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1. Introduction

Let A be an associative algebra over a field k. The Hochschild cohomology ring HH*(A) of A is a graded commutative
algebra via the cup product, and in the meantime, it is a graded Lie algebra of degree —1; these make HH*(A) a Gersten-
haber algebra [4]. If the algebra A is finite dimensional and symmetric, then HH*(A) has an additional structure, as we now
explain.

Let A be a finite dimensional symmetric algebra, for example, the group algebra kG of a finite group G. Then there is
a symmetric associative non-degenerate bilinear form (, ): A x A — k. This bilinear form gives rise to a duality between
Hochschild homology and Hochschild cohomology, i.e. for n > 0,

HH"(A) ~ Homy (HHq(A), k).

Recall that there is an operator over the Hochschild homology groups, the so-called Connes’ B-operator [9, Chapter 2]

B : HHn(A) — HHpy1(A), n>0.

We obtain an operator over the Hochschild cohomology groups by duality

A :HH"(A) — HH" 1(A), n>1.

Tradler [15] noticed that the Lie bracket over HH*(A) can be expressed in terms of this A-operator and the cup product. In
fact, he proved that HH*(A) is a Batalin-Vilkovisky algebra [5,11]. For different proofs of this fact, see [13] and [3].
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We are interested in computing the Batalin-Vilkovisky structure over HH*(kG) for a finite abelian group G. Notice that
kG is isomorphic to a tensor product of the group algebras of some cyclic groups, while the Batalin-Vilkovisky structure
of HH*(kC) with C a cyclic group is known [17]. This observation leads us to study the Batalin-Vilkovisky structure of the
Hochschild cohomology ring of a tensor product algebra.

Let A and B be two k-algebras such that one of them is finite dimensional. It is a folklore result that there is an isomor-
phism of graded commutative algebras: HH*(A ® B) >~ HH*(A) ® HH*(B) (though we could not find a precise reference in
the literature). We prove that it is furthermore an isomorphism of Gerstenhaber algebras (Theorem 3.3). In addition, when
both A and B are finite dimensional and symmetric, the mentioned isomorphism is an isomorphism of Batalin-Vilkovisky
algebras (Theorem 3.5). The key point of the proof is to use the well-known Alexander-Whitney map and the Eilenberg-
Zilber map which are comparison morphisms between the (normalized) bar resolution of A ® B and the tensor product of
the (normalized) bar resolutions of A and B.

As an application of Theorem 3.5, we explain by examples how to compute the Batalin-Vilkovisky structure over the
Hochschild cohomology ring of the group algebra of a finite abelian group. In particular, the Batalin-Vilkovisky structure
over the Hochschild cohomology ring of the group algebra of an elementary abelian group is described in Theorem 4.3.

In future work, we shall use these results to compute the Batalin-Vilkovisky structure over the Hochschild cohomology
of an algebra with one generator, that is, an algebra of the form k[X]/(f) with f a monic polynomial. We shall also
consider the Hochschild cohomology of a group algebra and investigate the behavior of the A-operator under the additive
decomposition of the Hochschild cohomology of a group algebra; see [8].

The main results of this paper (Theorem 3.3 and Theorem 3.5) should be known to experts in string topology. In fact,
Hochschild cohomology corresponds to free loop space homology H.(LM), our results are thus closed related to some
known results in string topology. We are grateful to the referee for this remark. However, it seems that our proof is the first
algebraic one of these results.

Throughout this paper, k denotes a field and a k-algebra is always assumed to be associative with unit. The symbol ®
means ®y. For a homogeneous element a in a graded space, |a| denotes its degree.

2. Gerstenhaber vs Batalin-Vilkovisky

In this section, we recall the definitions of Gerstenhaber algebras and Batalin-Vilkovisky algebras. We study the tensor
product of two Gerstenhaber algebras and that of Batalin-Vilkovisky algebras, respectively.

Definition 2.1. A Gerstenhaber algebra over a field k is a graded k-vector space A® =&p,., A" equipped with two linear
maps: a cup product

— AT x A 5 AT (@ab)y—>a—b
and a Lie bracket of degree —1

[.1:A" x A" — A™™=1 . (a,b) > [a,b]
such that

(i) (A*,—) is a graded commutative associative algebra, that is, a — b = (=1)l@Iblp _ g;
(ii) (A®,[, ] is a graded Lie algebra of degree —1, i.e.

[a.b] = —(=DWI=DPI=Dp, q]
and
(_1)(\ﬂ|*1)(|6|*1)[[a’ by, C] + (_1)(\b\*1)(|ﬂ\*1)[[b’ cl, a] + (_1)(|c\71)(|b|71)[[c’ al, b] =0;
(iii) the cup product and the Lie bracket satisfy the Poisson rule, i.e.
la—b,cl=[a,c] —b+ (=1)!"9"Va —1b,c],
where a, b, ¢ are arbitrary homogeneous elements in A°®.

Notice that by (iii), the Lie bracket is a derivation with respect to the first variable. Our definition of Gerstenhaber
algebras follows the original work of Gerstenhaber [4] in contrary to [11, (9.14) and (9.18)] and [5, Definition 1.1], where
the Lie bracket is a derivation with respect to the second variable.

The cohomology theory of associative algebras was introduced by Hochschild [7]. The Hochschild cohomology ring of a
k-algebra is a Gerstenhaber algebra, which was first discovered by Gerstenhaber in [4]. Let us recall his construction here.

Given a k-algebra A, its Hochschild cohomology groups are defined as HH"(A) ~ Ext]}. (A, A) for n > 0, where A® = A ® A°P
is the enveloping algebra of A. There is a projective resolution of A as an A®-module

do=
Bar,(A) : --- — A®CHD) b aet+l) 83 4 ae2 W02,
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where Bar,(A) := A®Tt2 for r >0, the map i : A® A — A is the multiplication of A, and d; is defined by

-
A ®a1 Q- ®ary) =) (1)@ ® a1 ® i1 D32 @ D rp
i=0
for all ao, ..., ar41 € A. This is usually called the (unnormalized) bar resolution of A. The normalized version B.(A) is given
by B, (A) =A® A®" ® A, where A= A/(k-14), and with the induced differential from that of Bar,(A).
The complex which is used to compute the Hochschild cohomology is C*(A) = Homge (Bar.(A), A). Note that for each
r >0, C"(A) = Hompae (A®T*2) | A) ~ Hom, (A®", A). We identify C°(A) with A. Thus C*(A) has the following form:
C*(A): A 2 Homy(A, A) — -+ — Homy (A", A) 2> Homy (AT A) = ...

Given f in Homy(A®", A), the map 6" (f) is defined by sending a1 ® - -- ® ar41 to

.
ar - f(az ®~--®ar+1)2(—1)lf(a1 Q- Q-1 ®04i0i+1 QA2 Q- @ Urt1)
i—1

+ (D@ ®---®a) - ary1.
There is also a normalized version C*(A) = Hompe (B4 (A), A) ~ Homy (A®*, A).
The cup product o — B € C"H™(A) = Homy (A®™+™ | A) for o € C"(A) and B € C™(A) is given by
(0 —B)a1® - Qanym) :=(@1 Q- ®n) - B(An+1 @ - -+ @ Gnm).

This cup product induces a well-defined product in Hochschild cohomology

— :HH"(A) x HH™(A) —> HH"t™(A)

which turns the graded k-vector space HH*(A) = @@o HH"(A) into a graded commutative algebra [4, Corollary 1].
The Lie bracket is defined as follows. Let o € C"(A) and B € C™(A). If n,m > 1, then for 1 <i <n, set a 5; § € C"tM—1(A)

by
@3 B)(a1® - Qanim-1)=A(@1 @ @1 ®BA Q- ®Aiym—1) ®Aitm ® -+ ® Anpm—1);

ifn>1and m=0, then 8 € A and for 1 <i<n, set

@oiB)@1® - Qp-1) =@ Q- R4 1QBRAGR - an-1);

for any other case, set « 5; 8 to be zero. Now define

n
aspi=Y ()M Vi Dy s p

i=1

and

[o, fli=a G B — (—1)D=Dg5gy,

Note that [cr, 8] € C"™~1(A). The above [ , ] induces a well-defined Lie bracket in Hochschild cohomology

[, 1: HH"(A) x HH™(A) — HH"t™=1(A)

such that (HH*(A),—, [, 1) is a Gerstenhaber algebra [4].

The complex used to compute the Hochschild homology HH,(A) is C4(A) = A ®ae Bar,(A). Notice that C;(A) = A ®ae
A®(+2) ~ A®(T+1D) and the differential 9, : C,(A) = A®T*D 5 C,_1(A) = A®" sends aqp ® --- @ a; to Z,T;&(—l)iao ® - Q®
i1 ® 0041 ® A2 ® - Qar + (—1)'a,a0 QA1 Q@ - - - ® Ar—1.

There is a Connes’ 25-operator in the Hochschild homology theory which is defined as follows. For ap ® - - - ® a; € C(A),
let B(ap®---®ar) € Cr11(A) be

r r
Y EDMReG®  ®4®1W® R 1+ Y (-D'6®1®a611 QR R Qa1
i=0 i=0
It is easy to check that ®B is a chain map satisfying 8 o 8 = 0, which induces an operator %5 : HH;(A) — HH;1(A).
Given two algebras A and B, there is a shuffle product sh : HH,(A) ® HH,(B) — HH,(A ® B). The definition needs some

notation. Let Ss denote the set of all (s, t)-shuffles, that is, the set of permutations ¢ in the symmetric group on s+t
letters such that 0(1) <0 (2) <---<o(s) and o(s+ 1) <o(s+2) <---<o(s+t). Let M = A @ B, then there is a natural
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map F: M — A® B given by F(a)=a® 1 forae A, and F(b) =1®b for b € B. It is easily seen that F is well defined. For
each o € Sst, we call

o1 :=2{G, ) | 1<i<j<s+t, buto () >o(j))
the degree of o, and define
Fy: M®(S+t) S (A® B)®(S+t),
X1 QX2 ®+ QXspt > F(ngla)) ® F(ngl(z)) ® F(ngl(g+t))~
The shuffle product is induced by the map sh: C;(A) ® Cq(B) — Cp4q(A ® B) defined as follows:
sh((@®m ® - ®ap) ® (bo@b1® -+ @bg)) = Y (=1 (@ ®bo)Fy(@1® -+ ®ap @by ® -+ @by).
0eSpq

Connes’ ®B-operator is a derivation for the shuffle product; see [9, Corollary 4.3.4|. That is,

B (sh(x, y)) =sh(Bx), y) + (=DHMsh(x, B(y))

for homogeneous elements x € HH,(A) and y € HH,(B).

All the above constructions, the cup product, the Lie bracket, the Connes’ B-operator, carry over to normalized com-
plexes.

We define the tensor product of Gerstenhaber algebras in the following result. It extends slightly a result of Manin, where
he introduced the tensor product of Batalin-Vilkovisky algebras; see [11, 9.11.1]. Note that a Batalin-Vilkovisky algebra is a
special kind of a Gerstenhaber algebra; see Definition 2.4 for the notion of Batalin-Vilkovisky algebras.

Proposition-Definition 2.2. Let (A®,—4,[, 1a) and (B®,—3,[, 1) be two Gerstenhaber algebras over k. Then there is a new
Gerstenhaber algebra (L®,—, [, ]) over k given as follows:

(i) L" =B j—y A' ® BJ as a k-vector space for each n € Z;
(i) @®b) — (@ ®b) = (=D 1Pl@—, a)© (b —pb); .
(iii) [a®b,d' @bl = (=1)1HI=DIa, ']y @ (b —p b) + (=D I@HI"D (@ —4 ') @ [b, b']p

wherea,a’ € A®* and b, b’ € B® are homogeneous elements. We call (L®,—, [, ]) the tensor product of the two Gerstenhaber algebras
A*® and B*®, and denote it by A® ® B®.

Since there is no detailed proof of the corresponding result in [11], we give in detail the hardest part of the proof.

Proof. The hardest part of the proof is to verify that the bracket of L® satisfies the Jacobi identity, whereas the remaining
part is routine. In what follows, we simplify the notation and abuse [, ], [, ]a and [, ] (also —, —4 and —p respectively).
Let

S .= (_1)<\a®b\—1)(|a”®b”\—1)[[a ®b.d ® b/], ad ® b”],

T:=— (_1)(\a’®b’|71)(\a®b\f1)[[a/ b.d'® b”], a® b],

W= (_1)(Ia”®b”Ifl)(la’®b’|71)[[a// Qb .a® b], d® b/].

Using (iii) twice, we have

S = (_])(IaI+Ib|—1)(\a”|+\b”\—1+lb’\)(_1)(Ial+\b\+la’\+Ib’\—2)|b”l[[a’ a’], a”] ® ((b - b’) - b”)
+ (_1)(\a|+\b|—1)(Ia”\+lb”l—1+\b’l)(_1)(Ia\+la’l—1)(\a”\+lb”|—1)([a’ a/] - a”) ® [b - b, b”]
+ (_1)(\al-HbI—1)(Ia”\+lb”l—1)(_1)\al(\a’\+lb’l—1)(_1)(IaH—Ib\+|a’l+lb’\—2)lb”l[a —d, a”] ® ([b b’] - b”)
+ (_1)(\aI-HbI—1)(Ia”\+lb”|—1)(_1)\al(\a’\+lb’l—1)(_1)(IaH—Ia’\)(Ia”l+|b”l—1)((a - a/) - a”) ® [[b b/], b”].

Write the equation above as S = S1 4+ S, + S3 + S4. Similarly, we have the equations T =Ty + T, + T3 + T4 and W =
Wi+ Wy + W3+ Wy
Note that

S1 = (= 1)l DU bl a” 1 161511115116 1) (al=Dla" =D [q, ¢'] a"] & ((b — b) — b"),

while
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T, = (_1)\a’\|b”|+|b’\|b”|+|a|\b’\+|b\|a”|+|b|\b”\—lb\—lb’l—\b"\(_])(Ia’l—l)(\a|—1)[[a” a’],a]® ((b' —b") —b)
_ (_1)\a|\b’\+|b\|b’\+|b\|a”|+|a’||b”\+|b’||b”|—|b|—|b’\—|b”l(_1)(Ia’l—1>(la\—1)[[a/, a’],a]® ((b—b') —b"),

and

W1 = (— 1)l IBFHBIB 11/l +ialle' b1 =bl=1b'| =161 _ 112" =D =D [ [q” ], a'] @ ((b" — b) — b')
= (— 1)l 1Dl a” ' 1615 16116116 1) "= D09 =D[[q" a], 0] @ ((b — b') — b").

Then we get S1+ T1 + W1 =0, since [, ]4 satisfies the Jacobi identity. In the same way, S4 + T4 + W4 =0 because [ , ]g
satisfies the Jacobi identity.
For the remaining part, using Poisson rule of [ , ]g, we have

Sy = (— 1) llal=la 1= 101+ lla" 1 6"+ 10 DB ([, g'] — @) @ ((—1)"P1E"1=1bI[b, b"] — b + b — [b/,b"]),
Ty = (_1)\al\a”l+\bllﬂ”\*Iﬂ”\*lb”lﬂa\Ib’\+la’l\b”IHb’Hb”\ ([a/, a”] - a) ® ((_1)|b’\|blflb’\ [b/, b] < b'+b < [b”, b]),
Wy = (—1)lblle"I=lal—lbl--lale’+iallb 41 16" +1BIEL (g ] — a') @ ((—1) "1 1=1"1[b" b — b+ b — [b, b']).
On the other hand,
S3+ T3+ W3
— (—1)lblla"I=lal=IbI=Ib"I+1+lalla’|+la||b'|-+1a’| b +1b"| b ([d",a] —d)® ([b,b'] = ")
+ (_1)\ﬂl\ﬂ”l-Hb\Iﬂ”\—Ib\—Iﬂ”I—Ib”|+1+|ﬂllb’|+\ﬂ’\Ib”|+\b’\lb”l ([a/, a”] - a) ® ([b, b'] - b”)
+ (= 1) la= 1= Ib'|—1bl el +1a 16" +a B0 [, o] — a”) @ ([b, b”] — b)
+ (=1l llaR+Ibllal—Ib'|—lal—[bl-+1-+1a’Ib" 1" 161161l ([ _q] — a') @ ([b', b"] — b)
+ (_1)\b”\Ia’l—\a”l—\b”\—lb’lﬂ+|a”\Ia|+Ia”||b|+\a|\b’\+|b\|b’\ ([a/, a”] - a) ® ([b”, b] - b’)
+ (_1)\a”lla’|+|b’/||a/|—|b”|—\f1'\—|b/|+1+|a”\|b|+|0|\b’\+|b\|b'|([a’ a/] - a”) ® ([b”, b] - b’)
— (—1)lblla"I—lal—[bl+1-+alla’|+allb'|+1a'||b"] ([a",a] —a) ® ((_1)‘1,/””,‘1,/" ([b,b']—1"))
+ (=) DI =Y ([ b7] < b) + (—1)lella” iblla” —la”|=Ib" 1l 10 16 ([ "] — a)
® ((_1)|b’\|b”|f|b| ([b,b'] = b") + (=1)elIbI=Ib'] ([b",b] = b'))
+ (=1 llal=la 1=+ o a1 e 1B ([, '] — ")
® ((_1)|b”|\b|—\b\ ([p'.b"]—b) + (_1)\b|\b/l—|b”|([b~7 b] < b))
— (1)l |=lal=lbl-Hala'+al ' +1a 161 b1"] 1) 11161+ ([g” q] — ') @ [b" — b b']
+ (_1)\al\a"l-Hb\Ia”\—la”l—lb”|+\a|\b'\+|a’l\b”\+|b’llb”\(_1)|b|\b'\—|b’|+1 ([a/! a//] — a) ® [b/ < b, b]
+ (=1)bllal=1a’|=Ib[+1a’lla" |+1a’|[b” [ +1a” IbI+1bIIE' 1 IbI1b”—Ibl+1 ([a, a’] —d)® [b < b, b”],

where the first equality uses the Poisson rule of [ , ]a, and the last equality uses the Poisson rule of [ , ]g. Writing the
sum above as Uj + U, + Us, and applying the Poisson rule of [ , ]p once again, we have

S, + U3z =0, T, +U;=0 and W, +U;=0.

From this we have

So+Tr+Wy+S3+T3+W3=0,

therefore
S+THW=(S1+T1+W1)+Sa+Ta+Wse)+S2+To+Wr+S3+T3+W3)=0+0+0=0. O
Remark 2.3.

(1) Proposition-Definition 2.2 gives in fact the coproduct in the category of Gerstenhaber algebras.
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(2) In Proposition-Definition 2.2, if we define a new bracket [x, y]* = [y, x] for x, y, € A®, B® or L®, then one verifies easily
that

[a ®b, d ®bl]* _ (_1)(\a’\—1)|b|[a, a/]* ® (b \—/bl) + (_1)\a’\(|b|—l)(a va/) ® [b, b/]*,

which is exactly the definition given by Manin [11]. The difference between our definition and Manin’s comes from the
fact that we follow the original definitions of the cup product (and the Lie bracket) in [4].

Now we turn to Batalin-Vilkovisky algebras [5,11].

Definition 2.4. A Batalin-Vilkovisky algebra (BV algebra for short) is a Gerstenhaber algebra (A®,—,[, ]) together with an
operator A : A* — A®*~! of degree —1 such that Ao A =0 and

la,b] = —(=D)W=DPI(A@—b) — A@@) — b — (—1)"a— A(b))

for homogeneous elements a, b € A°.

Remark 2.5. If we define [a, b]* = —[b, a], then we get

la,b]* = (=D (A(@—b) — A(@) —b— (—D)"a — A®D)),

which is the equality in the usual definition of a Batalin-Vilkovisky algebra in [5, Proposition 1.2] and [11, §5.1].

Tradler noticed that the Hochschild cohomology algebra of a symmetric algebra is a BV algebra [15], see also [13,3]. For a
symmetric algebra A, he showed that the A-operator on the Hochschild cohomology corresponds to the Connes’ B-operator
on the Hochschild homology via the duality between the Hochschild cohomology and the Hochschild homology.

Recall that a finite dimensional k-algebra A is called symmetric if A is isomorphic to its dual DA = Homy(A, k) as
A€-modules, or equivalently, if there exists a symmetric associative non-degenerate bilinear form (, ): A x A — k. This
bilinear form induces a duality between the Hochschild cohomology and the homology. In fact,

Homy (C,(A), k) = Homy (A ®4¢ Bar,(A), k) ~ Home (Bar,(A), Homy (A, k)) ~ Homge (Bar,(A), A) = C*(A).

Via this duality, for n > 1 we obtain an operator A : HH"(A) — HH"~1(A) which is the dual of Connes’ operator.
We recall the following theorem by Tradler.

Theorem 2.6. (See [15, Theorem 1].) With the notation above, together with the cup product, the Lie bracket and the A-operator
defined above, the Hochschild cohomology of A is a BV algebra. More precisely, for o € C"(A) = Homy(A®", A), A(x) € C""1(A) =
Homy (A®=D  A) is given by the equation

n
(A@) (@ ® - ®an1), )= (1" V@ ® @t 1®0: ®a1 Q@+ ®ai_1), 1)

i=1

forai, ..., an € A. The same formula holds also for the normalized complex C*(A).

We mention that the A-operator depends on the choice of the non-degenerate bilinear form of A. With Theorem 2.6
at hand, in order to obtain the BV algebra structure over the Hochschild cohomology of a symmetric algebra, one needs to
know the cup product and the A-operator.

Let us recall the tensor product of two BV algebras defined in [11, Proposition in Section 5.8.1].

Definition 2.7. Let (A®,—4,[ , 1a,Aa) and (B®,—p,[ , 1, Ap) be two BV algebras. Then there is a new BV algebra
(L*,—.,[. 1, A), where

(i) " =By jmn Al ® BJ as a k-vector space for n € Z;

(ii) @®b) — (@ ®b)=(-D"Wl@a—ya)® (b —pb);
(iii) [a®@b,d @ b'] = (=) HPI=DWI[a, a'] 4, ® (b —p b) + (=1 HI "D @ —p ') @ [b, b'p:
(iv) A@®b) =A@ b+ (—1)%a® Ag(b)

where a,a’ € A® and b, b’ € B* are homogeneous elements. We call (L®,—, [, ], A) the tensor product of the two BV algebras
A® and B*®, and denote it by A®* ® B°®.
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3. Tensor product

Let A and B be two k-algebras. In this section, we compare the Gerstenhaber structure of HH*(A ® B) with that of
HH*(A) ® HH*(B). We compare further the BV structure of them when A and B are finite dimensional symmetric algebras.
We shall prove the following result, which is a combination of Lemma 3.1, Theorem 3.3 and Theorem 3.5.

Main Theorem. Let A and B be two k-algebras such that one of them is finite dimensional. Then there is an isomorphism of Gersten-
haber algebras
HH*(A ® B) ~ HH*(A) ® HH*(B).

If furthermore, A and B are finite dimensional symmetric algebras, the above isomorphism becomes an isomorphism of BV algebras,
once we endow A ® B with the non-degenerate bilinear form such that (a ® b,a’ ® b’) = (a,a’)(b,b’) fora,a’ € A,b,b’ € B.

Before proceeding to the technical proof of this result, let us explain the strategy. In the above isomorphism, the left-
handed side is computed by using the normalized bar resolution B, (A ® B), while the right-handed side can be obtained by
using B, (A) ® B.(B). Both of these two resolutions are projective resolutions of A ® B as bimodules. So in order to compare
the two sides, we need to construct comparison morphisms between these two resolutions. The following map AW, (resp.
EZ,) is in fact the usual Alexander-Whitney map (resp. the Eilenberg-Zilber or shuffle maps); see [10, X.Theorem 7.4| or
[16, Exercise 8.6.5].

Let B.(A) and B,(B) be the normalized bar resolutions of A and B. Then the tensor product complex

.
B.(A)®B.(B): -~ (PARA*" V@ AQBRB* ®B) >+ > ARA®BR®B(— A®B)
i=0
is a projective resolution of A® B as an (A ® B)®-module. On the other hand, the normalized bar resolution of A ® B
B.(A®B):--->AQBR®A®B AQB—--->AQB®AR®B(— AR®B)

is also a projective resolution of A ® B as an (A ® B)¢-module. We are going to construct the maps AW, : B,(A ® B) —
B.(A) ® B,(B) and EZ, : B,(A) ® B.(B) — B.(A ® B) which are homotopy equivalences. Notice that a similar formula of
AW, has been considered by May [12].

The map AW, : B(A ® B) — B(A) ® B(B) is defined as follows:

e AWp:AQBR®A®B—> A® A® B ® B is defined by twisting the middle two items;
o forr>1,

AW, (1010a19b1®---®a,; b, ®1®1)

,
=Y )" Vg ®4n® @4 @1®1®b1 @+ @b @bry1-+ by,
t=0

where aq,...,a- € A and by, ...,b; € B, and by convention for t =0, a;---a; =1 and for t =7, b¢yq---by = 1.
The chain map EZ, : B(A) ® B(B) — B(A ® B) is given as follows:

e F7):AQARB®B—> A®B® A® B is defined by twisting the middle two items;
eforr>1,0<t<r,

EZ(1®0m1® - ®ar®1®10b1®--®b®1)

=101e( Y. (—1)'U'Fa(a1®~-~®ar_t®b1®~~-®bt)>®1®1.

0ESI—t¢

We are now in the position to compute the chain maps AW* = Homagp)e (AW, AQ B) and EZ* = Homagg)e (EZ,, A® B).
Applying the functor Homgg)e(—, A ® B) to B,(A ® B) and using the isomorphism

Hom(agp(A® B® A® B¥ ® A® B, A® B) ~ Homy (A ® B®", A® B),
we obtain the complex C*(A ® B) = Homagp): (B«(A ® B), A® B):

A®B— Homy(A® B,A® B) — --- — Hom(A® B*", A® B) - Homy(A® B*"*V, A®B) — ---.
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Similarly, when at least one of two algebras is finite dimensional, we have the following sequence of isomorphisms

Homagpye (A® A®" " ® A® B® B* ® B, A® B)
~ Homye (A ® A®"™9 ® A, A) ® Homge (B ® B*' ® B, B)
~ Homy (A%, A) ® Homy (B*", B)
which implies that the complex Homagp)e (B« (A) ® B«(B), A ® B) is isomorphic to

.
A® B — (Homy(A, A) ® B) ® (A ® Hom(B, B)) > --- — @Homk(z‘@”—”, A) ® Homy(B®,B) — - --
t=0

which is exactly the tensor product complex C*(A) ® C*(B). From now on, since we suppose that one of the algebras is
finite dimensional, we shall identify Homagp)e (B+(A) @ B.(B), A® B) with C*(A) ® C*(B) without further explanation.
Accordingly, the map

,
AW' = Hom(agp) (AW, A ® B) : @) Homy,(A®"~", A) ® Homy (B*', B) —> Homy (A ® B*", A® B)
t=0

is given as follows:
o AW? = Homgp) (AW, A ® B) =id;
e forr>1,0<t<r and o € Homi(A®"~D A) B e Hom(B%, B),
AW (@ ® B)((@1 ®b1) ® -+~ ® (ar @ by))
=(D"""ay- 0 @1 ® - ®a)) @ (Bb1® - ®b) - bry1 -+ by).

Before defining EZ", let us recall an isomorphism

¥ : Homy (A®", A) ® Homy (B®', B) — Homy(A®"" @ B*', A ® B)
a®p (o p), (3.1)
where 9(@ @ B) sends a1 ® - @t ®b1 @ --- Qb to w(a1 ® - Qar—r) @ B(b1 ® --- ® br). Then

.
EZ" =Homagp) (EZr, A® B) : Hom(A® B*", A® B) — EB Homy (A®"", A) ® Homy (B®", B)
t=0

is given by

o EZ° =Homagp) (EZo, A ® B) = idags;
e for r > 1 and ¢ € Hom(A® B®", A ® B), let EZ'(p) = (¥~ (50). 9 '(&1)..... 0" (&), where & € Hom(A®"™ @
B, A®@B)sends a1 ® - ®ar®b1®@--- @b 0 (X pcs, , (D Fo(@1 ®- - @ ®b1 @ ®by)).

The following result is well known. However, we could not find a proof in the literature, so we supply a proof. We are
very grateful to the referee for suggesting to us the following simple conceptual proof, while our proof (see Remark 3.2) is
much more complicated using the maps AW* and EZ*.

Lemma 3.1. Let A and B be two k-algebras such that one of them is finite dimensional. Then there is an isomorphism of graded algebras
HH*(EZ*) : HH*(A ® B) ~ HH*(A) ® HH*(B) : HH* (AW*).

Proof. The isomorphism HH*(A) ® HH*(B) ~ HH*(A ® B) is given by HH*(AW™). So given bimodule homomorphisms o :
B(A) — A and B :B(B) — B, write & x B =(a¢ ® B) o AW, : B(A ® B) > A ® B. What we need to prove is that

(@B x (@ = p) =D (axa’)— (B xp)
for o, o' : B(A) — A and B, B : B(B) — B.
Since €4 : B(A) — A and €4 ®4 €4 : B(A) ®4 B(A) — A are projective resolutions of A as bimodules, there exists a com-

parison morphism Aj : B(A) - B(A) ®4 B, (A) lifting the identity of A, which is unique up to homotopy of A-bimodules.
Hence there is a commutative triangle:
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B(A) —24=B(A) ®4 B(A)
€a EARQAEA
A

Let o : B(A) > A and B :B(A) — A be two bimodule maps. By definition, the cup product of o and B8 is @« — 8 =
Aa(x ®4 B). If ¢ and B are cocycles, then o — S is a cocycle and its cohomological class is independent of the choice of
Aa. A possible choice of Ay is given by (for ag,...,a, € A)

n
Aa(ap ® a ®--~®an®an+1)=2(ao®a1 ® - ®th®1®(1Qap41 Q- Qan Q nt1).
p=0

With this map, we recover the usual definition of cup product.
The Alexander-Whitney map AW, and the Eilenberg-Zilber map EZ, fit also into the commutative triangles:

B(A® B) Y B(A) @ B(B) B(A) ® B(B) 2~ B(A ® B)
A®B A® B.

Therefore, combining several commutative triangles as above, we obtain a diagram with all triangles commutative:

B(A® B) AW, B(A) ® B(B)

A A
AA@Bl k \LEA ®e€p N\
€ARBOARBEARB (€A®A€A)R(€p®BER)

B(A ® B) ®ags B(A® B) A®B (B(A) ®4 B(A)) ® (B(B) ®5 B(B))

(€A®€B)PAgB(€ARER)
AW, ® 4@ AW ® T

(B(A) @ B(B)) ®ags (B(A) ® B(B))

where 7 is the middle four interchange isomorphism sending x; ® x; ® y1 ® y» to (—=1)*2IV1lx; ® y; ® x, ® y». Since both
T o (Aa ® Ap) o AW, and (AW, ®agp AW,) o Aagp lift the identity of A ® B, they are homotopy equivalent. The outer
pentagon of the above diagram is hence commutative up to homotopy. By composing with (@ ® 8) ®ags (¢’ ® B'), we
deduce that

(DI (e x @) — (B x ') = (@ ® B) @ags (¢ ®B) 0T o(As® Ap) 0 AW,
=(@®B) ®ags (&' ® B') o (AW, ®ags AW,) o Aags
=(—pB) x (' —B).
We have proved that
H*(AW*) : HH*(A) ® HH*(B) — HH*(A ® B)
is an isomorphism of graded algebras. O
Remark 3.2. The outer pentagon of the diagram in the proof of Lemma 3.1 is only commutative up to homotopy and it is

NOT strictly commutative, as one may readily verify (even with the specified choice of Ay, etc.). However, if we replace
AW, by EZ, in the first row of the diagram, then a tedious computation shows that the outer pentagon is commutative:

B(A ® B) Bz B(A) ® B(B)
AagB 24845
B(A® B) ®ags B(A® B) (B(A) ®4 B(A)) @ B(B) ®p B(B))
W® agAW

(B(A) @ B(B)) ®agp (B(A) ® B(B))

This enables us to obtain a formula on the cochain level. Let € Homy (A®", A), B € Homy(B®™, B), o’ € Hom(A®5, A) and
B’ € Homy (B®", B) with n,m,s,t € Zxo. We obtain the equality
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Ezﬂ+m+5+t(Aer+m(a ® /3) \—/AWS+t(0l/ ® ﬂ/)) — (_l)ms(a va/) ® (/3 - /3/) (32)

on the cochain level, which implies the isomorphism on the cohomological level.

We remark also that AW, o EZ, = Id, but EZ, o AW, # Id, as B(A) ® B(B) is much smaller than B(A ® B). This also
explain the outer pentagon of the diagram in the proof of Lemma 3.1 is only commutative up to homotopy, since the above
pentagon in this remark is strictly commutative.

We investigate further the Gerstenhaber algebra structure over the Hochschild cohomology of the tensor product of two
k-algebras. We have reviewed the tensor product of two Gerstenhaber algebras in Proposition-Definition 2.2.

Theorem 3.3. Let A and B be two k-algebras such that one of them is finite dimensional. Then there is an isomorphism of Gerstenhaber
algebras

HH*(A ® B) ~ HH*(A) ® HH*(B).

Proof. It is sufficient to prove that the isomorphism in Lemma 3.1 preserves Lie bracket. In fact, we show a little bit more. To
be precise, given o € Homy(A®", A), B € Homi(B®™, B), o’ €« Homy(A®*, A) and B8’ € Hom,(B®!, B), we have the following
equation on the cochain level

EZn+m+s+t—1 ([AWn+m(Ot ® ﬁ),AWS'H(Ol/ ® ﬂ/)])
_ (_l)t(n+m71)[a7 a/] ® (,3 — ,3/) + (_l)n(s+t71)(a voz’) ® [,3, ,3/] _ (—1)”(5“)8((05’ 5 ot) ® (,3 5 ﬂ’))
— (=)D (o 50) @ (8(B)5S — (=1 B58(B)) — (=" TV (5(a) s — (= 1) 5 8())
®(Bsp). (3.3)
Then we deduce the desired formula on the cohomological level, since «, 8, @’ and B’ lie in the corresponding cocycle, and
(@' sa) ® (B3 B)) lies in the coboundary.

We only show the case n,m,s,t > 1, since the cases when some of them are zero are easier.
Recall that

[AW™M (@ ® B), AW (o' ® B) ] =AW (@ @ B) AW T (o' ® B')
_ (_-l)(n+m—1)(s+t—1)AWs+t(a/ ® ,3/) 6AWn+m(Ol ® 5)7

where
n+m )
AWM (o ® B) s AW (o @ B') = Z(-1)“*1>(s+‘*”(,c\w”+m (@®p) 5 AWt (o' ® B)).
i=1
Now let
EZMHMEHH AW @ @ B) 5 AW (@ @ B) = (971 (69) .+ 0 (Bngmrse—1))

with 5} € Homy (A®M+m+s+t-1-)) @ B®J A ® B). Then for a1, ..., Gntmis+t—1—j € A and by,...,bj € B,

S}(al ® - ®Unimys+t—1-j Qb1 ®---® b))
= Y EDNAWT @ @ B) 5 AW (o' © B')) (Fo (01 ® -+ ® tnimsie-1-j © b1 ® -+ @ bj)).
0 ESptmts+i—1-j,j
Suppose that
Fo(a1® @ tnymstt—1-j ®b1® - @b) = (X @ ¥]) @+ ® (X7 mpstt—1 ® Vorrmisit—1)»
with x, ..., xg+m+s+t_1 eAand y7,..., yﬁ+m+s+t_1 € B. We have two cases.

Casel: If m+1<i<n+m, then
(AW"er (@ ®p) o AWSH(O‘/ ® :3/))(("51T ®y])® - ® (Xg+m+s+t—1 ® yg+m+s+t—1))
=AW @ B)(( @ y7) @ ® (_; ® y{_y) @AW (' @ ) ((x} ®¥7) ® -+
® (X?+s+t—1 ® y?+s+t—1)) ® (X?+s+t ® y?+s+t) ®-® (Xg+m+s+t—1 ® yg+m+s+t—l))
= (_l)nm“t("({ X 'O‘(ngrl ® - ®X 1 ® (X? X o (X ® ®X1q+t+571)) ®X s ®

X mysit—1) @ (BT @ ®yn) Vo V1B @ ®y?+t—1) Vi Y mstt—1)-
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Observe that the only non-zero case is when j=m+t and o € Sy4s—1,m+¢ is the following permutation:
1,...,i—m—1, i—-m,...,n+s—1, n+s,....,n+s+m-1, n+s+m,....,n+m+s+t—1
m+1,...,i—1, i+t,....n+m+s+t—1, 1,...,m, i i+t—1 ’

hence

EZMMHHET AWM (0 @ B) 5 AWST (o @ B)) = (0, ..., 0,971 (£ 4), 0, ..., 0).

We identify (0,...,0,971(&},).0,...,0) with 91}, ), and obtain that

£ @ ®  ®anys—1 ®b1 ® - ® by
= (—1nOFs=DHEEMES =D (AWM (o @ B) 5 AW (' @ B)) (191D ® - @ (1®@bm) @ (@1 1 ® -
®@-m-1®1)®(1®bni1)® @1 ®bmit) ® @-m @D @+ ® (Anys—1® 1))
= (=)@ () (01 @ - ® Ui @A (Wi @+ ® Uimis—1) @ Gimmps @ -+
® nys—1) ® BD1 ® - @ b)) B’ (bns1 ® -+ ® bne)
=0 ((=)MEDHED (05 o) @ (B—B)))@1 @+ @ nys—1 ®b1 @+ @ be).

Therefore

27 (Ege) = (COMCTIHE D (@ 5 al) © (B - £))-

Case 2: Similarly, for 1 <i <m, the only non-zero case is when j=m-+t—1 and 0 € Sp4sm+t—1 is the permutation as
follows:

( 1,...,s, s+1,..., n+s, n+s+1,..., i+n+s+t—1, i+n+s+t,...,n+m+s+t—1)
i+t,...,i+s+t—1, m+s+t,....,n+m+s+t—1, 1,...,i+t—1, i+s+t,....m+s+t—1

We have
EZMMHSHEL (AW (o ® B) 5; AW (&' @ B')) = (0,..., 0,97 (E] 1), 0, ..., 0)
and
27 (Epye) = DTN (@ — @) @ (851 ).
Now it follows that
EZMMHHE (AWM @ © B) 5 AW (o © B'))
nm

— Z(_1)(i—1)(s+t—1)EZn+m+s+t—1 (AWn+m(Ol ® B) 5 AWS_H(O[/ ® ,3/))

i=1

n+m m
_ Z (_l)(ifl)(ert—l)ﬂ—l(SliH_t)+Z(_])(Fl)(s+t71)l§*1(g:’;_"_t_])
i=m+1 i=1
n+m m
= Y )ImDHEmIO D g 5y ) @ (8 — p) + (=)D @ —a) @ (851 )
i=m+1 i=1

= (D)™ V(e 50) 8 (B )+ (1" V(o — ) 8 (85,

Exchanging « with «’ and n with s, and in the meanwhile, exchanging 8 with 8’ and m with t, we obtain another
equation

Ezntmts+—1 (AWs+r (ot’ ® /3') AWM (o @ /3))
= (—1)m(3+[—1)(a/ o a) ® (ﬁ/ — ,B) + (_])S(m—1)(a \_/(x/) ® (/3/ 5 ﬁ)

Consequently,
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Ezﬂ+m+5+t—] ([Awﬂ+m(a ® ﬁ),AWSH(O/ ® ‘3/)])
— (_l)t(n+m—l)(a 5 a/) ® (ﬂ - '3/) + (_])n(t—1)(a/ vot) ® (/‘3 6,3/) _ (_1)(n—1)(s+t—1)(a/ 605) ® (ﬁ/ — ,3)
_ (_1)"(5+t71)+(m71)(t71)(a \/Ol/) ® (IB/ 5 /3)
_ (_-l)t(nerfl)[O[’ 0/] ® (13 — ﬁ’) + (_1)n(s+t71)(a _ oz’) ® [,3’ ﬂ’]
— )TV sa) @ (B — B~ (DB — ) — (=D TV (@ — o' — ()P — ) ® (B35 5).
To finish the proof, we apply [4, Theorem 3] to obtain
(D" —o — (=) —a)=§(c'5a) = (~D"'§(e') 6 — & 5 5()
and
DB~ B— (DB —B)=8(858)— (—1)"8(B) 5 +B55(B).

Here § is the differential of the complexes C*(A) and C*(B). Denote by § also the differential of the complex C*(A) ® C*(B),
we have

$(sa)®(Bap))=8(c 5a) ® (B5p') + (=D (o' 5a) ®5(B5 B).
From these, we finally deduce Eq. (3.3). O
Let us include an immediate consequence of Theorem 3.3 which generalizes slightly [1, Theorem 7.1]. Recall that

HHO(A) = Z(A) the center of A, and HH!(A) ~ Der(A)/InnDer(A), where Der(A) is the space of derivations of A and
InnDer(A) is the subspace of inner derivations of A. We have

Corollary 3.4. Let A and B be two k-algebras such that one of them is finite dimensional. Then there is an isomorphism of Lie algebras

< Der(A) Der(B) ) . Der(A®B)
InnDer(A) InnDer(B) ) ~ InnDer(A® B)

® Z(B)) X (Z(A) ®

In the remaining part of this section, we assume that A and B are finite dimensional symmetric k-algebras with bilinear
forms (, )4 and (, )p respectively. Then both HH*(A) and HH*(B) have induced BV algebra structures as in Theorem 2.6.
The tensor product A ® B is a symmetric algebra; indeed, its symmetric bilinear form might chose to be as follows

(,):A®BxA®B —k,
(a®b,d ®b') — (a,a)alb, b’)B.

We shall investigate the BV structure over HH*(A ® B) induced by this bilinear form; see Theorem 2.6. In Definition 2.7,
we have reviewed the tensor product of two BV algebras. We have the following isomorphism.

Theorem 3.5. Let A and B be two finite dimensional symmetric algebras. Then there is an isomorphism of BV algebras

HH*(A ® B) ~ HH*(A) ® HH*(B).

Proof. Since the cup product and the A-operator can determine the Lie bracket, it follows from Lemma 3.1 that we only
need to prove that the isomorphism above preserves the A-operator. By Definition 2.7, it suffices to show that A-operator
is a derivation under the identification given by the isomorphism HH*(AW*) : HH*(A ® B) = HH*(A) ® HH*(B).

For a symmetric algebra A, for any n > 0 there is an isomorphism between HH"(A) and Homy(HH,(A), k) induced by
the following canonical isomorphisms

04 : C*(A) =~ Hompe (By(A), A) ~ Homge (By (A), D(A)) =~ Homy (A ®ae By (A), k) =~ Homy (Cx(A), k).

This induces a non-degenerate pairing ( , ): C*(A) x C4(A) — k inducing ( , ) : HH*(A) x HH.(A) — k.
Via this duality, even on the cochain level, EZ* is dual to the shuffle product, that is, we have a commutative diagram

C*(A) ® C*(B) & C*(A® B)

0AR®0p 0AcB
Homy (C4 (A), k) ® Homy (C+(B), k) Homy(C.(A ® B), k)
‘; Homy, (sh,k)

Homy(C,(A) ® C.(B), k).
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In fact, let f € C"(A® B) = Homy(A ® B®", A® B). Write EZ*(f) = Y_;, j_, & ®hj € By joy Ci(A)®CI(B). Then for p+q =
n 9(fp @8 : AP ®B® - A®B sends a1 ® ---®ap ®b1 ® ---®bg to

Y D)l foFs@® - ®a,®b1 @ ®by).
0eSpq

where ¢ is defined in formula (3.1). The map ¥ o (64 ® 0g) 0 EZ*(f) sends ag ® --- ® ap ® bo ® - - ® bq to

(a0, fp(@1 ®--- ®ap)),(bo. gg(b1 ® - - @ by))
={a0®bo. fr@1® - ®ap) ®gyb1® - ®bg)),ep

= Y (D Nao®bo, foFo(a1®- ®@ay®b1 @ ®bg)) g5
0€Spq
On the other hand, on sees easily that the map Homy(sh, k) o agp(f) sends ag®@ --- ® ap @ bo @ --- ® bg to
Y DNag®bo, foF(a1 @+ ®ap®b1 @+ @bg)) -
0eSpq

The above diagram is thus commutative.
Since Connes’ B-operator is a derivation for the shuffle product [9, Corollary 4.3.4], its dual: the A-operator is also a
derivation via the isomorphism HH* (AW*) : HH*(A) ® HH*(B) ~ HH*(A ® B). This completes the proof. O

Remark 3.6. Using a tedious computation similar to the proof of Theorem 3.3, we could obtain an equality on the cochain
level. Let o € Homy (A®"" A) and B € Homy(B®', B), with r > 1, 0 <t <r. Denote by A%, AB and A4®B the A-operator
of the complexes C*(A), C*(B) and C*(A ® B) respectively. We obtain that

EZ1AM®BAW (@ @ ) = AL (@) ® B+ (=)t ® AB(B) (34)

on the cochain level, which deduces the isomorphism on the cohomological level.

4. Application: Hochschild cohomology of the group algebra of a finite abelian group

In this section, we indicate how to compute the BV structure over the Hochschild cohomology of the group algebra of a
finite abelian group.

Let k be a field of characteristic p > 0 and let G be a finite abelian group such that p divides the order of G. Now G can
be decomposed as follows:

G:Cpn] XCpn2 X-~-XCpnr x H

with r >0, 1<ny <np <--- <np, where Cps denotes the cyclic group of order p* and p does not divide the order of H.
Now

kG chpn] ®kan2 ® -~-®kanr ® kH

and thus

HH*(kG) >~ HH* (kCyn1 ) @ HH* (kCpyny) ® - - - @ HH* (kCynr) ® HH* (kH)

which is an isomorphism of BV algebras by Theorem 3.5. We point out that the Hochschild cohomology ring of a finite
abelian group is studied in [2] and [6].

As kH is semi-simple by Maschke’s theorem, HH* (kH) = HH°(kH) = kH, so we only need to consider abelian p-groups.
By Theorem 3.5, in order to compute the BV structure over HH* (kG), one needs to compute the BV structure over HH* (kCps),
but this is well-known, as kCps =~ k[X1/(XP).

Lemma 4.1. (See [ 17, Theorems 4.7 and 4.8].) Let k be a field of characteristic p > 0 and A = k[X]/(XP") with s > 1.

(1) If p # 2, then as a BV algebra, HH*(A) = k[x, y, z]/(xps, y2) with |x| =0, |y| = 1 and |z| = 2 and the A-operator is given by
Ay =eld 1K foro<r<pS—1,ec{0,1} ands >0.

(2) If p =2, then as a BV algebra, HH*(A) =k[x, y, z1/ %%, y> — 25~ 1x%~22) with |x| =0, |y| = 1 and |z| = 2 and the A-operator
is given by A(X" y€2%) = elx’= 12" for0 <r < pS—1,€ €{0,1} and s > 0.

Let us isolate the case where the group is Cp, the cyclic group of order p for later use.
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Corollary 4.2. (See [17].) Let k be a field of characteristic p > 0.

(1) If p # 2, then as a BV algebra, HH*(kCp) = k[x, y, z]/(xP, y2) with |x| =0, |y| =1 and |z| = 2 and the A-operator over
HH*(kCp) is given by A(x"y¢Z°) = erx’~125 forr € Z/p, € € Z/2 and s > 0. As a consequence, the Gerstenhaber Lie bracket
is generated (using the Poisson rule) by

X, yl=1,  [y,z21=0=[zy]
More generally, forr, ' € Z/p, €, € € Z/2 and s, s’ > 0, we have
[xryezs,xr’yelzs/] — (_])H—(e—l)e’(('E + 6’)(r + r/)xr+r’—1 _ Erxr-s-r’—lye’ _ (_1)ee/rfxr+r’—1ye)zs+s’_
(2) If p =2, then as a BV algebra, HH* (kCy) = k[x, y]/(x*) with |x| = 0 and |y| = 1. The A-operator over HH* (kC;) is given by
AXyS) =erx1 yz[%] forr e Z/2 and s > 0, where [x] denotes the biggest integer not bigger than x and € = s — 2[3]

51
As a consequence, the Gerstenhaber Lie bracket is generated (using the Poisson rule) by [x, y] = 1. More generally, forr,1r’ € Z/p

ands,s' >0,sete =s—2[5]and €' =" — 2[%], then we have
[xrys,xr’ys’] _ ((6 + 6/) (r + r/)xr+r’—1 _ 6rxr+r’—1ye’ _ E/r/xr+r’—1ye)yZ[%HZ[%]_

We refrain from giving here a rather complicated formula for the BV structure over HH*(kG) for a finite abelian group G.
On the contrary, we consider as examples elementary abelian p-groups. In this case, we give the precise formula for the
A-operator and the Gerstenhaber Lie algebra structure can be obtained accordingly.

Theorem 4.3. Let k be a field of characteristic p > 0 and G = Cg be the elementary abelian group of rankn > 1.
(1) If p # 2, then

HH*(kCp) ~ k[xi, X, 21, zn) /(LX) ® Ay, .., Yn)
with |x;| =0, |yi| =1, |zij| =2 for any 1 <i <n and where A(y1, ..., yn) is the exterior algebra with n generators.
The A-operator on the right-hand side is given by the following formula: forry,...,14,81,...,Sn > 0and €1, ..., €, € {0, 1},
I €15 I €)_S: T €n S
A(Xll yll le X22 y22222 . Xn" ynnznn)
= e X} T B N2 ySZR Xy
T1,€1.51 2—1_5 n . €n .S
+ (_-1)61 ezrlel .y]] le X22 222 . Xnnynnznn

€14 de, r1.,€1.51,2,,€2._52 m—1_s
+ (DTt e X Y 2R Yk zy

The Gerstenhaber Lie bracket is generated (using the Poisson rule) by

[xi,xj]1=0, [yi, ¥j1=0, [xi, ¥l = &ij
and z; are central for 1 <i, j <n.
(2) If p =2, then

HH* (kC5) ~K[X1, ..., Xn, Y1, ..., Ynl/ (X5, ..., )

with |x;| =0, |yi| =1 forany 1 <i<n.
The A-operator on the right-hand side is given by the following formula: forry,..., 1, 51,...,5, = 0,set €; = s; — 2[%] for each
1 <i < n, where [x] denotes the biggest integer not bigger than x, and we have

1 .,51,02.,52 iy S
AT VYRV X i)

51
ri—1. 20511 sy 'n .S
=€mrXy Y C XYy X' Yn'

52
r1 .51 =1, 241 'n .S
+eraxy Y1 Xy Yy T X YR
4o
Sn
1 ,,51,02,52 m—1. 23]
+entnX] Y1Xy Yy X' Yn © -

The Gerstenhaber Lie bracket is generated (using the Poisson rule) by

[xi,xj]1=0, lyi,yj1=0, [xi, yj] = dij.
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Proof. This follows from Corollary 4.2 and Theorem 3.5. The formula for the A-operator uses the formula

A@®b)=A@®b+ (—1)%a® Ab).

The Gerstenhaber Lie bracket is computed using the formula
[a,b] = —(=DW=DPl(A@—b) - A@ —b—(-D%a— AD). O

Remark 4.4. In the paper [14], Séléne Sanchez-Flores computed the Lie bracket over the Hochschild cohomology of a cyclic
group, using a method different from ours. For a cyclic group, it is not difficult to see that we obtain the same result, but
our method can deal with any abelian group instead of cyclic ones. The paper [17] also considered cyclic group case using
the BV formalism.
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