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A B S T R A C T

Dynamic behaviors and crashworthiness design of density graded cellular materials are investigated by using
theoretical method and finite element simulation. A nonlinear plastic shock model is employed to guide the
gradient design of cellular rod under mass impact and cell-based finite element models are used to verify the
design strategy. Effects of impact-force parameter on the design of relative density distribution of graded
cellular material and on the residual velocity of the striker for different lengths of graded cellular rods are
explored. Three cases of design strategy with different impact-force parameters are analyzed and verified. The
results reveal that the design strategy is reliable when the impact-force parameter is not less than zero. If the
relative density distribution of graded cellular rod increases monotonically, the actual deformation mode of
graded cellular rod is identical with the assumed one in the theoretical derivations. It is noticed that a portion of
the graded cellular rods close to the distal end is not fully compacted. A scheme with restricting the shock strain
not less than a specific value is proposed to shorten the graded cellular rods. Therefore, the desirable
crashworthiness of graded cellular materials can be obtained by designing the density distribution of graded
cellular materials.

1. Introduction

Cellular materials may improve the crashworthiness of structures
used in automotive, railway and aeronautical industries [1,2]. Under
quasi-static loading rates, the nominal stress-strain curves of cellular
material present three distinct deformation stages, namely elastic, long
plateau and densification stages [3]. Under high loading rates, the
dynamic behaviors of cellular material can be featured by stress
enhancement and deformation localization [4–6]. The typical feature
of strength enhancement can improve the capacity of energy absorp-
tion of cellular materials. Introducing a density gradient to cellular
materials may further improve their dynamic mechanical properties
[7,8].

The dynamic features of cellular materials are resulted from inertia
[5], as explored in shock models [9–16]. Several idealizations of
cellular materials have been proposed to develop shock models [9–
16]. A rate-independent, rigid–perfect plastic–locking (R-PP-L) idea-
lization was first introduced by Reid and Peng [9] to develop a shock
model and explain the dynamic behavior of wood. This model was
further applied to investigate the dynamic behavior of metal foams by
Tan et al. [10]. Recently, Zheng et al. [15,16] introduced a rate-
independent, rigid–plastic hardening (R-PH) idealization to describe

the uniaxial compression behavior of uniform cellular materials, in
which the stress–strain relation is expressed as

σ ε σ Cε
ε

( ) = +
(1 − )

,0 2 (1)

where σ0 is the initial crushing stress and C the strain hardening
parameter. The R-PH shock model was then developed by Ding et al.
[17] to investigate the anti-blast behavior of cellular sacrificial clad-
ding. An asymptotic solution of critical length was proposed to guide
the design of cellular sacrificial cladding, which shows a good agree-
ment with the finite element (FE) results.

Graded cellular materials have been widely investigated due to their
considerable capacity of impact resistance and energy absorption.
Researches have showed that a density gradient has significant
influence on the mechanical response of cellular materials under
quasi-static compression [18,19]. Dynamic response of graded cellular
materials revealed that a density gradient could improve the energy
absorption capacity [20,21]. Due to the limitations of material fabrica-
tion technology, some density-graded open-/closed-cell foam speci-
mens were manufactured by using adhesive technique [22–25], which
integrates graded cellular materials by bonding different densities foam
layers. Experimental results may be affected by the complicated stress
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wave transmission and reflection occurring at the interface between
layers [23,25]. As graded cellular specimens with a specific relative
density distribution are not yet easily obtained in practical application,
many researchers turn to apply FE methods [7,21] and shock models
[8,20] to study the mechanical responses of graded cellular materials
with different relative density distributions.

Investigations based on the stress wave theory and FE method were
performed to reveal the mechanism of deformation and energy
absorption of graded cellular metals and to estimate the energy
absorption capability and impact resistance. Results indicated that a
density gradient can influence stress waves in the graded cellular
materials during impact [26,27] and reduce the maximum impact
stress for the protected structures [28]. Three deformation modes of
graded cellular materials under impact loading were found and
analyzed [21], and it was found that graded cellular metals with a
specific density gradient could improve the performance of energy
absorption and impact resistance for different protected objects [29–
32]. However, most researches in the literature [7,21,30,33] were
focused on the dynamic responses of graded cellular materials with a
specific relative density distribution, but few on the crashworthiness
design [31,32]. Wang et al. [31] investigated the optimal density-
gradient parameters of graded cellular metals with a linear density
gradient of different average relative densities to meet the crashworthi-
ness requirements of high energy absorption, stable impact resistance
and low peak stress. Thus, the applicable potential of cellular materials
in crashworthiness structures may be enhanced by developing crash-
worthiness design methods.

This study aims to propose a method for guiding the crashworthi-
ness design of graded cellular material and to obtain the desirable
crashworthiness property. Based on the R-PH shock model, a design
strategy to determining the relative density distribution of graded
cellular material for specific crashworthiness requirements is presented
in Section 2. An FE method using 3D Voronoi models with specific
relative density distributions of graded cellular material is introduced
also in Section 2. Influences of an impact-force parameter on the
crashworthiness and relative density distributions of graded cellular
rods are analyzed in Section 3. Three cases of mass impact with specific
impact forces are investigated by using the shock model and verified by
the FE method also in Section 3. Conclusions are given in Section 4.

2. Theoretical and numerical models

2.1. Problem description

We consider an object with mass M and initial velocity V0

impinging a graded cellular rod at time t=0. The object is to be
protected, which requires that the impact force acting on the object
should be less than that the object can bear. Thus, the graded cellular
rod needs a suitable design to satisfy the requirement for protecting the
object. In many practical applications, a stable impact force is desir-
able, i.e. the impact force keeps constant. In some applications,
multiple energy absorber elements may be used in a crashworthy
system, which is triggered under different values of impact forces, and
the design without a step of impact force [34] may be desirable, i.e. the
impact force increases gradually. In some other applications, the design
may take the tolerable intensity of human body into consideration. For
example, as illustrated in Wayne Tolerance Curve [35], the tolerable
intensity of human body decreases as the time of exposure to pressure
increases, and thus a decreasing history of impact force may be
desirable. Therefore, the desirable impact force acting on the object
may be very different in applications. For simplicity, we consider the
case that the impact force varying with time in a linear manner, written
as

F t α t T F( ) = [1 + ( / − 1/2)] ,0 (2)

where α is an impact-force parameter, T the impact duration, F0 the

impact force at time T/2. In the design, the object can be taken as a
rigid mass. Then, the relative density distribution of the graded cellular
rod, denoted as ρ(X) along the X-axis direction, may be determined
with the help of analyzing a shock model.

Assuming there is one shock front propagating from the proximal
end to the distal end of the graded cellular rod, as presented
schematically in Fig. 1. Indeed, this implies that the relative density
distribution ρ(X) is a non-decreasing monotonic function [31]. During
crushing, the portion behind the shock front moves together with the
mass, while the portion ahead of the shock front is stationary. The
physical quantities, including strain, stress and particle velocity, behind
the shock front are denoted as {εB(t), σB(t), v(t)}; while those ahead of
the shock front are {0, σA(t), 0}. Hereafter, the strain (stress) behind
the shock front is named as the shock strain (stress). Thus, according to
Newton's motion law, the acceleration of the portion behind the shock
front at time t can be given by

∫
a t dv t

dt
A σ t

M A ρ ρ X dX
( ) ≡ ( ) = − ( )

+ ( )
,Φ t

0 B

0 s 0

( )
(3)

where Φ(t) is the Lagrangian location of the shock front, A0 the cross-
sectional area of the graded cellular rod, and ρs the density of matrix
material of the graded cellular rod. On the other hand, if the impact
force F(t) is specified, e.g. Eq. (2), the acceleration of the mass can be
calculated by

a t F t M( ) = − ( )/ . (4)

From Eqs. (3) and (4), it can be concluded that the impact force is
highly dependent on the relative density distribution of graded cellular
rod. Thus, the impact resistance performance of graded cellular rod can
be improved with a reasonable design of its density distribution.
Combining Eqs. (3) and (4), we have the shock stress

⎛
⎝⎜

⎞
⎠⎟∫σ t

ρ A
M

ρ X dX F t
A

( ) = 1 + ( ) ⋅ ( ) .
Φ t

B
s 0

0

( )

0 (5)

Then, with using a material model of the graded cellular rod, we can
determine the relative density distribution, as illustrated in the next
section. In this study, we take M =50 g, V0 =100 m/s and F0 =7.5 kN
with different values of parameter α as study cases to demonstrate our
design strategy. The impact duration T can be obtained from the

impulse-momentum theorem, i.e. ∫ F t dt MV( ) =
T

0 0 gives T=0.67 ms.

2.2. Nonlinear plastic shock model

A design strategy based on a nonlinear plastic shock model is
proposed to determine the relative density distribution of graded
cellular rod. Instead of the R-PP-L idealization [9,31], a more accurate

Fig. 1. Mass impact of graded cellular rod and a shock model.
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material model, e.g. the R-PH idealization [16], is employed here to
characterize the stress–strain relation of cellular materials, see Eq. (1).
For a specific density distribution of specimen, the two material
parameters of the R-PH idealization, namely the initial crushing stress
and the strain hardening parameter, are both related to the local
density distribution. These two material parameters may be expressed
in power-law forms, written as

⎧⎨⎩
⎫⎬⎭

σ ρ σ k ρ
C ρ σ k ρ

( ) = ⋅
( ) = ⋅ ,

n

n
0 ys 1

ys 2

1

2 (6)

where σys is the yield stress of matrix material, k1, k2, n1 and n2 are
material parameters which can be obtained by fitting the nominal
stress-strain curves of cellular materials with different densities under
quasi-static compression, see Section 2.3. For the shock model based
on this R-PH idealization, the stress ahead of the shock front is given
by σA(t) = σ0(ρ) and the shock stress can be expressed as

σ t σ ρ C ρ ε t
ε t

( ) = ( ) + ( ) ( )
(1 − ( ))

.B 0
B

B
2 (7)

The basic equations to determine the relative density distribution
can be obtained from this nonlinear plastic shock model, see Appendix
A for the derivations. Thus, from Eqs. (A.6), (A.8) and (4), we have the
basic equations

⎧

⎨
⎪⎪

⎩
⎪⎪

v t c ρ

=

= ( ) + ( )

= −

dρ Φ t
dt
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M
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( ) ( )

2
s 0 s

0 s
2

s

(8)

with c ρ C ρ ρρ( ) = ( )/( )s , where the overdot and apostrophe represent
the derivatives with respect to t and ρ, respectively. A fourth-order
Runge-Kutta scheme was employed to solve Eq. (8) with a given impact
force history F(t) and the initial conditions Φ(0) =0, v(0) = V0 and
ρ(Φ(0)) = ρ0, where ρ0 can be determined from Eq. (A.9), i.e.

σ ρ ρ ρ V V c ρ F A( ) + ( + ( )) = (0)/ ,0 0 0 s 0 0 0 0 (9)

with applying numerical analysis, e.g. Newton's method.

2.3. Cell-based finite element model

A varying cell-size distribution method based on Voronoi technique
has been developed to construct 2D graded cellular structures [31,36].
In this study, we extended this method to construct 3D graded cellular
structures and then used them to verify the design strategy based on
the shock model. Closed-cell foam models with uniform density
distributions have been generated by applying the 3D Voronoi techni-
que, see Ref. [16] for details. Here, a new principle of random seeding
nuclei is proposed, i.e. the distance between any two nuclei i and j is
required to be

δ k δ ρ k h
ρ

≥ (1 − ) ( ) = (1 − )⋅ 3(6 + 3 )
8

,ij ij
ij

min
(10)

where k is the cell irregularity, δmin(ρ) the minimum distance of any
two adjacent nuclei in a tetrakaidecahedron structure with relative
density ρ, ρij the local relative density at the middle point between any
two nuclei i and j, and h the cell-wall thickness. With this new
principle, density-graded cellular structures can be constructed for a
given distribution of relative density. A sample is illustrated in
Fig. 2(a). In this study, we take k=0.4 and h =0.20 mm.

Mass impact tests are performed by using FE method with
ABAQUS/Explicit code. Rectangular specimens are hold behind a
stationary platen and impacted by a rigid platen with mass M and
initial velocity V0 along the longitudinal direction, as presented
schematically in Fig. 2(b). During the uniaxial loading, the transverse
directions of the specimens are free. The cell-wall material is taken to

be elastic-perfectly plastic and the parameters of matrix material,
including density, Young's modulus, Possion's ratio and yield stress,
are set as ρs =2700 kg/m3, E =69 GPa, ν=0.3 and σys =165 MPa,
respectively. Cell walls are meshed with hybrid shell elements of type
S3R. Through a mesh sensitivity study [16], the characteristic size of
shell elements is set to be about 0.3 mm. The cross section of speci-
mens has a size of 30 mm×30 mm. A general contact interaction with a
friction coefficient of 0.02 is applied to all possible contact surfaces
[16]. One calculation step is applied with a duration of 0.8 ms and the
time step is automatically adjusted.

To determine the parameters in Eq. (6), closed-cell foam models
with uniform density distributions are generated as in Ref. [16] and
loaded in a uniaxial constant-velocity compression scenario at a
velocity of 10 m/s. Samples are generated in a volume of
20×20×30 mm3 with 600 nuclei and k=0.4. Typical nominal stress–
strain relations for different relative densities are presented in
Fig. 3(a). By fitting the curves with Eq. (1), the initial crush stress
and the strain hardening parameter for different relative densities are
obtained, see Fig. 3(b). Then, fitting the data in Fig. 3 by Eq. (6) yields
k1 =0.885, n1 =1.37, k2 =0.115 and n2 =1.50.

3. Results and discussion

3.1. Gradient design based on the shock model

For the impact force linearly varying with time described by Eq. (2),
a positive value of α gives an increasing impact-force history, while a
negative value of α presents a decreasing impact-force history. A large
value of α corresponds to a small value of the impact force at the start
of impact. Thus, one may expect a small relative density at the proximal
end of the graded cellular rod to achieve a large value of α, as shown in
Fig. 4, which is determined from Eq. (9). Three values of impact-force
parameter α, namely α=0, 2/3 and −2/3, are considered and the
corresponding relative density distributions of graded cellular rods can
be determined from Eq. (8), as shown in Fig. 5. We employ a cubic
function to fit the relative density distributions, written as

ρ X b b X L b X L b X L( ) = + ( / ) + ( / ) + ( / ) ,0 1 0 2 0
2

3 0
3 (11)

where L0 is the length of the graded cellular rod that is just enough to
absorb all the kinetic energy of the whole system and bi (i=0, 1, 2, 3)
are fitting parameters. The values of these parameters corresponding to
different values of α are given in Table 1. These results show that a
large value of α leads to a large value of L0. It is noticed that for α=−2/
3, the relative density distribution ρ(X) is not an increasing monotonic
function. This is conflict with the assumption of the shock model, i.e.
ρ(X) is a non-decreasing monotonic function and only one shock front
propagates in the rod.

From the shock model, if the length of the graded cellular rod is
restricted, the kinetic energy of the system may not be absorbed
completely at the time when the shock front arrives at the distal end,
and the object may still have a finite velocity, which is defined here as
the theoretical residual velocity of the object and denoted as Vr. For −2
< α < 2, if the length of the graded cellular rod L is larger than 76 mm,
all the kinetic energy of the system can be fully absorbed by the rod. For
a given value of L, the residual velocity Vr increases with the increase of
α, as shown in Fig. 6. In Fig. 6, curve AB represents L = L0 for different
α. In Region I, the shock model predicts an increasing relative density
distribution, but in Region II, the shock model predicts a decreasing
relative density distribution, which may fail to present a correct guide.
Nevertheless, this flaw of the shock model may not lead to significant
error. According to the shock model, the shock strain of cellular
material depends on the relative density and the impact velocity, see
Eq. (A4). When the impact velocity is small enough, the shock strain is
small too and the cellular material close to the distal end may not be
compacted fully, i.e. it still has a capacity to absorb more energy.

To verify our design strategy, numerical simulations using cell-
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based FE models for the cases of α=0, 2/3 and −2/3 are carried out in
the next section.

3.2. Verification by numerical simulations

3.2.1. Case 1: a constant impact force
For the case of α=0, a constant impact force is set as the design

objective. According to the relative density distribution presented
above, a cell-based FE model with length L = L0 =66.3 mm is
generated, see Fig. 7(a). Deformation patterns of this specimen are

Fig. 2. Illustrations of (a) a specimen of density graded cellular structure and (b) a mass impact test with 3D Voronoi model.

Fig. 3. (a) Nominal stress–strain relations for different relative densities and (b) fitting
results of parameters in the R-PH idealization.

Fig. 4. Variation of the relative density at proximal end, ρ0, with the impact-force
parameter α.

Fig. 5. Relative density distributions and fitting results for three values of the impact-
force parameter α.

Table 1
Values of L0 and fitting parameters in Eq. (11) for different impact-force parameters.

α L0 (mm) b0 b1 b2 b3

−2/3 62.8 0.108 0.0307 0.0550 −0.0780
0 66.3 0.0850 0.0498 0.0213 0
2/3 69.7 0.0610 0.0742 −0.00279 0.0610
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presented also in Fig. 7(a). It is observed that the crushing band
propagates from the proximal end to the distal end. As the relative
density of the cellular material close to the proximal end is lower than

the one close to the distal end and there is an increasing distribution of
the initial crush stress along the graded cellular rod, the cellular
material ahead of the shock front deforms in an elastic manner. A
comparison of the impact force history curves between the theoretical
prediction and the FE result is shown in Fig. 8. The fluctuation of the

Fig. 6. A contour map of the residual velocity for the different impact-force parameters
and different lengths of graded cellular rod.

Fig. 7. Deformation patterns in the case of α=0 with different lengths: (a) L =66.3 mm, (b) L =50.8 mm.

Fig. 8. Comparison of impact forces obtained from the shock model and the cell-based
FE model in the case of α=0.
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FE result is mainly due to the collapse of cells and the propagation of
elastic waves. After impact, the object is rebounded with a low velocity
due to the releasing of the elastic energy of cellular material. The
average value of the impact force obtained from the cell-based FE
model is a little greater than the value of the theoretical prediction. The
possible reason is that the rate sensitivity of cellular material is not
considered in the shock model, i.e. the initial crushing stress and the
strain hardening parameter are determined from the quasi-static
compressive stress–strain curves, see Fig. 3. Recent researches
[16,37] show that the local stress–strain behavior of cellular material
under high-velocity impact is very different from the quasi-static
compressive stress–strain curve, i.e. the constitutive behavior of
cellular material is rate-sensitive. In further study, the design strategy
may be refined with considering the rate sensitivity of cellular material.
From Fig. 7(a), we noticed that the cells close to the distal end are not
fully collapsed at the end of impact. Thus, the length of the graded
cellular rod may be shortened to improve the design strategy, as
discussed below.

From Fig. 7(a), nearly 30% of the specimen is almost undeformed
in the FE simulation. This means the specimen is not compacted fully
and the design strategy based on the R-PH idealization presented
above may be conservative. As the strain hardening of cellular material
is considered in the R-PH shock model (different to the R-PP-L shock
model), the shock strain may be less than the densification strain of
cellular material when the impact velocity is small enough, as
illustrated in Eq. (A.4) and shown in Fig. 9. With the decrease of the
impact velocity, the shock stress is reduced but the stress wave still
propagates in the cellular material. When the shock front arrives at the
distal end, the strain of the cells close to the distal end is quite smaller
than the densification strain of cellular material and the cellular
material close to the distal end is far from being fully utilized. Thus,
if we restrict the shock strain at the distal end to an appropriate value,
the graded cellular rod can be shortened and the impact force may still
satisfy the requirement. Here, an improved design strategy with
restricting the shock strain at the distal end is proposed to shorten
the graded cellular rod. We consider the shock strain at the distal end
to be 0.5, 0.4 or 0.3 when the shock front arrives at the distal end.
Then, the length of the cellular rods, L, can be shortened as 41.0 mm,
50.8 mm or 57.0 mm, as illustrated in Fig. 9. In this study, the
compaction strain of cellular materials with relative density less than
0.2 is larger than 0.5 [2] and thus the shortened graded cellular rods
still have energy absorption capability after the shock front arrives at
the distal end. Cell-based FE simulations for the shortened rods have
been carried out and a comparison of the impact forces is shown in
Fig. 8. For the three cases of shortened rods, the levels of impact force
do not change much, and only for the case of L =41.0 mm, the impact

force rises to a great value after t=0.4 ms. Apparently, the case of L
=57.0 mm has a lower utilization rate than the case of L =50.8 mm.
Thus, restricting the shock strain at the distal end to be 0.4 seems much
appropriate and it is suggested as an improved design strategy. Here,
the strain value of 0.4 is empirical. With this improved design strategy,
a reduction of 23.4% in the length of graded cellular rod is achieved.
Deformation patterns for the improved design strategy are shown in
Fig. 7(b). It shows that the deformation mode is the same as the
original case, but the un-compacted portion becomes shorter. The
energy absorption curves for the improved design strategy are plotted
in Fig. 10. It shows that the kinetic energy of the object decreases to
zero and most of kinetic energy is absorbed by the graded cellular rod
in the form of plastic dissipation.

3.2.2. Case 2: an increasing impact force
The 3D Voronoi specimen with a relative density distribution

corresponding to the case of α=2/3 with length L = L0 =69.7 mm is
shown in Fig. 11(a). As the relative density also increases monotoni-
cally from the proximal to the distal end, the cellular material is
crushed from the proximal end to the distal end, as shown in Fig. 11(a).
The specimen is also not fully compacted for the same reason
mentioned above. The impact force history obtained by the FE
simulation is compared with the set one, as shown in Fig. 12. The
impact force has an increasing trend and fluctuates near the force value
set in the shock model as the cells collapse during the impact. This
result shows the force obtained by cell-based FE model is in good
agreement with the set value in the shock model. Thus, this design
scheme is proven to be reliable.

Similar to Case 1, the cells close to the distal end are not collapsed
after impact and the graded cellular rod in Case 2 can also be
shortened, see Fig. 11(a). By restricting the shock strain not less than
0.4, the length of the graded cellular rod can be determined to be
56.3 mm by using the shock model, which has a reduction of 19.2%.
Cell-based FE simulation for this shortened rod is carried out and the
deformation patterns are shown in Fig. 11(b). It shows that some cells
close to the distal end have slight deformation, but they still have
energy absorption capacity after impact. The impact force history for
this shortened rod is presented also in Fig. 12. Before time 0.5 ms, the
impact force of the shortened rod is close to that of the original rod, but
subsequently, the values of impact force are slightly larger than those of
the original rod.

3.2.3. Case 3: a decreasing impact force
A 3D Voronoi specimen with the relative density distribution

corresponding to the case of α=−2/3 with length L = L0 =62.8 mm is
generated, see Fig. 13(a). With the variation of Lagrangian position X,
the relative density increases at first and then decreases, as shown in
Fig. 5. Deformation patterns are shown in Fig. 13(a) and a comparison

Fig. 9. The shock strain at different Lagrangian positions at the end of the impact.

Fig. 10. Energy absorption curves in the case of α=0 with length L =50.8 mm.
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of impact force history curves between the two models is shown in
Fig. 14. As the relative density distribution is not an increasing
monotonic function, the cellular material close to the distal end is also
deformed during impact, see Fig. 13(a). The values of impact force
obtained by the cell-based FE model are larger than the theoretical
ones and the impact duration is shorter than the theoretical prediction,

as shown in Fig. 14. Obviously, the design scheme of this case is conflict
between the shock model and the cell-based model. The actual
propagation of shock front for this case is different from the assumed
one in the theoretical derivations. Actually, two shock fronts appear at
the both ends of the specimen and thus the theoretical derivation in
Appendix A is not applicable for this case.

In the shock model, by restricting the shock strain at the distal end
to be 0.4, the graded cellular rod is shortened to be 45.0 mm, which has
a reduction of 28.3% in length. According to Fig. 5, the relative density
distribution of the case α=−2/3 is almost in an increasing manner
when X < 45 mm. A cell-based FE simulation is performed to
investigate the crashworthiness of this graded cellular rod.
Deformation patterns of this shortened rod are shown in Fig. 13(b)
and the impact force history obtained from the cell-based FE model is
presented in Fig. 14. During impact, crushing bands appear first at the
proximal end of the cellular rod and a shock front propagates to the
distal end, but after time 0.30 ms, the cellular material close to the
distal end is deformed. The relative density in the region close to the
distal end changes little, see Fig. 5, and thus the corresponding
strength of cellular material does not have apparent change. But, the
cutting imperfections may soften the strength of incomplete cells at the
distal end [38]. The value of the impact force obtained by the cell-based
FE model with L =45.0 mm approximately equals to the values of that
with L =62.8 mm when t < 0.4 ms.

Fig. 11. Deformation patterns in the case of α=2/3 with different lengths: (a) L =69.7 mm, (b) L =56.3 mm.

Fig. 12. Comparison of impact forces obtained from the shock model and the cell-based
FE model in the case of α=2/3.
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4. Conclusions

A nonlinear plastic shock model based on the R-PH idealization is
employed to guide the gradient design of graded cellular rods.
Differential equations are obtained to determine the relative density
distribution of graded cellular rod. Cell-based FE models for graded
cellular rods are constructed and used to verify the design strategy.

A linearly-varying impact force history is considered as the design
strategy of crashworthiness in this study. It is found that the relative
density at the proximal end of graded cellular rod decreases with the
increase of the impact-force parameter. Based on the R-PH shock
model, we evaluated the theoretical residual velocity of the protected
object when the length of graded cellular rod is restricted. The single
shock model shows that the theoretical residual velocity of the
protected object increases with the increase of the impact-force
parameter. But, it should be noticed that (1) the single shock model
may be not available for the cases of the impact-force parameter being
less than zero and (2) there is not necessarily a residual velocity for a
cell-based FE model or a practical specimen.

Three cases of different impact force requirements are investigated
and analyzed. Based on the R-PH shock model, the relative density
distribution of α=0 or 2/3 is monotonically increasing, but that of

Fig. 13. Deformation patterns in the case of α=−2/3 with different lengths: (a) L =62.8 mm, (b) L =45.0 mm.

Fig. 14. Comparison of impact forces obtained from the shock model and the cell-based
FE model in the case of α=−2/3.
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α=−2/3 increases at first and then decreases. It can be deduced that
relative density distribution would be an increasing monotonic func-
tion for the cases of α not less than zero, which confirms to the
assumption of one shock front in the theoretical derivations. 3D
Voronoi models are generated and their mass-impact responses are
simulated by using the FE code ABAQUS/Explicit. Results of impact
force and the impact force at the distal end obtained from the cell-
based FE models are in good agreement with those of the shock models
for the cases of α=0 and 2/3, but not for α=−2/3. For the case of α=−2/
3, it is found that deformations appear at both ends in the graded
cellular rod and this is conflict with the assumption in the theoretical
derivations. These results show that when the actual deformation mode
conforms to the theoretical assumption, the crashworthiness of density
graded cellular materials can be design accurately.

As shown in the deformation patterns, the un-compacted portions
indicate that the original designs are conservative and the design
strategy can be improved. Graded cellular rods can be shortened by
restricting the shock strain at the distal end when the shock front

arrives at the distal end. The dynamic behaviors of the shortened rods
are also investigated by using the cell-based FE models. Results show
that the improved design strategy has a greater utilization rate in
materials than the original one. In further study, the hardening
behavior of the matrix material, which can affect the initial crushing
stress and the strain hardening parameter of cellular material [37], the
rate sensitivity of cellular materials [16] may be considered to improve
the precision of the crashworthiness design and the related work can be
extended to investigate different loading scenarios and different design
objectives.
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Appendix A. Derivations of the nonlinear plastic shock model

According to stress wave theory [39], the conservation conditions of mass and momentum across the shock front give

v t Φ t ε t( ) − 0 = ̇ ( )( ( ) − 0)B (A.1)

and

σ t σ ρ ρρ Φ t v t( ) − ( ) = ̇ ( )( ( ) − 0),B 0 s (A.2)

respectively, where Φ ṫ ( ) is the shock wave speed. Eliminating Φ ṫ ( ) from Eqs. (A.1) and (A.2) leads to

σ t σ ρ
ρρ v t

ε t
( ) = ( ) +

( )
( )

.B 0
s

2

B (A.3)

This relation is consistent with that of the shock models for uniform cellular materials [9], but here the relative density is related to the
Lagrangian position, i.e. ρ= ρ(Φ(t)). Combining Eqs. (A.3) and (7), we have the shock strain

ε t v t
v t c ρ

( ) = ( )
( ) + ( )B

(A.4)

and the shock stress

σ t σ ρ ρρ v t v t c ρ( ) = ( ) + ( )( ( ) + ( )),B 0 s (A.5)

where c ρ C ρ ρρ( ) = ( )/( )s is the difference between the shock wave speed and the impact velocity, as implied in Eqs. (A.1) and (A.4). Thus, the stress
wave speed can be written as

Φ t v t c ρ˙ ( ) = ( ) + ( ). (A.6)

Combining Eqs. (5) and (A.5) leads to

∫ρ A
M

ρ X dX A
F t

σ ρ ρρ v t v t c ρ1 + ( ) =
( )

[ ( ) + ( )( ( ) + ( ))].
Φ t

s 0

0

( )
0

0 s (A.7)

Differentiating both sides of Eq. (A.7) with respect to t, we get

dρ
dt

F t ρ ρ Φ t v c ρ F t M σ ρ ρρ v v c ρ
F t M σ ρ ρ v v c ρ ρρ vc ρ

=
( ) ( ̇ ( ) + 2 + ( )) + ̇ ( ) [ ( ) + ( + ( ))]

( ) [ ′ ( ) + ( + ( )) + ′( )]
.

2
s 0 s

0 s s (A.8)

At the beginning of impact, Φ(0) =0 and v(0) = V0, and thus from Eq. (A.7) we have

σ ρ ρ ρ V V c ρ F A( (0)) + (0) ( + ( (0))) = (0)/ ,0 s 0 0 0 (A.9)

which gives the relative density at the proximal end, i.e. ρ(0) = ρ0.
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