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https://www.flipcode.com/archives/The_Half-Edge Data_Structure.shtml
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171 (half-edge) 4%

EARG., = EBEIEEN

struct HE edge
{

HE vert*
HE edge*
HE face*
HE edge*

vert;
pair;
face;
next;

struct HE_Vert
{

float x;

float vy;
float z;
HE edge* edge;

b

EEEEA

struct HE_face
{

HE edge* edge;

{§Ki2ﬁ5;2/-53-fj:TT/2§

FRIA 3 PR T = & P /IS TED

HE vert* vertl =
HE vert* vert?2

edge->vert;

HE face* facel =
HE face* faceZ

edge->face;

edge->pair->vert;

edge->pair->face;

J/

HEHHH ¥4

HE edge* edge = face->edge;

do {

// do something with edge
edge = edge->next;
} while

(edge != face->edge);

-

J

\.

R, AN e SVl

HE edge* edge = vert->edge;
do {
edge = edge->palr->next;

} while (edge != vert->edge);

https://www.flipcode.com/archives/The_Half-Edge_Data_Structure.shtml
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e CGAL: http://www.cgal.org

Libigl: https://github.com/libigl/libigl
MeshLab: http://www.meshlab.net
OpenMesh: https://www.openmesh.org

PCL (Point Cloud Library): http://www.pointclouds.org

TriMesh: http://graphics.stanford.edu/software/trimesh
DGtal: https://dgtal.org

« KIRFEIEWAEZ: Utopia (USTCE )

http://staff.ustc.edu.cn/~Igliu/Resources/CG/3D_modeling.htm
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Curves



Differential Geometry of a Curve

C(u)



Differential Geometry of a Curve

Point p on the curve at u,

C(u)

p=C(u,)



Differential Geometry of a Curve

Tangent T to the curve at u,

C(u)




Differential Geometry of a Curve

Normal N and Binormal B to the curve at u,

B Frenet frame: {T,N,B}




Differential Geometry of a Curve

Curvature K at u,and the radius p osculating circle

B
P

C(u)




Curves
= Tangent vector to curve C(H=(x(7).y(7)) IS

= Curvature
k(f) =

X'y -y @)x" (@)

A3/ 2




Curve Curvature

= Curvature is independent
of parameterization
= C(7), C(t+5), C(27) have
same curvature (at
corresponding locations)

= Corresponds to radius of
osculating circle R=1/k

= Measure curve bending




Surfaces



Differential Geometry of a Surface

S(u,v)



Differential Geometry of a Surface

Point p on the surface at (u,,v,)

S(u,v)



Differential Geometry of a Surface

Tangent S 1n the u direction

_ 35(u,v)
ou

S

u



Differential Geometry of a Surface

Tangent S, 1n the v direction

_ 8S(u,v) S,




Differential Geometry of a Surface

Plane of tangents T
T =uS, +VS,




Differential Geometry of a Surface
Normal N




Differential Geometry of a Surface
Normal section >
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Differential Geometry of a Surface
Curvature e
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Principal Directions

Min Curvature Max Curvature



Surface Curvature

kmin=kmax > 0 P - |

Isotropic

Equal in all directions

spherical planar

Anisotropic

2 distinct principal
directions

max > 0

huderbolic

elliptic parabolic kx>
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However, meshes are only CV

* Meshes are piecewise linear surfaces
* Infinitely continuous on triangles
» (Y at edges and vertices




Discrete Differential Geometry

* How to apply the traditional differential geometry
on discrete mesh surfaces?
 Normal estimation
* Curvature estimation
* Principal curvature directions



Estimation of Differential Measures

* Approximate the (unknown) underlying surface

* Continuous approximation

* Approximate the surface & compute continuous differential
measures (normal, curvature)

* Discrete approximation
* Approximate differential measures for mesh



Continuous Approximation



Quadratic Approximation

= Approximate surface by quadric

s At each mesh vertex (use surrounding
triangles)
= Compute normal at vertex
= Typically average face normals

=« Compute tangent plane & local coordinate
system
= (node = (0,0,0))
= For each neighbor vertex

compute location in local
system

= relative to node and tangent plane




Quadratic Approximation (2)

= Find quadric function approximating vertices

Flz,y,z) = ar*+bry+cy’ —2z=0

= To find coefficients use least squares fit

min » (a-:rf + bx;y; + ny? —Z;)
-5




Quadratic Approximation (3)

Finding the quadric function approximating points
F(x,y,z) =ax?+ bxy +cy?—-z=0
To find coefficients use least square mmz_(axf +bx.y, +cy; —zf.)
fit to find minimum: f

7 7
B PR o B ol a z
1 N N 1 ‘o A \ (2
hl= X 4y a =
,, ﬁ 4= . CX=|bl|b=| ..
HTH Vo Vo NC = 2 | -
H

Approximation can be found by: X=(A4"4)7" 4D



Quadratic Approximation (4)

= Given surface F its principal curvatures %
and k. are real roots of:

k* —(a+c)k+ac—b*=0

i

s Mean curvature. H = (k

+ k)2

min ?Hf.’}”i

s Gaussian curvature: K =k . k

min "rmax



Other approximation

* Cubic approximation

* J. Goldfeather and V. Interrante. A novel cubic-order
algorithm for approximating principal direction vectors.
ACM Transactions on Graphics 23, 1 (2004), 45—63.

* Implicit surface approximation

* Yutaka Ohtake et al. Multi-level partition of unity

implicits. Siggraph 2003.

* Many others...



Discrete Approximation



Normal Estimation

* Normal estimation on vertices
* Defined for each face

* Average face normals
* Weighted: face areas, angles at vertex

* What happen at edges/creases?



Mean Curvature

* FHLaplace-BeltramiEIE:

K(x;) = Z (cot a;j + cot 3;; ) (z; — ;)

JEN (i)




Gauss Curvature

e FHGauss-Bonnet EIE

#f
// HgdAZQTT—ZEjZQTT—Zﬂj
A g j=1




Gaussian Curvature Estimate
— Example

= Approximation always results in some noise
= Solution

= Truncate extreme values
« Can come for instance from division by very small area

= Smooth
=« More later



Mean Curvature Estimate
— Example




Mean Curvature

Truncate
B

Smock

Smooth




More...

« MEYER M., DESBRUN M., SCHRODER P., BARR A.:
Discrete differential-geometry operators for
triangulated 2-manifolds. In Visualization and
Mathematics lll, Hege H.-C., Polthier K., (Eds.).

Springer, 2003, pp. 35-58. (PDF)
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Laplace Operator (Umbrella Operator)

K Qk +1

Median direction
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Poew < Pos + A H (Pold) n(Pold)

e

Speed = discrete mean curvature

Direction = normal

P old
Hn




Discrete Mean Curvature

V. A
2A

Hn =

1
anazj:(cotaj +cot B, )(P-Q,)
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Triangle
http://www.cs.cmu.edu/~quake/triangle.html

riangle

A TWSLDimensional Quality Mesh Generator and Delaunay Triangulator.

Jonathan Richard Shewchuk

Computer Science Division
University of California at Berkelevw
Berkelev, California 94720-1776
jrs@cs.berkeley.edu

Winner of the 2003 James Hardy Wilkinson Prize in Miumerical Software.

Created at Carnegie Mellon University as part of the Quake project (tools for large—scale earthquake simulation).
Supported by an NSERC 1967 Science and Engineering Scholarship and NSF Grant CMS-9318163.

Triangle generates exact Delaunay triangulations, constrained Delaunav triangulations, conforming Delaunay triangulations,
quality triangular meshes. The latter can be generated with no small or large angles, and are thus suitable for finite elem

Triangle (version 1.6, with Show Me version 1.6) is available as a .zip file (159K) or as a .shar file (829K) (extract with
voronol directorv. Please note that although Triangle is freely available, it is copyrighted by the author and may not be =
commercial products without a license.
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