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1. ETUHERMZENR

2. YA

3. =2 ZEf L Entanglement witness
4. MIEEiL

5. AR

6. Shannon entropy, Von Neumann

entropy
7. AMZEiR4L
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Einstein-Podolski-Rosen: An entangled wavefunction does not describe the physical reality
in a complete way

Schrodinger: For an entangled state the best possible knowledge of the whole does not
include the best possible knowledge of its parts

Mermin: a correlation that contradicts the theory of elements of reality

Peres: a trick that quantum magicians use to produce phenomena that cannot be imitated
by classical magicians

Bell : a correlation that is stronger than any classical correlation

Bennett : a resource that enables quantum teleportation

Shor : a global structure of the wavefunction that allows for faster algorithms

Ekert : a tool for secure communication

PEREERAKE FRal
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“‘Entanglement is the characteristic trait of
quantum mechanics, the one that enforces its
entire departure from classical lines of thought”.

I

Quantum computation

Quantum teleportation

Dense coding
Quantum cryptography

Quantum error correction

RS A R E. Schrodinger, Proc. Cambridge Philos. Soc. 31, 555 (1935)



AB _ _A B
FrF P F
AT AR
pAB = Zprpf &) pf . pr >0 Zpr =1
r=1 r
LOCCH#:1E

“local operations and classical communication”

fRiE#EfE: unitary dynamic actions, measurements, and all
other local manipulations

% HLIE {5 : exchange information via classical communication

PERZFRAKE PRa)l
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_[00) +[11)

"»f 7

A pure or mixed quantum state which is not separable is

called entangled. An entangled quantum state thus contains

non-classical correlations, which are also called quantum
correlations or EPR correlations.

PERZFRAKE PRa)l
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Separable Entangled
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Schrodinger 1n 1935 (or earlier)

"When two systems, ...... enter into temporary physical
interaction due to known forces between them, and ......
separate again, then they can no longer be described in the
same way as before, viz. by endowing each of them with a
representative of its own. I would not call that one but
rather the characteristic trait of quantum mechanics, the
one that enforces its entire departure from classical lines of
thought. By the interaction the two representatives [the
quantum states] have become entangled."

Schrodinger (Cambridge Philosophical Society)

PERZFRAKE PRa)l



i R4 R i
)= ( 00} T_Il 1) ) ( (00| T_ill | )

|00} (00| + [11)(00] + [00) (11| + |11)(11]

7

Pl = try(p)
~trp(|00) (00]) + tra(|11)(00]) + trp(|00) (11]) + trp(|11)(11])
g
~|0)(0]{0]0) + |1)(0[(0[1) + |0} (1|(1|0) + [1)(1](1]1)
B 2

_10) (0] + 1) (1]
- 9

o |~

This strange property, that the joint state of a system can be
completely known, yet a subsystem be in mixed states, is
another hallmark of quantum entanglement.
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Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?

A. EinsTEIN, B, PopoLsky anp N. RoseN, Insiitute for Advanced Study, Princeton, New Jersey
(Received March 25, 1935)

In a complete theory there is an element corresponding
to each elemeni of reality. A sufficient condition for the
reality of a physical quantity is the possibility of predicting
it with certainty, without disturbing the system. In
quantum mechanics in the case of two physical quantities
described by non-commuting operators, the knowledge of
one precludes the knowledge of the other. Then either (1)
the description of reality given by the wave function in

1.

NY serious consideration of a physical

theory must take into account the dis-
tinction between the objective reality, which is
independent of any theory, and the physical
concepts with which the theory operates. These
concepts are intended to correspond with the
objective reality, and by means of these concepts
we picture this reality to ourselves.

In attempting to judge the success of a
physical theory, we may ask ourselves two ques-
tions: (1) “Is the theory correct?” and (2) “Is
the description given by the theory complete?”
It is only in the case in which positive answers
may be given to both of these questions, that the
concepts of the theory may be said to be satis-
factory. The correctness of the theory is judged
by the degree of agreement between the con-
clusions of the theory and human experience.
This experience, which alone enables us to make

quantum mechanics is not complete or (2) these two
quantities cannot have simultaneous reality. Consideration
of the problem of making predictions concerning a system
on the basis of measurements made on another system that
had previously interacted with it leads to the result that if
(1) is false then (2) is also false. One is thus led to conclude
that the deseription of reality as given by a wave funetion
is not complete,

Whatever the meaning assigned to the term
complete, the following requirement for a com-
plete theory seems to be a necessary one: every
element of the physical reality must have a counter-
part in the physical theory. We shall call this the
condition of completeness. The second question
is thus easily answered, as soon as we are able to
decide what are the elements of the physical
reality.

The elements of the physical reality cannot
be determined by @ pr‘im‘i philesophical eon-
siderations, but must be found by an appeal to
results of experiments and measurements, A
comprehensive definition of reality is, however,
unnecessary for our purpose. We shall be satisfied
with the following criterion, which we regard as
reasonable. If, without in any way disturbing a
system, we can predict with certainty (i.e., with
probability equal to unity) the value of a physical
quantity, then there exists an element of physical

“ExittmzEfiERERT ——ZEHRE

| rossermosren

Perfect Correlation (Quantum Prediction)
Locality
Reality

Completeness

FERFERARE FREN

Nathan Rosen

David Bohm Boris Podolsky

Einstein, Podolsky, and Rosen, Phys. Rev. 47, 777 (1935)



Quantum states

Superposition Principle in Quantum Mechanics

A the system can be in: ()>
or: 1>
el )+ A1)

Mathematically: such a state is a vector in (2

) el

so that: N
«0) + 1) = (ﬁ) where |or? + [5]? =1

PERZFRAKE PRa)l



Two or more systems: ‘_ _______ _‘

astate |W) of the system can be in: ‘OO>,

01),

10),

11),

or:  ¢|00)+ £|01)+|10)+5|11)

where ‘OO) — ‘O) X ‘O>

The system is entangled if
W) # V)4 @ [V)p
Example: Bohm state ‘\P—> _ 1/\/5 (‘ 01> _ ‘ 10>)

l.e. EPR (Einstein, Podolsky and Rosen) pair

PERZFRAKE PRa)l



Entangled states

Non-local correlations among

the separated parts

Failing to interpret with
the LHV theory

Bell” s theorem

(test non-locality)

EPR pair

REREERAKE FRal



Applications (basic resources)

Iwo classical bits

Quantum teleportation eeported

Quantum communication (Quantum Key Distribution)

Alice Source Bob
Eleciro
Detectors E&ﬂ” Optical Fiber Optle  Detestors
+1 Modulator ' Modulator +
I-6— A N
1 | @Poiarizer Pholon A Photon B Polarzer ) |-1
—= Random Random
E—& Number Number M
Clook {(anerator Generator r—'—\m
¥ T Classical Communication —= o

REREERAKE FRal



Quantum computation

-t L) Al “w

0

NMR, Ion traps, Quantum dots, Josephson junctions etc.

-Shor's algorithm for factorization
-Grover's algorithm for database search
-Quantum simulations (Feymann,Lloyd)

Becoming key resources for present and future

~quantum informartion processing!



54 0T

superdense coding

00)+|11)
Alice 2
00:/ 01:Z 1 qubit 1 qubit " Bob
10:X 11:4Y

=
oy

e S
I

Figure 2.3, The initial setup for superdense coding, with Alice and Bob each in possession of one half of an
entangled pair of qubits. Alice can use superdense coding to transmit two classical bits of information to Bob, using
only a single qubit of communication and this preshared entanglement.

i 100) +]11)

%@ﬂ%m 0 |t | 'u.,E
01 |4 — 00) — |11)
10+ o)) — 110) + |01}

i
V2

11 : [ 01) — [10)
D) — —
REREERAR AL B V2
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Secret
COmmunication \

—

Factorization
(Shor)
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Decoherence

environment

The separability problem:
one of the basic and emergent problem in present
and future quantum information processing

Is a quantum state entangled? <
How entangled is it still after interacting

with a noisy environment?



Density matrix of quantum states

A number of stateq1);)  with respective probabiliti ) ;

define: 0= Z D W)z> <1/}z‘

wﬁecraell {pZ W),J} an ensemble of pure states,
p=>0.trp=1.p=p

Pure states: /02 = p = ‘Q/)z><1/)z‘
Mixed states: [)2 # [)

PERZFRAKE PRa)l



Separability

entangled?

Pure states

Product states(separable):
‘\PAB> = ‘l//A>‘ WB>

density matrix P =2, ® Py 0= W) (W

05 =|V) (V]

Examples:
Product state: W) =00)

Entangled state:  |¥)=¢,|00)+c|11) cq, 1 # O

PERZFRAKE PRa)l



Mixed states

 Otherwise, it is entangled (Wermer 89)

Problem: there are infinite — Z N
possible decomposition, P s . q:P 4p
l

does there exist decomposition

smnedikefopmuia © 2
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|
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\Eb

TP 5 iR

= 2Y 2 £ B Entanglement witness
AL ed

QLS

Shannon entropy, Von Neumann

entropy
7. AMZEiR4L
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Separability criterion for
multipartite pure state

_if and only if
Pag..z = Pa@Pp &Py
where

PA — TTB,C,“*,Z(IOABMZ);
pp=Trac..z(pap.z)

pz=Trap..y(pap.z)

EP%#?“—T_




A strong separability criterion
for mixed state

Positive partial transpositions(PPT)  Peres PRL 77, 1413 (1996)
po= Y pipa®@pg 0B o™ = Y pilp) @ p >0
i ;

( : \
An example of 2x2 state: P Pu | Pz P

PERZFRAKE PRa)l



Bl

TR W =[00)+|11)  HEPEREREN
(1/2 0 0 1/2)
0O 0 0 O
=0 0 0 o0
172 0 0 1/2)
N [ A
WS [0
P

0 1/2 0 0
L0 0 0 1/2

NAEIEFER . AEE Y {-1/2, 1/2, 1/2, 1/2}
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HELFR

Horodecki et al. (PLA,1996)
2 ® 2,2 & 3 cases: PPT < Separable

Horodeckis, Phys. Lett. A 223,1 (1996)

o BN E TS RN

(m(u| 03 |n)|v) = (m|(v] 0 45|n)| )

TR A, Ny R,
N AT AR B ASE S

PERZFRAKE PRa)l



H— R HI& R
Necessary and Sufficient Condition for Separability

For any positive (P) but not completely positive (CP) map,

AN:B(Hp)—B(H ')
one should have [IA R AB](QAB) = ()

for any separable states.
/A(Q{'JU) o AQoa 1) \

14 ® Apl(Qap) = (1) ‘ Harl

\A(Qdﬂ—m) A(QdA—'ldA—'l)/

Here o0, =(i|®lloaplj)®1

PERZFRAKE PRa)l



(R
MHR2 ® 2, 2 ® 3 HFEM,
A 10 T LR 2 7T 4 At

A= AL+ AGpe T

X122 ® 215K, HATEH
]“ ~
det(o45) =0

N Ao ) 78 B AR AT
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Majorization#|#&

If a state is separable then the inequalities

Np) <N(pa), A(p) <A\(pp)

Holds.

Here AN(p) is a vector of eigenvalues of p ;
Np,) and \(pp) are defined similarly.

X <Y means Zi‘; l-:iZk y” lékﬁd

Nielsen, M. A., and J. Kempe, 2001, Phys. Rev. Lett. 86, 5184
rRER SRR A By



Reduction criterion

7 LS
A“(@)=1Tr(Q)~¢

X TR A NA
[1,®A5N(@4p)=0

i), BifE
0Aa®1-045=0

® IHIHESS TPPTHEN, {H /5% T-Majorization g
& EH LN, —En A

Cerf, N. J., C. Adami, and R. M. Gingrich, 1999, Phys. Rev. A 60, 898.
Horodecki, M., and P. Horodecki, 1999, Phys. Rev. A 59, 4206.

Elﬂﬂﬁﬁzykjl_c“?‘g(ﬁ%ﬂ'ma’ T., 2003, Phys. Rev. Lett. 91, 057902.



HEH

# LOO(Local Orthogonal Observables)#|#
@ Covariance matrix criterion
# Local uncertainty relations¥|#

@ Range criterion

PERZFRAKE PRa)l



Status for the separability problem before 2002

Generic state

-Low rank

-Operational necessary
or sufficient conditions
(Lewenstein, Horodecki,

Albeverio, Fei et a/.,2000, 2001)

The main progress: 2x2 and 2x3

© © © © © © ¢ ¢

Bell inequalities (Bell, 1964)
Entanglement of formation for two qubits (Wootters,1998)

The reduction criterion (Horodecki, Cerf et a/. 1999) %ﬁe_:'?;
Low rank cases (Lewenstein,Cirac,Horodecki, Albeverio, Fei et a/. 2000, 2001)

The necessary and sufficient criterion(Y.D. Zhang and C.Z. Li 2000,2001)

The majorization criterion (Nielsen and Kempe,2001) Horodeckis, Phys.

Entangleme_nt witnesses (Horodecki, Terhal, Lewenstein et a/.,1996,2000) Lett. A 223,1 (1996)
PPT extension (Doherty et a/.,,2002)

HFEM=FIRANKZF IR



Disadvantages:

@ Only a few are operational and computational, even they

are, most of them are weaker than PPT.
@ unable to distinguish bound entangled states (BES)

@ some of them are complicated

PERZFRAKE PRa)l



A Matrix Realignment Method
for Recognizing Entanglement

If Z is an mxm block matrix with block

size nxn, vec(Z,,)"
( ZH - ZTm \‘ vec(.Zml)T
L= - | — 7 — :
L L ) Vec(?“") a,
vec(Z, ) '
A = |a;;] vec(A)=| :
(P Pu_ Pu Pn o
| _ | Po_Pu_ P Pu «
P31 Px i P P Pz Pz Pus Py
\Pas1 P! Pu P \ P33 Pz P P )

REREERAKE FRal




The realignment criterion

H )0 H S 1 necessary criterion for separability

Here || 2| is the sum of all the singular values of © , or sum of the square

: T Kai Chen, Ling-An Wu, Quantum
roots of eigenvalue for Q. Information and Computation 3,

Recognizing entangled states 1522207 (ALEE)

B e

sufficient criterion for entanglement

cpﬂ_




Examples

1. d=2 Werner state p = PP+ (1 - x)%,o < x < 1
(1= 0 0 -=x \
0 0 0 & 90 ’
is entangled iff x —x
| . "z 0 -3 j

Locvci qmm ] > 1

PFEREERAR 03



2. BES of 3x3 (weak inseparable PPT state)

i) = 00 = (1), fn) = —=(0) = 1))
/\ _ ii - o i JL _ L - R
Ua) = =211 = 20, 1) = (1) = [2)).

i) = 500) + 1)+ 2)(0) + 1) + 12)),

=700 =3 1) ) |

PEREERAKE FRal



Let S+ 1

pp = pp + (1 — p)ld/9

#(a,p) = max(0, log |35 )

When a=0.236, f(a,p)
maintains its maximum

REREERAKE FRal
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4
p=N D IVilVil.

=1
where N=1/24V:,V})
Vi) = |m,0.s; 0,n,0; 0,0,0),
Vo) =10, a,05 6,0,¢; 0,0,0),
Va) = |n™,0,0: 0,—m™,0; ¢,0,0),
Vi) =10,67,0; —a*,0,0; 0,d,0),

The criterion could detect entanglement in about 22% of
these BES satisfied 2=, by numerical calculation.

REREERAKE FRal



d. Entangled state in three-party system

Bi-separable with respect to Bennett ef a/., PRL82,5385(1999)
A|BC,B|CA and C|AB

® 10,1, 1), |1, +,0), [+, 1,0}, >
oo [2) = 1/v/3(10) 4 [1)
define

then H(IA & RBC)/)ABCTH — 1.086

Horodecki et al., Open Syst. Inf. Dyn. 13, 103 (2006)
REREFRAKRS: B



The generalized partial transposition operations
(GPT operations)

Define the operations:
7, . A — row transposition of A
A — (vec(A))
T.: A — column transposition of A
A — vec(A)
7.7 or .7, : A — A

( a11 \
I(A) — ( 11 aA21|A12 A92 )
11 A12 (191
A= T.(A) =
(121 22 112

RIS AR [ \ @22 )



The GPT Criterion

H)OTJ’HSLF \?/yC{?"A;CA;?"B;CB;'”5?"25(32}
—
2n

Where 7, or 7. (k=AB, - .Z)
means transpositions with respect to the row

or column for the Ath subsystem.

If El y Kai Chen, Ling-An Wu,
) Physics Letters A 306, 14-20 (2002)

|| > 1 [ isentangled

PEREERAKE FRal




The Generalized reduction criterion

Define an operation:

pAB — pAB = ablmn—alm®@pp—bpsaRln+pap,

||pr/BTyH S hGhbv \V/y C {rAacAarBaCB}a

Where A, and A, are simple functions of g,5,mand n.

S. Albeverio, K. Chen, S.M. Fei,
If 3a.b Phys. Rev. A 68, 062313 (2003)

622 > o P isentangied

Two special cases:
1. In the case of a=1 and b=0, or a=0 and b=1, this criterion reduces to the
reduction criterion (Horodecki, Cerf et a/. 1999)

2. In the case of a=0 and b=0, this criterion reduces to the GPT criterion
hERI SRR BRI




(Horodecki, PLA232,333(1997))

&

Let ff;___,_--—”"l\wj c

=

Bet 1
"c 000 c 0 0 0 e 7
0 ¢ 0 o 0 0
00 c 000 0 0
000 e¢00 0 O
e 000 0 0 0 e
x| 000 00e 0 0 0
I+- l_._
000000 — o ¢
000000 0 ¢ 0
| —¢? | +e
e 000 0 % 0 —

1. When a=0, this criterion
detect all the BES for O<c<1
while b=0 or b=2/3.

2. When a=1, it also detect all
BES 0<c<7 while b=-1/3 or
b=1.

FI1G. 2. Depiction of N =max{|[p; ;70 rel||— fi .00 for a Horo-
decki 3 =3 bound entangled state as a function of  and ¢ when
=0 (the top figure) and =1 (the bottom figure ), respectively.

REREERAKE FRal



Positive maps connected to entanglement witnesses (EW)

Jamiotkowski isomorphisim

Wy=[1® Al(P, Py =D (P,
EREE \d§| ® i), d=dimH4
A(i) (iD= \W\ /)
ANl 2

(Id, ® A)p >0 p it

PERZFRAKE PRa)l



Universal construction of the withess operator

1. Universal construction of the witness operator from the realignment criterion
W=Id—(R'UTV")

where U,V are unitary matrices that yield the singular value
decomposition (SVD) of R(p) ie,R(p) =UZV1

2. Universal construction of the witness operator from the PPT criterion
W=1Id-(VU"))"

where U,V are unitary matrices that yield the singular value
decomposition (SVD) fof pla  ieplda =U VAl

Kai Chen, Ling-An Wu, Phys. Rev. A 69, 022312 (2004)
FERFRAKRE B



B L l . i ’L* —l — i
l.'1 e J‘ i - . ‘ h.-',_.._ — l i .

én) = 500)+ 1)+ 2)(10) + 1) +[2).
1 L
:ﬂﬂ—EJ%M%D
1=0
/O — p )0 4 (1 _ p ) ] d / 9 (through a depolarizing channel)
p

1. Realignment criterion recognize entanglement for p>88.97%

Consider

2.  An optimal witness can only recognize entanglement for p>94.88% (B.M.
Terhal, Phys. Lett. A 271 (2000) 319, O. Giihne et al., Phys. Rev. A 66,062305
(2002).)

3. An EW constructed from the realignment criterion gives p>88.41%

4.  An PM obtained from EW constructed from p=0.3 gives p>87.44%

PEREERAKE FRal



Results

1. Entanglement witness operators generated from the realignment
criterion and PPT criterion are more powerful than the two criteria
to identify entanglement

2. Positive map (not completely positive) constructed from these
entanglement witnesses (EW) are further powerful than the EWs

Significance

1. Offer a more power operational method to recognize entanglement,
In particular, the bounded entanglement

2. Provide a powerful new method to detect entanglement, since the
entanglement witnesses are physical observables and may be
measured locally

3. Gives a new systematic way to obtain positive but non-CP maps
RERISRARAS: FRY



Comparison of separability criteria
PPT

| Realignment criterion
Generic quantum state

PEREERAKE FRal
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@® The separability of a quantum state and quantitative character for
entanglement become two of the most basic problems in quantum
Information theory

@ Multipartite systems and higher dimensions make a richer structure but
with more complexity

@® The PPT criterion, realignment criterion, its generalizations and the
corresponding withess operators and positive maps significantly expand
our ability to recognize directly the entanglement

@ The final solution needs better ideas and is still full of challenge

PERZFRAKE PRa)l
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. =ETMEPIEES NI

2. =M PEH T

3. E T2k Entanglement witness
4. R

5. A2

6.

Shannon entropy, Von Neumann
entropy

7. 2 gsfRal
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Entanglement witness (EW)

B XL
Tr(We,p) =0

WO RIILI &, i e

& 2/F - NIARMEE
® NTHHEERS NFG (Wal(Dp| W) dp) =0

Ter Oent) < 0

i
T AT
\_“ - / 'TT-'{I'{"FQHJP] ~ 0

hERISR AR A Y Terhal, B. M., 2000, Phys. Lett. A 271, 319



Entanglement witness (EW)

Hahn-Banach theorem

Let S be a convex, compact set, and let o€ S,
then there exists a hyper-plane that separates o from S

/ ] \
® D .‘\,ll
| /\ | W
|| N
\ ” S W lllustration of the
/ \ | | f, separating axis
\ 41 | /
\ I/ theorem.
\\\ //f’
b
x/ | Hermann Minkowski

PERZFRAKE PRa)l



Entanglement witness| 1

S

d—1
V=2 |iXj| ® [j)i]

ij=0

(Pal( PV dp)=[(a| pp)*=0
W pial. pt-)

XoF R - 25 8] A1 s 0 R 525 (8]
P®H=2(I+V) and PO=3(I-V)

HAAREE-1

3

PERZFRAKE PRa)l



Entanglement witness| 1

iKcluster#s

—

)

(10000)1234 + [0011)1934 + [1100)1934 — [1111)1534)

{ —

Ca) :
Foit

W — [413’4 —(XXIZ + XXZI + IIZZ + IZXX +ZIXX + ZZIT)]

2
HEE WAL e settingsH ]

XXZ7Z and ZZXX

<W>H B S E B AEHI A2 48

PERZFRAKE PRa)l




Choi-Jamiotkowski [F]#4)

E XEW
Wy=[I® A](P,

\L
/

1= | PPy

d—1

by = E\D@
?’ \df{}

,, dzdlmHA

FRERIERE AR A Y Jamiotkowski, 1972; Choi, 1982



References for the realignment criterion

1. Kai Chen, Ling-An Wu,

Quantum Information and Computation 3, 193-202 (2003);
Physics Letters A 306, 14-20 (2002);
Phys. Rev. A69, 022312 (2004),

2. S. Albeverio, K. Chen, S.M. Fei, Phys. Rev. A68, 062313 (2003);
3. 0. Rudolph, Quantum Information Processing 4, 219-239 (2005);

4. Horodecki, M., P. Horodecki, and R. Horodecki, Open Syst. Inf. Dyn.
13, 103 (2006).
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=AM E N
= 24 2 H) 3
= - ZY Zi £ I Entanglement witness
=W
%71'2[194 A

Shannon entropy, Von Neumann

AN DN A W N -
w
——
*“-%
HE

entropy
7. AMZEiR4L
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Good entanglement measures

® -

—Aj‘/\

JLD 7’:10

@ No increase under LOCC

@ Continuity

PERZFRAKE PRa)l

E(Arocc(o)) < E(o)

(0) — E(oc) — 0 for

o—o||—0
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Good entanglement measures

@ Convexity

EMo+ (1 —MXNo) < AE(p) + (1 —XN)E(0)

@ Normalization

E(Pi) = log d

PERZFRAKE PRa)l



B
2\ 7 e AL,
Bad!
@ Additivity
o1 € Ha1 @ Hp) and or € Ha» @ Hp>. Then

Er(oc1 ®o2) = Ep(o1) + Efp(0o2)

@ The strong superadditivity
density matrix o over a quadripartite system Ha1 ® Ha2 @ Hp1 @ Hp>
Er(c) = Erp(Tryo) + Er(Tri0)

M. B. Hastings, Nature Physics 5, 255 - 257 (2009); Los Alamos National Laboratory

P. W. Shor, Comm. Math. Phys. 246, 453-472 (2004); AT&T
PERZFRAKE PRa)l
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> additivity of the minimum entropy output of a
qguantum channel;

> additivity of the Holevo capacity of a guantum
channel;

> additivity of the entanglement of formation;,

> Sstrong superadditivity of the entanglement of
formation.

P. W. Shor, Comm. Math. Phys. 246, 453-472 (2004); AT&T
PERZFRAKE PRa)l
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Distillable Entanglement

Ep(p) := sup {‘r' : lim [igf’tﬂ‘l’(p@”) = (I’(QT”)\] = (]}

TL— O

¢(K) is the density operator corresponding to the maximally
entangled state vector in K dimensions,

O(K) = [ty ) (Y|
VY is a general trace preserving LOCC operation

YIEEE Y. At what rate may we obtain maximally entangled states
(of two qubits) from an input supply of states of the form p.

Plenio, M. B., and S. Virmani, 2006
FEREFRAKRE BRI
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Entanglement Cost

Ec(p) = inf {7" : lim {me( @ \IJ(@(QM)))} = O}

n— oo

D(o-’ 77) is a suitable measure of distance
i.e. D(o,n) = tr|oc—n|

YI¥E-E X . For a given state p this measure quantifies the maximal
possible rate r at which one can convert blocks of 2-qubit maximally
entangled states into output states that approximate many copies of p,
such that the approximations become vanishingly small in the limit of large

block sizes.

rhERISSRE AR AL BRYL PIenio, M. B,, and S. Virmani, 2006
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Entropy of Entanglement

E(ly)(@)) := S(tra|v) () = S(trp|¥)(¥))

SN EE|

Z N\

5(p) = —tr|plog, p

Avon-Neumann entropy

XTJ‘:,:?EJXS Ep(p) and Ex(p) are identical

PERZFRAKE PRa)l
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BaSa e

Et

E(Q):ianp,-E(t,b;). Zp,zl, p;=0

pi, i} W o=2p;|){ Uhlmann, 1998

eq ?I“

Z N\

¢ % F /) 5 == Entanglement of Formation

SN EE|

mf{Zm () (@il) = p =D pilvi)(wil}

E([¢)®) = S(trp|¥)(¥[})

RERIEFRARKE BRI Bennett, DiVincenzo, et al. 1996



Two qubitsZ| ZEE &

/J—\‘_ft X éIE 4745 E](J concurrence

C=\2(1-Trp?

C(¢)=2a,a, HHa,a, SchmidtR %L

Lfé/f/\

TR e_wloy  tu=o,@ 0y

S. Hill and W.K. Wootters, Phys. Rev. Lett. 78, 5022-5025 (1997)
PERFERAKRE BRl



Two qubitsZ| ZEE &
7E X
p=0p0 w= \/_ \/_

NYE & 7S B concurrence

C(p) = max{O,N; — Ny — N3 — Ayj

HoAIL, Ay, Ay, M 9o B LA 98I 5 1 1) 1 5 e AE
M| Entanglement of Formation (EoF) /4

1+ v1 - C¥ p) W.K. Wootters, Phys. Rev. Lett. 80,
: 2245-2248 (1998)

Er(p) = H(

ch%a?%ﬁﬁ H(X) ——X 10g2 X — (1 —X)logz(l —)C)



Negativity
N = ‘f}THH — 1
N(p) : 5
HH || X]|| =trvXTX

ol & Logarithmic Negativity

En(p) :=log, ||p"®

1] 72 Entanglement Monotones,{H »& 5 & 3F 1™

G. Vidal and R. F. Werner, Phys. Rev. A 65, 032314 (2002)
PERIFRAKRE Bl
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— Convex roof measures
TRAE SR &=

E(¢)=inf 2 p,E(y). 2pi=1. p;=0

Monotonicity under LOCC: Entanglement cannot increase
under local operations and classical communication.

For any LOCC operation, we have

E(A(p)) < E(p) Ap)=2A4,2B(pA;® B

PERZFRAKE PRa)l
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E X 2 7E S

EDS(Q) = illf p(g.ﬂ')

ocS

HAPREDFHLE  Dp.o)=DAp).A0)

%l Ulrelative entropy of entanglement
S(o|o)=Tr p(log, p—log, o)

Er= 1int Treo(log, 0 —log, o)
ogeSEP

V. Vedral, “"The role of relative entropy in quantum
information theory”, Rev. Mod. Phys. 74, 197 (2002)
PERIFRAKRE Bl



Entanglement Witness Monotones

Entanglement Witness

ra | Wp>0 N\

| trW p < 0 r’/ﬂﬁ_ %m\\\J

e

N ~7
gy B __ __—" SEP

ENEE

PERZFRAKE PRa)l

VpeSEP
and

tr{Wp} < 0.

tr{Wp} > 0

dp s.t.

E it (W) = max{0, —tr{Wp}}
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T HJConcurrence
C(l4) = 20— Tep3)
C(p) = min » p;C(|i;))
éEEJj\S {Fxllff:}} Z
|€[/> = Z \/E |ffff'3'f>
) =21 = Fut) = 43

1<j

where . /u; (i = 1, ..., m) are the Schmidt coetticients

s Theorem.—For any m ® n(m = n) mixed quantum state
p, the concurrence C(p) satisfies

m(m —

C(p)E\/ - 1.){max(llp“||; IR (p)Il) — 1).

rERERAXZE BEL K. Chen, S. Albeverio, S.M. Fei, Phys. Rev. Lett. 95 (2005) 040504
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Entanglement of Formation
aids E(l) = S(py) pa = Trg([)y])

S(pa) = — Z pilogop; = H(u)
=

gt E(p) = min p:E(|i))
“H 1o d mu%ﬂzi
D). N =l
E(p) = 1 Hy[y(M)]+ [1 — y(A)Jlogz(m — 1), A € [1, %271
i l“gfﬂ(f;” (A — m) + log,m, A E [M”;IT_U m|,

R(A) = Hy[y(A)] + [1 — v(A)Jlogy(m — 1),

1
AN) = —|VvA +(m — Bl 2,
y(A) m? [\/X \/(m L V] = max(llpTAII, ||R(P‘)”)

K. Chen, S. Albeverio, S.M. Fei, Phys. Rev. Lett. 95 (2005) 210501

_S.M. Fei, X. Li-Jost, Phys. Rev. A 73 (2006) 024302
chEREER A A FRal



Ordering by Entanglement

E(p)=E(0) ==2=) E'(p)=E'(0)

Not generally!

There are many different types of entanglement,
and in one state we have more entanglement of one
type, while in the other state there is more entanglement

of some other type

PERZFRAKE PRa)l
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= MRS S N
=2 28 4| P
= - ZY Zi £ I Entanglement witness
x4
AR i

Shannon entropy, Von Neumann

SN LI T S e
AN
A
NS
HE
llm[m

entropy
7. AMZEiR4L
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Three-tangle or residual tangle

HA:B:C) = {A:BC) — {AB) — H(AC)

Coffman et a/. 2000
where two-tangles on the right-hand side are squares of concurrence

For a 2 X'n dimensional systems

;) (i)

T(p) = i]:lepi(_}'Z(

\“”‘/@
Vi3] T(A:B)+717(A:C)+71(A: D)+ .. <7(A: BCD...)

PERZFRAKE PRa)l



Monogamy of Entanglement

For any tripartite state of systems A, B, C,

if one has ) )
E(A:B)+ E(A:C) = E(A:BC)

then E(A:B)) + E(A:B,) + ---+ E(A:By)
< B(A:By+# By).

CHEER  E (A:B)+ E(A:C) < E(A:BC)

sq sq

Koashi and Winter 2004

E-and £.are not monogamous

PERZFRAKE PRa)l



Monogamy of Entanglement
A

Pure three qubit state |} apc / \

= B\ C

4 e -
Concurrence Cap +Circ = Chripen

pap = 1o ':l"ﬂ::'AEr_'-' i:t.ff|:| PAC = T“-"E':|“F:1AEC-' =::¢*|:|

Negativity N = |[lp'*]| -1
no

i I."E § 2 - I.*E
Nip+Nic =Nyme

High dimensional case
Y.C. Ou, H. Fan and S.M. Fei, Phys. Rev. A, 78 (2008) 012311.

REREERAKE FRal
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2 -5 N TR
2U 2 A4
= - ZY Zi £ I Entanglement witness
=4
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Shannon entropy, Von Neumann

il
K
\“

il
K
Y”

llm

AN T
NS
A
NS
HEH
m[m

entropy
7. MYEGEal
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Shannon entropy

Operationally as the minimum number of bits needed to
communicate a message produced by a classical
statistical source associated to a random variable X.

® The Shannon entropy of X quantifies how much
information we gain, on average, when we learn the

value of X.

® The entropy of X measures the amount of uncertainty
about X before we learn its value.

PERZFRAKE PRa)l



Shannon entropy

A measure of our uncertainty before we learn the
value of X

A measure of how much information we have gained
after we learn the value of X.

H(X)=H(p,..., D) = — ZP'" log p.
Shannon’s noiseless coding theorem:

It can be used to quantify the resources needed to store

information
FEREIAKE BFRE
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7€ X binary entropy
Hyin(p) = —plogp — (1 — p)log(1l — p)

concavity
H(gpu + (1 — q@)pa) = qH(pu) + (1 — q)H (pa)

(17 - | SEETTTRERY PSRRI P .....:L...._..,.:.......,.._..........:..........E..... ....E......,...EV......._

11;:;”
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The relative entropy

| L o plx) o o
H (p(x)||g(x)) = )(.i')lm_,— = —H(X) — () log q(:r)
p(x)||q(x), ZI R g(x) Zl ) log g(x;

A good measure of distance between two distributions

H(p(x)||q( l) > (), with equality 1f and only if p(x) = q(a )tm all

PEREERAKE FRal



Joint entropy

H(X,Y)=— Z})(J_ ) log p(x, y)

LY

The joint entropy measures our total uncertainty about
the pair (X, Y ).

Conditional entropy

H(X|Y)= H(X,Y)— H(Y)

A measure of how uncertain we are, on average, about
the value of X, given that we know the value of Y.

PERZFRAKE PRa)l



Mutual information
H(X:Y)= H(X)+ H(Y)— H(X.Y)

Measuring how much information X and Y have in
COmMmOon.

Useful equality
H(X:Y)= H(X)— H(X

Y)

PEREERAKE FRal



Shannon @ B 2 2~ 14 JiR

() HX.Y)=H.X), HX:Y)=H({Y : X).

(2) HY|X) = 0and thus H(X :Y) < H(Y), with equality if and only if ¥ i1s a
function of X | Y = f(X).

(3) H(X) < H(X.Y), with equality if and only if Y is a function of X .

(4) Subadditivity: H(X.Y) < H(X) + H(Y) with equality if and only if X
and Y are independent random variables.

(5) HY|X) < H(Y) and thus H(X :Y) > 0, with equality in each if and only
if X and Y are independent random variables.

(6) Strong subadditivity: H(X.Y. Z)+ H(Y) < H(X.Y)+ H(Y., Z), with

equality if and only if Z — Y — X forms a Markov chain.

Y.Z) < HXIY).

(7) Conditioning reduces entropy: H(X

PEREERAKE FRal
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Von Neumann entropy

S(p) = —tr|plog, p

S(p) = — Z Az log A,

I

A, are the eigenvalues of p
Relative entropy
S(pllo) = tr(plog p) — tr(plog o)

V. Vedral, “"The role of relative entropy in quantum
information theory”, Rev. Mod. Phys. 74, 197 (2002)
PERIFRAKRE Bl



Von Neumann entropyt 4 14 i

(1) The entropy 1s non-negative. The entropy 1s zero if and only if the state 1s
pure.

(2) In a d-dimensional Hilbert space the entropy is at most log d. The entropy is
equal to log d if and only if the system is in the completely mixed state [ /d.

(3) Suppose a composite system AB is in a pure state. Then S(A) = S(B).

(4) Suppose p; are probabilities, and the states p; have support on orthogonal
subspaces. Then

S| pipi | = Hp)+ ) piS(ps).
2 ]
(5) Joint entropy theorem: Suppose p; are probabilities, |7) are orthogonal

states for a system A, and p; is any set of density operators for another
system, B. Then

S Zp:-|-i:} (i| @ p; | = H(p;) + ZpaS(pé).

PEREERAKE FRal
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Von Neumann entropyjl| &

A projective measurement described by projectors 7,

Ml
liEgs) o = Z P.oP

The system after the measurement is at least as great as the
original entropy

S(p') > S(p)

with equality if and only if p = p.

PERZFRAKE PRa)l



Subadditivity and concavity

Suppose distinct quantum systems A and B have a joint state p,g,

WHE  S(A, B) < S(A) + S(B)
S(A,B) = |S(A) — S(B)

concavity

S Zp;/),- - Zpis(/)i)

Note that equality holds if and only if all the states p, for
which p; > 0 are identical; that is, the entropy is a strictly

concave, [Eglnnctlon of its inputs.



Von Neumann entropyE

AT AR

h~=
bbb
\—1
r

szs(ﬂ;) <S5 (Z Piﬂ;) < ZP;'S(/):') + H(p;)

For any trio of quantum systems, A,B,C, the inequalities hold

5(A)

S(B) < 5(4,C)

S(B, C)

S(A,B.C)Y+ 5(B) < S5(A.B)+ 5(B,(C)

PEREERAKE FRal



Von Neumann entropy

€ X
(entropy)
(relative entropy)
(conditional entropy)
(mutual information)

EEC- e

S(A) = —tr(p” log p™)

S )| o) = —=S(p) — tr(plog o)

S(A B) S(A.B) — S(B)
S(A:B)= S(A)+ S(B) — S(A., B)

(1) Conditioning reduces entropy: Suppose ABC' is a composite quantum

(2) Discarding quantum systems never increases mutual information:

Suppose ABC' is a composite quantum system. Then

S(A:B) < S(A:B,C).

(3) Quantum operations never increase mutual information: Suppose

AB 1s a composite quantum system and £ is a trace-preserving quantum

operation on system . Let S(A: B) denote the mutual information between
systems A and B before &£ is applied to system B, and S(A’: B’) the mutual

information after & is applied to system B. Then S(A’:

PERERAKRE Bl

B’ < S5(A:B).



bbb

Von Neumann entropy i E {*

Subadditivity of the conditional entropy
S(A.B|C,D) < S(A|C)+ S(B|D)

S(A, B|C) < S(A|C) + S(B|C)
S(A|B. C) < S(A|B) + S(A|C)

Monotonicity of the relative entropy

where pAB and o”B be any two density matrices of a
composite system AB.

PERZFRAKE PRa)l
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Shannon entropy , Von Neumann
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Distillable entanglement

Distillable entanglement: The asymptotic yield of arbitrarily
pure singlets that can be prepared locally from mixed state
oy entanglement purification protocols (EPPs) involving
one-way or two-way communication between Alice and Bob.

sFace. CHA \Iﬁ ___________
------ sk |
Na, 1P _
A . ] ‘[ M
i
i 1-EPP N
\:\ ?-E
BN, L U—@m " B - Np |
—— o] — 2 Uy gl
time

FIG. 3. One-way entanglement purification protocol (1-EPP). In
1-EPP there is only one stage: after unitary transformation U, and
measurement M., Alice sends her classical result to Bob, who uses
it in combination with his measurement result to control a final Bennett, C. H'I D. P.
transformation U;. The unidirectionality of communication allows DiVincenzo, J. A. Smolin ,

the final, maximally entangled state (*) to be separated both in and W. K. W()Qtters, ]_996,
space and in time. Phys Rev. A 54 3824
. . , .



Distillable entanglement

A Nﬁ' 1 ‘@#Ui —@"’ see I /\*

classical \
I communication—"

B .NBI U2 _@_@ -.-]-*

______

FIG. 2. Entanglement purification protocol involving two-way
classical communication (2-EPP). In the basic step of 2-EPP. Alice
and Bob subject the bipartite mixed state to two local unitary trans-
formations U; and U,. They then measure some of their particles
M, and interchange the results of these measurements (classical
data transmission indicated by double lines). After a number of

stages. such a protocol can produce a pure. near-maximally-
entangled state (indicated by *’s).

Bennett, C. H., D. P. DiVincenzo, J. A. Smolin, and W. K. Wootters,
1996, Phys. Rev. A 54, 3824.
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Entanglement distillation

® N FHLOCCEAE (R /EME& fiid =)
& | — X el 22 0 2 25 Bt R
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Entangled . S ﬁ
|
source A & l
g J;J‘ )| x
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| | ! : y | I | | CC ', entanglement
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{ |
) !
M i
Noisy channel Q
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Entanglement distillation

A certain number of maximally entangled EPR pairs is manipulated
by local operations and classical communication and converted into
pairs in some state. The asymptotic conversion rate is known as the

entanglement of formation.

Maximally
Entangled Pairs

FORMATION

DISTILLATION

oYoYetoYe
5AddE

Non Maximally
Entangled Pairs

Vlatko Vedral, Introduction
to Quantum Information
Science, Oxford University
Press, 2006

The converse of formation is the distillation of entanglement.
The asymptotic rate of conversion of pairs in the state into maximally
TBRaIedEtates is known as the entanglement of distillation.



Distillation scheme

a) @ ﬁ’}

s ~0 j'" .

LOCC

é“
jo1>-J10> [
e ° j\ Dagmar Bruss 2001

FIG. 2. Providing a noiseless channel via distillation: a) Alice wants to send the message |4} to Bob. b) Bob receives o

mnstead, as the channel 15 nolsy. ¢) Alice sends one subsystem of a maximally entangled state through the nowisy channel to

Bob, and repeats this with a second pair. They employ a distillation protocol. d) Alice and Bob have created a maximally
FhE, entangled singlet which they can use as a noiseless teleportation channel.

11 J JAN7I1™M N J A A A
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One-way hashing distillation protocol

Bell diagonal states B;,, are naturally parametrized
by the probability distribution of mixing p.

Ep(pBaiag) = 1-H({p})

The n copies of the two-qubit Bell diagonal state B;,, can
be viewed as a classical mixture of strings of n Bell states.
Typically, there are only about 2nH{r}) such strings that
are likely to occur (Cover and Thomas, 1991).

PERZFRAKE PRa)l
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Two-way recurrence distillation protocol

Two-step procedure:

@ In the first step Alice and Bob take two pairs, and apply
locally a controlled NOT gate. Then they measure the
target pair in a bit basis. If the outcomes are different
they discard the source pair failure, otherwise they
keep it.

@ In the latter case, a second step can be applied: they
twirl the source pair to the Werner state.

F2 + 1(1—F)2 F="1r P|¢+><¢+‘

F'(F) = ) | If only F>1/2, the above

2 S = recursive map converges
F= + ;F( | = F) + 6(1 - F)° to 1 for a sufficiently large initial
number of copies.

PERZFRAKE PRa)l
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a3 b3
<« pes /O 5" res >
a4 Pair 2 b4
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Jian-Wei Pan et a/. Nature 410, 1067 (2001)
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Entanglement distillation

local operation /& — | local operation
Q environment T

(classical communication)

or.

pedlith (Joo ) + [11) / /2

From Cirac
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Distillability

Can we distill MES using LOCC?

PPT states cannot be distilled. Thus, there are bound entangled
states.

(Horodecki 97)

There seems to be NPT states that cannot be distilled.

(DiVincezo et al., Dur et al., 2000) From Cirac
FEREFRAKE BRI



Distillability
Qubits: H = C2- C? All entangled two-qubit states are distillable

p’ > 0 i pto< 0

distillable

Higher dimensions: H = C°- C°

p Iy > O : p 7y < 0
| |
L ? ¢ distillable
NPT
Idea: find A, B such that they project
onto c2- c2 withp'* < 0

there is a strong evidence that they are not distillable: for any finite N, all
projections ontdo c2- c2 have p’+ > 0

chERISRARAS FRY From Cirac



What 1s known?

In general PPT i NPT
) | &,
2. : NV
O(?)s I \§)
& 1 Y
“ | &
| &
o
=
2xN (Horodecki 97, Dur et a/. 2000)
PPT |, NPT
%, &
% 5
%, | &
o &

| From Cirac
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