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Previous experimental and numerical investigations have shown that expansion tubes under axial compression
by a conical-cylindrical die had stable and efficient energy absorption characteristics [1]. In order to further
understand the energy absorption mechanisms of such a tube expansion process, a theoretical analysis is given
in this paper. The tube material is assumed to be rigid, linear hardening and the die is rigid. When the die is
gradually pushed in, the tube expands. Both the radial deflection of the tube wall and the required driving force
vary with the stroke of the die and their expressions are obtained theoretically. The final radius of the tube and
the driving force in the steady-state are estimated. The theoretical analysis explains three deformation modes
observed in the experiments [1]: tube tip-conical surface contact mode (T-C mode), tube wall-conical surface
contact mode (W-C mode), tube wall-conical and cylindrical surface contact mode (W-CC mode), depending on
the values of geometrical parameters of the tube and the die, such as the ratio of tube thickness to radius h/R,
and the semi-angle of the die y. Deformation characteristics in each mode are discussed and a map of phases in
the h—y plane is given theoretically. The theoretical results are compared with the experimental data, with a
reasonably good agreement. In addition, an analysis of the early deformation stage using elastic, linear hardening

tube material model demonstrates that the elastic deformation of the tube is negligible.

1. Introduction

Circular tubes under axial compression are widely used as energy ab-
sorbers which have drawn much attention by researchers [2—4]. The de-
formation mechanisms of circular tubes under axial compression could
be progress buckling, inversion, splitting or even expansion. The buck-
ling behaviour of tubes has been studied for many years. Alexander
[5] was the pioneer to provide a theoretical model for the axisym-
metric fold of a circular tube. Abramowicz and Jones [6] proposed an
effective crush length, and Wiezbicki et al. [7] introduced a parame-
ter known as the eccentricity factor. Theoretical studies for the non-
symmetric buckling, also known as the diamond mode or Yoshimura
mode, are less successful than those for the axisymmetric fold mode.
Pugsley and Macaulay [8] were among the first researchers to consider
the diamond mode. Johnson et al. [9] attempted to develop a theory for
the diamond mode of PVC tubes based on experiments. Further theo-
retical studies were conducted by Singace [10]. More recently, Guillow
et al. [11] provided a detailed experimental analysis and discussed the
mode classification for circular 6060-T5 aluminum tubes. Using finite
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element (FE) simulations, Karagiozova and Jones [12] examined the
crushing behaviour of aluminum and steel cylindrical shells subjected
to an axial impact. Bardi et al. [13] conducted a series of crushing ex-
periments on moderately thick circular tubes and proposed a method to
predict the onset of collapse. In addition to the circular tube, tubes with
other section shapes (conical, square, rectangular, hexagonal, triangular
and pyramidal) have been studied [14-16]. Another energy-absorbing
mechanism by circular tubes is inversion. In 1966, Guist and Marble
[17] made the first theoretical analysis to predict the steady knuckle
radius and inversion force for the tube under free inversion. The most
recent study on the free inversion of circular tubes was presented by
Liu et al. [18]. Axial splitting of circular tubes by a cutter is also an
effective energy absorption method. The splitting of thin-walled struc-
ture was first introduced by Stronge et al. [19]. Then, Reddy and Reid
[20] investigated the splitting behaviour of circular metal tubes under
both quasi-static and dynamic condition. Later, using a conical die in-
stead of a curved one, Huang et al. [21] carried out similar work exper-
imentally and theoretically. Li et al. [22] presented experimental and
numerical investigations of expanding—splitting circular tubes recently.
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Nomenclature
do small angle subtended by the arc of a strip from the
tube wall cut along its axial direction (Fig. 5)

bending stiffness of tube wall in the elastic and strain

' hardening stages, respectively

E Ep elastic modulus and strain hardening modulus, re-
spectively

fo frictional force per unit length

F steady-state driving force

h wall thickness of the tube

H stroke of the die

L tube length

M, bending moment per unit length in the meridional
direction

M; fully plastic bending moment per unit length

N, axial membrane force per unit length

N, membrane force per unit length in the circumferen-
tial direction

N; fully plastic membrane force per unit length

Py0:Py0 components of contact force in the axial and radial
directions, respectively

Q, shear force per unit length

q notation for N,/R,

Ry initial radius of the tube

Rp radius of the cylindrical section of the die

T-Cmode  tube tip - conical surface contact mode (Fig. 7)

W-C mode tube wall - conical surface contact mode (Fig. 8)

W-CC mode tube wall - conical and cylindrical surface contact
mode (Fig. 9)

w outward radial displacement of the tube wall

W, outward radial displacement of the tube wall in

steady-state deformation
4 semi-cone angle of the die

8o critical length of deformation segment of the tube at
the beginning of flaring
K axial curvature of the tube wall

) Poisson’s ratio

o initial yield stress
u coefficient of friction
¢ inclined angle of tube wall segment

In addition to the energy dissipation mechanisms of circular tubes
mentioned above, expansion of tubes is a very efficient and stable pro-
cess for energy absorption. As shown in Fig. 1(a), a metal tube guided
by a conical-cylindrical die and subjected to axial compression under-
goes flaring and radial plastic expanding deformation. A typical load-
displacement curve for quasi-static loading is shown in Fig. 1(b). The
tube-expansion dissipates a large amount of energy through the plastic
deformation of the tube and frictional work, eventually with a constant
driving force during a long stroke. Experiments showed that the maxi-
mum value of specific energy absorption for aluminum tube-expansion
can reach 25kJ/kg [1]. Due to its stable driving force and high en-
ergy absorption efficiency, the expansion of tubes has drawn more and
more attention in the field of energy-absorbing design in recent years.
Lu [23] provided theoretical expressions which relate the flaring ra-
tio, the tube end downward depth ratio, and the tube end strain rate
to the tool stroke and the velocity in the tube flaring process. Fischer
et al. [24] studied the tube flaring forming. They derived an analytical
expression for the stress and strain fields as well as the driving force.
Although initially the variation of wall thickness within the deformed
region of the shell was approximated by a linear function, it was then
concluded that the wall thickness may be regarded as a constant during
the expansion process.
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Daxner et al. [25] and Almeida et al. [26] investigated the buck-
ling and fracture of the expansion tube by using a die. Shakeri et al.
[27] proposed an analytical model to predict the mean crush load of
the shock absorber with idealized rigid perfectly plastic material and
frictionless interaction property. Seibi et al. [28] presented a compar-
ative experimental and numerical study for both aluminum and steel
tubes expanded at various expansion ratios and mandrel angles. Al-Abri
and Pervez [29] established an analytical model describing the expan-
sion process of a thick-wall solid tubular and discussed the influences
of geometrical parameters and friction on the expansion force. Then,
Yan et al. [30] proposed a theoretical model that considered the ad-
ditional shear deformation and expansion ratio enlargement to predict
the contact force. In Shakeri, Al-Abri, and Yan’s theoretical models, the
transition section of the tube was assumed to consist of three straight
lines, corresponding to the undeformed section, the expanded section
and the expanding section contacting with the conical die. Base on this
assumption, the steady compressional force can be obtained by the en-
ergy conservation equations. To improve the above models, Liu and Qiu
[31] proposed a more accurate theoretical model, in which the defor-
mation mechanism was assumed to consist of three straight lines and
two continuous curves between them. Moreover, two combined defor-
mation processes of the expanding-splitting tube and expanding-folding
tube were reported by Li et al. [32] and Chahardoli and Nia [33]. More
recently, Liu et al. [34] improved their theoretical model by considering
the effect of the die radius rg;.. By introducing a critical die radius r* 4.
and comparing it with the actual die radius rg;., they expanded different
deformation modes observed in [1].

The theoretical works mentioned above were, however, based on the
energy method, which were focused on the accuracy of the predicated
steady compressive force and the final expanded radius. The mechan-
ics for the early expanding stage when the tube was expanding along
the conical section of the die could not be described. To obtain a fur-
ther understanding of the whole expanding process, this paper presents
a theoretical analysis based on the theory of axisymmetric deforma-
tion of cylindrical shell with a rigid, linear hardening material model.
The expressions of the radial deflection of the tube wall and the re-
quired driving force vary with the stroke of the die are obtained the-
oretically. The theoretical analysis explains the three experimentally
observed deformation i.e. T-C mode, W-C mode and W-CC mode [1].
In the first two modes, the magnitude of the steady driving forces F;
are calculated approximately from the energy balance method. In ad-
dition, an elastic, linear hardening material model is adopted for the
early stage of deformation process to investigate any possible conse-
quence of neglecting the elastic deformation. Finally, based on the the-
oretical analysis, the F-H curves (i.e., driving force vs. stroke of the
die) of the three deformation modes, a map of deformation modes
in the h—y plane, and effects of strain hardening modulus and fric-
tional coefficient are given and compared with the experimental results,
respectively.

2. Basic assumptions in analytical model

The theoretical analysis in the following sections for the axis-
symmetric tube expansion is under four assumptions as explained in
detail below.

Firstly, the tube material is assumed rigid, linear hardening and the
die is rigid. In the experimental study [1], 5A06 aluminum tubes and
high strength structure steel dies were used. As the tubes are much de-
formable compared with the steel die, the plastic deformation is mainly
in the tubes and the die may be reasonably regarded as rigid. The stress-
strain curve from a standard tensile test of the tube material is shown
in Fig. 2, in which it can be seen that the elastic deformation is very
small and negligible. Furthermore, the stress-strain curve may be ap-
proximated by a rigid, linear hardening (dotted line) material model
(See Section 5.1). This idealisation is conventionally employed for ana-
lyzing energy absorbing devices as they usually experience large plastic
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Fig. 1. Expansion of tube using conical-cylindrical die: (a) Schematic representation; (b) Typical load-displacement curve.
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Fig. 2. Experimental and idealized stress-strain curve for 5A06-T5 rustproof
aluminum.

deformation. The stress-strain relationship is, hence, given by,

c=0,+Ey;

@)

where o, is the yield stress and E, is the strain-hardening modulus. For
5A06 aluminum alloy shown in Fig. 2, it is found that 6,=300 MPa and
E,=549 MPa. These values were obtained by drawing a straight line from
the point corresponding to the necking strain (15%) such that the area
under the idealized stress-strain curve is the same as the experimental
stress-strain curve. There are, of course, other ways of approximating
the stress-strain curve, such as by drawing a tangent line from the initial
yield stress, which would lead to other values. Theoretical predictions
are discussed in Section 5.4 for other values of E,, which may be lower
than 549 MPa.

Secondly, a classical Coulomb friction model with a constant fric-
tional coefficient (u=const) is used. To facilitate the smooth tube expan-
sion by a die in the experiment, Lithium-based grease containing MoS,
solid lubricant was used to reduce the friction between the tube wall and
the die surface. In practice, the contact surface between the tube and
the die was fully lubricated and the value of the frictional coefficient
should be very small (less than 0.15), but it was difficult to determine
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Fig. 3. Force-displacement curves obtained by experiments and FE simulations
for tube-expanding process in Ref. [1]. Excellent agreement between experiment
and FEM curves could be found when y= 0.05.

accurately. As shown in Fig. 3, it was found [1] that the FE simulation
fits the experimental data very well when yx = 0.05, while a frictionless
contact y =0 underestimates the driving force by approximately 22%
and a coefficient of friction of ;=0.2 overestimates the force by 18%.
Therefore, u=0.05 is used in the theoretical analysis. Furthermore, the
influence of a small variation in the value of the frictional coefficient on
the theoretical forces is discussed in Section 5.4.

Thirdly, the tube thickness is assumed to remain constant during tube
expansion. Fischer et al. [24] has shown theoretically that the strain
in the direction of thickness is negligible in the tube flaring process
and suggested the tube thickness may be assumed constant. This has
also been verified in our experiment [1]. Intuitively, this is because the
tensile circumferential strain is compensated by the compressive axial
strain, with the total volume of the material keeping constant.

Finally, for a cylindrical shell under axisymmetric loading, there is
no coupling between the axial bending moment and the circumferential
membrane force in the yield criterion. Consequently, an element on the
tube wall will yield only if the circumferential membrane force reaches
the fully plastic membrane force (N =Nj), or the axial bending moment
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Fig. 4. Circumferential membrane force-radial dis-
placement relationship and axial bending moment-
curvature relationship of rigid, linearly hardening ma-
terial for axisymmetric deformed circular tube.

M =Mg+D

reaches the fully plastic moment (M = M;). Hodge [35] has discussed dif-
ferent yield conditions for cylindrical shells under axisymmetric loading
and successfully carried out theoretical plastic limit analysis with the
uncoupled yield condition.

For a circular tube with rigid, linear strain-hardening material from
Eq. (1) and an outward radial displacement W, the circumferential mem-
brane force and the axial bending moment per unit length, respectively,
are given by

E,h
Ny=N,+ —Ww

if Ny > N, 2

R, (1 0= x) 2)

M, =M+ Dy (if M, > M) (©)
2 2 3

where Ny=o,h, M, = 654;' ,K = (;Tuz/’ and D, = %ﬁvz) are, respectively,

the fully plastic membrane force, the fully plastic axial bending mo-
ment, the axial curvature, and the bending hardening rigidity. The cir-
cumferential membrane force-radial displacement and the axial bending
moment-curvature relationships are sketched in Fig. 4.

3. Analysis for three deformation modes

An axisymmetrically deformed cylindrical shell and the free body
diagram for the small element cut from it are shown in Fig. 5. The axial
length of the element is dX. The arc subtending angle is d9 and its length
is Rodd. The internal forces acting on the element are the axial force
N,Ryd0, the circumferential force N,dX, the shear force QR,df, and
the axial bending moment M, R,d6é. The external distributed loads per
unit area are ¢, and g, in the axial and normal directions, respectively.
From the equilibrium conditions of the element, we have the following
equations:

dN.

X

dx

+4,=0 )

210

Fig. 5. An axisymmetric loading cylindrical shell and
a small element cut from the shell with internal forces
and external loads acting on it.

de NH

9 =0 5
x T R, +4q, )
M 0. =0 ©)
dx x

When the tube expands by the die, the external distributed loads
q, =g, =0 except on the contact area between the die and the tube wall.
Thus, from Egs. (5) and (6), an equilibrium equation can be obtained,
as follows,
&M, N, 0
dx2 ' R,
With the constitutive relations and appropriate boundary conditions
of the tube, equilibrium Eq. (7) can be solved. Solutions will be given
in the following sections.
Fig. 6 shows a strip OB which is isolated along the axial direction of
the tube and has the arc cross-section subtending a small angledd. The
tube wall does not deform until the driving force F reaches a critical

()

L
W '\ A[)‘.(] /
W A P\ B/
o f 1 77X
/ .f()V [:”
Rn (‘0
[ >
773

Fig. 6. Sketch of the initial stage of the deformation process for the axial strip
element isolated from the tube with the arc subtending a small angle dé.
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value Fj, and the plastic bending deformation occurs at Point A, at a
distance 6 from the tip (or X=L — §, away from the origin O), in Fig. 6.
This takes place when the bending moment M, reaches the fully plastic
bending moment M;, according to the uncoupled yield condition (the
last assumption in Section 2). Three forces acting at the expanding end
of the tube (Point B) are shown: the axial and radial components of the
contact force per unit length of the contact circumference, P,,, and Py,
and the frictional force f;. The circumferential membrane force is not
shown. In the radial direction, this strip is in equilibrium under three
forces:Py, the radial component of the circumferential membrane force
and that of the frictional force f;,. For simplicity, g = N,/R is used below
and then the radial component of the circumferential membrane force
per unit length acting on the straight sides of the strip is N,df = qR,d#.
When F reaches the critical value F, which corresponds to the onset of
the plastic deformation on the tube wall, M, = M; at A andN, = N,. From
geometry relation, it follows,

®

Py = Pytany, fyo = uPy

Numerical deformation (stage A)

T
HHHHT
HHH
i
*

rﬂﬂH |

WA
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in which f, is the axial component of frictional force per unit length on
the contact circle. Then Py, and &, can be easily derived from the equi-
librium of the strip segment AB in the radial direction and the moment
balance about A as

5 = Ryh o 1 osh | Ryh ©
o=V WT (1 —utany) R, 2
The corresponding initial driving force F is given as
2o h(tany + Ryh
o= mogh(tany + p) 0 (10)

1—putany 2

When the driving force is larger than the initial critical force F,, the
tube will be flared along the conical surface of the die. Based on the
contact behaviour between the tube and the die surface, at the coni-
cal part and cylindrical part of the die, respectively, the deformation
process can be classified into three modes, i.e., T-C mode, W-C mode
and W-CC mode. The deformation processes of these three modes are
shown in Figs. 7, 8, and 9, respectively. In the previous experimental

Fig. 7. Three deformation stages of the tube in T-C
mode, comparing with numerical case h=3mm and
y=20" in Ref. [1]. (a) Stage A: tube is flared along the
conical part of the die (H < H,). (b) Stage B: tube con-
tinues its expanding along the cylindrical part of the
die (H; < H < Hp). (c) Stage C: the inward bending
moment of the tube on the cylindrical part of the die
reaches the linear hardening plastic range (H, < H <
H,).
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Numerical deformation (stage B)
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Fig. 8. Stage B, C and D in W-C mode, comparing
with numerical case h=2mm and y=10° in Ref. [1].
(a) Stage B: the tube is flared along the conical surface
of the die with the inner face fully contacting the die

(Hg < H < H). (b) Stage C: tube continues its expand-
ing along the cylindrical part of the die (H, < H < Hp).
(c) Stage D: inward bending moment of the tube on the
cylindrical part of the die reaches the linear hardening
plastic range (H, < H < H,).

Numerical deformation (stage D)
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and numerical investigations in [1], the three deformation modes have
been observed for a series of specimens with different tube thicknesses
h=1, 2, 3, 5mm (R, = 22.5 mm) and semi-cone angles of dies y =5°, 10°,
15°, 20°. The numerical deformation results of three cases h=3 mm and
y=20°, h=2mm and y =10°, and h=1mm and y =5°, which represent
typical examples of T-C, W-C, and W-CC modes, are added into Figs. 7 —
9 to show clearly the consistency between the proposed deformation
model and numerical analysis.

In the T-C mode, the tip of tube (B) first contacts the conical sur-
face in a point-contact manner. When the die moves in further, only the
same point of the tube (B) remains in contact with the conical surface
(Fig 7(a)). After point B moves over the shoulder of the die (Q), the
upper portion of the tube expands continuously, and loses contact with
the die, i.e., only the shoulder Q touches the tube (Fig. 7(b)). When
the tube moves further, the upper portion of the tube begins to bend
inwardly initiated at Q (Fig. 7(c)).

In the W-C mode, after the initial point contacts between the tube
tip B and the conical surface, as the die moves in further, the tube wall
comes in touch with the conical surface and the contact area there-

212

fore increases (Fig. 8(a)). However, after the tube material has moved
over the shoulder of the die, the contact area with the conical sur-
face decreases and the upper portion of the tube expands continuously
(Fig. 8(b)). When the tube moves further, the upper portion of the tube
begins to bend inwardly initiated at Q (Fig. 8(c)), the same as the case
for the T-C mode.

In the W-CC mode, the initial stage when the tube is in touch with
the conical surface is the same as in the W-C mode (Fig. 9(a)), i.e., the
contact is the surface contact instead of a point contact (as in the T-C
mode). After the material has moved over the die shoulder, however,
this portion of the tube wall remains in full contact with the cylindrical
surface of the die (Fig. 9(b)). Analyses of these three modes are given,
respectively, as follows.

3.1. T-C mode
The deformation process in the T-C mode is characterized by the fact

that only the tube tip B contacts the conical surface of the die until it
reaches the intersection of the conical section and the cylinder section
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Numerical deformation (stage A)
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Fig. 9. Analysis of the deformation of the tube in W-

A CC mode, comparing with numerical case h=1 mm and
W y=5° in Ref. [1]. (a) Stage A: the tube is flared along
y P, the conical part of the die (H < H). (b) Stage B: tube
B continues its expanding along the cylindrical part of
P /Q77715/ 777 the die (H < H).
A
v A '3 v
P A S ———————— ] > F
o# I X Ry, <—
> ¢ >
Ro H
(@
Numerical deformation (stage B) "
W
vy =
P Q / 7 i / A
D
vh A ] F
e P | =
o# 7 Hys “|Rp
R D i
0 < H

of the die, or the shoulder Q in Fig. 7. It means that the slope of the tube
wall at B is always smaller than the semi-angle of the die y. The complete
deformation process of this mode can be described as three stages before
the driving force reaches a steady state, as illustrated in Fig. 7:stage A,
the tube expands along the conical surface of the die; stage B, the tube
tip is pushed over the shoulder Q and the tube continues its expanding
process along the cylindrical part of the die; stage C, the inward (reverse)
bending moment of the tube above the cylindrical section of the die
reaches M; at Q, and reverse bending deformation occurs near the region
soon afterwards.

3.1.1. Stage A, tube expanding along the conical section of the die

When the driving force is above the initial force F, the end of the
tube will be expanded along the conical surface of the die. A strip OB
isolated from the tube in the axial direction with the arc subtending a
small angle dé is considered for its equilibrium, as seen in Fig. 7(a).
The tube strip may be divided into three segments: segment AC bends
outward with bending moment larger than M, (due to strain harden-
ing), and segments OA and CB remain straight with the bending mo-
ment smaller than M;, as shown in Fig. 7(a). For specimens with large
bending rigidity and large semi-angle of the die, angle ¢ (which is de-
fined as the angle between segment CB and the axial direction) is always
smaller than y during the flaring of the expanding end of tube, B, from
the initial position to the shoulder of the die (point Q).

Setting up a coordinate system W-X at Point A and substituting
Egs. (2) and (3) into (7), the equilibrium equation of axisymmetrically
loaded tube can be expressed in terms of W, as follows:

Eph N
D Pd_W ot it S - 11
dx4 R(Z) Ry
The solution of the above differential equation is,
kX . —kX . NsRy
W =" (C| cos kX + CysinkX) + e™*¥ (C; cos kX + CysinkX) — o
P
(12)
where 4k = 21
RGDP
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To satisfy the continuity condition at C of segment AC, the dis-
placement function of the rigid segment CB can be assumed as
Wep=tan ¢(X —Lac) + Wi, where ¢ is the inclined angle of CB. With
the notation q introduced before and Eq. (2), it follows,

= Z—;+%(tan<p(X—LAc)+Wc) 13)
Thus, the equilibrium equations of strip segment CB are,
P,(1—-ptany + tangtany + ytan(p)(LAB - LAC)
- LL:CB q(X = Lyc)dX = M, (14)
and
Pl - ptany) = P + /LL:; qdX z (15)

where P, is the radial force of segment AC at point C. With the bound-
ary conditions at A: W=W’'=0 and M, =M, and the continuity con-
ditions at C: M, =M, and P, =-D,W"” with W =tan ¢, the unknown
coefficients Cy~Cy, Lac, Lap, P, Py and the deflection of segments AC
and CB in terms of Wj can be solved from Egs. (12), (14) and (15). Thus,
the driving force can be expressed as

F =2zRyP,(tany + ) (16)
and the stroke of the die is
/4
=2 a7
tany

For the T-C mode the inclined angle¢ increases with the stroke.

3.1.2. Stage B, tube expanding along the cylindrical part of the die
When the tip of the tube, B, reaches the shoulder of the die (Q in
Fig. 7), the corresponding stroke of the die, denoted as H, is given by

Rp — Ry
tany

c (18)

As the die is pushed, the tube tip, B, will cross over the shoulder
Q when H > H, and the front part of the tube continually undergoes
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expansion as seen in Fig. 7(b). The current deformed tube wall is com-
posed of the bent segment, AC, with bending moment larger than M,
and the straight segment CB with bending moment smaller than M;. In
this case, the equilibrium equation of segment AC is the same as Eq. (11).
It should be noted that the contact force and the frictional force between
the tube and the die always act at point Q, but the direction of the con-
tact force changes to be perpendicular to the axis of the tube. Thus, the
equilibrium equations for segment CB are,

P,(1+tan’p) (Lag = Lac) = /" a(X = Lac)dX = M, (19)

Py(l — putan @) = P,

) 20)

L
C + /-L:f qu
%";WC + L 4. With boundary conditions at A and con-
tinuity conditions at C, the deflection functions of segments AC and CB
and the contact force P, can be solved for a given value of Wp. Hence
the driving force and the stroke of the die are,

where L,

F = 27RyP,(tan ¢ + p) @1
W5 — Rp + Ry

H=Hq+
¢ tan @

(22)

As indicated above, when tip B crosses over Q, the direction of the
contact force changes from being normal to the conical surface to that
of the cylindrical surface. Therefore, the driving force drops abruptly
due to this change in the direction of the contact force. This phe-
nomenon, which was also observed in the experiments [1], is an impor-
tant characteristic of the T-C mode and will be discussed with examples
in Section 5.2.

3.1.3. Stage C, inward bending of the tube wall over the cylindrical section
of the die

In stage B, the bending moment and the curvature within segment CB
can be easily calculated from the deflection. In stage C, we find that con-
dition |M,| < M; is satisfied over segment CB and the maximum inward
bending moment occurs at Q. When the bending moment at Q reaches
M, =—M; (outward direction is defined as positive), the corresponding
stroke of the die is denoted as Hj,. The bending moment in the vicinity
of Q is in the linear hardening range when H>H},. The bending moment
in segments AC, FQ, and QD is in the linear hardening range and that
in segments CF and DB is smaller than M. Thus, segments AC, FQ, and
QD bend, while segments CF and DB are straight, as shown in Fig. 7(c).
Because the length of all these segments is unknown, i.e. the boundaries
between the deforming and rigid segments are undetermined, equations
for all these segments need to be solved simultaneously, which might not
be straightforward. The solution procedure can be greatly simplified if
the inclined angle of QD at Q is assumed to be fixed and approximately
equals to ¢. Therefore, setting up a coordinate system W-X at point Q,
the equilibrium equation of segment QD is,

dw  Eph N, Eph

P w4 22 (Ry—Ry) =0 23
P x4 K R R (Rp = Ry) (23)
The deflection of rigid segment DB is given as

Wpg = W'p(X ~Lqp) + Wp, where W;) and Wp are to be determined.
Similarly, with the notation q defined above and Eq. (2), it follows,

Nx Eph ’
9= 2=+ —5 (Wp'(X = Lop) + Wp + Rp = Ry) @4
0 Rj
The equilibrium equations of segment DB are,
Log -
Pp+/p,, adX =0 (25)
L
/Lf,f q(X = Lop)dX = Mg (26)

Applying the boundary conditions at Q: W=0 and W’=tan ¢, and
the continuity conditions at D: M, = -M,, P,, =-D,W"”, W =W and
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W= Wy, the deflection of segments QD and DB can be obtained from
(23)—(26) for a given Lgg-

The results show that the deflection at B, Wg, increases with Lqy, and
reaches its maximum value W,,,, when the stroke is H,,, which is very
close to Hy. Hence stage C is very short, unloading and reverse yielding
in the circumferential membrane N, subsequently occurs from the tube
tip B if Wy decreases. The experimental and numerical analyses show
that a steady-state driving force is attained after this complex unloading
and reverse yielding process [1]. During the steady-state, the magnitude
of the driving force, F,, can be calculated approximately by the energy
method, which will be shown in Section 4.

3.2. W-C mode

As mentioned above, in the T-C mode, the angle ¢ is smaller than
y when the tube tip B reaches point Q. But for specimens with weak
bending rigidity and dies with a smaller semi-angle, the angle ¢ may
increase and be equal to y before the tube tip B reaches point Q, which
means that the inner wall of the tube may contact the conical surface
of the die. The deformation process of the W-C mode can be described
in four stages before the driving force finally reaches a steady state. In
stage A, the tube is flared along the conical section of the die and only
its tip contacts the cone-surface of the die. In stage B, when the tube
is further flared along the conical part of the die, the inner surface of
the tube contacts the die. In stage C, the tube tip B moves over the die
shoulder Q and continues its expanding process along the cylindrical
part of the die. Finally in stage D, inward plastic bending of the tube
occurs.

The analysis of stage A is the same as that for the T-C mode, referring
to Fig. 7(a). The deflection at the tube end B increases with the stroke
of the die. When the angle ¢ increases to y, stage A ends and the cor-
responding stroke is denoted as H. After that, the tube is flared with
the inner surface contacting the cone-surface of the die, as illustrated in
Fig. 8(a).

There is now a distributed force over the contact area — segment CB.
As the segment remains straight, the resultant of the distributed force
is equivalent to a concentrated force P acting at D, whose position is to
be determined. The equilibrium equation of segment AC is the same as
Eq. (11) and the equilibrium equations for segment CB are

L
P,(1+tan?y)(Lap — Lyc) — Py q(X = Lyc)dX = M, @7
L
Py(1 — ptany) = P,c + ‘[L:: qdX (28)

where L, is the X-coordinate of D, at which the equivalent concentrated
contact force acts, and g can be obtained from Eq. (13) by letting ¢=y.
Egs. (11), (27), and (28) can be solved with the boundary conditions at
A and continuity conditions at C, and the F-H curve is obtained from
Egs. (16) and (17).

Stage B finishes when the tube tip reaches point Q, at H=H. It
should be noted that the direction of the contact force does not change
when H=H; as ¢ equals y. Therefore, unlike the case of the T-C mode
here there is no sudden change in the driving force. The tube continues
its expansion before the bending moment at Q reaches — M, and then
stage C begins. When stage C finishes, the bending moment in the vicin-
ity of Q is in the linear hardening state, the inward bending occurs over
the corresponding section and stage D begins. The deflection of B, W,
increases and reaches its maximum value W, in stage D. The analysis
of stages C and D in W-C mode is similar to that of stages B and C in the
T-C mode, respectively.

3.3. W-CC mode
Experimental data and numerical results [1] show that for tubes with

much weak bending rigidity and dies with small semi-angle, the de-
formed tube wall conforms to the surface of the conical and cylindrical
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sections of the die, except for a very short gap around Q. Therefore, the
progressive push of the die makes the contact area between the tube wall
and the die surface increase, as well as the frictional force. As a result,
the driving force also increases all the time. Consequently, there is no
steady-state force for this deformation mode. The bending deformation
may be neglected and a simplified analysis can be obtained. The defor-
mation of the tube in the W-CC mode can be described in two stages: in
stage A, the tube is flared along the conical part of the die; in stage B,
it is along the cylindrical part of the die.

When the stroke of the die is shorter than H, as shown in Fig. 9(a),
the tube is flared along the conical part of the die. Neglecting the bend-
ing deformation around the rigid corner at A, the deflection of segment
AB is,

W = X tan (29)

With the notation q=N,/R, defined above and substituting
Eq. (29) into Eq. (2), it follows,

N s EPh
qg=—+ —Xtany (30)
R, R?
0
Thus, the equilibrium equation of segment AB is,
P,(1 — ptany) = [T qdX (31)

Substituting Eq. (30) into Eq. (31), the F-H relationship can be ob-
tained from Eq. (16), i.e.

Fe 2z(p +tany)H

E,htany
+ H

32
s 2R, @2

1—putany

When the stroke is longer than H, the tube is expanded along the

cylindrical part of the die, as shown in Fig. 9(b), with a small gap caused

by the bending deformation of the tube wall at Q. Neglecting the bend-

ing deformation around the rigid corner at Q, hence N, on contact area
QB is a constant. Using Eq. (2), q is obtained as

N, E,h
q:R—0+R—g(RD—RO) (33)
Thus the total frictional force on contact area QB is given by:
f=2ruRy(H - H¢)q (34)
Hence, the driving force during stage B can be calculated as
2rHe(u+t E,h(Rp— R
oo 2etictunp [ (R~ R
1—ptany ZRO
E,h
+2nu(H—HC)[NS+RL(RD—RO)] 35)
0

where H can be obtained from Eq. (18). It is clear that the driving force
increases with the stroke and there is no steady-state force in the W-CC
mode.
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4. Steady-state driving force F;

As mentioned above, in the T-C mode and the W-C mode a com-
plex unloading and reverse yielding in the circumferential membrane
may take place after the tube tip reaches its maximum value W,,,,. Ex-
periments and numerical simulations have demonstrated that the tube
deformation tends to a stable state eventually and the driving force ap-
proaches a steady-state value Fg, which is a direct indication of the en-
ergy absorption capacity [1]. It is not straightforward to give a theoreti-
cal analysis for the unloading and reverse yielding and thus it is difficult
to obtain an exact expression for the steady-state force. In this section an
estimate of this steady-state force by using the energy balance method
is given.

The work done by the external force during the die pushing process
is dissipated by plastic bending, circumferential stretching of the tube,
and the friction between the tube and the die. When the die is moving
forward with a speed v, the rate of the external work is equal to the
energy dissipation rate by the tube,

Fuy=E + E,+ W, (36)

where E,, E,, and W, denote the rate of energy dissipation in plastic
stretching, bending, and friction, respectively.

The plastic energy dissipated depends on the plastic strain of the
tube in the steady state. Neglecting the complex unloading and reverse
yield process that occurs near the expanding end of the tube, the profile
in the steady deformation state of the T-C mode is shown in Fig. 10.
Segments AC and FD bend in the opposite directions with the bending
moment in the linear hardening stage. Segments CF, DE, and EB are
straight. The steady-state radial deflection in segment EB is W;. Here,
a method which is similar to that in Section 3.1.3 is employed to find
W;. The inclined angle of QD at Q is assumed approximately equal to ¢.
Then the equilibrium equations of segments QD and DE are the same as
Egs. (23), (25), and (26). Applying the boundary conditions at Q: W=0,
W’=tan¢ and at D: W, =0, M,=-M,, P,,=-D,W", the deflections
of QD and DE can be solved and W; is calculated.

The energy dissipated in plastic stretching is mainly contributed from
the circumferential stretching over the region between A and D, as seen
in Fig. 10. The circumferential strain rate is

Vg tany
— 37
) Ro 37
The volume of the element dX at coordinate X is,
dV =2zh(Ry + X tanp)dX (38)

Hence the rate of stretching energy is given by the integration of the
product of the circumferential stress and strain rate over the volume of
the deformation zone, which is

(39

E = Ny .
R —/U —¢&pdV

Ro

B
/1
¥ 777777 | w
v >
F; X
——
Rp

Fig. 10. Sketch of the steady-state deformation of an expanding tube.

215



M. Luo, J. Yang and H. Liu et al.

Thus, using Eq. (2) and assuming AD being a straight line of
W =Xtan ¢, the rate of stretching energy is expressed as

3
oWy

3R,

2mvgtany

s

N, RyW, + %(NS +E,n) W2+ (40)

R tan @
As shown in Fig. 10, the rate of bending energy includes that in seg-
ments AC and FD. For the strip, segment AC bends in the anti-clockwise
direction by an angle ¢, and segment FD by the same angle ¢ but in
an opposite direction. Therefore, the bending energy for segment FQ is
approximately the same as that for segment AC. The average curvature
of segment AC is,

Kpc = (41)
Lyc
Thus, the energy dissipation rate by plastic bending is
Ey = 4nRyM, v, ( e ) “2)
Lyc
The rate of energy dissipation by frictional force is
W, =2z RouPuy, (43)

where P is the normal contact force per unit length, and it is related to
the driving force F; as follows:
FS
P= . (44)
27 Ry(sin @ + i cos @)
Substituting Egs. (40), (42), and (43) into Eq. (36), the driving force
in the steady-state is

_ 2x(sing + ucos )

57 sing — u(1 — cos )

2 3 .
tan & E,hW, 2R, M sin
x LANW, + = (N, + Eh) + ——= | 4 2200200
tan ¢ 2R, 3R(2) Lyc

45)

Here the steady-state driving force of the T-C mode is obtained. As
mentioned in Section 3.2, the driving force approaches a steady-state
value in the W-C mode after stage D. From Sections 3.1 and 3.2, it can
be concluded that the deformation process of stage D in the W-C mode
is similar to that of stage C in the T-C mode. Thus, the analysis of steady-
state F; in the W-C mode is also similar to that in the T-C mode, which
is not described in this paper.

A program has been written to calculate W, ¢, L,c, and then the
value of the steady-state force can be estimated. The values of the steady-
state driving force for different conditions are compared with the experi-
mental data from [1], as shown in Fig. 11. In the experiments, aluminum

90
- O  experimental date: =10°
80 ) ° 3
A experimental date: =15
70 F | 2 experimental date: =20°
RPN
theoretical model: =10° L
60 |-
| | =~ theoretical model: =15 e
Z . o rd
2 50 |- | - - - - theoretical model: »=20 # A
. - P by
k -
40 -
30 -
20 -
10
0 I ]

h (mm)

Fig. 11. Comparison of steady-state driving force measured from Ref. [1] and
predicted by theory.
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alloy 5A06 tubes with an inner radius of 22.5 mm and thickness of 1.0,
2.0, 3.0, and 5.0 mm were used and the dies were made of 30CrMoSiA
structural steel with a semi-angle of 10°, 15° and 20°, respectively. The
stress-strain curve of aluminum alloy 5A06 in tension can be idealized
as rigid, linear hardening with an initial yield stress of 300 MPa and a
hardening modulus of 549 MPa. The frictional coefficient 4 = 0.05 was
determined by matching the experimental data with the analytical re-
sults. The comparison in Fig. 11 indicates that the theoretical values for
F; are in reasonable agreement with the experiments and the average
error compared with experimental results is about 12%. Besides, the
relative error increases with increasing y and h. It is evident that for
larger values of y, larger values of F, are needed and this is more pro-
nounced for thick tubes. Although the theoretical values are, in general,
slightly higher than the experiment data, the analysis should be useful
in designing an expansion tube as an efficient energy absorber.

5. Discussions
5.1. Effect of initial elastic deformation

In the above analysis, a rigid, linear hardening material model is em-
ployed where the tube does not deform until the driving force is larger
than an initial critical value F. In order to investigate any possible con-
sequence of neglecting the elastic deformation, an analysis is carried out
for the initial stage before F, is reached, with an elastic, linear hardening
relationship given by:

-

An axial strip OB isolated from the axisymmetrically deformed tube
with the arc subtending a small angle df is shown in Fig. 12, with the
coordinate system W-X. The circumferential membrane force and the
axial bending moment can be given, respectively, as follows,

Ee <eg,
46
o, + Ep(e—¢,) “6)

£2¢,

Eh W<W, (47— a)
—J R
No = N+ wow) wxew, (47— b)
s Ry e = "e
2
_ L;TMZ/ K <K, (48 —a)
= 2
* MS+DP<%—KE> K> K, (48 — b)
_ o.Ry _ ok _ ER} _ Eph? _ M,
where W, = =2,M, = =, D__|2(1—v2)’DP__12(1—v2) and x, = 2.

Substituting Egs. (47-a) and (48-a) into Eq. (7), the equilibrium equa-
tion of the strip in terms of deflection is obtained for the elastic circular
tube,

d*w

A —
Tor Tt =0 (49)
where 4k, * = %. The general solution of Eq. (49) is given below:
0
W = f1E=X(C) cosk (L — X) + Cysink, (L — X))
+e TNy cos ky (L — X) + Cysink (L — X)) (50)

As the deflection and the curvature of the tube wall W at X=0 are
negligible, we have C; =C, =0 in the general solution. Noting that the
boundary conditions of the strip segment at B are M, =0, W= Wy, the
solution is shown as

(51

The stroke of the die is the same as Eq. (17). The driving force can
be obtained by solving the equilibrium equations of forces acting at B:

F=<

W = Wget1¥ =D cos [k (L - X))

U+ tany

52
1—putany (52)

>47rR0Dk13WB
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Fig. 12. Analysis of tube deformation with elastic, lin-
ear hardening material.
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When the driving force increases further, it causes the initial yielding
at tube tip B. The deflection of B is defined as the elastic deflection limit
W, and the corresponding stroke of the die is denoted as H,. The strip
configuration for H > H, is shown in Fig. 12. The strip can be divided
into two parts: segment AC is in elastic deformation state and segment
CB is in plastic. The equilibrium equation for AC is given in Eq. (49) and
that for CB is obtained by substituting Egs. (47b) and (48a) into Eq. (7).
It follows that

d*w,

N,
CB 4
v +4k21/[/CB +

S P y—o (53)
0

_ Eph

where 4k,* 2D° The F-H relation can be obtained by solving

Egs. (49) and (5%) with suitable boundary conditions at B and the con-
tinuity conditions at C. The calculation shows that in the initial elastic
deformation stage, as expected, the driving force increases linearly with
the stroke, while the axial bending moment increases with the stroke
and then reaches its fully plastic bending moment at stroke Hp. The
evolution of bending moment distribution with the stroke increasing
from O to Hjp is illustrated in Fig. 13, where the tube thickness h = 3 mm
and the die semi-angle y = 20° (abscissa X is in the axial direction of
the tube).

The axial bending moment per unit length increases with the stroke
and it reaches the maximum value M; = 675N at X = 64.13mm, when
the stroke reaches Hp = 0.79 mm and the driving force is F = 13.89 kN.
The initial driving force calculated from Eq. (10) for the rigid, linear
hardening model is Fy = 13.85kN and from Eq. (9) the corresponding
axial bending moment reaches M; at X = 64.19 mm. Comparing these
values, the predictions by the rigid, linear hardening model are very
close to those from the elastic, linear hardening model. This indicates
that the elastic deformation may be insignificant in the large deflection
of the tube during the long pushing stroke of the die and, for simplicity, a
rigid, linear hardening material model can be adopted for the theoretical
analysis.
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Fig. 13. Evolution of the distribution of bending mo-
ment within the tube before plastic bending occurs (0
< H < Hp). h=3mm and y=20°
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Table 1
Comparison of steady-state driving force with existing experimental data and
theoretical predictions. (Properties in each case can be found in Ref. [27]).

1 2 3
R, (mm) 85 85 85
h (mm) 3.5 3.5 3.5
r () 37.27 41.73 43.19
u 0.25 0.1 0.05
F; (kN) [27] (Test) 209.79 199.56 192.86
F; (kN) [27] (Analytic) 214.41 196.64 N/A
F; (kN) [31] (Analytic) 211.99 198.61 194.67
F; (kN) (Present model) 212.38 196.07 189.00
Error (%) 1.2 1.7 2.0

5.2. Validation of the theoretical model

To validate the present theoretical model, the predicted steady-state
driving force is compared with the existing experimental data in Ref.
[27] and previous theoretical predictions by Refs. [27] and [31], as
listed in Table 1. These two previous models are based on the energy
method, while the current model adopts the theory of axisymmetric de-
formation of cylindrical shells. From Table 1, it can be found that all of
the theoretically predicted steady-state driving forces agree well with
the existing experimental data.

Different from the existing theoretical models, however, not only the
final steady-state driving force but also the driving force as a function
of the stroke of the die before the steady-state stage can be predicted
by the current theoretical model. A comparison of F-H curves predicted
by the current model and experimental curves in Ref. [1] is shown in
Fig. 14 for three cases: h = 3mm and y = 20°; h = 2mm and y = 10°;
and h = 1 mm and y = 5°, which represent typical examples of the T-C,
W-C, and W-CC modes, respectively.

For the case of h = 3mm and y = 20°, when the leading edge of
the tube reaches the shoulder Q at H; =4.12 mm, the theoretical model
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Fig. 14. Comparison of theoretically predicted and ex-
perimental F-H curves in Ref. [1] for the three different
modes.
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predicts ¢ =14.5°, which is lower than the die semi-angle y. A drop of
the driving force occurs at this moment owing to the sudden change in
the direction of the contact force, which is a remarkable characteristic
of the F-H curve in the T-C mode. Experimental results in Ref. [1] have
confirmed this phenomenon. A steady-state force F; = 34.59kN is pre-
dicted from Eq. (45) when the steady-state deformation is reached.

For the case of h = 2mm and y = 10°, it is found that ¢ =y when the
stroke reaches Hy = 4.82mm, before the leading edge of tube reaches
the shoulder Q. Then the inner surface of the tube contacts the conical
surface of the die, which is a distinguishing feature of the W-C mode.
There is no drop in the driving force on the F-H curve and Eq. (45) gives
a steady-state force F; = 14.33kN.

For the case of h = 1 mm and y = 5°, the F-H curve predicted by the
theoretical analysis may be approximated by two straight lines inter-
sected at point He = 17.15mm. The driving force always increases with
the stroke; as a result, no steady-state driving force can be found in the
W-CC mode, as also observed in the experiment [1].

It can be concluded that the F-H curves given by the theoretical anal-
ysis, which is based on a rigid, linear hardening material model, shows
a reasonably good agreement with the experimental results for all the
three deformation modes in the tube expansion.

5.3. Deformation modes

A series of specimens with different tube thicknesses h = 1, 2, 3 and
5mm (R, = 22.5mm) and semi-cone angles of the dies y = 5°, 10°, 15°
and 20° (Rp = 24mm) have been tested. As a result, F-H curves were
obtained from the tests [1]. Together with the FE simulation, the three
deformation modes based on the features of F-H curves are indicated
in Fig. 15. The theoretical analysis given above also reveals that when
the radius of the tubes is 22.5mm and that of the cylindrical part of
the die is 24 mm, three possible deformation modes exist, depending on
geometrical parameters such as h/R, and y.

In Fig. 15, the boundary between the T-C mode and the W-C mode in
the h—y plane is obtained theoretically from the condition ¢ =y when
the tube’s leading edge reaches the die shoulder Q. This theoretically
obtained boundary between the T-C mode and the W-C mode is in good
agreement with experiment results. For tubes of the same thickness, a
larger semi-angle leads to the T-C mode and a smaller one tends to pro-
duce the W-C mode. The critical value of the die semi-angle y between
the T-C mode and the W-C mode decreases with an increase in the tube
thickness. This is because the thicker tube has stronger bending rigid-
ity, which causes a smaller angle ¢ when the tube leading edge reaches
the die shoulder Q. The boundary between the W-C mode and the W-CC
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Fig. 15. Map of deformation modes in h—y plane, for aluminum alloy 5A06
tubes, Ry=22.5mm and R,=24 mm.

mode is, nevertheless, less straightforward to obtain theoretically, be-
cause of the complex unloading and reversal yielding of the tube which
appears in the W-C mode before its inner surface contacts the cylindrical
part of the die. It was observed in the experiments that the W-CC mode
existed in the cases of y = 5° with h = 1mm and h = 2mm.

5.4. Effect of strain hardening modulus and frictional coefficient on the
theoretical predictions

The material used in the experiment study [1] is 5A06 aluminum,
which is idealized as rigid, linear hardening with strain hardening mod-
ulus E, = 549 MPa. As mentioned before, taking E, = 549 MPa in the
theoretical calculation is based on the equivalent principle that the ar-
eas under the stress-strain curves from the tensile test and the rigid, lin-
ear hardening model are equal for the strain in the range of 0-0.15. It
means that if the material is stretched to £ = 0.15, the energy dissipated
by the rigid, linear hardening model equals that by the actual material,
as seen in Fig. 2. But actually, the material breaks at ¢ = 0.198. If we
use the same equivalent principle and change the strain to the range of
0-0.198, a lower value of E, = 472MPa is obtained, as seen in Fig. 2.
Besides, in the stress-strain curve, a straight line can be drawn from the
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Fig. 16. Influence of different E, on the theoretical results. (a) predicted driv-
ing force-displacement curves with different E,. (b) predicted boundary curves
between T-C mode and W-C mode with different E,,.

yield point to the breaking point and an alternative lower E, = 323 MPa
is obtained.

For h = 2mm, y = 10° and x = 0.05, the predicted driving force-
displacement curves with E, = 549 MPa, 472 MPa and 323 MPa, respec-
tively, are shown in Fig. 16(a) together with the experimental results.
Among them the curve with E, = 549 MPa is closer to the experimental
result than the others, and E, = 549 MPa is adopted for 5A06 aluminum
in this study. Fig. 16(b) shows that when E, = 549 MPa, 472MPa and
323 MPa, respectively, the predicted boundary curves between the T-C
mode and the W-C mode in the h—y plane are very close to each other
and are in good agreement with the experiments.

It was mentioned in Section 2 that the experimental data [1] are
fitted very well by choosing a coefficient of friction u = 0.05. Thus, a co-
efficient of friction y=0.05 is used in the theoretical analysis. It is found
that small variation in the frictional coefficient makes big changes in
the results of FE simulation. For three combinations of the parameters,
i.e., h=1mm and y =5°, h=2mm and y=10°, and h=3 mm and y=20°,
the theoretically predicted driving force versus displacement curves are
shown in Fig. 17(a), (b), and (c), respectively, with x4 = 0.0, 0.025, 0.05,
0.075 and 0.1. It is shown that for every increment of 0.025 in the
frictional coefficient, the theoretically predicted driving forces are in-
creased considerably. For h=1mm and y =5°, the experiment curve is
close to that with x=0.075; for h=2mm and y =10°, it is close to that
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Fig. 17. Influence of the small variation in frictional coefficient on the theo-
retical results. (a) W-CC mode: h=1 mm and y=5° (b) W-C mode: h=2 mm and
y=10° (c¢) T-C mode: h=3 mm and y=20°

with 4=0.025; and for h=3 mm and y=20°, it is close to x=0.025 too.
Overall, 4=0.05 is chosen in the present theoretical study.

6. Conclusions

A theoretical analysis based on the theory of axisymmetrically
deformed cylindrical shell has been performed to investigate the
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energy absorption characteristics of circular tubes expanded by push-
ing a conical-cylindrical die axially. The theoretical analysis explains the
three experimentally observed deformation modes in the tube expansion
process, i.e. T-C mode, W-C mode, and W-CC mode. The presence of a
particular mode in tube expansion depends on the geometrical parame-
ters, such as the value of h/R, (thickness/radius) and the semi-angle of
dies. Accordingly, the F-H curves for the modes exhibit different charac-
teristics. The boundary between the T-C mode and the W-C mode in the
h—y plane has been determined theoretically. The deformation stages
and the F-H curves are obtained theoretically and the steady-state driv-
ing force has been estimated. The analytical prediction agrees well with
the experimental results previously reported [1]. The value of the strain
hardening has been considered by choosing a modulus value so that the
energy dissipated for the actual material and the idealized rigid, linear
strain hardening model should be equal during the expansion process.

This theoretical study has shed new insight into the mechanics of
tube deformation and will provide simple guideline in the design of such
energy absorbers.
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