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Geometry Problem and Modeling

1. Formulate an objective energy E(x)

2. Define constraints, if apply
» Equality / Inequality
» Linear / Nonlinear

3. Numerical optimization

minimize E (x)
x€ER™M - (X) —d
: 1(X) = a4
subject to &, () > d,



Fundamentals



AL )R —RR T2\

SHSEEH [ R R

mingcrn f(z) SARE K or LB R
s.t.g(x) =0 ERAR
h(z) >0  F%R4%

e Two roles

* Client: Which optimization tool is relevant?
o NEIWEAL o @ AR A
e Designer: Can | design an algorithm for this problem?
c BEMNMABATEZ T ENILA T RIAR REME
* Optimization is a huge field.
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f:R*"—>R

- (Of Of of
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Courtesy of Justin Solomon and David Bommes
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Hessian | [\ S0 %0 &

f(z) = f(zo) + Vf(z0) ' (z — z0) + (z — o) ' H f(0)(z — o)



I¥ = (Critical point)

Vfi(x)=0

(unconstrained)

Saddle point Local max

/(@)

Local min

Critical points may not be minima.
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barrier to local search

starting —
point

/ E

descend
direction

;

local minima

f

global minima
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x (1 —a ) + ay U T ( = a)r + ay j’l,f

(a) Convex (b) Quasiconvex

Numerical Algorithms, Solomon
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Constrained / Unconstrained

Linear / Nonlinear
Global / Local

Convex / Nonconvex

Continuous / Discrete

Stochastic / Deterministic
* Single objective / Multiple objectives

minimize (E1 (x),E,(x),..,Ey (x))
E - AlEl + AZEZ + -+ AkEk



L RAPLAI)R




Unconstrained Optimization

min f(x)

i

 Gradient descent
* Newton
* Quasi-Newton

 Coordinate descent



HE T
(Gradient descent)

J(0,4,9,) .

0,

Tp+1 = Tk — oV f(zk)




RN A
(Gradient descent)

J(0,,0,) .

~———

l(; os” . D“’“T,“ hu“‘"“' ‘—/f-‘ Line Search
0 o

Tei1 = Tk — o}ka(f»Uk:)

Gradient descent



S 417% (Newton’s method)

Tpt1 = Tk — [Hf(zk)] "V f(2)

Line search
for stability



WA SE (Quasi-Newton)

Th+1 = Tk — J\?-’k_lvf(-ka)

Hessian
approximation

* Estimate the Hessian based on previous gradients
* Recursively inverse Hessian

* BFGS (Broyden—Fletcher—Goldfarb—Shanno algorithm)
* L-BFGS
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AR NP 5% (Coordinate descent)

Obj: minimize, , E(x,y)
e Alternating variables
Repeat

L Yiers = minE(x, )

2 X1 = mxin E(x, Yic+1)



Software

 Matlab: fminunc or minfunc
 C++: 11bLBFGS, dl1b, others

Typically provide functions for function and gradient
(and optionally, Hessian).
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Lagrange Multipliers: Idea

9@\

min, f(x)

s.t. g(x)

0




Lagrange Multipliers: Idea
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- Decrease f: —Vf
- Violate constraint: £Vg




Lagrange Multipliers: Idea

min, f(x)
s.t. g(z) =0

A




Use of Lagrange Multipliers

Turns constrained optimization into

unconstrained root-finding.
Vf(z) = AVg(z)
g(z) =0



Many Options

*Reparameterization

Eliminate constraints to reduce to unconstrained case

Newton’s method

Approximation: quadratic function with linear constraint

*Penalty method

Augment objective with barrier term, e.g. f(x) + p|g(x)|



Alternating Projection
Po IIliIl d(p7p0)
s.t. p € C4 M CQ M-
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Augmented Lagrangians

min, f(x)
s.t. g(x)=0

!
min, f(z)+ %Hg(w)llg-
s.t. g(x)=0

Add constraint to objective
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Alternating Direction
Method of Multipliers (ADMM)

f(z) + g(2)
Ax + Bz =c

Az, 2;A) = f(z) + g(2) + )\T(A:c + Bz —c)+ g”A:E + Bz — c||§

T < argmin A ,(x, z, \)
xXr

z < argminA,(z, 2, A)

A A

p(Az

Bz — ¢)

https://web.stanford.edu/~boyd/papers/pdf/admm_slides.pdf



The Art of ADMM “Splitting”

i min j y (1 Fsll2 + &1l i — Jill3
ming ;|| Jil|2 N thJ j\z/_rzj(l b”2 2 13)
st. MJ=5» " T 7

[akes some prac tice/

Solomon et al. “Earth Mover’s Distances on Discrete Surfaces.” SIGGRAPH 2014.

Want two easy subproblems



Z:/v
FIVEY
J R

VA

=



AN

"

—f8

objective function

/f:IR"—HR

minimize f(z)

subject to gi(z) <0 i=1...

|

constraint functions

gi:R" 2> R
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g1(z)

minimize f(z)
subject to gi(z) <0
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minimize f(z)
subject to gi(z) <0

i=1..
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)_L /TEJ- %jﬁlj; X /:: minimize f(z)

subject to gi(z) <0 i=1...m




)_L /TEJ- %jﬁlj; X /:: minimize f(z)

subject to gi(z) <0 i=1...m

feasible

L1
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)_L/TEJ- %Z_Ij:;g:% | minimize f(z)

subject to gi(z) <0 i=1...m

feasible

isoline
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minimize f(z)
subject to gi(z) <0

isolines with




)—L/TEJ- %jﬁlj: ;\-}:X: minimize f(z)

subject to gi(z) <0 i=1...

optimal point A

isolines with




First-Order Optimality Conditions

* Necessary condition for minimum of minimize f(z)
subject to gi(z) <0 i=1...m

« Langrangian: L(z,A) = f(z) + 2302, Xigi(z)

* Karush-Kuhn-Tucker (KKT)

without constraints just
]
conditions for minimum Z

Vfilz) =0
1. Stationarity: Vf(z*)+ 2::21 AVgi(z*) =0
2. Primal feasibility: gi(z*) <0
3. Dual feasibility: i 2 0
4. Complementary slackness:



First-Order Optimality Conditions

* Necessary condition for minimum of minimize f(z)
subject to gi(z) <0 i=1...m

* Langrangian: L(z,A) = f(z) + 202, Xigi(z) active
M >0
Recall Lagrange Multiplier g1(z*) =0
* Karush-Kuhn-Tucker (KKT) \ Vf=-AVyg ; h
conditions for minimum % J
1. Stationarity: Vf(z*)+ 2::21 AVgi(z*) =0
2. Primal feasibility: gi(z*) <0
3. Dual feasibility: A >0
4. Complementary slackness:

Aigi(z*) =0

gs(z*) <0
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e Active set method

Repeated update active set

e Barrier

I-(u) = {nn ifu>0

1. active set define equality constraints

2. compute the Lagrange multipliers of the active set

3. remove constraints with negative Lagrange multipliers
4. search for infeasible constraints

method (Interior Point Method)

ifu<0 0

u=0

unconstrained

nimize f constrained
minimize f(z) <>  minimize f(5)+ X", I_(gi(x))

subject to gi(z

) <0 i=1l...m
equivalent



Convex Optimization
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* Searching globally optimal solutions usually requires convexity!
. feonvexif:  f((L—tla+tb) < (1—1t)f(a) +tf(b) te]0,1]

f(z), f(z),

VS.

= ol
Hw
g - - - _

47

non-convex convex
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minimize f(z) is convex optimization problem if
subject to gi(z) <0 i=1...m f(z) and all gs(z) are convex functions
consequences
» feasible region is convex set \

non-convex
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minimize f(z)

subject to gi(z) <0 i=1...m

consequences

» feasible region is convex set

* equality constraints can only be affine,
e, gi(z) = alz + b since

) = gi(z) <0
gi(z) =0 <= {—g;(:v)

is convex optimization problem if

f(z) and all gi(z) are convex functions

convex
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* Linear Programming minimize ¢’x  subjectto 4¥ = €

x€ERN Bx <b

 Quadratic Programming  minimizesx70x + "x  subjectto 4¥ =4

* Conic Programming Y xts<x

* Semidefinite Programming (SDP)
mjgﬂi&rrpxi%eE(A) subjectto A >0

Ais SPD
2;(4) = 0,Vi
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Nonlinear Least Squares

Obj: minimize }; e/ (x)

* Gauss-Newton

* Levenberg-Marquardt
V2e? ~ 2(Ve) Ve
V2~ 7]



Mixed-Integer Optimization

f(:':l -Trnyl “'ydh
"-—.",—-Fi

"—.—l‘.l
€x" | eEd
< local optimum
continuous

VS.

mixed-integer

Feasible region L,
=ty region ——__
RxZ
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Eigen — linear algebra

* IPOPT — fast opensource C++ interior point method
* Mosek — commercial (convex) optimization in C, Java, Python...
* Gurobi — commercial mixed-integer optimization
* CPLEX — commercial mixed-integer optimization

* Matlab — many algorithms, good for prototyping
* CVX — prototyping for convex optimization

* CoMISo — unified interface to above algorithms



Optimization is a huge field!

N
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convex
Optimization

@ Springer

S. Boyd and L. Vandenberghe J. Nocedal and S. J. Wright G. L. Nemhauser and L. A. Wolsey
Convex Optimization Numerical Optimization Integer and Combinatorial Optimization
Cambridge University Press, 2004. Springer, 2006. John Wiley & Sons, 1999.

Get PDF online:
http://stanford.edu/~boyd/cvxbook/
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