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Previous experimental and numerical investigations have shown that expansion tubes under axial compression 

by a conical-cylindrical die had stable and efficient energy absorption characteristics [1]. In order to further 

understand the energy absorption mechanisms of such a tube expansion process, a theoretical analysis is given 

in this paper. The tube material is assumed to be rigid, linear hardening and the die is rigid. When the die is 

gradually pushed in, the tube expands. Both the radial deflection of the tube wall and the required driving force 

vary with the stroke of the die and their expressions are obtained theoretically. The final radius of the tube and 

the driving force in the steady-state are estimated. The theoretical analysis explains three deformation modes 

observed in the experiments [1]: tube tip-conical surface contact mode (T-C mode), tube wall-conical surface 

contact mode (W-C mode), tube wall-conical and cylindrical surface contact mode (W-CC mode), depending on 

the values of geometrical parameters of the tube and the die, such as the ratio of tube thickness to radius h / R 0 
and the semi-angle of the die 𝛾. Deformation characteristics in each mode are discussed and a map of phases in 

the h − 𝛾 plane is given theoretically. The theoretical results are compared with the experimental data, with a 

reasonably good agreement. In addition, an analysis of the early deformation stage using elastic, linear hardening 

tube material model demonstrates that the elastic deformation of the tube is negligible. 
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. Introduction 

Circular tubes under axial compression are widely used as energy ab-
orbers which have drawn much attention by researchers [2–4] . The de-
ormation mechanisms of circular tubes under axial compression could
e progress buckling, inversion, splitting or even expansion. The buck-
ing behaviour of tubes has been studied for many years. Alexander
5] was the pioneer to provide a theoretical model for the axisym-
etric fold of a circular tube. Abramowicz and Jones [6] proposed an

ffective crush length, and Wiezbicki et al. [7] introduced a parame-
er known as the eccentricity factor. Theoretical studies for the non-
ymmetric buckling, also known as the diamond mode or Yoshimura
ode, are less successful than those for the axisymmetric fold mode.
ugsley and Macaulay [8] were among the first researchers to consider
he diamond mode. Johnson et al. [9] attempted to develop a theory for
he diamond mode of PVC tubes based on experiments. Further theo-
etical studies were conducted by Singace [10] . More recently, Guillow
t al. [11] provided a detailed experimental analysis and discussed the
ode classification for circular 6060-T5 aluminum tubes. Using finite
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lement (FE) simulations, Karagiozova and Jones [12] examined the
rushing behaviour of aluminum and steel cylindrical shells subjected
o an axial impact. Bardi et al. [13] conducted a series of crushing ex-
eriments on moderately thick circular tubes and proposed a method to
redict the onset of collapse. In addition to the circular tube, tubes with
ther section shapes (conical, square, rectangular, hexagonal, triangular
nd pyramidal) have been studied [14–16] . Another energy-absorbing
echanism by circular tubes is inversion. In 1966, Guist and Marble

17] made the first theoretical analysis to predict the steady knuckle
adius and inversion force for the tube under free inversion. The most
ecent study on the free inversion of circular tubes was presented by
iu et al. [18] . Axial splitting of circular tubes by a cutter is also an
ffective energy absorption method. The splitting of thin-walled struc-
ure was first introduced by Stronge et al. [19] . Then, Reddy and Reid
20] investigated the splitting behaviour of circular metal tubes under
oth quasi-static and dynamic condition. Later, using a conical die in-
tead of a curved one, Huang et al. [21] carried out similar work exper-
mentally and theoretically. Li et al. [22] presented experimental and
umerical investigations of expanding–splitting circular tubes recently.
ril 2019 
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Nomenclature 

d 𝜃 small angle subtended by the arc of a strip from the 
tube wall cut along its axial direction ( Fig. 5 ) 

D, D p bending stiffness of tube wall in the elastic and strain 
hardening stages, respectively 

E, E P elastic modulus and strain hardening modulus, re- 
spectively 

f 0 frictional force per unit length 
F s steady-state driving force 
h wall thickness of the tube 
H stroke of the die 
L tube length 
M x bending moment per unit length in the meridional 

direction 
M s fully plastic bending moment per unit length 
N x axial membrane force per unit length 
N 𝜃 membrane force per unit length in the circumferen- 

tial direction 
N s fully plastic membrane force per unit length 
P x 0 , P y 0 , components of contact force in the axial and radial 

directions, respectively 
Q x shear force per unit length 
q notation for N 𝜃/ R 0 

R 0 initial radius of the tube 
R D radius of the cylindrical section of the die 
T-C mode tube tip - conical surface contact mode ( Fig. 7 ) 
W-C mode tube wall - conical surface contact mode ( Fig. 8 ) 
W-CC mode tube wall - conical and cylindrical surface contact 

mode ( Fig. 9 ) 
W outward radial displacement of the tube wall 
W s outward radial displacement of the tube wall in 

steady-state deformation 
𝛾 semi-cone angle of the die 
𝛿0 critical length of deformation segment of the tube at 

the beginning of flaring 
𝜅 axial curvature of the tube wall 
𝜐 Poisson’s ratio 
𝜎s initial yield stress 
𝜇 coefficient of friction 
𝜙 inclined angle of tube wall segment 

In addition to the energy dissipation mechanisms of circular tubes
entioned above, expansion of tubes is a very efficient and stable pro-

ess for energy absorption. As shown in Fig. 1 (a), a metal tube guided
y a conical-cylindrical die and subjected to axial compression under-
oes flaring and radial plastic expanding deformation. A typical load-
isplacement curve for quasi-static loading is shown in Fig. 1 (b). The
ube-expansion dissipates a large amount of energy through the plastic
eformation of the tube and frictional work, eventually with a constant
riving force during a long stroke. Experiments showed that the maxi-
um value of specific energy absorption for aluminum tube-expansion

an reach 25 kJ/kg [1] . Due to its stable driving force and high en-
rgy absorption efficiency, the expansion of tubes has drawn more and
ore attention in the field of energy-absorbing design in recent years.

u [23] provided theoretical expressions which relate the flaring ra-
io, the tube end downward depth ratio, and the tube end strain rate
o the tool stroke and the velocity in the tube flaring process. Fischer
t al. [24] studied the tube flaring forming. They derived an analytical
xpression for the stress and strain fields as well as the driving force.
lthough initially the variation of wall thickness within the deformed
egion of the shell was approximated by a linear function, it was then
oncluded that the wall thickness may be regarded as a constant during
he expansion process. 
208 
Daxner et al. [25] and Almeida et al. [26] investigated the buck-
ing and fracture of the expansion tube by using a die. Shakeri et al.
27] proposed an analytical model to predict the mean crush load of
he shock absorber with idealized rigid perfectly plastic material and
rictionless interaction property. Seibi et al. [28] presented a compar-
tive experimental and numerical study for both aluminum and steel
ubes expanded at various expansion ratios and mandrel angles. Al-Abri
nd Pervez [29] established an analytical model describing the expan-
ion process of a thick-wall solid tubular and discussed the influences
f geometrical parameters and friction on the expansion force. Then,
an et al. [30] proposed a theoretical model that considered the ad-
itional shear deformation and expansion ratio enlargement to predict
he contact force. In Shakeri, Al-Abri, and Yan’s theoretical models, the
ransition section of the tube was assumed to consist of three straight
ines, corresponding to the undeformed section, the expanded section
nd the expanding section contacting with the conical die. Base on this
ssumption, the steady compressional force can be obtained by the en-
rgy conservation equations. To improve the above models, Liu and Qiu
31] proposed a more accurate theoretical model, in which the defor-
ation mechanism was assumed to consist of three straight lines and

wo continuous curves between them. Moreover, two combined defor-
ation processes of the expanding-splitting tube and expanding-folding

ube were reported by Li et al. [32] and Chahardoli and Nia [33] . More
ecently, Liu et al. [34] improved their theoretical model by considering
he effect of the die radius r die . By introducing a critical die radius r ∗ die 

nd comparing it with the actual die radius r die , they expanded different
eformation modes observed in [1] . 

The theoretical works mentioned above were, however, based on the
nergy method, which were focused on the accuracy of the predicated
teady compressive force and the final expanded radius. The mechan-
cs for the early expanding stage when the tube was expanding along
he conical section of the die could not be described. To obtain a fur-
her understanding of the whole expanding process, this paper presents
 theoretical analysis based on the theory of axisymmetric deforma-
ion of cylindrical shell with a rigid, linear hardening material model.
he expressions of the radial deflection of the tube wall and the re-
uired driving force vary with the stroke of the die are obtained the-
retically. The theoretical analysis explains the three experimentally
bserved deformation i.e. T-C mode, W-C mode and W-CC mode [1] .
n the first two modes, the magnitude of the steady driving forces F s 
re calculated approximately from the energy balance method. In ad-
ition, an elastic, linear hardening material model is adopted for the
arly stage of deformation process to investigate any possible conse-
uence of neglecting the elastic deformation. Finally, based on the the-
retical analysis, the F-H curves (i.e., driving force vs. stroke of the
ie) of the three deformation modes, a map of deformation modes
n the h − 𝛾 plane, and effects of strain hardening modulus and fric-
ional coefficient are given and compared with the experimental results,
espectively. 

. Basic assumptions in analytical model 

The theoretical analysis in the following sections for the axis-
ymmetric tube expansion is under four assumptions as explained in
etail below. 

Firstly, the tube material is assumed rigid, linear hardening and the
ie is rigid. In the experimental study [1] , 5A06 aluminum tubes and
igh strength structure steel dies were used. As the tubes are much de-
ormable compared with the steel die, the plastic deformation is mainly
n the tubes and the die may be reasonably regarded as rigid. The stress-
train curve from a standard tensile test of the tube material is shown
n Fig. 2 , in which it can be seen that the elastic deformation is very
mall and negligible. Furthermore, the stress-strain curve may be ap-
roximated by a rigid, linear hardening (dotted line) material model
See Section 5.1 ). This idealisation is conventionally employed for ana-
yzing energy absorbing devices as they usually experience large plastic
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Fig. 1. Expansion of tube using conical-cylindrical die: (a) Schematic representation; (b) Typical load-displacement curve. 

Fig. 2. Experimental and idealized stress-strain curve for 5A06-T5 rustproof 

aluminum. 
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Fig. 3. Force-displacement curves obtained by experiments and FE simulations 

for tube-expanding process in Ref. [1] . Excellent agreement between experiment 

and FEM curves could be found when 𝜇= 0.05. 
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eformation. The stress-strain relationship is, hence, given by, 

= 𝜎𝑠 + 𝐸 𝑝 𝜀 (1)

here 𝜎s is the yield stress and E p is the strain-hardening modulus. For
A06 aluminum alloy shown in Fig. 2 , it is found that 𝜎s = 300 MPa and
 p = 549 MPa. These values were obtained by drawing a straight line from
he point corresponding to the necking strain (15%) such that the area
nder the idealized stress-strain curve is the same as the experimental
tress-strain curve. There are, of course, other ways of approximating
he stress-strain curve, such as by drawing a tangent line from the initial
ield stress, which would lead to other values. Theoretical predictions
re discussed in Section 5.4 for other values of E p , which may be lower
han 549 MPa. 

Secondly, a classical Coulomb friction model with a constant fric-
ional coefficient ( 𝜇= const) is used. To facilitate the smooth tube expan-
ion by a die in the experiment, Lithium-based grease containing MoS 2 
olid lubricant was used to reduce the friction between the tube wall and
he die surface. In practice, the contact surface between the tube and
he die was fully lubricated and the value of the frictional coefficient
hould be very small (less than 0.15), but it was difficult to determine
209 
ccurately. As shown in Fig. 3 , it was found [1] that the FE simulation
ts the experimental data very well when 𝜇 = 0.05, while a frictionless
ontact 𝜇= 0 underestimates the driving force by approximately 22%
nd a coefficient of friction of 𝜇= 0.2 overestimates the force by 18%.
herefore, 𝜇= 0.05 is used in the theoretical analysis. Furthermore, the

nfluence of a small variation in the value of the frictional coefficient on
he theoretical forces is discussed in Section 5.4 . 

Thirdly, the tube thickness is assumed to remain constant during tube
xpansion. Fischer et al. [24] has shown theoretically that the strain
n the direction of thickness is negligible in the tube flaring process
nd suggested the tube thickness may be assumed constant. This has
lso been verified in our experiment [1] . Intuitively, this is because the
ensile circumferential strain is compensated by the compressive axial
train, with the total volume of the material keeping constant. 

Finally, for a cylindrical shell under axisymmetric loading, there is
o coupling between the axial bending moment and the circumferential
embrane force in the yield criterion. Consequently, an element on the

ube wall will yield only if the circumferential membrane force reaches
he fully plastic membrane force ( N = N s ), or the axial bending moment
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Fig. 4. Circumferential membrane force-radial dis- 

placement relationship and axial bending moment- 

curvature relationship of rigid, linearly hardening ma- 

terial for axisymmetric deformed circular tube. 

Fig. 5. An axisymmetric loading cylindrical shell and 

a small element cut from the shell with internal forces 

and external loads acting on it. 
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Fig. 6. Sketch of the initial stage of the deformation process for the axial strip 

element isolated from the tube with the arc subtending a small angle d 𝜃. 
eaches the fully plastic moment ( M = M s ). Hodge [35] has discussed dif-
erent yield conditions for cylindrical shells under axisymmetric loading
nd successfully carried out theoretical plastic limit analysis with the
ncoupled yield condition. 

For a circular tube with rigid, linear strain-hardening material from
q. (1) and an outward radial displacement W , the circumferential mem-
rane force and the axial bending moment per unit length, respectively,
re given by 

 𝜃 = 𝑁 𝑠 + 

𝐸 𝑝 ℎ 

𝑅 0 
𝑊 

(
if 𝑁 𝜃 ≥ 𝑁 𝑠 

)
(2)

 𝑥 = 𝑀 𝑠 + 𝐷 𝑝 𝜅
(
if 𝑀 𝑥 ≥ 𝑀 𝑠 

)
(3)

here N s = 𝜎s h , 𝑀 𝑠 = 

𝜎𝑠 ℎ 
2 

4 , 𝜅 = 

d 2 𝑊 

d 𝑋 2 , and 𝐷 𝑝 = 

𝐸 𝑝 ℎ 
3 

12( 1− 𝜈2 ) are, respectively,

he fully plastic membrane force, the fully plastic axial bending mo-
ent, the axial curvature, and the bending hardening rigidity. The cir-

umferential membrane force-radial displacement and the axial bending
oment-curvature relationships are sketched in Fig. 4 . 

. Analysis for three deformation modes 

An axisymmetrically deformed cylindrical shell and the free body
iagram for the small element cut from it are shown in Fig. 5 . The axial
ength of the element is d X . The arc subtending angle is d 𝜃 and its length
s R 0 d 𝜃. The internal forces acting on the element are the axial force
 x R 0 d 𝜃, the circumferential force N 𝜃d X , the shear force Q x R 0 d 𝜃, and

he axial bending moment M x R 0 d 𝜃. The external distributed loads per
nit area are q x and q n in the axial and normal directions, respectively.
rom the equilibrium conditions of the element, we have the following
quations: 

d 𝑁 𝑥 

d 𝑋 

+ 𝑞 𝑥 = 0 (4)
210 
d 𝑄 𝑥 

d 𝑋 

+ 

𝑁 𝜃

𝑅 0 
+ 𝑞 𝑛 = 0 (5)

d 𝑀 𝑥 

d 𝑋 

− 𝑄 𝑥 = 0 (6)

When the tube expands by the die, the external distributed loads
 x = q n = 0 except on the contact area between the die and the tube wall.
hus, from Eqs. (5) and (6) , an equilibrium equation can be obtained,
s follows, 

d 2 𝑀 𝑥 

d 𝑋 

2 + 

𝑁 𝜃

𝑅 0 
= 0 (7)

With the constitutive relations and appropriate boundary conditions
f the tube, equilibrium Eq. (7) can be solved. Solutions will be given
n the following sections. 

Fig. 6 shows a strip OB which is isolated along the axial direction of
he tube and has the arc cross-section subtending a small angled 𝜃. The
ube wall does not deform until the driving force F reaches a critical
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alue F 0 , and the plastic bending deformation occurs at Point A, at a
istance 𝛿0 from the tip (or X = L − 𝛿0 away from the origin O), in Fig. 6 .
his takes place when the bending moment M x reaches the fully plastic
ending moment M s , according to the uncoupled yield condition (the
ast assumption in Section 2 ). Three forces acting at the expanding end
f the tube (Point B) are shown: the axial and radial components of the
ontact force per unit length of the contact circumference, P x 0 , and P y 0 ,
nd the frictional force f 0 . The circumferential membrane force is not
hown. In the radial direction, this strip is in equilibrium under three
orces: P y 0 , the radial component of the circumferential membrane force
nd that of the frictional force f 0 . For simplicity, q = N 𝜃/ R 0 is used below
nd then the radial component of the circumferential membrane force
er unit length acting on the straight sides of the strip is N 𝜃d 𝜃 = qR 0 d 𝜃.
hen F reaches the critical value F 0 which corresponds to the onset of

he plastic deformation on the tube wall, M x = M s at A and N 𝜃 = N s . From
eometry relation, it follows, 

 𝑥 0 = 𝑃 𝑦 0 tan 𝛾, 𝑓 𝑥 0 = 𝜇𝑃 𝑦 0 (8)
211 
n which f x 0 is the axial component of frictional force per unit length on
he contact circle. Then P y 0 and 𝛿0 can be easily derived from the equi-
ibrium of the strip segment AB in the radial direction and the moment
alance about A as 

0 = 

√ 

𝑅 0 ℎ 

2 
, 𝑃 𝑦 0 = 

1 
( 1 − 𝜇 tan 𝛾) 

𝜎𝑠 ℎ 

𝑅 0 

√ 

𝑅 0 ℎ 

2 
(9)

The corresponding initial driving force F 0 is given as 

 0 = 

2 𝜋𝜎𝑠 ℎ ( tan 𝛾 + 𝜇) 
1 − 𝜇 tan 𝛾

√ 

𝑅 0 ℎ 

2 
(10) 

When the driving force is larger than the initial critical force F 0 , the
ube will be flared along the conical surface of the die. Based on the
ontact behaviour between the tube and the die surface, at the coni-
al part and cylindrical part of the die, respectively, the deformation
rocess can be classified into three modes, i.e., T-C mode, W-C mode
nd W-CC mode. The deformation processes of these three modes are
hown in Figs. 7 , 8 , and 9 , respectively. In the previous experimental
Fig. 7. Three deformation stages of the tube in T-C 

mode, comparing with numerical case h = 3 mm and 

𝛾= 20° in Ref. [1] . (a) Stage A: tube is flared along the 

conical part of the die ( H < H C ). (b) Stage B: tube con- 

tinues its expanding along the cylindrical part of the 

die ( H C ≤ H < H D ). (c) Stage C: the inward bending 

moment of the tube on the cylindrical part of the die 

reaches the linear hardening plastic range ( H D ≤ H < 

H m ). 



M. Luo, J. Yang and H. Liu et al. International Journal of Mechanical Sciences 157–158 (2019) 207–220 

Fig. 8. Stage B, C and D in W-C mode, comparing 

with numerical case h = 2 mm and 𝛾= 10° in Ref. [1] . 

(a) Stage B: the tube is flared along the conical surface 

of the die with the inner face fully contacting the die 

( H E < H < H C ). (b) Stage C: tube continues its expand- 

ing along the cylindrical part of the die ( H C ≤ H < H D ). 

(c) Stage D: inward bending moment of the tube on the 

cylindrical part of the die reaches the linear hardening 

plastic range ( H D ≤ H < H m ). 
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t  
nd numerical investigations in [1] , the three deformation modes have
een observed for a series of specimens with different tube thicknesses
 = 1, 2, 3, 5 mm ( R 0 = 22.5 mm) and semi-cone angles of dies 𝛾 = 5°, 10°,
5°, 20°. The numerical deformation results of three cases h = 3 mm and
= 20°, h = 2 mm and 𝛾 = 10°, and h = 1 mm and 𝛾 = 5°, which represent

ypical examples of T-C, W-C, and W-CC modes, are added into Figs. 7 –
 to show clearly the consistency between the proposed deformation
odel and numerical analysis. 

In the T-C mode, the tip of tube (B) first contacts the conical sur-
ace in a point-contact manner. When the die moves in further, only the
ame point of the tube (B) remains in contact with the conical surface
 Fig 7 (a)). After point B moves over the shoulder of the die (Q), the
pper portion of the tube expands continuously, and loses contact with
he die, i.e., only the shoulder Q touches the tube ( Fig. 7 (b)). When
he tube moves further, the upper portion of the tube begins to bend
nwardly initiated at Q ( Fig. 7 (c)). 

In the W-C mode, after the initial point contacts between the tube
ip B and the conical surface, as the die moves in further, the tube wall

omes in touch with the conical surface and the contact area there- r  

212 
ore increases ( Fig. 8 (a)). However, after the tube material has moved
ver the shoulder of the die, the contact area with the conical sur-
ace decreases and the upper portion of the tube expands continuously
 Fig. 8 (b)). When the tube moves further, the upper portion of the tube
egins to bend inwardly initiated at Q ( Fig. 8 (c)), the same as the case
or the T-C mode. 

In the W-CC mode, the initial stage when the tube is in touch with
he conical surface is the same as in the W-C mode ( Fig. 9 (a)), i.e., the
ontact is the surface contact instead of a point contact (as in the T-C
ode). After the material has moved over the die shoulder, however,

his portion of the tube wall remains in full contact with the cylindrical
urface of the die ( Fig. 9 (b)). Analyses of these three modes are given,
espectively, as follows. 

.1. T-C mode 

The deformation process in the T-C mode is characterized by the fact
hat only the tube tip B contacts the conical surface of the die until it
eaches the intersection of the conical section and the cylinder section
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Fig. 9. Analysis of the deformation of the tube in W- 

CC mode, comparing with numerical case h = 1 mm and 

𝛾= 5° in Ref. [1] . (a) Stage A: the tube is flared along 

the conical part of the die ( H < H C ). (b) Stage B: tube 

continues its expanding along the cylindrical part of 

the die ( H C ≤ H ). 
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f the die, or the shoulder Q in Fig. 7 . It means that the slope of the tube
all at B is always smaller than the semi-angle of the die 𝛾. The complete
eformation process of this mode can be described as three stages before
he driving force reaches a steady state, as illustrated in Fig. 7 :stage A,
he tube expands along the conical surface of the die; stage B, the tube
ip is pushed over the shoulder Q and the tube continues its expanding
rocess along the cylindrical part of the die; stage C, the inward (reverse)
ending moment of the tube above the cylindrical section of the die
eaches M s at Q, and reverse bending deformation occurs near the region
oon afterwards. 

.1.1. Stage A, tube expanding along the conical section of the die 

When the driving force is above the initial force F 0 , the end of the
ube will be expanded along the conical surface of the die. A strip OB
solated from the tube in the axial direction with the arc subtending a
mall angle d 𝜃 is considered for its equilibrium, as seen in Fig. 7 (a).
he tube strip may be divided into three segments: segment AC bends
utward with bending moment larger than M s (due to strain harden-
ng), and segments OA and CB remain straight with the bending mo-
ent smaller than M s , as shown in Fig. 7 (a). For specimens with large

ending rigidity and large semi-angle of the die, angle 𝜙 (which is de-
ned as the angle between segment CB and the axial direction) is always
maller than 𝛾 during the flaring of the expanding end of tube, B, from
he initial position to the shoulder of the die (point Q). 

Setting up a coordinate system W-X at Point A and substituting
qs. (2) and (3) into (7) , the equilibrium equation of axisymmetrically
oaded tube can be expressed in terms of W, as follows: 

 𝑃 

d 4 𝑊 

d 𝑋 

4 + 

𝐸 𝑃 ℎ 

𝑅 

2 
0 

𝑊 + 

𝑁 𝑠 

𝑅 0 
= 0 (11)

The solution of the above differential equation is, 

 = 𝑒 𝑘𝑋 
(
𝐶 1 cos 𝑘𝑋 + 𝐶 2 sin 𝑘𝑋 

)
+ 𝑒 − 𝑘𝑋 

(
𝐶 3 cos 𝑘𝑋 + 𝐶 4 sin 𝑘𝑋 

)
− 

𝑁 𝑠 𝑅 0 
𝐸 𝑃 ℎ 

(12)

here 4 𝑘 4 = 

𝐸 𝑃 ℎ 

𝑅 2 0 𝐷 𝑃 
. 
Q  
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To satisfy the continuity condition at C of segment AC, the dis-
lacement function of the rigid segment CB can be assumed as
 CB = tan 𝜙( X − L AC ) + W C , where 𝜙 is the inclined angle of CB. With

he notation q introduced before and Eq. (2) , it follows, 

 = 

𝑁 𝑠 

𝑅 0 
+ 

𝐸 𝑝 ℎ 

𝑅 

2 
0 

(
tan 𝜑 

(
𝑋 − 𝐿 𝐴𝐶 

)
+ 𝑊 𝐶 

)
(13)

Thus, the equilibrium equations of strip segment CB are, 

 𝑦 ( 1 − 𝜇 tan 𝛾 + tan 𝜑 tan 𝛾 + 𝜇 tan 𝜑 ) 
(
𝐿 𝐴𝐵 − 𝐿 𝐴𝐶 

)
− ∫

𝐿 𝐴𝐵 
𝐿 𝐴𝐶 

𝑞 
(
𝑋 − 𝐿 𝐴𝐶 

)
𝑑𝑋 = 𝑀 𝑠 (14) 

nd 

 𝑦 ( 1 − 𝜇 tan 𝛾) = 𝑃 𝑦𝐶 + ∫
𝐿 𝐴𝐵 
𝐿 𝐴𝐶 

𝑞𝑑𝑋 z (15)

here P yC is the radial force of segment AC at point C. With the bound-
ry conditions at A: W = W ′ = 0 and M x = M s , and the continuity con-
itions at C: M x = M s and P yC = − D p W ′′′ with W ′ = tan 𝜙, the unknown
oefficients C 1 ∼C 4 , L AC , L AB , P y , P yC and the deflection of segments AC
nd CB in terms of W B can be solved from Eqs. (12) , (14) and (15) . Thus,
he driving force can be expressed as 

 = 2 𝜋𝑅 0 𝑃 𝑦 ( tan 𝛾 + 𝜇) (16)

nd the stroke of the die is 

 = 

𝑊 𝐵 

tan 𝛾
(17) 

For the T-C mode the inclined angle 𝜙 increases with the stroke. 

.1.2. Stage B, tube expanding along the cylindrical part of the die 

When the tip of the tube, B, reaches the shoulder of the die (Q in
ig. 7 ), the corresponding stroke of the die, denoted as H C , is given by

 𝐶 = 

𝑅 𝐷 − 𝑅 0 
tan 𝛾

(18) 

As the die is pushed, the tube tip, B, will cross over the shoulder
 when H > H , and the front part of the tube continually undergoes
C 
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xpansion as seen in Fig. 7 (b). The current deformed tube wall is com-
osed of the bent segment, AC, with bending moment larger than M s ,
nd the straight segment CB with bending moment smaller than M s . In
his case, the equilibrium equation of segment AC is the same as Eq. (11) .
t should be noted that the contact force and the frictional force between
he tube and the die always act at point Q, but the direction of the con-
act force changes to be perpendicular to the axis of the tube. Thus, the
quilibrium equations for segment CB are, 

 𝑦 

(
1 + ta n 2 𝜑 

)(
𝐿 𝐴𝑄 − 𝐿 𝐴𝐶 

)
− ∫

𝐿 𝐴𝐵 
𝐿 𝐴𝐶 

𝑞 
(
𝑋 − 𝐿 𝐴𝐶 

)
d 𝑋 = 𝑀 𝑠 (19)

 𝑦 ( 1 − 𝜇 tan 𝜑 ) = 𝑃 𝑦𝐶 + ∫
𝐿 𝐴𝐵 
𝐿 𝐴𝐶 

𝑞d 𝑋 (20)

here 𝐿 𝐴𝑄 = 

𝑅 𝐷 − 𝑅 0 − 𝑊 𝐶 

tan 𝜑 + 𝐿 𝐴𝐶 . With boundary conditions at A and con-

inuity conditions at C, the deflection functions of segments AC and CB
nd the contact force P y can be solved for a given value of W B . Hence
he driving force and the stroke of the die are, 

 = 2 𝜋𝑅 0 𝑃 𝑦 ( tan 𝜑 + 𝜇) (21)

 = 𝐻 𝐶 + 

𝑊 𝐵 − 𝑅 𝐷 + 𝑅 0 
tan 𝜑 

(22)

As indicated above, when tip B crosses over Q, the direction of the
ontact force changes from being normal to the conical surface to that
f the cylindrical surface. Therefore, the driving force drops abruptly
ue to this change in the direction of the contact force. This phe-
omenon, which was also observed in the experiments [1] , is an impor-
ant characteristic of the T-C mode and will be discussed with examples
n Section 5.2 . 

.1.3. Stage C, inward bending of the tube wall over the cylindrical section 

f the die 

In stage B, the bending moment and the curvature within segment CB
an be easily calculated from the deflection. In stage C, we find that con-
ition | M x | < M s is satisfied over segment CB and the maximum inward
ending moment occurs at Q. When the bending moment at Q reaches
 xQ = − M s (outward direction is defined as positive), the corresponding

troke of the die is denoted as H D . The bending moment in the vicinity
f Q is in the linear hardening range when H > H D . The bending moment
n segments AC, FQ, and QD is in the linear hardening range and that
n segments CF and DB is smaller than M s . Thus, segments AC, FQ, and
D bend, while segments CF and DB are straight, as shown in Fig. 7 (c).
ecause the length of all these segments is unknown, i.e. the boundaries
etween the deforming and rigid segments are undetermined, equations
or all these segments need to be solved simultaneously, which might not
e straightforward. The solution procedure can be greatly simplified if
he inclined angle of QD at Q is assumed to be fixed and approximately
quals to 𝜙. Therefore, setting up a coordinate system W-X at point Q,
he equilibrium equation of segment QD is, 

 𝑃 

d 4 𝑊 

d 𝑋 

4 + 

𝐸 𝑃 ℎ 

𝑅 

2 
0 

𝑊 + 

𝑁 𝑠 

𝑅 0 
+ 

𝐸 𝑃 ℎ 

𝑅 

2 
0 

(
𝑅 𝐷 − 𝑅 0 

)
= 0 (23)

The deflection of rigid segment DB is given as
 DB = W ′ D ( X − L QD ) + W D , where 𝑊 

′
𝐷 

and W D are to be determined.
imilarly, with the notation q defined above and Eq. (2) , it follows, 

 = 

𝑁 𝑠 

𝑅 0 
+ 

𝐸 𝑝 ℎ 

𝑅 

2 
0 

(
𝑊 𝐷 

′(𝑋 − 𝐿 𝑄𝐷 

)
+ 𝑊 𝐷 + 𝑅 𝐷 − 𝑅 0 

)
(24)

The equilibrium equations of segment DB are, 

 𝑦𝐷 + ∫
𝐿 𝑄𝐵 

𝐿 𝑄𝐷 
𝑞d 𝑋 = 0 (25)

𝐿 𝑄𝐵 

𝐿 𝑄𝐷 
𝑞 
(
𝑋 − 𝐿 𝑄𝐷 

)
d 𝑋 = 𝑀 𝑆 (26)

Applying the boundary conditions at Q: W = 0 and W ′ = tan 𝜙, and
he continuity conditions at D: M x = − M s , P yD = − D p W ′′′ , W ′ = W ′ D and
214 
 = W D , the deflection of segments QD and DB can be obtained from
23) –(26) for a given L QB . 

The results show that the deflection at B, W B , increases with L QD and
eaches its maximum value W max when the stroke is H m 

, which is very
lose to H D . Hence stage C is very short, unloading and reverse yielding
n the circumferential membrane N 𝜃 subsequently occurs from the tube
ip B if W B decreases. The experimental and numerical analyses show
hat a steady-state driving force is attained after this complex unloading
nd reverse yielding process [1] . During the steady-state, the magnitude
f the driving force, F s , can be calculated approximately by the energy
ethod, which will be shown in Section 4 . 

.2. W-C mode 

As mentioned above, in the T-C mode, the angle 𝜙 is smaller than
when the tube tip B reaches point Q. But for specimens with weak

ending rigidity and dies with a smaller semi-angle, the angle 𝜙 may
ncrease and be equal to 𝛾 before the tube tip B reaches point Q, which
eans that the inner wall of the tube may contact the conical surface

f the die. The deformation process of the W-C mode can be described
n four stages before the driving force finally reaches a steady state. In
tage A, the tube is flared along the conical section of the die and only
ts tip contacts the cone-surface of the die. In stage B, when the tube
s further flared along the conical part of the die, the inner surface of
he tube contacts the die. In stage C, the tube tip B moves over the die
houlder Q and continues its expanding process along the cylindrical
art of the die. Finally in stage D, inward plastic bending of the tube
ccurs. 

The analysis of stage A is the same as that for the T-C mode, referring
o Fig. 7 (a). The deflection at the tube end B increases with the stroke
f the die. When the angle 𝜙 increases to 𝛾, stage A ends and the cor-
esponding stroke is denoted as H E . After that, the tube is flared with
he inner surface contacting the cone-surface of the die, as illustrated in
ig. 8 (a). 

There is now a distributed force over the contact area ‒ segment CB.
s the segment remains straight, the resultant of the distributed force

s equivalent to a concentrated force P acting at D, whose position is to
e determined. The equilibrium equation of segment AC is the same as
q. (11) and the equilibrium equations for segment CB are 

 𝑦 

(
1 + tan 2 𝛾

)(
𝐿 𝐴𝐷 − 𝐿 𝐴𝐶 

)
− ∫

𝐿 𝐴𝐵 
𝐿 𝐴𝐶 

𝑞 
(
𝑋 − 𝐿 𝐴𝐶 

)
𝑑𝑋 = 𝑀 𝑠 (27)

 𝑦 ( 1 − 𝜇 tan 𝛾) = 𝑃 𝑦𝐶 + ∫
𝐿 𝐴𝐵 
𝐿 𝐴𝐶 

𝑞d 𝑋 (28)

here L AD is the X -coordinate of D, at which the equivalent concentrated
ontact force acts, and q can be obtained from Eq. (13) by letting 𝜙= 𝛾.
qs. (11) , (27) , and (28) can be solved with the boundary conditions at
 and continuity conditions at C, and the F-H curve is obtained from
qs. (16) and (17) . 

Stage B finishes when the tube tip reaches point Q, at H = H C . It
hould be noted that the direction of the contact force does not change
hen H = H C as 𝜙 equals 𝛾. Therefore, unlike the case of the T-C mode
ere there is no sudden change in the driving force. The tube continues
ts expansion before the bending moment at Q reaches − M s , and then
tage C begins. When stage C finishes, the bending moment in the vicin-
ty of Q is in the linear hardening state, the inward bending occurs over
he corresponding section and stage D begins. The deflection of B, W B ,
ncreases and reaches its maximum value W max in stage D. The analysis
f stages C and D in W-C mode is similar to that of stages B and C in the
-C mode, respectively. 

.3. W-CC mode 

Experimental data and numerical results [1] show that for tubes with
uch weak bending rigidity and dies with small semi-angle, the de-

ormed tube wall conforms to the surface of the conical and cylindrical
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ections of the die, except for a very short gap around Q. Therefore, the
rogressive push of the die makes the contact area between the tube wall
nd the die surface increase, as well as the frictional force. As a result,
he driving force also increases all the time. Consequently, there is no
teady-state force for this deformation mode. The bending deformation
ay be neglected and a simplified analysis can be obtained. The defor-
ation of the tube in the W-CC mode can be described in two stages: in

tage A, the tube is flared along the conical part of the die; in stage B,
t is along the cylindrical part of the die. 

When the stroke of the die is shorter than H C , as shown in Fig. 9 (a),
he tube is flared along the conical part of the die. Neglecting the bend-
ng deformation around the rigid corner at A, the deflection of segment
B is, 

 = 𝑋 tan (29)

With the notation q = N 𝜃/ R 0 defined above and substituting
q. (29) into Eq. (2) , it follows, 

 = 

𝑁 𝑠 

𝑅 0 
+ 

𝐸 𝑝 ℎ 

𝑅 

2 
0 

𝑋 tan 𝛾 (30)

Thus, the equilibrium equation of segment AB is, 

 𝑦 ( 1 − 𝜇 tan 𝛾) = ∫𝐻 

0 𝑞d 𝑋 (31)

Substituting Eq. (30) into Eq. (31) , the F-H relationship can be ob-
ained from Eq. (16) , i.e. 

 = 

2 𝜋( 𝜇 + tan 𝛾) 𝐻 

1 − 𝜇 tan 𝛾

[ 
𝑁 𝑠 + 

𝐸 𝑝 ℎ tan 𝛾
2 𝑅 0 

𝐻 

] 
(32)

When the stroke is longer than H C , the tube is expanded along the
ylindrical part of the die, as shown in Fig. 9 (b), with a small gap caused
y the bending deformation of the tube wall at Q. Neglecting the bend-
ng deformation around the rigid corner at Q, hence N 𝜃 on contact area
B is a constant. Using Eq. (2) , q is obtained as 

 = 

𝑁 𝑠 

𝑅 0 
+ 

𝐸 𝑝 ℎ 

𝑅 

2 
0 

(
𝑅 𝐷 − 𝑅 0 

)
(33)

Thus the total frictional force on contact area QB is given by: 

 = 2 𝜋𝜇𝑅 0 
(
𝐻 − 𝐻 𝐶 

)
𝑞 (34)

Hence, the driving force during stage B can be calculated as 

 = 

2 𝜋𝐻 𝐶 ( 𝜇 + tan 𝛾) 
1 − 𝜇 tan 𝛾

[ 

𝑁 𝑠 + 

𝐸 𝑝 ℎ 
(
𝑅 𝐷 − 𝑅 0 

)
2 𝑅 0 

] 

+ 2 𝜋𝜇
(
𝐻 − 𝐻 𝐶 

)[ 
𝑁 𝑠 + 

𝐸 𝑝 ℎ 

𝑅 0 

(
𝑅 𝐷 − 𝑅 0 

)] 
(35) 

here H C can be obtained from Eq. (18) . It is clear that the driving force
ncreases with the stroke and there is no steady-state force in the W-CC

ode. 

Fig. 10. Sketch of the steady-state def

215 
. Steady-state driving force F s 

As mentioned above, in the T-C mode and the W-C mode a com-
lex unloading and reverse yielding in the circumferential membrane
ay take place after the tube tip reaches its maximum value W max . Ex-
eriments and numerical simulations have demonstrated that the tube
eformation tends to a stable state eventually and the driving force ap-
roaches a steady-state value F s , which is a direct indication of the en-
rgy absorption capacity [1] . It is not straightforward to give a theoreti-
al analysis for the unloading and reverse yielding and thus it is difficult
o obtain an exact expression for the steady-state force. In this section an
stimate of this steady-state force by using the energy balance method
s given. 

The work done by the external force during the die pushing process
s dissipated by plastic bending, circumferential stretching of the tube,
nd the friction between the tube and the die. When the die is moving
orward with a speed v 0 , the rate of the external work is equal to the
nergy dissipation rate by the tube, 

 𝑠 𝑣 0 = �̇� 𝑠 + �̇� 𝑏 + �̇� 𝑓 (36)

here �̇� 𝑠 , �̇� 𝑏 , and �̇� 𝑓 denote the rate of energy dissipation in plastic
tretching, bending, and friction, respectively. 

The plastic energy dissipated depends on the plastic strain of the
ube in the steady state. Neglecting the complex unloading and reverse
ield process that occurs near the expanding end of the tube, the profile
n the steady deformation state of the T-C mode is shown in Fig. 10 .
egments AC and FD bend in the opposite directions with the bending
oment in the linear hardening stage. Segments CF, DE, and EB are

traight. The steady-state radial deflection in segment EB is W s . Here,
 method which is similar to that in Section 3.1.3 is employed to find
 s . The inclined angle of QD at Q is assumed approximately equal to 𝜙.

hen the equilibrium equations of segments QD and DE are the same as
qs. (23) , (25) , and (26) . Applying the boundary conditions at Q: W = 0,

W ′ = tan 𝜙 and at D: W ′ D = 0, M x = − M s , P yD = − D p W ′′′ , the deflections
f QD and DE can be solved and W s is calculated. 

The energy dissipated in plastic stretching is mainly contributed from
he circumferential stretching over the region between A and D, as seen
n Fig. 10 . The circumferential strain rate is 

̇  𝜃 = 

𝑣 0 tan 𝛾
𝑅 0 

(37) 

The volume of the element d X at coordinate X is, 

 𝑉 = 2 𝜋ℎ 
(
𝑅 0 + 𝑋 tan 𝜑 

)
d 𝑋 (38)

Hence the rate of stretching energy is given by the integration of the
roduct of the circumferential stress and strain rate over the volume of
he deformation zone, which is 

̇
 𝑠 = ∫

𝑣 

𝑁 𝜃

ℎ 
�̇� 𝜃d 𝑉 (39)
ormation of an expanding tube. 
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Thus, using Eq. (2) and assuming AD being a straight line of
 = X tan 𝜙, the rate of stretching energy is expressed as 

̇
 𝑠 = 

2 𝜋𝑣 0 tan 𝛾
𝑅 0 tan 𝜑 

[ 

𝑁 𝑠 𝑅 0 𝑊 𝑠 + 

1 
2 
(
𝑁 𝑠 + 𝐸 𝑝 ℎ 

)
𝑊 

2 
𝑠 
+ 

𝐸 𝑝 ℎ𝑊 

3 
𝑠 

3 𝑅 0 

] 

(40)

As shown in Fig. 10 , the rate of bending energy includes that in seg-
ents AC and FD. For the strip, segment AC bends in the anti-clockwise
irection by an angle 𝜙, and segment FD by the same angle 𝜙 but in
n opposite direction. Therefore, the bending energy for segment FQ is
pproximately the same as that for segment AC. The average curvature
f segment AC is, 

𝐴𝐶 = 

sin 𝜑 

𝐿 𝐴𝐶 

(41)

Thus, the energy dissipation rate by plastic bending is 

̇
 𝑏 = 4 𝜋𝑅 0 𝑀 𝑠 𝑣 0 

( 

sin 𝜑 

𝐿 𝐴𝐶 

) 

(42)

The rate of energy dissipation by frictional force is 

̇
 𝑓 = 2 𝜋𝑅 0 𝜇𝑃 𝑣 0 (43)

here P is the normal contact force per unit length, and it is related to
he driving force F s as follows: 

 = 

𝐹 𝑠 

2 𝜋𝑅 0 ( sin 𝜑 + 𝜇 cos 𝜑 ) 
(44)

Substituting Eqs. (40) , (42) , and (43) into Eq. (36) , the driving force
n the steady-state is 

 𝑠 = 

2 𝜋( sin 𝜑 + 𝜇 cos 𝜑 ) 
sin 𝜑 − 𝜇( 1 − cos 𝜑 ) 

×

{ 

tan 𝛾
tan 𝜑 

[ 

𝑁 𝑠 𝑊 𝑠 + 

𝑊 

2 
𝑠 

2 𝑅 0 

(
𝑁 𝑠 + 𝐸 𝑝 ℎ 

)
+ 

𝐸 𝑝 ℎ𝑊 

3 
𝑠 

3 𝑅 

2 
0 

] 

+ 

2 𝑅 0 𝑀 𝑠 sin 𝜑 

𝐿 𝐴𝐶 

} 

(45)

Here the steady-state driving force of the T-C mode is obtained. As
entioned in Section 3.2 , the driving force approaches a steady-state

alue in the W-C mode after stage D. From Sections 3.1 and 3.2 , it can
e concluded that the deformation process of stage D in the W-C mode
s similar to that of stage C in the T-C mode. Thus, the analysis of steady-
tate F s in the W-C mode is also similar to that in the T-C mode, which
s not described in this paper. 

A program has been written to calculate W s , 𝜙, L AC , and then the
alue of the steady-state force can be estimated. The values of the steady-
tate driving force for different conditions are compared with the experi-
ental data from [1] , as shown in Fig. 11 . In the experiments, aluminum
ig. 11. Comparison of steady-state driving force measured from Ref. [1] and 

redicted by theory. 
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lloy 5A06 tubes with an inner radius of 22.5 mm and thickness of 1.0,
.0, 3.0, and 5.0 mm were used and the dies were made of 30CrMoSiA
tructural steel with a semi-angle of 10°, 15° and 20°, respectively. The
tress-strain curve of aluminum alloy 5A06 in tension can be idealized
s rigid, linear hardening with an initial yield stress of 300 MPa and a
ardening modulus of 549 MPa. The frictional coefficient 𝜇 = 0.05 was
etermined by matching the experimental data with the analytical re-
ults. The comparison in Fig. 11 indicates that the theoretical values for
 s are in reasonable agreement with the experiments and the average
rror compared with experimental results is about 12%. Besides, the
elative error increases with increasing 𝛾 and h . It is evident that for
arger values of 𝛾, larger values of F s are needed and this is more pro-
ounced for thick tubes. Although the theoretical values are, in general,
lightly higher than the experiment data, the analysis should be useful
n designing an expansion tube as an efficient energy absorber. 

. Discussions 

.1. Effect of initial elastic deformation 

In the above analysis, a rigid, linear hardening material model is em-
loyed where the tube does not deform until the driving force is larger
han an initial critical value F 0 . In order to investigate any possible con-
equence of neglecting the elastic deformation, an analysis is carried out
or the initial stage before F 0 is reached, with an elastic, linear hardening
elationship given by: 

= 

{ 

𝐸𝜀 𝜀 ≤ 𝜀 𝑒 
𝜎𝑠 + 𝐸 𝑃 ( 𝜀 − 𝜀 𝑒 ) 𝜀 ≥ 𝜀 𝑒 

(46)

An axial strip OB isolated from the axisymmetrically deformed tube
ith the arc subtending a small angle d 𝜃 is shown in Fig. 12 , with the

oordinate system W-X . The circumferential membrane force and the
xial bending moment can be given, respectively, as follows, 

 𝜃 = 

{ 𝐸ℎ 

𝑅 0 
𝑊 𝑊 ≤ 𝑊 𝑒 ( 47 − 𝑎 )

𝑁 𝑠 + 

𝐸 𝑃 ℎ 

𝑅 0 

(
𝑊 − 𝑊 𝑒 

)
𝑊 ≥ 𝑊 𝑒 ( 47 − 𝑏 )

 𝑥 = 

⎧ ⎪ ⎨ ⎪ ⎩ 
𝐷 

d 2 𝑊 

d 𝑋 2 𝜅 ≤ 𝜅𝑒 ( 48 − 𝑎 ) 
𝑀 𝑠 + 𝐷 𝑃 

(
d 2 𝑊 

d 𝑋 2 − 𝜅𝑒 

)
𝜅 ≥ 𝜅𝑒 ( 48 − 𝑏 ) 

here 𝑊 𝑒 = 

𝜎𝑠 𝑅 0 
𝐸 

, 𝑀 𝑠 = 

𝜎𝑠 ℎ 
2 

4 , 𝐷 = 

𝐸 ℎ 3 

12( 1− 𝜈2 ) , 𝐷 𝑃 = 

𝐸 𝑃 ℎ 
3 

12( 1− 𝜈2 ) and 𝜅𝑒 = 

𝑀 𝑠 

𝐷 
.

ubstituting Eqs. (47-a) and (48-a) into Eq. (7) , the equilibrium equa-
ion of the strip in terms of deflection is obtained for the elastic circular
ube, 

d 4 𝑊 

d 𝑋 

4 + 4 𝑘 1 4 𝑊 = 0 (49)

here 4 𝑘 1 4 = 

𝐸ℎ 

𝑅 2 0 𝐷 
. The general solution of Eq. (49) is given below: 

 = 𝑒 𝑘 1 ( 𝐿 − 𝑋 ) 
(
𝐶 1 cos 𝑘 1 ( 𝐿 − 𝑋 ) + 𝐶 2 sin 𝑘 1 ( 𝐿 − 𝑋 ) 

)
+ 𝑒 − 𝑘 1 ( 𝐿 − 𝑋 ) 

(
𝐶 3 cos 𝑘 1 ( 𝐿 − 𝑋 ) + 𝐶 4 sin 𝑘 1 ( 𝐿 − 𝑋 ) 

)
(50) 

As the deflection and the curvature of the tube wall W at X = 0 are
egligible, we have C 1 = C 2 = 0 in the general solution. Noting that the
oundary conditions of the strip segment at B are M x = 0, W = W B , the
olution is shown as 

 = 𝑊 𝐵 𝑒 
𝑘 1 ( 𝑋− 𝐿 ) cos 

[
𝑘 1 ( 𝐿 − 𝑋 ) 

]
(51)

The stroke of the die is the same as Eq. (17) . The driving force can
e obtained by solving the equilibrium equations of forces acting at B:

 = 

( 

𝜇 + tan 𝛾
1 − 𝜇 tan 𝛾

) 

4 𝜋𝑅 0 𝐷 𝑘 1 
3 𝑊 𝐵 (52)
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Fig. 12. Analysis of tube deformation with elastic, lin- 

ear hardening material. 

Fig. 13. Evolution of the distribution of bending mo- 

ment within the tube before plastic bending occurs (0 

< H < H P ). h = 3 mm and 𝛾= 20°
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Table 1 

Comparison of steady-state driving force with existing experimental data and 

theoretical predictions. (Properties in each case can be found in Ref. [27] ). 

1 2 3 

R 0 (mm) 85 85 85 

h (mm) 3.5 3.5 3.5 

𝛾 (°) 37.27 41.73 43.19 

𝜇 0.25 0.1 0.05 

F s (kN) [27] (Test) 209.79 199.56 192.86 

F s (kN) [27] (Analytic) 214.41 196.64 N/A 

F s (kN) [31] (Analytic) 211.99 198.61 194.67 

F s (kN) (Present model) 212.38 196.07 189.00 

Error (%) 1.2 1.7 2.0 
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When the driving force increases further, it causes the initial yielding
t tube tip B. The deflection of B is defined as the elastic deflection limit
 e and the corresponding stroke of the die is denoted as H e . The strip

onfiguration for H > H e is shown in Fig. 12 . The strip can be divided
nto two parts: segment AC is in elastic deformation state and segment
B is in plastic. The equilibrium equation for AC is given in Eq. (49) and
hat for CB is obtained by substituting Eqs. (47b) and (48a) into Eq. (7) .
t follows that 

d 4 𝑊 𝐶𝐵 

d 𝑋 

4 + 4 𝑘 4 2 𝑊 𝐶𝐵 + 

𝑁 𝑠 

𝑅 0 𝐷 

− 

𝐸 𝑃 ℎ 

𝑅 

2 
0 𝐷 

𝑊 𝑒 = 0 (53)

here 4 𝑘 2 4 = 

𝐸 𝑃 ℎ 

𝑅 2 0 𝐷 
. The F-H relation can be obtained by solving

qs. (49) and (53) with suitable boundary conditions at B and the con-
inuity conditions at C. The calculation shows that in the initial elastic
eformation stage, as expected, the driving force increases linearly with
he stroke, while the axial bending moment increases with the stroke
nd then reaches its fully plastic bending moment at stroke H P . The
volution of bending moment distribution with the stroke increasing
rom 0 to H P is illustrated in Fig. 13 , where the tube thickness h = 3 mm
nd the die semi-angle 𝛾 = 20° (abscissa X is in the axial direction of
he tube). 

The axial bending moment per unit length increases with the stroke
nd it reaches the maximum value M s = 675 N at X = 64.13 mm, when
he stroke reaches H P = 0.79 mm and the driving force is F = 13.89 kN.
he initial driving force calculated from Eq. (10) for the rigid, linear
ardening model is F 0 = 13.85 kN and from Eq. (9) the corresponding
xial bending moment reaches M s at X = 64.19 mm. Comparing these
alues, the predictions by the rigid, linear hardening model are very
lose to those from the elastic, linear hardening model. This indicates
hat the elastic deformation may be insignificant in the large deflection
f the tube during the long pushing stroke of the die and, for simplicity, a
igid, linear hardening material model can be adopted for the theoretical
nalysis. 
217 
.2. Validation of the theoretical model 

To validate the present theoretical model, the predicted steady-state
riving force is compared with the existing experimental data in Ref.
27] and previous theoretical predictions by Refs. [27] and [31] , as
isted in Table 1 . These two previous models are based on the energy
ethod, while the current model adopts the theory of axisymmetric de-

ormation of cylindrical shells. From Table 1 , it can be found that all of
he theoretically predicted steady-state driving forces agree well with
he existing experimental data. 

Different from the existing theoretical models, however, not only the
nal steady-state driving force but also the driving force as a function
f the stroke of the die before the steady-state stage can be predicted
y the current theoretical model. A comparison of F-H curves predicted
y the current model and experimental curves in Ref. [1] is shown in
ig. 14 for three cases: h = 3 mm and 𝛾 = 20°; h = 2 mm and 𝛾 = 10°;
nd h = 1 mm and 𝛾 = 5°, which represent typical examples of the T-C,
-C, and W-CC modes, respectively. 
For the case of h = 3 mm and 𝛾 = 20°, when the leading edge of

he tube reaches the shoulder Q at H = 4.12 mm, the theoretical model
C 
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Fig. 14. Comparison of theoretically predicted and ex- 

perimental F-H curves in Ref. [1] for the three different 

modes. 
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Fig. 15. Map of deformation modes in h − 𝛾 plane, for aluminum alloy 5A06 

tubes, R 0 = 22.5 mm and R D = 24 mm. 
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redicts 𝜙= 14.5°, which is lower than the die semi-angle 𝛾. A drop of
he driving force occurs at this moment owing to the sudden change in
he direction of the contact force, which is a remarkable characteristic
f the F-H curve in the T-C mode. Experimental results in Ref. [1] have
onfirmed this phenomenon. A steady-state force F s = 34.59 kN is pre-
icted from Eq. (45) when the steady-state deformation is reached. 

For the case of h = 2 mm and 𝛾 = 10°, it is found that 𝜙= 𝛾 when the
troke reaches H E = 4.82 mm, before the leading edge of tube reaches
he shoulder Q. Then the inner surface of the tube contacts the conical
urface of the die, which is a distinguishing feature of the W-C mode.
here is no drop in the driving force on the F-H curve and Eq. (45) gives
 steady-state force F s = 14.33 kN. 

For the case of h = 1 mm and 𝛾 = 5°, the F-H curve predicted by the
heoretical analysis may be approximated by two straight lines inter-
ected at point H C = 17.15 mm. The driving force always increases with
he stroke; as a result, no steady-state driving force can be found in the

-CC mode, as also observed in the experiment [1] . 
It can be concluded that the F-H curves given by the theoretical anal-

sis, which is based on a rigid, linear hardening material model, shows
 reasonably good agreement with the experimental results for all the
hree deformation modes in the tube expansion. 

.3. Deformation modes 

A series of specimens with different tube thicknesses h = 1, 2, 3 and
 mm ( R 0 = 22.5 mm) and semi-cone angles of the dies 𝛾 = 5°, 10°, 15°
nd 20° ( R D = 24 mm) have been tested. As a result, F-H curves were
btained from the tests [1] . Together with the FE simulation, the three
eformation modes based on the features of F-H curves are indicated
n Fig. 15 . The theoretical analysis given above also reveals that when
he radius of the tubes is 22.5 mm and that of the cylindrical part of
he die is 24 mm, three possible deformation modes exist, depending on
eometrical parameters such as h / R 0 and 𝛾. 

In Fig. 15 , the boundary between the T-C mode and the W-C mode in
he h − 𝛾 plane is obtained theoretically from the condition 𝜙= 𝛾 when
he tube’s leading edge reaches the die shoulder Q. This theoretically
btained boundary between the T-C mode and the W-C mode is in good
greement with experiment results. For tubes of the same thickness, a
arger semi-angle leads to the T-C mode and a smaller one tends to pro-
uce the W-C mode. The critical value of the die semi-angle 𝛾 between
he T-C mode and the W-C mode decreases with an increase in the tube
hickness. This is because the thicker tube has stronger bending rigid-
ty, which causes a smaller angle 𝜙 when the tube leading edge reaches
he die shoulder Q. The boundary between the W-C mode and the W-CC
218 
ode is, nevertheless, less straightforward to obtain theoretically, be-
ause of the complex unloading and reversal yielding of the tube which
ppears in the W-C mode before its inner surface contacts the cylindrical
art of the die. It was observed in the experiments that the W-CC mode
xisted in the cases of 𝛾 = 5° with h = 1 mm and h = 2 mm. 

.4. Effect of strain hardening modulus and frictional coefficient on the 

heoretical predictions 

The material used in the experiment study [1] is 5A06 aluminum,
hich is idealized as rigid, linear hardening with strain hardening mod-
lus E p = 549 MPa. As mentioned before, taking E p = 549 MPa in the
heoretical calculation is based on the equivalent principle that the ar-
as under the stress-strain curves from the tensile test and the rigid, lin-
ar hardening model are equal for the strain in the range of 0–0.15. It
eans that if the material is stretched to 𝜀 = 0.15, the energy dissipated

y the rigid, linear hardening model equals that by the actual material,
s seen in Fig. 2 . But actually, the material breaks at 𝜀 = 0.198. If we
se the same equivalent principle and change the strain to the range of
–0.198, a lower value of E p = 472 MPa is obtained, as seen in Fig. 2 .
esides, in the stress-strain curve, a straight line can be drawn from the
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Fig. 16. Influence of different E p on the theoretical results. (a) predicted driv- 

ing force-displacement curves with different E p . (b) predicted boundary curves 

between T-C mode and W-C mode with different E p . 
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Fig. 17. Influence of the small variation in frictional coefficient on the theo- 

retical results. (a) W-CC mode: h = 1 mm and 𝛾= 5° (b) W-C mode: h = 2 mm and 

𝛾= 10° (c) T-C mode: h = 3 mm and 𝛾= 20°
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d  
ield point to the breaking point and an alternative lower E p = 323 MPa
s obtained. 

For h = 2 mm, 𝛾 = 10° and 𝜇 = 0.05, the predicted driving force-
isplacement curves with E p = 549 MPa, 472 MPa and 323 MPa, respec-
ively, are shown in Fig. 16 (a) together with the experimental results.
mong them the curve with E p = 549 MPa is closer to the experimental
esult than the others, and E p = 549 MPa is adopted for 5A06 aluminum
n this study. Fig. 16 (b) shows that when E p = 549 MPa, 472 MPa and
23 MPa, respectively, the predicted boundary curves between the T-C
ode and the W-C mode in the h − 𝛾 plane are very close to each other

nd are in good agreement with the experiments. 
It was mentioned in Section 2 that the experimental data [1] are

tted very well by choosing a coefficient of friction 𝜇= 0.05. Thus, a co-
fficient of friction 𝜇= 0.05 is used in the theoretical analysis. It is found
hat small variation in the frictional coefficient makes big changes in
he results of FE simulation. For three combinations of the parameters,
.e., h = 1 mm and 𝛾 = 5°, h = 2 mm and 𝛾= 10°, and h = 3 mm and 𝛾= 20°,
he theoretically predicted driving force versus displacement curves are
hown in Fig. 17 (a), (b), and (c), respectively, with 𝜇= 0.0, 0.025, 0.05,
.075 and 0.1. It is shown that for every increment of 0.025 in the
rictional coefficient, the theoretically predicted driving forces are in-
reased considerably. For h = 1 mm and 𝛾 = 5°, the experiment curve is
lose to that with 𝜇= 0.075; for h = 2 mm and 𝛾 = 10°, it is close to that
219 
ith 𝜇= 0.025; and for h = 3 mm and 𝛾= 20°, it is close to 𝜇= 0.025 too.
verall, 𝜇= 0.05 is chosen in the present theoretical study. 

. Conclusions 

A theoretical analysis based on the theory of axisymmetrically
eformed cylindrical shell has been performed to investigate the
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nergy absorption characteristics of circular tubes expanded by push-
ng a conical-cylindrical die axially. The theoretical analysis explains the
hree experimentally observed deformation modes in the tube expansion
rocess, i.e. T-C mode, W-C mode, and W-CC mode. The presence of a
articular mode in tube expansion depends on the geometrical parame-
ers, such as the value of h / R 0 (thickness/radius) and the semi-angle of
ies. Accordingly, the F-H curves for the modes exhibit different charac-
eristics. The boundary between the T-C mode and the W-C mode in the
 − 𝛾 plane has been determined theoretically. The deformation stages
nd the F-H curves are obtained theoretically and the steady-state driv-
ng force has been estimated. The analytical prediction agrees well with
he experimental results previously reported [1] . The value of the strain
ardening has been considered by choosing a modulus value so that the
nergy dissipated for the actual material and the idealized rigid, linear
train hardening model should be equal during the expansion process. 

This theoretical study has shed new insight into the mechanics of
ube deformation and will provide simple guideline in the design of such
nergy absorbers. 
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