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Chapter 4: Radioactivity and Nuclear decay
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History of o decay

m Rutherford showed in 1899 that uranium minerals emit at least two kinds of radiations having
very different penetrating powers. He named the softer component « rays and harder or more
penetrating component f3 rays.

m During the subsequent |5 years, Rutherford and his students carried a series of experiments on
properties of a rays.

m In 1903, Rutherford measured the charge to mass ratio of « rays, which is about /4000 of
e/m, for electrons.

m Rutherford and Royds showed in 1909 that the « particles are actually ionized Helium.
Rutherford and Geiger showed that an « particle carries the charge 2e. These experiments
provide the most accurate measurement of the electron's charge prior to the oil-drop
experiments by Millikan.



History of o decay

m In 1911, Geiger and Nuttall proposed an empirical relation between the decay constant A and R
the range of alpha particles in air:

logA =a+blogR
m In 1912, Richard Swinne suggested to use the a-particle velocity v, instead of log R

m With more data, Hans Bethe in 1937 gave the modern version of Geiger-Nuttall law:
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Note the range of the decay half-lives T} 5 vs the range of the alpha energy E,,
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History of o decay

m Relation between R and v:

dE/dx x 1/E
_ 1 2 o o
= R_/dE/dxdEO(E X Vg

m In 1928, Gamow, and independently Condon and Gurney, proposed that a decay is a quantum

tunneling process, which successfully explained the Geiger-Nuttall law and become a
cornerstone of the new-born Quantum Mechanics

Tunneling model of

30r alpha emission
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Alpha decay

m The a decay is one of the most important decays for heavy nuclei. Especially the decay chains of
naturally occurring nuclei involve only the o decay from strong interaction.

m The binding energy per nucleon for a Helium-4 nucleus or an « particle is much larger than its
neighbors (much more stable), so it should be present in the heavy nuclei as clusters.

= In the binding energy formula of nuclei, the Coulomb term increases as Z2A~/3 oc A5/3 while
the volume term increases as A. So for heavy nuclei, the Coulomb repulsion effects increase
rapidly and match or even exceed the volume effects. This makes the nuclei unstable for cluster
emission. The a decay is the most frequently occurring cluster decay.
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Kinematics of alpha decay

A A4y 4
ZX — Z—2Y +2 He
Energy and momentum conservation:

Px =Dy + Das
»3 p3 v
My + =2 =myc® + 2 dm e + %
2myx 2my 2m,,

The Q-value:

Q= (my—my —m,)c* = (My — My —M,)m,c? ~ 10MeV
| GeV
In the c.m. frame (parent nucleus rest frame),

>lab
P’

M A—4 B
Ea = Ma -I—YMYQ ~ Q >lab Pa

A Px



Decay energy

For the decay to take place, the decay energy (Q-value) must be positive:

Q= (myxy—my—m,)c>=DB(Z—-2,A—4)+ B(2,4) — B(Z,A) >0 (1)

For example, consider the decay of 2,°Po within different channels. The Q-values are listed as follows

possible decay channel @ [MeV] | possible decay channel @ [MeV]
29Po+n 7.6 205Pb +° He 35
29Bi+1H 496 2Pb +6 He -8.3
28Bi+2H -10.15 SMT1+C Li 5.7
N'Bi+*H -10.85 28T1+7 Li -5.03
206Pb +* He +5.4

In reality, 2°Po goes through « decay, 2,°Po — 25°Pb +* He



Decay energy

m Decay energy:
Q= (my—my—m,)c*=B(Z—-2,A—4)+ B(2,4)—B(Z,A) >0 (2)
m Recall the Weizsicker's mass formula:

B(Z,A) = ayA—agA?*® —apZ?A Y3 —a,,  TPA+s-apA~1/?

sym

where, I = (N —2)/A=(A—-2Z)/A, ay, =15.75MeV, ag = 17.8 MeV,
ac = 0.71MeV, a,,,, = 23.3MeV, ap = 12MeV, and

+1, even-even nuclei,
s =<0, odd A,

—1, odd-odd nuclei



Decay energy

For heavy nuclei, we neglect the pairing term, and approximate the finite difference by the derivative,

Q

For heavy nuclei, Z ~ 0.41A, we find that @ is positive for A = 154 (Z = 63), 17 Gd.

Q

Q

Q

OB OB
f2%f4ﬁ B(2,4)

dac ZAP — (A—22)/A

sym

A—27)/A

2
—4{av — faSA_l/?’ — 205, (

A—27)? /A2+3a Z2A- 4/3}+4><7O74MeV

sym(

4
4aCZA—1/3—§aCZ2A‘4/3 (A—22)%) A%

sym

8
+§asA’1/3 —4ay + 28.3 MeV



Decay energy

Figure: Experimental values for the alpha decay ) values. The blue curve is the prediction from Weizsicker's
mass formula.
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Decay energy

Figure: Experimental values for the alpha decay half-life. The blue curve is the prediction from Weizsicker's
mass formula.
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Decay energy
We look at the derivative of () with respect to A at fixed Z,

0Q 4 Z 47 VA 2Z 8 43
6A G,CA4/3 (1—3—A> —IGFasym (1—7) —§CLSA (4)
since —i < 7Z 1, %Z“Z is always negative, i.e. () decreases with an increasing A at fixed Z.

signature of nuclear

shell structure
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Homework 8

Similar to the last figure, try to use IAEA nuclear data base nudat to list the latest data of E, or @

values for the alpha decay of all nuclides (all isotops for each nuclide) starting from Bi (Z=83) to U
(Z=92) [ie, all nuclides for Z=83,84,85,86,87,88,89,90,91,92]. Only consider alpha decays from the
ground state to the ground state.
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Isobaric mass parabola

As we can see from the nuclear chart, there is a valley of stability, which is revealed as a isobaric mass
parabola. Namely, for fixed A, there is a minimum in nuclear mass as a function of Z
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Isobaric mass parabola

m(A,Z) = Zm, + (A—Z)m, —ay A+ agA?PP 4 ap Z2A7Y/3
+ Qg (A—2Z)°A71 — sapA~1/?

m For fixed A, the nuclear mass m is a quadratic function of Z, i.e. a parabola

m The parabola is concave, since

2
0 7721 =2ac A3 + 8a

— A1 =1.42471/3 +186.441
37 + 186 >0

sym

m The location of the minimum:

om _ _
3zl = 0 = m,—m,+20.ZA 3 —da,,, +8a,,,ZA =0
m, —m, +4a,,, 94.5
= Zy=A . Y= A

200 A3 + 8agy,, 186.4 + 1.42A42/3



Nuclear mass as function of Z

The minimum is located at

m, —m, +4a

Z — A sym
0 2a0A%3 4 8ag,,,
94.5
- =" 5
186.4 + 1.42.A2/3 (5)
which is an increasing function of A. This is a minimum since 9%m /022 > 0 (prefactor of Z2 is
positive)
0*my ~1/3 -1
972 — 2a.A + 8ag,, A

= 1424713 1186.4471 > 0 (6)




Decay energy

Figure: Mass-energy parabolas.
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Quantum theory of alpha decay

m The physical picture of a decay was established by George Gamow and others in 1928

m Gamow postulated that a moving in the potential well of the combination of an attractive strong
nuclear force and a repulsive Coulomb force

m The strong force is short-ranged and its effective range is R = R, + R,,, where R, = 1.2A'/3
is the radius of the daughter nucleus and R, = 2.15 fm is the radius of the « particle

m Beyond R, the Coulomb force V(1) = Z,, Z €2 /r is dominant; hence forming a potential
barrier

Coulomb barrier




Quantum theory of alpha decay

m In principle, « particles with positive total energy E, can travel to the infinity which results the o
decay of the parent nucleus

m The height of the barrier is,

= ZaZdSQ
Ry+ R,

m Take 2'2Po as an example.
Ep =26MeV

And the energy of the « particle is E, = 2MeV « Ep

m Classically, if E, < Ep, the a particle can never pass through the Coulomb barrier



Quantum tunneling

m Gamow employed the then new-born quantum mechanics and proposed that « particle can
penetrate the barrier through quantum tunneling.

m The probability to tunnel through the barrier in WKB approximation is,

P:exp{—Q/I:ZdT\/M}

where Ry , are the radii of the classical turning points, u = m,m,/(m4 +m,,) is the reduced
mass.



WKB approximation

m Time-independent Schrédinger equation:

(- Zw +V)p(@) = By(a)

m Quantum Hamilton-Jacobi theory (Riccati equation):
ih

7= eiS® o W

V2S(7) + i[vsm]? YV =E

m Eikonal expansion:
S == SO + hSl + h252 +

m The leading order term gives the classical Hamilton-Jacobi equation:
1 2

Therefore, terms in high-order of f represents quantum effects. Semi-classical approximation
takes the leading order S only.



WKB approximation

m Note that the problem is in 3D. The angular parts are simple spherical harmonics.
»(F) = rto(r)Y"(7)

@(r) behaves like a |D wave function
= Radial equation, -
R
where Vi (r) = V(r) + £(L + 1) /2ur?

m Semi-classical approximation:

+ V)| 6(7) = Eo(r)

¢(r) = e
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WKB approximation

m Semi-classical tunneling solution in radial direction,

Wolr) =1 [ i\ Jou[Vig(r') — ]

= Wave function,

m Tunneling probability:

2 vy
P, = |1/’(7"2)|2 = exp { — 2/,« dr/2u[Vg(r) — E]} = exp{—2G}

|¢(7’1)|

G is known as the Gamow factor




Square nuclear potential

As a concrete model, consider a simple square well as the nuclear potential,

Vb, r<R
V(T> = { Z,Z,€? r>R

Va(r) 7 et
_ e
EB Tttt
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Gamow factor

m Classical turning points: Ry = Rand Ry = R, = Z,Z,e*/E,, for { = 0 state

m Gamow factor:

fta 7,7 2u (!
GE/ dr\/ [7616—]_2] 7o Z g0 | “/
R, Eo Jr/r,
= aZdaem/ arccos“ 1/ 1/ - —
2u ™
= ZaZaen \/Eazg(\lﬁc)

-3

c

he

2
2
where, g(z) = 2 {arccosa: —rvV1— xﬂ, Eqg = (M) ”702 is known as the Gamow

energy.

1/y_17
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Gamow factor

For R < R,,

1 [Eg 4 | R
¢ ~2\/E>a{1_ =\ ﬁc}
N\/ETFOLemZ1 /% —4d\/ag,Z/m, R

Z
=3.97T—= —2.98VZR

VE,

where, R is in unit fm and E, is in MeV. We have used the fine structure constant
Qo = €2 = 1/137. Obtaining the last line, we have used Z,, = 2, Z, = Z, m,, = 3750 MeV.



Gamow factor

m Gamow further realized that the probability of an a tunneling out is the same as it tunneling in

m Gamow factor gives the probability for two nuclei to overcome the Coulomb barrier in order to

undergo nuclear reaction.
E
P(E)y=¢VE

where, the Gamow energy E, = 2uc?(naZ,Z,)?

m In nuclear physics, we often introduce the S-factor, aka. astronomical factor; to rescale away the
Coulomb repulsion effect from the cross section:

here, o is the cross section, E is the center-of-mass energy

m In comparison to cross section, S factor is more smooth wrt
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Decay time

m The decay constant of of the nucleus subject to a-decay is the number of decay per unit time,
which equals v the frequency that the « particle hits the barrier multiplied by P = exp(—2G)
the probability that the « particle penetrates the barrier:

A= Pv

m [t takes At = 2R /v for the « particle to transverse the nucleus. Then the frequency v is simply
v = 1/At and the decay constant,
v

s _ —2G
A= 2RP 2R

m The velocity of the «a particle is,
v, = 2B, m

m Then, the life-time of the radioactive nucleus is,

— A 1=2R, [Ma 26
T 2F

[e3



Geiger-Nuttall law

We can take logarithm of above and obtain,

1
InT=ay + ay————, (8)
V ECE
where a; = —49.4 4+ In :};ﬁ —3.26VZAY3 and ay = 3.97Z. Hence, the Gamow model
reproduces the Geiger-Nuttall law
A(Z
2+ B(z) ©

log, T}/ = —F==
e R,
and further predicts
A(Z)=1.72Z

B(Z) = — 142V Z A3

AL/3
—21.3 +log,, ——
EOt
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The inverse relationship between decay half-life and decay energy, known as the Geiger-Nuttall law.
Only even-Z, even-A nuclei are shown. The solid lines connect the data points.



Geiger-Nuttall law

Let us estimate the half life of 219Po from «a decay,

Ty 5(?1%Po) = 1’%2 —In2x 3.5 x 1022413, /26
In2 x 3.5 x 10722 x 2103 x (5.4)"1/2 x exp(3.97 x 84/v/5.4 —2.98 x /34 x 9)
6.2 x 10722 x exp(61.5705)
4.06 days
Tyj2(?2Po) ~ In2x3.5x 10722 x 2121/3 x (9.03)~1/2
x exp(3.97 x 84/1/9.03 — 2.98 x v/84 x 9)
4.81 x 10722 x exp(29)
1.89 x 1079 s

Q

Q

We can compare with the data, T} /( 210pg) = 138.4 days and T /o ( 212Ppg) =3x 1077 .



Geiger-Nuttall law

Table: Calculated a-Decay Half-lives for Th Isotopes

t (8)
A Q (MeV) Measured Calculated
220 8.95 10°° 3.3 x 1077
222 8.13 28 %1073 6.3 x 107°
224 7.31 1.04 3.3 x 1072
226 6.45 1854 6.0 x 10
228 5.52 6.0 x 107 2.4 % 10°
230 471 2.5 x 102 1.0 x 10"

232 4.08 4.4 x 10" 2.6 x 10'¢

luclear Ph Yang Li (USTC



Geiger-Nuttall law
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Geiger-Nuttall law

m While Gamow model provides a qualitative picture of a decay, it has considerable deviation
from the experimental data.

m An improved fit for the Geiger-Nuttall law is,

0.6

d
(MeV)

V.

m Gamow model can be extended to the non-zero spin nuclei with the addition of the centrifugal
barrier (¢ + 1)/2ur? to the potential

log,, T 5 (sec) = —51.37 +9.54

m An important factor for decay with non-zero angular momentum is the parity conservation. If a
decay violates the parity conservation, it will be suppressed and go through other channels, e.g.
excited states

m The shape of heavy nuclei has a very substantial influence on the predicted half-lives since nuclei
with A = 230 are strongly deformed.



Geiger-Nuttall law for cluster decay

Z.7
log,o Ty /o = ¢+ b\/iN/Z,Zy+ ay/1t \/@d

where, p = MM,/ (M, + M,).
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Microscopic interpretation of a decay

m Gamow model does not contain the structure information of the parent nucleus

m Modern theoretical understanding starts from the scattering theory and Gamow model emerges
as part of the approximate solution to the scattering matrix

A\, =2P,(R)=—=9¢?(R
(= 2P(R) g = di(R)
where, R is the point that separate the internal and external wave functions.

m Py(R) is the probability of an « particle with angular momentum ¢ penetrates the Coulomb barrier
starting from R, and can be well approximated by WKB ansatz.
m g,(R) is the a-particle formation amplitude,

a(r) =r [ ¥p@e6). o) = (A{NR5E 7 40) )

m The nuclear many-body wave function ¥ encodes the full information of the system
m Recent review: 1810.07745



r (fm)

Figure: Radial o formation amplitudes in the gs. of 212Po produced by two nuclear shell models.



Fine structure of o spectra

The Gamow model assumes that the kinetic energies are the same for all « particles. In reality, the «
particles may have several different kinetic energies, originating from decay into different excited
states of the daughter nucleus. The excited states then may decay into the ground state via y decays.

Figure: Fine structure of a spectra for géQBi —>§(1)8 T1+ o obtained from magnetic spectrometer: The
horizontal axes gives the magnetic field for about 40 cm of curvature.

® m T L T T
Pt :
il ;.
i [ E
§;§40- 2 \ ? -
[ 3
5 | g2 8 A
.§ 20} nn: w —
E [N [
2 e of
L .
0 a’:‘ I"\l 1 J‘l‘o -
8400 8500 8600 8700 8800 8900

Magnetic field in gauss



Table: Energies of a particles for géQBi —>§(1)8 T1+ a. The disintegration energy E or Q-value is
Q=Ey=E,+FERp= ﬁEa, where Eg, is the energy of the daughter nucleus.

group | branching ratio | E Ey (Q-value) | AE=E,,—E

e}

oy 0.272 6.082 6.199 0

g 0.698 6.043 6.159 0.040
Qg 0.0180 5.761 5.871 0.328
oy 0.0016 5619 5.727 0.472

og 0.0110 5.600 5.707 0.492




Figure: Energy-level diagram (scheme plot) of §§2Bi —>§(1)8 Tl + a.
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Figure: Long range « rays for %}12130 —>§gg Pb + a: emitted from excited levels of
is 1074,
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Figure: Long range « rays for g}fPo %%88 Pb + .

TasLE 1.3. THE LoNG-RANGE a-Ray SpeEcTRUM oF ThC’ — ThD
(s P0?? — puPbE + Hed) Accomrving T0 RyTrz (R54)

Disintegration e
. a-Ray energy Excitation energy
Relative . energy L
Group Eq, in parent ThC’
abundance E,, ’
Mev Mev
Mev
Normal: ap 108 8.776 8.946 0
Long-range: a: 35 9.489 9.671 0 725
Long-range: a; 20 10.417 10 617 1.671
Long-range: a) 170 10 536 10 739 1.793




