non-dimensional central deflection of FG-CNTRC cylindrical panels under axial compression with CCSS boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 2.0 m, h = 0.004 m, V�CNT ¼ 0:12).

Fig. 10. The non-dimensional end shorting of FG-CNTRC cylindrical panels under axial compression with CCSS boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 2.0 m, h = 0.004 m, V�CNT ¼ 0:12).

Fig. 11. The non-dimensional central deflection of FG-CNTRC cylindrical panels under axial compression with CCSS boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 1.0 m, h = 0.008 m, V�CNT ¼ 0:12).
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Fig. 12. The non-dimensional end shorting of FG-CNTRC cylindrical panels under axial compression with CCSS boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 1.0 m, h = 0.008 m, V�CNT ¼ 0:12).

Fig. 13. Effect of CNT volume fraction on the central deflection of a FG-X CNTRC cylindrical panel under axial compression with CCSS boundary conditions
(a = b = 0.2 m, h0 = 0.2 rad, R = 1.0 m, h = 0.004 m).

Fig. 14. Effect of CNT volume fraction on the end shorting of a FG-X CNTRC cylindrical panel under axial compression with CCSS boundary conditions
(a = b = 0.2 m, h0 = 0.2 rad, R = 1.0 m, h = 0.004 m).
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Fig. 15. The non-dimensional central deflection of FG-CNTRC cylindrical panels under axial compression with CCCC boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 1.0 m, h = 0.004 m, V�CNT ¼ 0:12).

Fig. 16. The non-dimensional end shorting of FG-CNTRC cylindrical panels under axial compression with CCCC boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 1.0 m, h = 0.004 m, V�CNT ¼ 0:12).

Fig. 17. The non-dimensional central deflection of FG-CNTRC cylindrical panels under axial compression with SSSS boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 1.0 m, h = 0.004 m, V�CNT ¼ 0:12).
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Fig. 18. The non-dimensional end shorting of FG-CNTRC cylindrical panels under axial compression with SSSS boundary conditions (a = b = 0.2 m,
h0 = 0.2 rad, R = 1.0 m, h = 0.004 m, V�CNT ¼ 0:12).
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that CNTs distributed close to top and bottom surfaces are more efficient in increasing the stiffness and postbuckling
strength of the CNTR-FG cylindrical panels than CNTs distributed near the mid-plane.

Subsequently, CNTR-FG cylindrical panels with two different radii R = 0.5 m and R = 2.0 m are considered. The effect of
radii of cylindrical panels on the postbuckling behavior is studied. As shown in Figs. 7–10, it can be seen that the change
of radius of CNTR-FG cylindrical panels has little effect on the postbuckling behavior of CNTR-FG cylindrical panels. With
the radius of cylindrical panels changing from 0.5 to 2.0, the postbuckling strength is slightly decreased. We have also
observed that the slope of the postbuckling curves in the postbuckling stage is slightly increased with the increases of
the radius of CNTR-FG cylindrical panels.

Fig. 11 shows the non-dimensional central deflection of thicker CNTR-FG cylindrical panels (h = 0.008 m) under axial
compression. The corresponding end-shorting response is depicted in Fig. 12. It can be seen that the trends of the non-
dimensional central deflection and end-shorting are similar to those in Figs. 5 and 6. The result also confirms that thicker
CNTR-FG cylindrical panels have higher postbuckling strength. Compared with results in Figs. 5 and 6, a similar effect of
the distribution types of CNTs in the cylindrical panels can also obtained.

Figs. 13 and 14 show the non-dimensional central deflection and end-shorting of a FG-X CNTRC cylindrical panel under
axial compression with different values of CNT volume fraction (a = b = 0.2 m, h0 = 0.2 rad, R = 1.0 m, h = 0.004 m). It can be
seen that the larger the carbon nanotube volume fraction, the greater is the degree of postbuckling strength observed. This is
to be expected, because the increase of the carbon nanotube volume fraction yields an increase of postbuckling strength and
the CNTR-FG cylindrical panel becomes stiffer.

To check the effect of boundary conditions on postbuckling behavior of FG-CNTRC cylindrical panels, two more boundary
conditions, namely, simply supported (SSSS) and four edges fully clamped (CCCC), are considered in addition to the CCSS
boundary condition.

In this study, the boundary conditions are defined as:

For simply supported edge (S):
at x ¼ 0; a : v0 ¼ w0 ¼ /y ¼ 0;
at y ¼ 0; b : u0 ¼ w0 ¼ /x ¼ 0:

For clamped edge (C):

at x ¼ 0; a : v0 ¼ w0 ¼ /x ¼ /y ¼ 0;
at y ¼ 0; b : u0 ¼ w0 ¼ /x ¼ /y ¼ 0:
As shown in Figs. 15 and 16, it can be seen that changing the boundary condition of the unloaded edges has a little effect
on postbuckling behavior of CNTR-FG cylindrical panels. However, when we change the boundary condition of the loaded
curved edges of the panel from clamped (C) to simply supported (S), the postbuckling strength of CNTR-FG cylindrical panels
decreases very quickly (Figs. 17 and 18). It is concluded that the boundary condition of the loaded curved edges of the panel
has a pronounced effect on the postbuckling response of CNTR-FG cylindrical panels.
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5. Conclusions

This paper presents a postbuckling analysis of various types of CNTR-FG cylindrical panels, using the element-free kp-Ritz
method combined with the first order shear deformation shell theory and von Kármán strains. The CNTs are assumed to be
graded in the thickness direction which is symmetric about the middle surface of the cylindrical panel. The effective material
properties of CNTR-FG cylindrical panels are estimated through a micromechanical model based on the extended rule of
mixture. For eliminating shear locking, a stabilized conforming nodal integration method and direct nodal integration are
employed to evaluate stiffness matrices of cylindrical panels. The postbuckling governing equations are solved by a combi-
nation of the arc-length iterative algorithm and the modified Newton–Raphson method to trace the postbuckling path of
CNTR-FG cylindrical panels. Several numerical cases are used for study of the effect of various parameters including the car-
bon nanotube volume fraction, length-to-thickness ratio and radius on the postbuckling behavior of CNTR-FG cylindrical
panels. The effects of boundary conditions and distribution types of CNTs in the cylindrical panels are also studied.
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