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AL

1.1 MRS

1.1.1  FEMERS

ap X1 Y1
a4y Ay X2 T2
asz; 4z dss X3 V3
N
==
ap
_ Yo a4y X
X, = —"—
ay

1.1.2 - fMR%

ap;p ap apg X1 Y1

a4y Ay XK=

asz X3 V3
LI AWANGS
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2. AT
s

(4])
EPE 1

Ri% A5 AWl

Prove:

i ER PR AR

AR R EA A AR A KA

&N

1.2.1 LU 4t

A% = pO AO = gmn
ij
0 o _ 4
a... =a.. — —Aa, .
Y Y a; 1
a
bV = b — —Lb,
a;
H—UIHER ay, SMNRE—F,
AT

(0) 0)
1 1 12
(1)
22

HAHIT KA

a9

13
@
23
(@)
33

(i=2-n

BTN ERR ay, ax S F, PABLAEHHE

a9

1n

(1)
(2)

3n

=D

nn

W det(A) =

©
bl
0
b2
o)
b3

p=1
n
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1.2, ZHIri+& 13

1 0 0
m, 1 0 0

Ly=|my my, 1 0ly=5 (1.12)
mnl mn2 mn3 1

my=-al"/a?  (i2)) (1.13)

RIS, TR TA=U, Hrt T}l F = s
F LA T R, WA= LU
L Wi = i

g, H:
A=LU (1.14)
Prove:
AX =b (1.15)
TAX=Thb=7y (1.16)
LTAX = AX=Lyj=5b (1.17)

PA_E-R LU 4321 Doolittle 4
XU AL E= AR, LA BRAL T =AML, 1Y Crout 4-fi#
Xt Doolittle 43 ) _F = #1748k, WI4E8 LBU 4-fi#

A=LDU (1.18)

L. U YRR, D Ak
ST PR A AT DAAE A
A=LDLT

XFFIEEXFRHARE A, W D RIEXS M, STl DAL -

A=LLT (1.19)
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1.3 &y &b X

1.3.1 Example:

0 4 1}|x 9
1 1 2flx,|=]6 S
2 =2 1)\x, 1

RS —A T RAT5IA0h 0, Jeskitfrm e, &2
AL JE IR - AR A TR EAE R — SR T RE

I 1. 3 A7

00 1 2
A =PsA=]0 1 ola=]1
100 0
IR 2. 34T
2 -2 1
A, =PuA =|0 4 1
11 2

XTSRRI AR R B P S IR AR B A, A

~

LU=A=PA sPlLuU=4

BOALHE RS : S E e Ad hy H E
PR

A% =b

= PAX = Pb

= PLTAX = PL"h

= PLUX = PL"b = PLy

>Ux=y

132 RS

XFFREETHRIR, X R AN o
XFEETCHIER A, X n BrERERS A n?
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L4, RE&REF 2% K ik
1.4 SRfgLeEJi il &40 ik

1.4.1 %A (Jacobi) Jiik

ay; ap a, X y
1 1
ay Adyp as, x| =y
. 2 2
X3 Y3
a, a4, a,,
WEH:
1
X =— (bl —AppXy — Ap3X3 alnxn)
an
1
Xy = — (bz — a4y X — Ay3Xy = alnxn)
as
1
Xy = — (bn =0 X) T GpXy — Qp3Xg = an(n—l)xn—l)
ann
HEATIEA, RIWT R
CIEEShyop el 43I
(k+1) )
X, X, g
(k+1) k)
X, X, 2
k) | _ *)
X, =A x| t8
(k+1) )
x| x| g,
az g =)0 0=D
2 a;; . .
_a_”xj i #J)
q b,
8§=8&=—
a

1.4.2 Gauss-Seidel 4

FF Jacobi IELHY :

n

kD) _ ®
i 0= Zrijxj T8
=

BN
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i—1
(k+1) _ (k+1)
X = +Zu,+&
Jj=1
n (k+1) : :
(k+1) + _ xj i< J
l rl/x(l ) gl x(i»j) - (k) . .
Jj=1 xj i Z .]
S Wk

X(k+l) — _D—lLXk

143 &SRR (SOR) %

fori=1:n

n

_ 1 . =1, D) _ k)
xi:;<bi_21=11 @i, Zauxj

ii j=i+l
5= % — x
xﬁkH) (k) + w9,
=> x(k+1) =owx;+ (1 - w)x(k)

N Wk

x=D7"(b- Lx**" —Ux®)

XD = D7 (b= Lx®*D — Ux®) 4 (I — @)x®
(I + wD—lL)x(k+l) — (I _ a)(D_lU + I)) x(k) + wD_lb
X% = (I + D™ LY ((I = @(D™'U + 1)x* + wD™'b)

W skt
Ax=b
A=M—-N

M BB 1 225500 2. 02 A B—A AP IE{bl

e B

UL p(G) = max(4) < 1, W e® -0
st Lol & 14,] = p(G)
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Chapter 2
ARt i P oK i

21 ik

BRHL £ (x) 7E [a,b]) LIESEH. f(a)f(b) < O WIFE [a, b] 12— 4B
i xV = 22 pLE

2.2 AL
2201 A@EENR

f)=0ex=3g(x)=x, =gx) (2.1)
limx,=a a=gl)= f@)=0 (22)
222 g1
S (R4 :

g(x) € [a,b] ELL HAFTE 0 < L < 1 {fi45: Lipeshitz 254 (57,
B [g(x) —g(»| < LIx =yl Vx,y € [a,b]
MIFR g(x) J2 [a, b] LI HES .

2.2.3 SEBR2: FE4nMegHE B

#r g(x) 1 [a,b] Li%EZ:, H Vxela,b]  3g(x) € [a,b] H g(x) 7E [a, b] 4

WX TAEBEWILRE x, € [a. b] B x,,, = g(x;) & LHIEGESEIME—RB A5 € € [a, b]
R EE 1 DAIERAATEYE, NUEME—1E

BRAFAE T —DAD S n € [a, b]

1€ —nl=1g(&) —g| < LIE —etal = (1 - L)[E —n| <0 2.3)

WS -

17
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|xk —¢é| = |g(xk_1) -g)| < L|xk_1 =&l
im0 fimix—e=0
e (MVT)

lg(x) — g = 1g'MIlx — yl n € [x,yl

#r g'(n) < L < 1 Lipeshitz 24 h{57

224 EM3:

TEEM 2 ST
Lk
lx, =€l < l—lel = X
. In(e(1 — L)) — In |x; — x;]
k>k,=
= 0 InL
prove:

|x_§|:|xo_x1+x1_5|<|x0_x1|+|x1_§|< |xo_x1|+L|x0_§|

1
1-L

[xo— ¢l <

s S0 (Wedk)

R & = lim_ o x, QERAFAENCEE] 0 #Y— P IEEEE] € A1 p € (0.1) A5

€
[x, —¢él <€ k=0,1,2-- limﬂzﬂ

k—o0 €1

TR x, /DDA N &, %7 p = 0 M SGE 21k

#r |x, — &l = e MMl sk
i lx =€l =6 p=1 MM

€rt1 _ |Xk+2_xk+1|

€k X4t — Xk

> |x,—¢él<e

Lk
|xo_x1| = |x0_§| <ﬁ|x0_xl| e

CHAPTER 2. 3E #4742 KAE

(2.4)
(2.5)

(2.6)

2.7)

(2.8)

2.9

(2.10)

@2.11)

(2.12)



2.3. gkl NEWTON ik

2.3 25t Newton 3
X (kas)
iRt fO0) =0/, ERFH x,, = x, — Af(xp) (A # 0) NYAAR T

Xpp1 = X = Ax)f(x) = g(x) = x — Ax) f (x)

g'x) ~ 1= A0 f'(x) = (x0)f(x)

1-2(0)f'(x) =0 = Ax) =
S ()

X =X, —
k+1 k f,(xk)

2.3.1 Newton EfChH Bl sk

prove:

1
f'(x)

Newton

’ (¢ - xk)2 "
0=f(xp)+(E—x)f (x) + 3 S () m € [€,x,]

LG X2 (x,)
FTF(x) 2£'(x,)

E-x EHTFE-x)" = lim % — R
k

= &= AR fx)#0

JUATRE S g

232 ATMRZESM L
BT

SO = fOx2)

X = Xp—1

f,(xk) ~

19

(2.13)
(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)



20 CHAPTER 2. &M A2 KR
2.4 SEETk
_ f(x)(xk - xk_1)
Xl = TN e
f(xk) - f(xk_1)
T AR £ (), S (o) BT xy s SABRAMEN H220 (R4 £7(x))

2.4.1 Hﬁtﬁl"?iﬁ(q

R IS %L g = V5l o 1618
prove:
X =&+ ey (2.21)
X, =¢+e (2.22)
X1 =&+e (2.23)

(2.18) & (2.21) W PATHH
f(xk)(ek - ek_1)

Ete =E+e — TG0 = T (2.24)
e f(xp) — e f(x_y)
_ 2.25
7 e T T ) = TG -2
Lagrange : = f'(n,) = %:g@ M € (x4, $) (2.26)
k
(2.23) & (2.24) AT AT Z
f (nk) - f (’7k ]) f”(n_k)(’?k - ’7k_1)
2.27
Clert = Gt % SO = fx2) = 1% S (), — x,_p) ( )
hm €l = € ij: ((5)) HH (2.28)
i 2453
Crr1 X €€y 1
14
e, xel = =>eoxe (2.29)
e X e
g=141 (2.30)
q

242 LY
W, WA



2.5, AR MEASFEA 21

2.5 Rtk JiRdl

filx,x,,x,)=0

J fz(x17x2? oo ?xn) = 0

(2.31)
fn(x19x2a o axn) =0
Xq Ji ()_é)
. _ X
X=|" Fty=|” 2(_ ) (2.32)
X, £u(X)
Lk FAR B IR O -
f(xk)
Xpo] = X, — (2.33)
k+1 k f/(xk)
— XU = X0 _ g1y F(X W) (2.34)
ofh Oh . N
ox, 0x, ox,,
J()?): 0x; 0x, 0x,, (235)
0x; 0x, 0x,

J(XW)E D F) = _F(X®) (2.36)
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Chapter 3

FEAEAG 1] el

3.1 Wik

BB A A7 0 ANEE TG HORFAE T B o) - 0, XESTHGRFEEN 4] > - > |4,

40 =c,v, + e, 3.1
g = Aq© = Z ¢, A 3.2)
i=1
g = Akq© = Z Cfﬂfvi k=1,2,3, (3.3)
i=1
n k
(k) — gk i
q" = Ai(cv, + Z ¢0; | > ) (3.4)
i=2 1
® N (k+1)
q ~ A cU q;
AN A J( 3.5)
q*D x A, q;k)
i
lglle = max 14;"| (3.6)
<jsn
(k)
q, |<1
k) (k) 1
o = = 3.7
lg®1l o
g® <1
= 14"l = 4 (3.8)

23
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311 Hg—

qOId = (13 19 T l)T

qold — qold/”qold”oo

k=1-m
A=g""lle  FHEE
g =q""/A  FREI) R

3.1.2 X FZAMNEFRRAENL TS 0L

(A = [4] > 1451 = - 2 |4,]

k
g™ = Ko+ v, + ) ¢y, <—'> )

q® = 2*(c,v, + ¢c,0,)

(k+2) (k+2)
k1) — gk+l J ~ 72 — J
gV = e + vy 0] RA A= e
J J

q(k+2) — /1k+2(clvl + CZUZ)

Mq® +q* Y x 208 v,

Mg® = q* ) & 2(=1) A ey0,

3.1.3 R NGLR
519 1

AT, HAx=Ax, WA 'x=1""x

5181 2

P Ax = Ax, W (A—-pDx=(1-p)x

g®
g%l
1

AMRRERLOHEN I 0= == % +p

q“V = (A= pDg®“ /114" le = (A= pDg'k +1) =

CHAPTER 3. #*4E/4 ¥

(3.9)
(3.10)
(3.11)
(3.12)
(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)



3.2. JACOBI 7 %

3.2 Jacobi Jjik

518
Py, A5 PTAP G BORHE(E

A NSNFRAFE (A= AT), PRIEXHE (PT =P, A P'AP (A

Givens Jjg%
1 1
I § : 1 : 1
1 - cos@ 1--1 sinf - 1 line p
RM@)=]: 1 : 1 : I :
1 -+ —sin@ 1:-1 cosf - 1 line q
Cog . I . I
1 1

Riar—[€ = 0 1 c s\ _ [ —2sc cr—§?
“\s ¢ 1 0 s ¢) \e2—s* —2sc
g

XS FRAE A € R™ Al 1< p<q<n, 30 €[-5,+7],
4 T 29 — N
i1 R ARTY 18 (p.9). (q. p) RLELITEE N O

prove:

B=AR  fU¥Wp. q¥l

by, =a,,c—a;s

b

i=1,2,.n
1g = @S+ a;,c
C=R'"B {{¥Wip. qfT

c.=b.c—b s
P pJj pJ qJ ,] — 1,2,"',}’1
€ = bpjs+bqjc

_ 2 _ 2
Cop = a,,C Zapqsc +a,,s
= —a c%— 2
Coq = gy 2apqsc +a,,s
Cpg = C4p =0

(a,, — aqq)% sin(20) + a,, cos(20) =0

2a 2a
tan(20) = —Ma =>0= %arctan ﬁ IS [—%,+%]

Q4q — App qaq PP

- 4 = _ 1,91 p(P2:92) I H (Pr>qi)
FHER QO = Ry R, - : R0

25

(3.24)

(3.25)

(3.26)

3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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(2875

m,e,Q=I

fori=1tom

1 = diag(A);
[s,p,ql=max(abs(A-1));

if(s < e)

return 1 Q, quit;(1 AFFE(E. Q SAHFE [ &)

else

[A,R] = givens(A,p,q);
Q=Q - R;

end

end

sin @ cos @

(a,, = a,,)
pp 47 052 0

al’q

.2
cos’0 —sin“ 0 _

cos2 0

2y —
(a,, —a,)tanf +a, (1 —tan"0) =0

L. pq #0 App = Ayq

2. Apg = 0 App a Qgq

3. p # 0 apy F Ay

= tanf =

=>tanf =1

=>tanf =0

=0

T
=>0==
4

>0=0

= sinf =cosf =

=>sind =0

2 _
a, tan0 —(a,, —a,)tan —a, =0

(app - aqq) + \/(app - aqq)2 + 4apq

sec’0 =1+tan’ 0

2an

= cosf =

1

V1 +tan? 6

BU /NI AR

= sin 6

cos @

CHAPTER 3. #*4E/4 ¥

SN

cosfd =1

tan @

(3.34)

(3.35)

(3.36)

(3.37)
(3.38)

(3.39)

(3.40)

TR RIS AT R I, ARG B givens BEFRF AR, Al Brf i AEXT sy, B

X TCER A (E RIS AL (E



Chapter 4

T {H

f(x) € [a, IRA—FRHIEE  f)EC (s=1,23,...00) @1
{Xps X1, X =+, X, } E[a,b]  Vi#j X #x, 4.2)
GO R HAEHE ER— AR Vi=0,1,2,,n ¢(x) = f(x)) 4.3)
R0 A 3 THRALA (o, -+, VAR R K (4.4)
B() = Y cb(x) D CONEBREL, R A FBUER 45)

k

4.1 Lagrange ffiffi (204 {H)

n

P (x)= 2 ckxk (4.6)
k=0
Zzzo Ckx(]; = f(xq)
) Zzzo ckx]f = f(x)) @.7)
ZZ:O Ckxﬁ = f(xn)
1 x, x} x4
I x; x% x|
= (x;—x;)#0 (4.8)
P : Osgsn !
1 x, x2 x"
= 3!P,(x) 4.9
4.1.1 Lagrange lesis
EGHICE- SR
(x - xi)
l = 4.10
() OH R (4.10)

i#k

27



28 CHAPTER 4. 3514

Lagrange #fifli %1t :
P(x) = Y f(x1(x) @.11)
k=0

RARE, e L

L(x,) =6 (4.12)

4.1.2 Lagrange Z Wi \ixx%
ST P,(x) 2 [a, 6] b3 {(x,, £} B9 n YA, 2R f € C*'a,b], W P,(x) f)if2

) 1
L R&) =i g(x ~-x) E=&x) €lab] 4.13)
n+ M .
2. f*D < MVx € [a,b] => |R,(x)] < T ]} x - x, (4.14)
(4.15) 22 (4.14) )—A- B AR IS
PAUFAGIERA (4.14)
R,(x) = f(x)— P,(x) (4.15)
P,(x) = f(x)) i=0,1-n (4.16)
= R, (x)fE[a, bl A ZE/ n NELS 4.17)
g0 = f@) = P(t) — k() [ ] = %0 (4.18)
k=0
gOEH n+2 AT (4.19)
= g (OFEVAH n+l H~F L Rolle’s  rule (4.20)
= g" (@) = fln+ D) — Kx)(n+ 1)! 2H 1ANES (4.21)
= g = &) — K(x)(n+ 1)! (4.22)
A0S
= K = T (4.23)
)
= R, (x) = TS g(x —-x,) &€lab] (4.24)



4.2. NEWTON 3514 % 5 X,

4.2 Newton ffiffi 2 Wi

4.2.1 ZER
—Br Z=R

f[x()axl] _ Jx) = fxy)

X1 — X

TR

f[xpxz] - f[x()a Xl]

f[x()’ X1, xz] =

Xy — X,
k BrEiy
Slxg, Xy, 0, %] = SIx, %0, - x, ] = flxgs Xy, o, X441
X, — X
4.2.2 iz ui
— P
Fx) = f(xp)

S Xol = ————— = J(x) =/ (xp) + (x = %)) f[x, %]

0

- f(x()) = No(x) (x— X())f[x, xo] = R()(x)

B

_ SIxx] = flxg, %]

fIx, xp,x]1 = = flx, xo] = fxp, x11 + (x = x ) f[x, ¢, x4 ]

X=X,

fx)= f(xo) + f[xo,x,](x - xo) +(x - xo)(x - Xl)f[X, x()sx]]
Ni(x) = f(x0) + fxp, X1 1(x — x¢) Ri(x) = (x = xp)(x — x1) f[x, X0, x;]

29

(4.25)

(4.26)

4.27)

(4.28)

(4.29)
(4.30)

(4.31)

(4.32)
(4.33)



30
n-1 [y
Jx) = f(xp) +(x -

n—=2

cee 4 H(x - xk)f[xo’xl’ CLLIN
k=0

xo) f [%g,

N,_1(x) = fxg) + = x0) fxg, %]+ (x = x0)(x = x1) f[x0, X1, X5] + -+ + H(x = x ) f[Xg, Xq5 %,

n—1

R, (%)= Hf[X, Xo» X150

k=0
flx, xg, s

X1+ (= x)(x =

xn—l] + Hf[xa Xgs X5 ***
k=0

xn—l]
xn_l] - f[x[)’x]’ ttt

x ) fxgs X1, %]+

n—1

B xn_l]

x,]

f[xs x03x|s o 9xn] =

=> f[x’ xo, oo ,xn_l] = f[xo’ oo

S0 = f(xp) + (x = x0) fx0, %] + - + H(X = xS [xg, Xy, o

N,(x) = f(xg) + = x) fxg, x; 1+ -+ + H(x —x ) fxg, x5
k=0

R,(x) =[x = x0)f1x. x, -+

k=0

$xn] + (x - xn)f[x7 x0$ Tt

X,

X—x,
x,]

n—1

k=0

n—1

k=0

bl xk]

HOT o+l AN E AL, OCE—4 n BH@EZ 0, HL:

P(x) = Zf(xk)l (X) = N,(x) =

f(xk) f[x07x15'”?xj+1]j\j/%§&

J
NCINN | [EREAVSE T4 i
k=0

= R,(x) = [Jox = x)fIx, xg,x,, -

k=0

423 ZErREX

f[x()’ Xl] f/(él)

f[xo,xpxz] %'52)
(n)
f[x()’x]’ o ’xn] f '(én
n.

RAIT Taylor I, FHZERTEUT

2 -

=1

n

< [xp: %, - ,+11H<x—xk>>

_f D) -
=)

H(x - X;)

k+0

, X ]+ H(x = x )%, xg, -, X, ]

CHAPTER 4. 3514

(4.34)

n—2

1]

k=0

(4.35)
(4.36)
(4.37)
(4.38)

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)
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4.3 Hermite §Hffi
R, A

4.4  FEIRAGf

4.4.1 Ronge Bi%

TEF IR 2 DU s Bl (2 5 DR 52
fR T AR B (FEAS) BURBT SRR (OB B AR A DI R, Bk, HES L, mfies
X‘T—‘éﬂ—'ﬁ4ﬁx X

=R A
POOBIX_p, X; X0 X A, KT x € [x;, x,44] 4.51)
P GO Hx, 0 Xy X X PR, SERx € [x,_p, x,] (4.52)
IR il 2 78
Pi(x) = f(x) (4.53)
P (x) = P'(x) (4.54)
(P (xp = (P (x) (4.55)
(P )= ()" (=) (4.56)
S,(x) = A;x* + Bx* + C,x + D, (4.57)

S(x)=y,=f(x;) n+1

Sz = 8;(x) n—1 \ A A 2
3 3t 4n-2 ADZ5 A 4n DR AL (4.58)
ST (x) = S](x) n—1

S” (x) = S/(x) n—1

it S"(x;) = M, S'(x;) = m, h; =X — X,
X=X

M, (4.59)

X — X,
i+1
Si”(x) = M, +
Xi = Xit1 Xip1 = X;

o =XP M.+ (x—x,)*M,
S!(x) = i 70 MitComx) My, ¢i(xip — X) + di(x — x;)

. Oh; oy (4.60)
C=&—'— d_=M_ir+l
T 6 i 6
(x; X+ (x —x,)°*M, (X1 — X)y; + (x = x,), h,
5,0 = —H——- e - 2 G = OM, + (x = )M, ]
4.61)
—M.(x,,, —x)>+ M. (x—x) -y h,
(0 = )2hA mEZ % Y = 2+ =M, = M,.) (4.62)
WMi_y +2M; + AM,,, = d, i=12,--,n-1
(4.63)

h. 6 Yie1—Vi Yi—Yio
A = L =12 d. = =L R AL
! hi+h;_ Hi ! ! hithiy, h; h;
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AR
(X'Tﬂ:é{hj\/ﬁg MO’ Mn)

2 A M, dy— M,
”2 2 /12 M2 d2
,u3 2 i3 M3 d3

Hn—y 2 n—1 dn—l -4 M

n—1 n

mﬂé{ﬁ\fﬁ m()’ mn
S PR A my = m, M, = M,

CHAPTER 4. /4

(4.64)



Chapter 5

/D A

Sl

® = (d)(x())’ d)(xl)’ o 9¢)(xm)) ~Y = (ylsy27 o ’ym)

P B RUA]BE /N

o =Y, = lbx) -y,
i=1

5.2 EESIETNEE

IR R Y

m 1/2
o -], = <Z l(x,) y,-|2>
i=1

@ =Y, = max |$(x;) -y

= Z a¢;
i=1

{‘pi}:n:l e
;,HZ {ai}:il 'fjiiﬁ%‘ “q) - yillz E-ilj\

33

G.D

5.2

(5.3)

(5.4)

(5.5)
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d1(x)  dy(x) - Pu(x))

A = D1(x))  Pr(x)) - P,(xy)
¢1(x,)  dy(x,) - P(x,)
a
a

®pig =
an
Y1

Yoo = | [1Aa = YILEAME  m>>n
Ym

— AarY

Ao = YRI5 Tof
PR F4RAT Aa = ATY

T/ N AR RN FHRAE AT /M

53 Jjik—

JEUERH (5.11) IYfES  (5.10) 15
UERA (5.11) A f#AH 24 TIER rank (AT A) = n

il

|Aa — Y”zF%/J\
ZMT AT Aa = ATY

prove:

Ax=0=> ATAx =0
ATAx=0=>x"ATA=0= ||Ax|} =0=> Ax =0

(5.12) 55 (5.13) [

rank(AT A) = rank(A) = n

CHAPTER 5. /)=

(5.6)

6.7

(5.8)

5.9)

(5.10)
(5.11)

(5.12)
(5.13)

(5.14)
(5.15)



54, Fik= 35

|Aa = Y || I5FE/IME 24 HALY AT Aa = ATY

Y — Aa L ARF%5]A] (5.16)
S ATY,0) =0 ATAa = ATY (5.17)
54 Jjiki—
min(]| A« - Y[} & min 2| 4« — Y|P = min R@) (5.18)
R@ =3 [Z} <Z} ah,(x,) Yiﬂ (5.19)
aR(a) 12 (5.20)
a;
= ﬁl [¢> (x)(Z a e (x;) — >] 0 (5.21)
i ;(x,) 2 o (x;) = 2 b, (%)Y, (5.22)
R(a) = 3 LaT AT A — YT Aq + —||Y||2 (5.23)
R(a + Aa) = R(a) + Z Aa 00 0(:0 + % ,25 ; Aa,Aa, gija(ZZ (5.24)
R(a + Aa) = R(a) + Aa” AT Aa > R(a) (5.25)
32050(2 = (AT A),, (5.26)

Aa" AT Aa = ||AAall; (5.27)
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Chapter 6
Bar Loy

6.1 Newton-Cotes 14y
6.1.1 By Jiik

b b b n
I(f) = J fodx =~ I,(f) = J L,(x)dx = J Z 1;(0) f (x;)dx

a =0

n b b
=Y o fx) BN E, = J LOOAXIRFEE,(f) = I(f) = L,(f) = j f(x) -
i=0 a

a

1 ’ n+ .
R [ 7o [16 = xax

Newton-Cotes Ji [a,b] P45 x, =a+ih i=0,1,--,n h= ba

b b
X—x
wi:[ ll.(x)dx=J H “dx x=a+th x,=a+ih
a askgnxi_xk
ki

I
i(n—i)l(=1)=i

w; = (b-— a)cl.(")

Jnt(t— De-@=i+DH@E—i—=1)--(t —n)dt
0

6.1.2
Xt n HEECH. f € C™ ' a, b]

hn+2f(n+l)(5)

TR JO 1t —1) - (t — n)dt

E.(f)=

X n AEEH f € C™2(a, b

hn+3 f(n+2) (5)

E()= n+2)!

J @t —1)- (t —n)ds
0

37

6.1)

b
L,(x)dx = J R, (x)dx
(6.2)

(6.3)

6.4)

6.5)

(6.6)

6.7)

(6.8)

6.9)
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6.1.3 fRUECRTE

MR EXH) =15 - 1,5 =0 k=0,1,---,m
H EG™"Y)#0, W L) A m Frig Rk R

R
n=1 Xg=4a x1:bﬁ3ﬁ/}//}ﬁ
b— —
1N~ 1N =T,N="T2F@- 1B @ =0, =221
" b "
(=12 - - ox = - L2206 - 07 neta
Bk
n=2 x,=a x1=“7+b x, = b Simpson’s Rule
1) = LN =222 1@+ 475D + 1)
b— 2
W, =w, = 6a a)1=§(b—a)
4) b
B =152 | xtx - e - D ycx -
)

7880 (b—ay  n€la,b]

CHAPTER 6. #4554

(6.10)

6.11)

(6.12)

(6.13)

(6.14)

(6.15)
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6.2 LB AKX
62.1 SIELBEI AR

b noloex,
I(f) = J fx)dx = ZJ f(x)dx (6.16)
a i=0 YX;
- i B pee) + fG - £rE) 6.17)
& 2 i i+1 i 12 .
1 n—1 1 n—1 h3
=h lzf(a) + 2; fOx)+ §f<b>] - 2(; "€ (6.18)
n—1
T,(f) = [f(a)+22f(a+zh)+f(b)] (6.19)
i=1
QL MEEE W, (b-af,,
E(f)=-3 X "GO == "® (6.20)

F\_ZH% M = maxagxgb |f”(X)|

- a)’ (b—a)PM
|E.(f)] < 12 —M <e= [\/T} 6.21)

6.2.2 %34t Simpson 2}

x;=a+ih  i=0,1,.n h=b;“ n=2m mez (6.22)
b m-1 X2i42
I(f) = J f(dx =)’ J f(x)dx (6.23)
i=0 v X
m— m—1
2h (2h)y’
; T [FO) +4f G + f ()] + 2(; ( TG )> (6.24)
W44 R4 AL, Simpson 242 AT
m—1 m—1
h
S,()=3 [f(a) +4 2; fOo) +2 Z fo)+ f(b)] (6.25)
_ O QR "
E(f) =55 Z FOE) =~ I = 2880 4f &) (6.26)
__b-aP
=55, © (6.27)
M = max | fP(x)] (6.28)

as<x<b

—a’M +J(b—aPM
IEn(f>|<W‘gw‘<e:m>[\/%} ¢ & [a,b] (629)
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6.3 A NP S ALBIY

n—1
b 1 _b-a
T,(f)=h, lzf(a) + ; Sx)+ 2f(b)] h, = " (6.30)
h n—1 n=1
T, == [%f(a) + X @)+ 2O+ Y (o /2>] (631)
i=1 i=0
1 h o
=T+ 3 ; S i) (6.32)
fhiti
n EEEKEE, 1) ~ £ ()
b —
1) -T,00 =-2=2w s 633
_ b—ah® ,
1) =T, = =222 2 1y 634)
I1(f) = T,(f) = 4 (I1(f) - T,(f)) (6.35)
= 1) = To,(N) % 5 (Tol (1) = T,(1) 636)
[1(f) = To(N)] < € = |1, () = T,(f)| < 3e (6.37)
6.3.1 Ak

é/fl\% €, n, h ) i’T%: Tn (Told) T2n (TneW)
1 h n—1
Thew = 3Told * 3 Zico S (Xiv172)

h:g n=2n
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6.4 Ramberg YM 5 )ik

FO = £ + (= X D (i) 300 = X P () 2= %) () + o (638)
|7 e = hr e+ 2= m G (639
‘ _ h ., 1 h? " | h’ "
) = F (i) = 55/ Gy 2) + [ () = 2 (e + (6.40)
fXip) = (6.41)
_ f(xi) - f(xH-]) _ h,_ " _n (4)
> f(xH%) = S ,+_) 384f (X,+1) (6.42)
Xis1 3 f(xi)+f(xi+1) R, R
L S(x)dx = h—z 12f (x; _) 480f (X,+1) (6.43)
b m—1 "
I(f) = J f)dx = ;J fe)dx =T, — — Z (% 480 Z FAENY (6.44)
=T, - nf"(f) —nfPm) (6.45)
I(f)=T,- hzf ") - h4f @) (6.46)
Ry =1, =I—c1h —c2h4—c3h6— (6.47)
oy S C4 SBa6
Ro=Ty, =1 h 1 6h o (6.48)
1 4R, — R, 4, S 6
7 (649 x4—(648) > R, = ———" =1+ —h + esh® 4 (6.49)
_ _ S0 4_ 9 g6
Ry=T, =1 h 25 6h 4096h + (6.50)
R, = R 6.51
a- T 64 1024 6.51)
_ IRy Ry _ e
n=—p I+t 64h o7 (6.52)
6.4.1 Ramberg ik
“EabeN f(X)|quadn=1—->h=b—a
Ru=2(f@+10)  ho=2 k=01 N (6.53)
fork =1:N (6.54)
2k 1
1 )
Ry =3 (R,(_L0 +h,_ Z‘f fa+@i- l)hk)> (6.55)
forj=1:k (6.56)
4R .. —R, ..
R, = "q‘j — 1"“”“ (6.57)
end (6.58)

if (R, — Ry il <€), exit;

end
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6.5 MBIy

n 1
ORI =Y o fx) o= J 1,(x)dx
i=0 -1

1
(n+1)!

) A—NELZH n EZ I, WA fDER) = 0 = n Br R E

1 n
E(f)= J FoEE) [T - x)dx
-1

i=0

6.5.1 Legendre Z i\

Legendre Z 1i/E XAF [-1.1] |k

2J +1

J
DA =0 dW=1 GO0 =

1¢j—1(x) Jj=0

! 0
j ¢ (x);(x)dx =
-1

— i=j
2j+1 J

MTFALELIR g(x) (deg(g(x) <n) [ (), (x)dx = 0 4 Legendre HHIT—1k:

2j+1
P =/ L ,00
1

j P,(x)P;(x)dx = 6,
-1

1 1
xP,(x) = a;P;,(x)+¢;P,_(x) a = ——= = 1
ICDE 2\1- 55
M55 Legendre %F 4 :
Fy(x) 0 a Py(x)
Pi(x) ¢, 0 g P,(x) 0
P. 0 P 0
X 5 () — [ a, % (x) +aP, () '
Py(x) Py(x) :
: Cn-1 0 ay_) 0
) ¢, 0 J\P& I

Mx=x,(x=0,1,--n)

Py(x) Py(x)

Py (x) Py (x)

Pz(x) _ Pz(x)
X; =J,

Py(x) Py(x)

P,(x) P,(x)

Horb x; o4 J, RHIEE, P, X AE R ORME—), HA PTP, =0 i#)

(6.59)

(6.60)

(6.61)

(6.62)

(6.63)

(6.64)

(6.65)

(6.66)

(6.67)
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3
§
b

q
&

1
J P,(x)P;(x)dx 0<i,j<n deg(P(x)P(x)) <2n
-1

D 0, P(x)P(x) = )
k=0

@
0, Pyxy -+ P(xp)

9
S
Il
~
Il

PO(xn) Pn(xn)

n—1

a)n

P WATIEACHME, B PPT =1 PTP#1

PTwp=1
PPTwWPP'=PIP ' PPTW =1
PTPTwpPPT =P TIP s WPPT=1T=>WwW'=pPpP"
W = diag <2 sz(xi)> i=0-n
j=0

1 1
>0, = — =
Yo P 1IR3

In matlab:P =cP st ||F’i||2 =1

c; Po(x )

Po(x ) Po(x,')

Pl(x) =g Pl(.xi) > Poz(x)dx =1

1 1
ik
2 I e

2

= —'_ = > = 2P2(x,)LAPACK in matlab
IIPII2 (P21

w; =

43

(6.68)

(6.69)

(6.70)

(6.71)
(6.72)
(6.73)

(6.74)

(6.75)

(6.76)
(6.77)

(6.78)

(6.79)
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6.6 Kl sr
6.6.1 B (i fb o

CHAPTER 6. #4554

S €
F(x) = f(x + h) f&x) _ }11_13?) f(x)— Z(x —h _ },T(]) Sx+ h)z_hf(x —h) (6.80)
T i 22 43
SE
Flxg m L0 }2 — ) (6.81)
fxo+h) = f(xg) +hf'(xp) + %2f"(xo) + - (6.82)
R = £y - L0 h; It 2 ) + = O (6.83)
)i 224
eaTe
feg) » T80 z(x‘) il (6.84)
fxg=h) = f(x) = hf'(xp) + %2f"(xo) + - (6.85)
RG) = f/(xy) — L2007 Z(x‘) ml 2 ) + = O (6.86)
HbJEsy
S €
fig) w L0 h)z_hf(xo il (6.87)
R(x) = %zf”(xo) +--=0h)=> Rx)=0(h*)=> R=ch*=>InR=2Inh+Inc (6.88)
6.6.2 LR
f) & P(x) = Zn;,li(x)f (x;) (6.89)
() = Py(x) = Z; 1100 f (x;) (6.90)
R(x (f MGE H( - > (6.91)
(n+1)!



Chapter 7

TRl 23 i RER)EL ] et

Y1) = f@y®)
¥(0) =y,

te€[0,b]

7.1 BRHJTik

711 TiRkBEL
22

(@, — y(,)
h

Vpr1 =V, +hf(t,,9,) Ii) I R 3

V)~ = y(t,.) =y, +hf@ y,))
A ES:
Yy (@) = f(t, (1)
> J Fyde = J

In

IVI

"y

tVl

:ﬂ%n=wm+J“fmﬂmw

1,

R y(t,)+hf@,, y(t,))
yn+1 = yn + hf(lny yn)

7.1.2  )abkbrik
HZEDHES

y(t,,1) — ¥(,)
h

= y(tn+]) ~ J’(tn) + hf(tn+lsy'(tn+1))

Yor1 = Vp t hf(tn+1,yn+1)

y,(tn.}.]) =

45

e fe it

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

(7.6)

(7.7
(7.8)

(7.9)

(7.10)
(7.11)
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AR 4

y(tn+l) = f(tn+1’ y(tn+l))

:ﬂ%ﬂ=ﬂm+Jﬂfmﬂmw

tn

~y,) +hf s V)

] BT RRRA IR E RS, 1 BRBLAR TR EORR, (ARRRE -

7.1.3  pi AR G RPB 2258 TE)
22

, - y(tn+1) - Y(tn_l)
v, ~ R a—

= y(t,41) = (1) + 20 [, ¥(1,))
Vor1 = Va1 t+ 2hf(tn, y,,) gﬁff

HA S

|

Yt =y, )+ J S (@, y(0)dt

1

n—1

~y(t,_) +2hf(,, ¥(1,)

yn+ 1=y, ) +2hf@, yt,)
7.1.4  WeEeH:
Ja R AR
Taylor J#&JT

2
ﬂm»wm+wmmw+%ﬂaéemmJ

WRICHIE: &y, = y(,) B
2
:nﬂ=ﬂ%o—nﬂ=%fﬁp=mw)

R T o R WIFKTT N P73k

LU NTTA
B R-bh ik Ko Bl (k)

HLOVIFOSI<bh — oo <y<+oo NjESE, HIWKE Lipshitz 244, B
| £ y) = fEy)| < Lly, = »l
MIRME R (1) = £, y(@)  »(0) = y A ME—fi#

(7.12)
(7.13)

(7.14)

(7.15)

(7.16)
(7.17)

(7.18)

(7.19)
(7.20)

(7.21)

(7.22)

(7.23)

(7.24)
(7.25)
(7.26)



7.1 BRdigy ik

€t = W) = Vo1 = V@) = ¥, + 1 [f (. 920.) = [, )] + T,

le il < le,| + R |, y(2,)) = £, y)| + T,

<le,| +hLlyt,) =y, + 1T, <A+hL)le,|+T T =maxT,
SUA+hL)[(I+hL)le, | +T|+T

<A +hL)*eg| + T + (1 +hL)T + (1 + hL)*T + - + (1 + hL)'T

n+l _
(1+hnL) lT
hL

< e(n+l)h£ <|€0| + %) (1 +x)n < enx

» T
=% (leo + 77)

Hr T, AR
eo NPMEFI A IRZE

=1+ hL)™ |e,| +
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(7.27)
(7.28)
(7.29)
(7.30)
(7.31)

(7.32)
(7.33)

(7.34)
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7.2 Bk

2D-Taylor
2 2
fG+hy+ D)= fx,p)+hf(x, ) +1f,(x. 9+ %fn(x, Y)+ hlf,(x.p) + %fyy(x, )+ e (1.35)
/! t
Yt = t) = hf (1, yt) =T, = YT(’)hZ +O0(h?) (7.36)
2
= ¥t = 3, = 0 Y0)) - 2/ @0) = 0 (737)
npy 2 ) _ d _dr
Vi) =43 = /6y il [t y(t) (7.38)
d _9foy 9df
ARt rh Py (7.39)
= £,(t, YD) Y(O) + £, y(0) = f,(t, yO) [ (., ¥(D)) + £,(t, (1)) (7.40)
2
= y(t) = Y(@) + hf(t, ¥(@)) + %%f (t,, ¥(1,)) + O(h*) (7.41)
S+ B [0 1)) + 2 (1,0 90D S 300 + £, 300) | + 008 (7.42)
vfa+a,y+p) =y (f@.y)+af,t.y)+Bf,ty)+ - (7.43)
y=1 y=1
ya=13 = a=3 (7.44)
vB =51t y1) B=31t, )
h h 3
Yt =yt)+hf (ti + 2’ y() + Ef(tid’(ti))) + O(h”) (7.45)
Vi = Vit hf (t,- + g,y,- + %f(t,-,y,-)) (7.46)
K
or Ky=hf@t,y) K,=hf(@+ g’Yi + 71) Vi =Y+ K, (7.47)

MR ARk, PR Ronge-Kutta [ 773% (RK2)
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7.3 2tk Aik

t

Y (@® = ft,y0) = yt,) =y1,,)+ J

t

" @)t

1l Lagrange ffi{EZ Wiz(Ur ) £ (1, y(0) 317, Lagrange fli{HZ WA gp

y@)=ﬂ%ﬂj L, (ndt

tp

nznw+J"qﬁmm EEREN

n—p

yo=ve k| Looa @R

[

Lz_q(t) = 2 Fil () 1, (1)is Lagrange basis function
k=n—q

fk = f(tk9yk)

n t,
Vo= Yoy + Z ka 1,(1)de
k

=n—q [
n tﬂ
Vo= Vuep = Z ka lk(t)dt
k=n—q tup

s = max(p, q) Bik—A> s P L L HE

a,=1 B,=0 = Kk

0 0
an+‘yn+' =h ﬁn+‘fn+‘ !
j;s o j;s o B, #0 = B

A It ik

Adam-B a :j=0,-1 p

Adam-M a : j=0,-1 p

4Nystion «a :j=0,-2 p.j=-1,-2,--
p

GMS a:j=0,-2 j=0,—1,-2,
B-D a:.j=0,-1,-2,-- p:j=0
— PR EZ A
tn tﬂ t}’l
Yn = Vuo + fn—l J ln—l(t)dt + fn—2 [ ln—Z(t)dt + fn—3 J ln—3(t)dt
) Th-2 Th-2
t
(=1, -1, 5) 7
=y, o+ [ J - dt ==h
L G = )~ 1,0) 3

fn t—t,_ )t —1
+/fu2 J ( X ) dr = —zh
[ ) (tn—Z - In—l)(tn—2 - tn—3) 3

+ /s J T l) dt = —g

s (tn—3 - tn—l)(tn—S - tn—2)

h
= Y = Vn=2 + § (7fn—1 - 2fn—2 + fn—3)
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(7.48)

(7.49)

(7.50)

(7.51)

(7.52)

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)

(7.58)

(7.59)

(7.60)

(7.61)

(7.62)
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7.4

CHAPTER 7. &5 7 A2 #44 ¥) A

By, = V) Ve = V() Va3 = V(0,0)

S for = Flsta)  fua= Fanditua)  fas = Fltyssitss)
5 = )+ 3 (9, = 21, + Y (0,)

T, = 50, = 3, = 0,000, = 5 (71, = 3 (1,0 + Y (,)

1) = Ky )+ WY )+ 0, ) 4 20, + 0

¥i,) = 0= 0+0 = 0+ O00k*)

Y, )=y, )—-hy"t, )+ %2y"’(tn_2) +0(n)

V(t,3) =Y, ) —2hy"(t, ) +2h*Y"(t,,) + O(h®)
= T, = O(h*) = U

p=1 ¢g=2= 8
t

y@t,) =y, )+ [ n F 0 Y, DO + (W0 ¥, ), () + R RONIRE

=ﬂmﬁ+§6ﬂmﬂmﬁrqume»+n

1= | Rowr= | S0, -1, = 008

n—

>0 = e+ 2 (= fim) BB AB

oy O Rl

e, A3

7.5
W

(7.63)
(7.64)

(7.65)
(7.66)

(7.67)
(7.68)
(7.69)

(7.70)
(7.71)

(7.72)

(7.73)

(7.74)

(7.75)

(7.76)
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