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R £ TR A

B Tlxd+ yB)=xTr[4]+ yTr(B]
Tr[AB)=Tr[BA]
Tr{ABC]=Tr[CAB]
TrlUAU" |= [ 4]

Tr[A]= Z((pi A@)  EXEREF

FREREERAAS B




Tracef:AE

1(v)ip ) - (oly)
A ESER

Ps® pp = z,, (p; iA><iA ‘) ® (q, jB><jB ‘)

Trs(py®py)=p, ®Tr(py)

FPERIFRAKRE PRl



TracetefE
o) g Ty ) o] = (olw)
wap) = D ilia)lip)

Pap = ‘WAB><WAB ‘ = Z ai‘ iA>‘ iB>Z a;<jA KjB ‘
i j

BAIE ]
trgoap = Y _ouajlia)(jal(jpllin)
2,]

= Y oajlia)(jald;
2.]

= ) Jaillia)(ial .
0

FPERIFRAKRE PRl



TracefAE

=T et = —(0405) + [1alp))

1
NG)
HAE 2

7r,(@*)(®* ) =Tr, [% (0,05)+|11: (0,0, |+ (11, |)J

1
- §(|0A)(0A |®T7(|0,)(0, ) +|1,)(0, |[®Tr(|1,)(0, p+|0, ) {1, |®Tr(|0,) {1, ) +|L, {1, | ®Tr(|1,) (1, |))

1
= 5(|0A><0A |+ L) (L

B F&4di{vPurification

o=pili(il 1) =2 Vpilia) ®lip)

FPERIFRAKRE PRl



Trace#{F 1 HIAEME RS L

oo  Uop oy Az T _aoo o ) 7 _aoz
Ay dy dp Ay LN :alo au: :alz
dyy Uy Ay Uy e dyy Uy 7 dy,
| d3g U3 U3 Uiy Y90 Y31 | 3

Aoy + Ay Ay T A3

_020 + a31 a22 + a33 _l

PRERRAAS BRY




PIME LR — 25>

D) 5 :zaij ) s
)

A, =a,
pP="
Py ="

FPERIFRAKRE PRl



BE = TRR

BT ARR

R (A, RE
= AN 0] v fE e B
Schmidt4y i

R RN 281
==

N7
d

AN o

FREREERAAS B



=
§)=a,18).3a =1

mER {p), HITNE
}L%ﬂ@ a; = <)81 | ¢> |2)) |.3‘2

}-L$ | da; ‘2 W.H Lo R&E
o

=2EFNE OXNFEERSnS

) = al0) + BI1), Jal* +[8] =1

FPERIFRAKRE PRl



Von Neumannl| &

Von Neumannill s & szl = 1) —Fp2R iy, 255
— U IE A {\z//k>} I RRATT TR T

\CD) Y alwe) | ka} SEHEEER [we)
Von Neumannill&, &

FPERIFRAKRE PRl



Von Neumann | &

Flan=s EX FETE |©)=(a/0)+ A1)
SEREARXT TR (10y+(1) [0)=[1)] HIVon Neumann
==y { NG }

HERE] (g a+ﬂ[\0>+\l>] o - ﬂ(\) \>J
V2 V2 V2 V2
KA T T [Oi};'”] Ly et Al
2

FPERIFRAKRE PRl



N2

/I

3
\

Von Neumannill| =

(20}
2

(cp(oz/t?)\ _a+p
2

FPERIFRAKRE PRl




15572 = (Projective measurements)
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£ 52| & (Projective measurements)
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Quantum measurements are described by a collection {M,} of
measurement operators. These are operators acting on the state space of

the system being measured. The index m refers to the measurement
outcomes that may occur in the experiment.
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POVMIll &
— —Positive Operator-Valued Measure
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How to distinguish non-orthogonal
states optimally

> VS, /

From Steinberg

H-polarized photon 459-polarized photon

Use generalized (POVM) quantum measurements.
[see, e.g., Y. Sun, J. Bergou, and M. Hillery, Phys. Rev. A 66, 032315 (2002).]

The view from the laboratory:
A measurement of a two-state system can only
yield two possible results.

If the measurement isn't guaranteed to succeed, there

are three possible results: (1), (2), and ("I don't know").
Therefore, to discriminate between two non-orth.
states, we need to use an expanded (3D or more)

system. To distinguish 3 states, we need 4D or more.
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The geometric picture

90°
From Steinberg

Two non-orthogonal vectors

The same vectors rotated so their
projections onto x-y are orthogonal

(The z-axis is “inconclusive”)
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A test case

Consider these three non-orthogonal states:

YR () ()

V2/3 .
Y1/ = 0 Y2l = L V_:i in _]-f kﬁ

1/v3 V2/3 V2/3

Projective measurements can distinguish these states

with certainty no more than 1/3 of the time.
(No more than one member of an orthonormal basis is orthogonal
to two of the above states, so only one pair may be ruled out.)

But a unitary transformation in a 4D space produces: From Steinberg
1//3 0 0
.. 0 .. 1/v3 ., 13
Pllow = | 0 1V 2)oue = 1/v/3 13) our = 1/vV3

..and these states can be distinguished with certainty

up to 55% of the time
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Experimental schematic

From Steinberg
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Preparation
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A 14-path interferometer for
arbitrary: 2-qubit unkbads
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Success!

|'r‘7 1> |'r‘7 z) ‘yy 3)
| \W "Definitely 3"
T "Definitely 2"

. 1 "Defiitely 1"

b
i \ "I don't know"

Normalized Intensity

[) 0.0005 0.001 From
Steinberg

Nonorthogonal States

The correct state was 1dentified 55% of the time--

Much better than the 33% maximum for standard measurements.

R A kg_.ggﬁohsenl, A.M. Steinberg, and J. Bergou, Phys. Rev. Lett. 93, 200403 (2004)



Z%QCAQI § 2.2, M.A. Nielsen and |.L. Chuang

M. Mohseni, A.M. Steinberg, and J. Bergou, Phys. Rev. Lett. 93, 200403 (2004)
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