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Abstract

Cellular material under high-velocity impact exhibits a typical feature of layerwise collapse. A cell-based finite element model
is employed herein to simulate the direct impact of a closed-cell foam, and one-dimensional velocity field distributions are
obtained to characterize the crushing band propagating through a cellular material. An explicit expression for the continuous
velocity distribution is derived based on the features of the velocity gradient distribution. The velocity distribution function
is adopted to determine the dynamic stress—strain states of cellular materials under dynamic loading. The local stress—strain
history distribution reveals that sectional cells experience a process from the precursor elastic behavior to the shock stress
state, passing through the dynamic initial crushing state. A power-law relation between the dynamic initial crushing stress
and the strain rate is established, which confirms the strain rate effect of cellular materials. By extracting the critical points
immediately before the unloading stage in the local dynamic stress—strain history curves, the dynamic stress—strain states of
cellular materials are determined. They exhibit loading rate dependence but are independent of the initial impact velocity.
Furthermore, with increase of the relative density, the dynamic hardening behavior of the cellular specimen is enhanced
and the crushing process event is advanced. The particle velocity-based analytical method is applied to analyze the dynamic
responses of cellular materials. This method is better than continuum-based shock models, since it does not require a preas-
sumed constitutive relation. Therefore, the particle velocity-based analytical method proposed herein may provide new ideas
to carry out dynamic experimental measurements, which is especially applicable to inhomogeneous materials.

Keywords Cellular material - Velocity distribution - Dynamic behavior - Strain rate effect - Dynamic stress—strain state

1 Introduction Highly localized deformation is one typical feature of cel-

lular materials under dynamic impact. Usually, a structural

Cellular materials, such as aluminum foams and honey-
combs, have high porosity and exhibit excellent performance
in terms of their energy absorption capability. In practical
applications of impact energy absorbers and antiblast struc-
tures, adverse energies applied externally are attenuated
by cellular materials with nearly unchanged support stress
[1-4] to ensure that the contained payload is protected.
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stress wave is adopted to characterize the propagation of
the localized crushing band in such materials [5]. Corre-
spondingly, a series of shock models have been proposed to
analyze the dynamic responses of cellular materials [6-11].
However, since cellular materials are inhomogeneous and
have intrinsic characteristic scales, the applicability of con-
tinuum-based shock models to analyze the dynamic response
of this kind of material inevitably results in differences from
the real behavior of wave propagation through cellular mate-
rials [8]. Moreover, these models describe the quasistatic
mechanical behavior on the homogeneous scale, while the
application of a shock wave within a homogenized medium
to effectively characterize the dynamic crushing behavior of
cellular materials requires further discussion.

Considering the difficulty in measuring the local stress and
strain states of cellular materials under dynamic impact experi-
mentally, Liao et al. [12] developed a local strain calculation
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method based on the optimal local deformation gradient. As
a practical example, the strain field distributions of irregular
honeycombs under in-plane loading were calculated, which
can well capture the propagation of the stress wave [13]. To
study the dynamic behavior of cellular materials experimen-
tally, the dynamic evolution of the deformation in open-cell
aluminum foams was monitored and the local physical quan-
tities were measured with the aid of high-speed photography
coupled with digital image correlation (DIC) [14]. Hugoniot
relations between the dynamic response (i.e., shock wave
speed, stress, and strain) and impact velocities were then
established. It is worth noting that a linear Hugoniot relation
between the shock wave speed and corresponding impact
velocity was obtained, as also reported in Refs. [15-17]. In
combination with the conservation of mass and momentum
across the shock front, the dynamic stress—strain states can
then be determined conveniently. However, such an analytic
model is based on the assumption that the stress ahead of the
shock front has the same level as the first local stress maxi-
mum of the quasistatic stress—strain curve. However, the stress
immediately ahead of the shock front, i.e., the dynamic initial
crushing stress, is actually not a constant value but has a distri-
bution away from the distal end [18]. Besides, the dynamic ini-
tial crushing stress also exhibits strain rate sensitivity, which is
essentially different from the quasistatic state [15, 19]. There-
fore, the dynamic stress—strain states of cellular materials were
obtained numerically using a different approach based on the
strain field distribution by Zheng et al. [11]. The obvious dis-
tinction between the dynamic and quasistatic stress—strain rela-
tions was attributed to the different deformation mechanisms.
Layerwise crushing bands form in cellular materials depend-
ing on the speed of the shock wave during dynamic crushing,
while shear bands occur randomly under quasistatic loading,
which indicates that the dynamic behavior of cellular materials
is velocity dependent. Substantially, the dynamic constitutive
behavior of cellular materials is deformation mode dependent.

Recently, the stream of literature on the evolution of the
dynamic behavior of cellular materials was systematically
reviewed to highlight the commonality and contrasts in terms
of the phenomena and mechanisms, and their modeling [20].
This historical perspective shows that much knowledge has
been acquired on the dynamic crushing behavior of cellular
materials. However, there is no effective and convenient way
to determine the dynamic stress—strain state of cellular materi-
als yet, especially for experimental tests, since experimental
data are difficult to measure due to issues associated with the
highly localized deformation and the limitations of experimen-
tal techniques. The dynamic rigid-plastic hardening (D-R-PH)
idealization [11] can be expressed as

o(e) = Gg + (1?—2)2, (1)
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where D is the dynamic strain hardening parameter and ag
is the dynamic initial crush stress. Consequently, the two-
parameter dynamic material model exhibits powerful ability
to characterize the dynamic stress—strain states and may lead
to ideas to determine the dynamic mechanical behavior of
cellular materials using a feasible method. Following this
route, the effects of the relative density, entrapped gas, and
hardening behavior of the base material on the shock prop-
erties of cellular materials were investigated practically by
carrying out virtual tests [21], providing further understand-
ing of the mechanisms underlying such effects of mesostruc-
tural features. Since the shock model is established on the
condition of shock initiation, the intermediate state of cel-
lular materials cannot be well elucidated by such theoretical
idealization.

The treatment of the macroscopic discontinuity at the
crushing front constitutes the basis of the description of the
dynamic behavior of cellular materials using shock theory
[22]. However, the shock front where crushed cells start to
form always has a finite thickness [18, 23] in reality. To
portray the dynamic behavior of cellular materials more real-
istically, the Lagrangian analysis method can be adopted to
investigate the local dynamic response of three-dimensional
(3D) Voronoi structures under a Taylor impact [19]. By con-
sidering the critical points on local dynamic stress—strain
curves, a unique dynamic stress—strain state curve that is
related to different loading rates can be extracted without
any preassumed constitutive relations. When this Lagrangian
analysis method is directly applied to experimental tests on
foams, a tremendous amount of data on the historical parti-
cle velocity distribution is required to ensure the accuracy
of results, since differential equations must essentially be
solved, which is hard to realize due to the limitations of
experimental techniques. Therefore, a convenient method
that could be used to draw ideas effectively from dynamic
tests on cellular materials is pressingly desired.

In this paper, the dynamic behavior of cellular materi-
als is further studied using the particle velocity distribution
to reveal the mesodeformation mechanism. The aim is to
propose an analytical model for the velocity distribution for
application in calculations of the history distribution of the
dynamic local stress and local strain. Finally, the dependence
of the dynamic behavior of cellular materials on the relative
density is investigated using the proposed analytical model.

2 Numerical simulations
2.1 Cell-based finite element model

A closed-cell foam model (Fig. 1a) is generated using the 3D
Voronoi technique [24]. Firstly, a set of distinct and isolated
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Fig. 1 a Finite element model of closed-cell foam, b direct impact scenario

points are randomly generated in a 3D region based on the
principle that the distance between any two points is not
less than a given distance. Secondly, a Delaunay tessellation
[25] is constructed by generating a triangulation that maxi-
mizes the minimum angle of all the angles of the triangles.
Thirdly, Voronoi polyhedra are obtained by generating the
intersections of the planes orthogonal to the edges of all the
Delaunay tetrahedra passing through the midpoints of these
edges. Finally, a Voronoi diagram is obtained and trimmed
to obtain a Voronoi structure. The Voronoi configuration
can characterize the mesostructure of some kinds of cellular
foam well and thus is widely employed in numerical simu-
lations to understand the mechanical behavior of cellular
materials [17, 26-29].

The cellular specimen model used in this study contains
600 nuclei in a volume of 20 mm X 20 mm X 30 mm with
cell irregularity of 0.4. The average cell size d_, defined
as the diameter of a sphere whose volume is equal to the
average volume of the cells within the Voronoi structure, is
about 3.2 mm. The cell-wall material of the cellular speci-
men is assumed to be elastic—perfectly plastic with density
ps=2700 kg/m®, Young’s modulus E =69 GPa, Poisson’s
ratio v=0.3, and yield stress o,,=170 MPa. The cell-
wall thickness of the cellular specimen is uniform and is
dependent on the relative density of the specimen p, which is
defined as the ratio of the cellular specimen density p; to the
cell-wall material density p,. In this study, the relative den-
sity of the cellular specimen is set as 0.1, which gives a cell-
wall thickness as 0.095 mm. The ABAQUS/Explicit finite
element code [30] is used to perform the numerical simula-
tions. The cell walls of the Voronoi structure are meshed
with shell elements of type S3R and S4R. After mesh con-
vergence analysis, the element size is taken as 0.3 mm [21].
Thus, the cellular specimen used in study has about 30,872
S3R elements and 109,119 S4R elements.

A direct impact scenario is applied in the numerical simu-
lations. During numerical testing, the specimen impinges

onto a fixed rigid plate with initial impact velocity V, as
shown in Fig. 1b. A linear multipoint constraint is applied to
the surfaces in the impact direction to avoid rollover of the
specimen under high-velocity impact. The general contact is
applied to satisfy the complex contact behaviors among any
possible contact surfaces with a friction coefficient of 0.2.

2.2 Calculation method for velocity field
distribution

The cellular specimen under dynamic impact exhibits highly
localized deformation; i.e., the collapse of cells initiates
within a narrow band while the cells ahead of the collapse
band remain almost undeformed. As the loading event con-
tinues, the collapse band spreads from the impact end to the
free end layer by layer, as shown in Fig. 2. The propaga-
tion of the collapse band happens in nearly flat planes with
negligible lateral expansion. Herein, the investigation of the
impact behavior of the cellular specimen can be simplified to
the issue of one-dimensional wave propagation. As a basic
physical quantity, the velocity field can be applied to charac-
terize the status of the cellular structure. Besides, the veloc-
ity components along the impact direction can be extracted
directly from the numerical results, enabling convenient
and reliable calculation of the local velocity field. A middle
section parallel to the impact direction is selected to inves-
tigate the deformation evolution during impact. A sequence
of local velocity field distributions in the framework of the
Lagrangian coordinate is determined, and the corresponding
mesodeformation patterns of the cut section of the cellular
specimen with initial impact velocity V,=250 m/s extracted,
as shown in Fig. 2. It transpires that the shock-like deforma-
tion is captured well by the velocity field distribution. Dur-
ing crushing, the kinetic energy of the cellular specimen is
progressively dissipated in the form of plastic collapse of
cell walls, which results in a gradual reduction of the impact
velocity of the undeformed portion.
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Fig.2 Velocity distribution fields in impact direction of cellular specimen together with corresponding deformation configurations
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Fig.3 1D velocity distribution and corresponding velocity gradient

The one-dimensional (1D) velocity distribution can be
determined by averaging the velocity components along the
longitudinal direction of the specimen at each Lagrangian
position within a range of one cell size at a specific moment,
as shown in Fig. 3. A three-point centered difference is
adopted to determine the local velocity gradient distribution.
It is demonstrated that the macroscopic deformation status
of the cellular specimen under impact can be basically sepa-
rated into three regions: the crushed section, the crushing
initiation section, and the undeformed section. The crushing
initiation section spans a range of about one cell diameter,
where the cells transform dramatically from an undeformed
to compacted state, as depicted in Fig. 3. Macroscopically,
the propagation of the crushing front behaves as a shock
wave, so it is usually treated as a singular plane to propose
shock models in the framework of continuum mechanics.
To date, a series of shock models have been proposed to
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characterize the crushing behavior of cellular materials [10,
11, 31].

3 Particle velocity-based analysis

The 1D velocity gradient distribution at a specific moment
exhibits a bell-shaped feature, as illustrated in Fig. 3.
According to this feature, the Gaussian unimodal distribu-
tion is applied to characterize the velocity gradient distribu-
tion, expressed as

2

W _ e () )
0X

where a, b, and w are substantially understood as the change
of the instantaneous impact velocity, the Lagrangian location
of the extreme value on the velocity gradient distribution,
and the width of the crushing initiation section, respectively.
It is worth noting that this Gaussian distribution description
is not the only possible form of fitting function. However,
the chosen function should offer a simple expression, easy
solution, and physical clarity. Moreover, the sensitivity of
the dynamic response to the fitting accuracy of the velocity
gradient is presented in “Appendix A.” Integrating Eq. (2)
with respect to the Lagrangian location and considering the
boundary condition v=0 at X=0 yields a spatial velocity
distribution of

X _[g—hm]z
v, X) = a(f) / e Lo | e
0

(3)
= a(r) [erf(X_—b(t)> - erf(—@>] ,
w(t) w(t)
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Fig.4 1D velocity distribution obtained from numerical simulations
and corresponding fitting

where erf(e) is the error function and a(t) = —\/Ea(t)w(t) /2.
The analytic model in Eq. (3) exhibits adaptable ability to
capture the features of the velocity distribution of the cellu-
lar specimen at different impact moments extracted directly
from the numerical results, as shown in Fig. 4.

Once the form of the velocity distribution function has
been determined, the variations of the associated parameters
with time can be investigated by applying Eq. (3) to the
velocity distributions extracted from the numerical results,
as shown in Fig. 5. The results indicate that both param-
eters a and b exhibit a nonlinear trend with impact time,
while the parameter w increases linearly with the develop-
ment of the crushing process. During impact, kinetic energy
is gradually dissipated by collapse of cell walls, and the
decreasing impact velocity attenuates the propagation of
the crushing front while the width of the crushing initia-
tion region expands. When the impact velocity is decreased
to a critical velocity, the deformation exhibits a combina-
tion of layerwise crushing bands and random shear bands,
which is known as the transition mode. In such case, the 1D
simplification may overaverage the behaviors of the cellular

specimen at moderate impact velocity. Herein, the method
based on the spatial velocity distribution function to study
the mechanical behavior of cellular materials is much more
reliable for the loading case with sufficiently high impact
velocity.

Considering the boundary condition b(0)=0, low-
order polynomial functions, i.e., a(t) = alt2 +ayt+as,
b()=b, 1>+ b,t, and w(f)=w 1+ w,, are adopted to fit the var-
iations of the parameters with impact time, as demonstrated

in Fig. 5, with fitting parameters of a, =7447 mm-ms~>,

a,=201.8 mm-ms™?, a;=-120.9 mm-ms~',
b,=-848.1 mm-ms™?, b,=291.4 mm-ms~’,
w;=0.7331 mm-ms~!, and w,=1.659 mm. After deter-
mining the quantitative relations of the three parameters in
Eq. (3), the general form of the spatial velocity distribution

function can be rewritten as

v(t,X) = (a, + ayt + a3)

o [erf(X — byt - b2t> _ erf<_blt2 + b2t>]’
wit+w, wit+w,

“
where the seven undetermined coefficients correctly char-
acterize the response of cellular materials with different
properties (the relative density of the cellular material, and
the properties of the base material and mesostructure). Note
that Eq. (4) cannot satisfy the initial condition v(0, X) =-V,,.
This incompatibility is attributed to the dispersion in the
data due to the boundary effect as well as the neglect of the
propagation and reflection of elastic wave in the early stage
of the crushing event (see “Appendix B”). Therefore, the
velocity-based model is highly applicable for investigating
the dynamic behavior of cellular materials with a relatively
stable crushing front. Together with the jump conditions
(i.e., conservation of mass and momentum) across the shock
front in Lagrangian form, the analytical velocity distribution
can be applied to study the local dynamic evolution char-
acteristics of the stress and strain, dynamic initial crushing
stress, and dynamic stress—strain states of cellular materials
during impact by extracting the velocity profiles at nodes
from numerical or experimental results.
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4 Results and discussion
4.1 Dynamic local stress and strain
In the theory of 1D stress wave propagation, the conserva-

tion equations for mass and momentum can be expressed
in Lagrangian form as [32]

ov de
X o )
and
ov Jdo
Py, T T ox (6)

where €, o, v and p; are strain, stress, particle velocity, and
initial density, respectively. Here, it is stipulated that the
stress and strain are positive for the compressive case. Then,
the dynamic behavior of the local strain in cellular materi-
als can be obtained by combining Eqgs. (4) and (5) with the
initial condition (0, X) =0. Similarly, the local stress can be
determined from Egs. (4) and (6) together with the boundary
condition o(t, Ly) =0 (where L, is the initial length of the
cellular specimen). Here, it is noteworthy that, for a cellular
material examined using a cell-based model, the definition
of local stress or local strain is the average response at a
considered location over the range of an intrinsic charac-
teristic length (i.e., the average cell size). In actual dynamic
tests of cellular materials, velocity data recorded to analyze
the response are not sufficient to guarantee the accuracy of
such results due to the limitations of existing experimental
techniques. Compared with the investigation of the dynamic
behavior of cellular materials using the Lagrangian analysis
method [19], the analytical method developed herein only
requires particle velocity data at a few Lagrangian positions
for different impact moments to determine the spatial veloc-
ity distribution function expressed in Eq. (4). The strain his-
tory and stress history can then be conveniently acquired
using Egs. (5) and (6). Accordingly, the solving method
based on the spatial velocity distribution proposed herein
provides a new approach to carry out experimental studies
on the dynamic behavior of cellular materials.

The time history of local stress is calculated from
Eqgs. (4) and (6) with zero stress at the free end (o(0,
t)=0), as shown in Fig. 6. These results indicate that
each cross-section corresponding to a certain Lagran-
gian position will experience three stages successively:
the elastic stage, the collapse stage, and the compacted
stage. Once an impact event begins, collapse of cell walls
happens immediately after the precursor elastic behavior,
and the stress increases to the level of the initial crushing
stress. Due to the attenuation of the impact strength and
the interaction of the elastic unloading wave, the stress
in the compacted region gradually decreases, exhibiting
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Fig.6 Comparison of stress behind shock front obtained directly
from finite element results with local stress calculated numerically

a negative correlation with distance from the impacted
end, until the crushing event terminates completely. Note
also that the upper envelope curve of the local stress his-
tories coincides with the boundary stress history extracted
directly from the numerical results. For the direct impact
case, the compaction region through which the crushing
front passes becomes part of the supported rigid plate. The
inertia effect can be ignored, and the stress has a uniform
distribution in this stationary region. Therefore, the reli-
ability of the stress—time distribution determined by the
analytical analysis method is further validated. However,
there is nearly no oscillation phenomenon in the elastic
stage compared with the trend of the distribution of the
local stress history obtained by the Lagrangian analysis
method [19]. Actually, the velocity distribution exhibits
a transition from the instantaneous impact velocity in the
compaction region to the final stationary state in the unde-
formed region, as shown in Fig. 4, which can probably be
attributed to elastic bending waves [18]. The fitting used
in the analytical method described herein eliminates the
oscillation in the velocity distribution curve, resulting in
linear behavior in this stage, as depicted in Fig. 6.
Similarly, using Eqgs. (4) and (5), the time-history dis-
tribution of the strain at any Lagrangian position can be
obtained by considering the initial condition (X, 0)=0, as
shown in Fig. 7. The locations with near-zero strain indicate
cells that remain undeformed before arrival of the crushing
front. The local strain field calculation method [12] is fur-
ther adopted to verify the reliability of the local strain field
distribution calculated by the analytical method proposed
herein, as shown in Fig. 8. These results show that the strain
fields determined by the two methods are in good agreement.
This indicates the validity of this velocity-based analytical
method for investigation of the dynamic response of cellular
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materials. When the crushing front arrives at a specific sec-
tion, the sectional strain increases dramatically to the level
of the densification strain, which is related to the intensity of
the instantaneous impact velocity, as shown in Fig. 9. This
demonstrates that the densification strain behind the crush-
ing front increases with increase of the impact velocity and
finally asymptotically approaches a constant value that is
dependent on the relative density of the cellular specimen.
It is also interesting to note that, when the impact velocity
is about 130 m/s, the densification strain increases slowly
and basically coincides with the results determined from
the D-R-PH shock model [11]. When the impact velocity
is below 130 m/s, the densification strain is lower than the
results predicted using the D-R-PH shock model, and the
deviation becomes more significant as the impact velocity
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Fig. 10 Variation of local stress with impact time

decreases to moderate values. Since the deformation mode
of the cellular material is strongly dependent on the impact
velocity, the validity of the shock model under moderate-
velocity impact is questionable. A critical impact velocity
to indicate the applicability of the D-R-PH model must be
defined. For a Voronoi structure with relative density of 0.1,
this critical impact velocity is taken as 130 m/s, although
this is not a general result, since the velocity depends on
the methods that are adopted to determine the dynamic
behavior of cellular materials quantitatively, as described
in “Appendix C.”

The variation of the stress at certain Lagrangian positions
is shown in Fig. 10. As the crushing front approaches, the
location immediately ahead enters an initial crushing state
and serves as a precursor for the incoming collapse behavior
of the cells. Once the crushing front passes by, the com-
pacted region behind the crushing front remains stationary
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and the shock stress (the stress behind the crushing front)
decreases with the drop of the impact velocity. One phenom-
enon to be noted is that a smooth trend in the local stresses
occurs before the crushing front arrives compared with the
oscillation in this stage obtained using the Lagrangian analy-
sis method. As discussed above, the fitting treatment applied
to the velocity distribution essentially neglects the effect of
the elastic loading and unloading waves.

4.2 Strain rate effect of cellular material

The deformation mode of cellular materials exhibits strong
impact velocity sensitivity, changing from random shear
bands under quasistatic compression to layered crushing
bands under high-velocity impact. Nevertheless, the impact
velocity, which is not a material parameter, only serves as
an extrinsic factor to relate with some intrinsic parameters
of the materials (such as micro-inertia, cell morphology, or
strain rate sensitivity of cell wall). The strain rate sensitiv-
ity of the peak stress and crushing stress of honeycombs
was quantified numerically and analytically [33]. However,
for cellular materials, there are conflicting conclusions
regarding whether or not their dynamic behavior are sen-
sitive to the strain rate. Dynamic tests were conducted on
aluminum foams by Deshpande and Fleck [34] using a split
Hopkinson pressure bar (SHPB) apparatus; the results indi-
cated that the plateau stress of aluminum foams shows no
strain rate sensitivity, even when the loading rate increases
to € = 5% 103 s~!. Conversely, Mukai et al. [35] reported
that the enhancement of the plateau stress of closed-cell
aluminum foams could reach about 50%-100% when the
loading rate is over £ = 1 x 10° s~!. When carrying out
dynamic tests, the two coupled dynamic effects (i.e., strain
rate effect and inertia effect) cannot be uncoupled well due
to the highly localized deformation features under dynamic
impact [36].

At a certain moment of the impact, the dynamic initial
crushing stress is intuitively understood as the strength of
the region of cellular material immediately ahead of the
shock front during impact. However, the transition of the
stress from the elastic to crushing region is gentle due to the
delayed change of the material state. Instead, the Lagrangian
location of the initial crushing stress O'g can be determined
by the intersection of the extrapolated linear lines of the
undeformed part ahead of the crushing front and the crush-
ing part where the cell collapse approximately happens. The
corresponding strain rate at the current moment is then also
determined from the local strain rate distribution, which is
obtained by taking the derivative of the velocity distribu-
tion with respect to the Lagrangian coordinate, as shown in
Figs. 11 and 12, respectively. Obviously, the definition of
the local strain rate depends on the method used to deter-
mine the initial crushing stress. Since the initial crush state

@ Springer

S.Wang, et al.
25
g Solid lines: local stress

20 _ah @ Initial crushing stress
[+
S WA VAN
® 157 VoL VAN
P S W W W
_E 10
<
8
—

5

0 T T T T T T T T T T

0 5 10 15 20 25 30

Lagrangian location, X /mm

Fig. 11 Distribution of initial crushing stress with Lagrangian posi-
tion at different moments of the impact

(=}
1

Ny
)
1

40

!

D

(=]
1

Strain rate, :s/(ms'l)

'

x®©

(=)
1

Solid lines: strain rate distribution

@ Strain rate at initial crush state

-100 T T T T T T T T T T T
0 5 10 15 20 25 30

Lagrangian location, X /mm

Fig. 12 Variation of local strain rate with Lagrangian location at dif-
ferent moments of the impact

is related to the strength of each layer of cells, which have
inevitable randomness, anisotropy, and defects due to the
cellular nature of foams, the corresponding local strain rate
may vary with time during the impact process. Accordingly,
the variation of the dynamic initial stress 63 with the local
strain rate is depicted in Fig. 13. This plot indicates that
the dynamic initial crushing stress exhibits strain rate sen-
sitivity. The dynamic initial crushing stress increases with
increase of the strain rate with a nearly power-law trend, as

also reported in Refs. [15, 19], expressed as

c5(€)/oy = k(¢/r)", ™)
where the fitting parameters are determined in the pre-
sent study to be k=0.942, r=0.738 ms~!, n=0.136, and
0y=>5.90 MPa, which is the plateau stress under quasistatic



Dynamic crushing of cellular materials: a particle velocity-based analytical method and... 847

10
p=0.1,7,=250ms"
L 9 B Initial crushing stress ag
& Power-law fitting
2
g
2 74 .
=
2]
g
Q
= 64 . _
= £, O
£ i (¢ o)
i
i
54— T T T T T T T

0 5 10 15 20 25

Strain rate, &/ ms™)

Fig. 13 Variation of initial crushing stress with strain rate

compression, as illustrated in Fig. 13. With an increase of
the local strain rate, the increasing trend of the initial crush-
ing stress gradually slows down. In fact, when the impact
velocity is high enough, further improvement of the loading
velocity cannot obviously improve the strain rate of materi-
als, or at least the magnitude remains almost unchanged.
Thus, in the case of the dynamic behavior of cellular mate-
rials, the strain rate varies across a narrow range and the
dynamic initial crushing stress changes only slightly. There-
fore, the dynamic initial crushing stress is usually taken as
a constant value for convenience [11, 21].

Note that the initial crushing stress og drops to the value
of the plateau stress o, under quasistatic compression when
the strain rate is below 1.14 ms™!, since the strain rate ahead
of the crushing front is constant and small enough to be
neglected. Under a dynamic impact, the cells immediately
ahead of the crushing front progressively collapse in a spe-
cific manner, since the inertia effect within the cell walls
leaves no time for these cells to dissipate kinetic energy in a
relatively weak region. Herein, the cells immediately ahead
of the crushing front behave relatively rigidly compared with
the quasistatic case. The region through which the crushing
front has already passed is considered to be a compacted
continuum with uniform stress distribution, and the inertial
term pp/eg dominates the shock stress o in this region
once the crushing front has passed.

4.3 Dynamic stress—strain states

Together with the time-history distributions of the local
stress and local strain, the dynamic local stress—strain his-
tory curves of a cellular specimen can also be obtained, as
shown in Fig. 14. As the crushing event advances, sectional
cells experience a process successively: a rapid increase of

25 ;
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Solid lines: curves of dynamic stress-strain state _'
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Fig. 14 Dynamic stress—strain history curves and quasistatic stress—
strain curve of cellular material

stress to the dynamic initial crushing stress in the elastic
stage, then plastic collapse of cells within the plastic defor-
mation stage, and finally the unloading stage. The elastic
properties of the cellular specimen dominate its mechanical
behavior in the elastic and unloading stages, resulting in the
consistent slopes of the curves in these two stages. A nearly
linear chord, which is known as the Rayleigh chord when
used to characterize the initiation of a plastic shock wave
in stress wave theory [32], links the two turning points on
the dynamic local stress—strain curves. Hence, the plastic
deformation stage is controlled by the structural shock wave,
which is strongly related to the impact velocity. The inflec-
tion point between the plastic deformation stage and the
unloading stage is considered to be the dynamic stress—strain
state point of the cellular specimen.

The obvious difference between the dynamic stress—strain
states and the quasistatic stress—strain relation of the cellular
specimen is depicted in Fig. 14, a phenomenon also con-
firmed in two-dimensional (2D) irregular honeycombs [13,
15]. The deformation mode of cellular materials exhibits
strong dependence on the loading rate, and the formation
mechanism and interaction of crushing bands dominate the
response macroscopically [11]. Cellular materials are typi-
cal materials with inhomogeneous mesoscopic structure and
high porosity. For such materials, an increase of the loading
rate essentially enhances the micro-inertial effects, which
play a significant part in enhancing the plastic strength of
foams under high-velocity impact [37]. As the kinetic energy
is dissipated, the transitional mode in which the deformation
is a mixture of random shear bands in quasistatic compres-
sion and layerwise crushing bands under the dynamic impact
of the cellular specimen occurs as the magnitude of the load-
ing velocity gradually drops to moderate loading rates. It
is observed that the dynamic stress—strain states predicted
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Fig. 15 Comparison of dynamic stress—strain states and quasistatic
stress—strain curves of cellular materials with three different relative
densities

by the D-R-PH shock model are in reasonable agreement
with the results determined by the velocity-based analytical
model in this study under high-velocity impact. It is also
found that, when the impact velocity is attenuated to a cer-
tain range, the difference between the results obtained by
the two methods gradually expands. This can be explained
by the fact that shock models based on an idealized shock
formation cannot characterize the mechanical behavior of
cellular materials under moderate loading rates, since the
transitional mode arises in the deformation pattern. Simi-
larly, the method discussed herein provides an accessible
and convenient route to investigate the behavior of cellular
materials under dynamic loading. Further effort is required
to reveal the mechanisms of deformation and stress wave
propagation under moderate-velocity impact, since this issue
remains unclear.

4.4 Effect of relative density on dynamic hardening
behavior

One advantage of using a Voronoi structure instead of an
experimental foam specimen is the controllability of the
mesostructure, thus the relevant parameters of cellular mate-
rials can be investigated individually [38]. As an essential
material parameter, the influence of the relative density on
the dynamic behavior of the cellular specimen is considered
in this section. By changing the cell-wall thickness of the
Voronoi structure with given configuration, cellular speci-
mens with three different relative densities are obtained.
Using the velocity distribution-based analytical model, the
dynamic stress—strain states of the cellular specimens with
three relative densities are shown in Fig. 15. This figure indi-
cates that the increasing trend of the shock stress becomes

@ Springer

much steeper as the relative density is increased within the
range of the densification strain, meaning that the dynamic
hardening property of the cellular specimen is enhanced. On
the mesoscopic scale, the mechanical performance (e.g., the
plastic strength, strain-hardening behavior, and interaction
of collapse cells) is highlighted, since high relative density
of the cellular specimen corresponds to greater thickness of
the cell-wall structures. Physically, strength reinforcement
of the cell walls can be achieved by using base materials
with strain-hardening and strain-rate-hardening properties
[21]. Besides, it is worth mentioning that the speed of crush-
ing front propagation does not obviously advance with the
decrease in the compressible volume for the cellular speci-
men with higher relative density, which can be attributed to
the competitive mechanisms of impact velocity attenuation
and dynamic hardening behavior [21]. Hence, the crush-
ing process is greatly sped up due to the enhanced energy
absorption capacity of the cellular specimen with higher
relative density. It is expected that further understanding of
such dynamic behavior could contribute to crashworthiness
design of cellular materials.

5 Conclusions

The dynamic crushing behavior of cellular materials is
investigated numerically by using cell-based finite ele-
ment models. The one-dimensional velocity distribution
is extracted to reveal the evolution of the inhomogeneous
deformation, capturing well the propagation of the crush-
ing front through the cellular specimen under the initial
velocity impact. An expression for the continuous velocity
distribution is derived by adopting a Gaussian distribution
to characterize the velocity gradient distribution features.
Furthermore, a particle velocity-based analytical model is
established to investigate the dynamic behavior of cellular
materials effectively, in combination with equations for the
conservation of mass and momentum in stress wave theory.

The densification strain behind the crushing front
increases asymptotically to the maximum strain in solid
states as the impact velocity is increased, showing good
agreement with the results predicted by the D-R-PH shock
model when the impact velocity is over 130 m/s. However,
as the impact velocity drops, a difference appears between
the densification strains obtained by the shock model and
the velocity distribution-based analytical model, indicating a
limitation of the shock model to describe behaviors of cellu-
lar materials under moderate loading rates. The investigation
of the strain rate and dynamic initial crushing stress relations
indicates that the dynamic initial crushing stress depends on
the strain rate in a power-law manner under high-impact-
velocity loading. After the propagation of the crushing
front, the densification region of the cellular specimen is
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basically a continuum with a uniform stress distribution and
also exhibits sensitivity to the loading rate, since the inertia
effect dominates the behavior in this compacted region.

The local stress—strain history distribution reveals the
evolution of sectional deformation during crushing. Cells
within cellular foams experience a rapid process from the
precursor elastic behavior to the dynamic initial crushing
stress as the crushing front arrives, then enter the shock
stress state. The stress behind the crushing front corresponds
to the loading rate along the linear Rayleigh chord whose
slope characterizes the propagation speed of the crushing
front. Compared with the quasistatic stress—strain curve of
a cellular material, a significant difference is observed in the
dynamic stress—strain curve, which can be explained based
on the difference in deformation mechanisms and interac-
tions of crushing bands. Furthermore, the dynamic harden-
ing behavior is enhanced and the crushing process event
advances more rapidly as the relative density of the cellular
specimen is increased. The method established on the basis
of particle velocity information herein to inversely determine
the dynamic response of a cellular specimen may help to
develop dynamic experimental techniques for such meso-
inhomogeneous materials.
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Appendix A: Accuracy of Gaussian fitting
for the velocity gradient

The width of the average of the velocity profile at a cer-
tain Lagrangian position, R,, is introduced to evaluate the
error of the velocity distribution fitting. It is found that the
determined local strain distributions are basically coincident
and the maximum relative error 6 between the strains deter-
mined by the strain field method and the particle velocity-
based method at one location, X =15 mm for instance, is just
0.51% when the accuracy of the velocity fitting varies within
10%, i.e. the thickness of the crushing front ranges from 0.9
to 1.1 times the average cell diameter, as shown in Fig. 16.
Actually, the relative error between the strain obtained using
the velocity-particle model and the local strain field method
still has an acceptable value (5.39%) even when the crushing
front is enlarged to a thickness of two average cell diameters,
as shown in Fig. 17. Therefore, the strain and stress results
determined by the velocity model are relatively insensitive
to the accuracy of the velocity gradient fitting.

1.0
0.8
0.6
t=0.08 ms
w
= 0.4+
= | —®— strain field method
n ——R =0.9d
0.2 v ¢
R\' = dC
0.0 4 —R =1.1d
-0.2 T T T T T T T T T
5 10 15 20 25 30

Lagrangian location, X /mm

Fig. 16 Comparison of strain distribution obtained using different
crushing front widths
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Appendix B: Particle velocities at the free
end

Initially, all the particles of the specimen move with an
identical velocity V,, towards the fixed plate. Once the
impact event starts, a localized band of cell collapse forms
from the impact end, then spreads to the distal end. Before
the arrival of the elastic wave generated at the crushed
end, the velocity of the particles at the free end of speci-
men remains at the original initial impact velocity. Then,
the velocity starts to drop, since the kinetic energy of the
specimen is gradually dissipated via plastic collapse of
cells. The variation of the velocities obtained directly from
the virtual experimental results and based on the veloc-
ity-based model proposed herein is depicted in Fig. 18.
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Considerable deviation is found for the initial condition
calculated by Eq. (4). When the impact starts, the gap
between the two velocities gradually shrinks, and the two
basically coincide at the moment when the elastic wave
propagates to the free end; i.e., the particle velocity-based
model neglects the effect of the elastic loading and unload-
ing waves that occur within the short initial stage.

Appendix C: The critical velocity
of the D-R-PH model

The critical velocity of cellular materials can be physically
defined as the deformation transition from the moderate-
velocity mode to the shock mode. Actually, it is hard to
give an accurate definition of the critical velocity, since
this transition is not sharp. Essentially, the velocity at
which the densification strain starts to depart from the pre-
dictions of the D-R-PH shock model differs from the defi-
nition of the critical velocity. The D-R-PH model can well
characterize the dynamic behavior of cellular materials
under high-velocity impact but may lose validity when the
impact velocity is below the shock-induced value. Mean-
while, the particle velocity-based method proposed herein
turns out to be reliable to characterize the behavior of cel-
lular materials under a wide range of impact velocity. It is
necessary to define a critical impact velocity to indicate
the applicability of the D-R-PH model. Actually, when the
impact velocity drops to around 100 m/s, the relative error
u between the densification strain predicted by the D-R-PH
model and that determined by the particle velocity-based
method is about 9.2 %, as illustrated in Fig. 19. Basically,
impact velocities above 100 m/s can be treated appropri-
ately as the shock-induced critical velocity.
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