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Noise on Meshes

From range image 
of Stanford Bunny

Angel model
from shadow scanning

Meshes obtained from real world objects are often noisy.



Mesh Smoothing is Required

Mesh
Smoothing



Image denoising

• Wavelet denoising [Donoho ’95]
• Anisotropic diffusion [Perona & Malik ’90]
• Bilateral filter [Smith & Brady ’97], 
[Tomasi & Manduchi ’98]

• [Black et al. ’98]
– Anisotropic diffusion
– Robust statistics

• [Elad ’01], [Durand & Dorsey ’02] relate
– Anisotropic diffusion 
– Robust statistics 
– Bilateral filter



Image Examples

Original and noisy ( σ2=900) images



TV filtering:
50 iterations 10 iterations 

(MSE=146.3339)              (MSE=131.5013)



Wavelet Denoising (soft)
Using DB5Using DB3 

(MSE=144.7436)                 (MSE=150.7006)



Filtering via the Bilateral
2 iterations with 11×11       Sub-gradient based 5×5 

(MSE=89.2516)                  (MSE=93.4024)



In the Literature

• Fast Mesh Smoothing
– Taubin 1995 

• Feature Preserving
– Clarenz et al. 2000; Desbrun et al. 2000; Meyer et al. 2002; Zhang and 

Fiume 2002; Bajaj and Xu 2003
• Diffusion on Normal Field

– Taubin 2001; Belyaev and Ohtake 2001; Ohtake et al. 2002; Tasdizen et al. 
2002

• Wiener Filtering of Meshes
– Peng et al. 2001; Alexa 2002; Pauly and Gross 2001 (points)

• Bilateral filtering
– Choudhury and Tumblin 2003, Jones et al. 2003, Fleishman et al. 2005

• Global Smoothing
– Desbrun et al. 1999, Ji et al. 2005



But…

• What is noise on a surface?
– Small bumps on the surface
– High‐frequent tiny parts on the surface
– …

• NO accurate math definition!
• How to detect the noise?

– High curvature parts
– High fairing energy parts
– …



How to denoise?

• Eliminate high frequency

• Preserve global features

+ = filter



Smoothing Everywhere

• Real life applications
– Sculpture
– Decoration

• Methods
– Corner cutting

• Geometric modeling
– Chaikin's scheme
– Bézier: de Castljau algorithm
– B‐spline: knot insertion
– Subdivision surface



Other Terminologies

• Mesh denoising

• Mesh filtering

• Surface fairing

• Mesh improvement
– Quality metrics



Mesh Smoothing

• Moving mesh vertices
– Without changing connectivity
– reduce curvature variation

• Used to
– Reduce noise
– Improve mesh triangle shape



Topology changes

Local correction strategies 
1.

3.

2.
1. Flip an edge.

3. Collapse an edge.

2. Split an edge.

“Scope” of 
operation.

Offending 
Edge

Algorithms

Mesh Improvement



Mesh Improvement 

• Example



Classifications

• Surface
– Triangular mesh
– Volume

• Approaches
– Laplacian
– Normal smoothing
– Bilateral filtering
– Global approach
– …



Smoothing

• Can apply not only to positions but also to any 
property assigned to vertices
– Curvature, normals, physical properties (color, 
texture), ...

• Small number of iterations

• Shrinkage problem



General Smoothing Procedure
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Explicit and Implicit Mesh Evolutions
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Laplace Smoothing



Laplacian Smoothing Flow

Median 
direction
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Umbrella Operator

Umbrella operator

Weighted umbrella operator

Squared umbrella operator
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Laplacian Smoothing

• Equivalent to box filter in signal processing

• Apply to all vertices on mesh

• Typically repeat several times

• Can describe as energy minimization
– Energy = sum of squared edge lengths in mesh

– Parameter            controls convergence "speed"

( )oldoldnew PLPP λ+=

0λ >



Laplacian Smoothing 
– Example 



Problem of Over‐smoothing

Iterations 

Best Over-smoothingNoisy

How to find appropriate λ and number of iterations



Properties of Laplacian Flow

Increases mesh regularity
Develops unnatural deformations

High
density

sampling

Low 
density 
sampling



Shrinkage & Over‐Smoothing



Improved Laplacian

• Laplacian

• Taubin’95
– Laplacian + Expansion

• Bilaplacian
– Special case of Taubin’s
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Comparison



Discrete Mean Curvature Flow



Mean Curvature Flow
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Discrete Mean Curvature Flow
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Direction = normal 

Speed = discrete mean curvature 



Properties of 
Mean Curvature Flow

Increases mesh irregularity.
Doesn’t  develop unnatural deformations

High
density

sampling

Low
density
sampling



Discrete Mean Curvature
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Modified Mean Curvature Flow



Comparisons



Smoothing Results



Normal based Smoothing

An Image Processing Approach



An Image Processing Approach

Smoothing 
normals

Reconstruction 
from mesh normals

• Smooth mesh normals 

• Reconstruct  smoothed mesh from new normals



An Image Processing Approach

Distance error Derivative error



An Image Processing Approach
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Bilateral Mesh Denoising

Siggraph 2003



Gaussian Filtering

• Gaussian filter
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• Bilateral filter
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Bilateral filtering of meshes



Bilateral filtering of meshes



Bilateral filtering of meshes

• Height above surface is equivalent to the gray 
level values in images



Bilateral filtering of meshes

• Height above surface is equivalent to the gray 
level values in images

• Apply the bilateral filter to heights



Bilateral filtering of meshes

• Height above surface is equivalent to the gray 
level values in images

• Apply the bilateral filter to heights

• Move the vertex to its new height



Bilateral filtering of meshes

• Height above surface is equivalent to the gray 
level values in images

• Apply the bilateral filter to heights

• Move the vertex to its new height

• In practice:
– Sharp features



Bilateral filtering of meshes

• Height above surface is equivalent to the gray 
level values in images

• Apply the bilateral filter to heights

• Move the vertex to its new height

• In practice:
– Sharp features

– The noise‐free
surface is unknown



Solution

• A plane that passes through the point is the 
estimator to the smooth surface

• Plane L=(p,n)



Solution

• A plane that passes through the point is the 
estimator to the smooth surface

• Plane L=(p,n)

Similaritycloseness



Computing the plane

• The approximating plane should be:
– A good approximation to the surface

– Preserve features

• Average of the normal to faces in the 
1‐ring neighborhood



Parameters

• The two parameters 
to the weight 
function: σc, σs
– Interactively select a 
point p and the 
neighborhood radius ρ 

– σc =1/2 ρ

– σs = stdv(Nbhd(p, ρ))

• Number of Iterations



Results

Source Anisotropic denoising of 
height fields - Desburn ’00

Bilateral mesh 
denoising



Results

Source
Anisotropic Geometric 

Diffusion in Surface 
Processing - Clarenz ‘00

Bilateral mesh 
denoising



Results

Source

Two 
iterations

Five 
iterations





Non‐Iterative, Feature Preserving 
Mesh Smoothing

Siggraph 2003



Prediction



Spatial



Influence



Area



Results



Comparisons

Non-iterative, Feature Preserving 
Mesh smoothing

Bilateral mesh 
denoising

Input



Source Non-iterative, Feature 
Preserving Mesh smoothing

Bilateral mesh 
denoising



Non-iterative, Feature 
Preserving Mesh smoothing

Bilateral mesh 
denoising



Local Volume Preserving



Shrinkage



MRF Approach



MRF Approach

• Learning MRF potentials

• A learning algorithm to determine a suitable 
edge potential function from a training set of 
data

• The selection of this edge potential is the 
purpose of the learning algorithm







Global Laplacian Smoothing 
(GLS)

Ji et al. CAD/Graphics’2005
Best Student Paper



Smoothing Problem 
Mathematically

• Find a smoothed surface with 
minimum fairing energy

• Fairing energy:

S

'S



Our Approach

• Global
– Global Laplacian operator

– Global shape preservation

• Non‐iterative

• Feature preserving

S 'S

Smooth



A global optimization problem
Minimize smoothness energy within some 
tolerance

A mathematical model

Smoothing Problem
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Local discrete Laplacian smoothing 
operator

Local Lapacian Fairness
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Laplacian of Mesh

• Discrete Laplacians
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Laplacian of Mesh

• Surface reconstruction
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Properties of Laplacian
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Vertex Constraints

• Add position constraint for one vertex
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c1

Vertex Constraints

• Add position constraints for more vertices

y

z

x

=

1
1

1

fix

c2

1
1

1

L

L

L

0

fix



Adding Vertex Constraints
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Face Constraints
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Adding Face Constraints
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Other Constraints

• Edge constraints

• 1‐ring barycenter constraints

• Other linear constraints



Minimizing Energy
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Least Square Solution

• An over‐determined system:

• Normal equation:

ATA x = bAT

(ATA)-1x = bAT

A x = b



One Channel Solution

• Very efficient solution by Cholesky 
factorization of ATA:

R is upper‐triangular and sparse

Once R is computed, solving for x, y, z by back‐
substitution:

TTA A R R=

b
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ξ
x

TTR A
R

=
=



Results

‘8’-like mesh model
3070 vertices, 6144 triangles



Results

Venus head model 
134359 vertices, 268714 triangles



Comparisons

Dog model, 195586  vertices, 391168 triangles

Our ApproachOriginal noisy mesh Bilateral approach



LoD Smoothing

Applying our algorithm to the bunny model with different parameters.



Summary

• A new smoothing framework

• Global Laplacian operator

• Non‐iterative 

• Feature preserving
– Vertex constraints

– Face constraints

– Other linear constraints



Summary

• Filtering
– Laplacian filtering

– Bilateral filtering

• Quantity
– Vertex positions

– Normal

– Laplacian vectors



Many Problems Remain

Smoothed mesh

Scanned mesh

Photo

Mesh smoothing remains to be an active research area



Discussions
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