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* Early use of splines on computers for data
interpolation

* Ferguson at Boeing, 1963

 Gordon and de Boor at General Motors
e B-splines, de Boor 1972

* Free form curve design

e Gordon and Riesenfeld, 1974 — B-splines as a
generalization of Bezier curves
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Key |deas

* A=K A6

* We design one basis function b(t)

illustration only

* Properties: -
* b(t)is C? continuous o 1/ N\
* b(t)is piecewise polynomial, degree 3 (cubic) : / \
* b(t)has local support J.‘/u 2 au\_:n

Overlaying shifted b(t + i) forms a partition of unity
b(t) = 0forallt
* In short:

* All desirable properties build into the basis

* Linear combinations will inherit these



Shifted Basis Functions

- BERSHN TREE

Shifted basis function b(t)

Courtesy of Renjie Chen



Repeated linear interpolation

* Another way to increase smoothness:
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Repeated linear interpolation

* Another way to increase smoothness:
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Repeated linear interpolation

* Another way to increase smoothness

/-
\

/NN

X

/.




De Boor Recursion: uniform case

* The uniform B-spline basis of order k (degree k — 1) is
given as

Lifi<t<i+1 ‘
1 _ )
N (1) = { 0, otherwise |_|
k t—1i (i+k)-t
N (8) = (i+k—1)—i NETH®) (i+k)—(i+1) NEL ()
+k—t
1v’< L(t) +l — N/ (®)




B-spline curves: general case

* Given: knotsequencety <ty < - <t, < - <tpik
((tq, tq, ..., t4) is called knot vector)

. Normallzed B-spline functions N;  of the order k
(degree k — 1) are defined as:

t; <t<t;
N' £) = ) I — . [+1
1(0) { 0, otherwise

t t
Nip(£) = 7= Nige—1 (8) + = Z—Nip1 -1 (£)

Civik—1— Civk—tli+1

fork >1andi=0,...,n
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1 t: <t <t
N: (t) = ’ L= .l+1
i1(t) { 0, otherwise
t—t
Nip(t) = ——
i+k—1

fork>1andi=0,...,n

5 Nj -1 (t) + PR Nit1p-1(t)









Basis properties

* For the so defined basis functions, the following
properties can be shown:

ig(€) >0fort; <t <tjp
ik(t) =0forty <t <tjortiyy <t <tpix
izo Nix(t) = 1fortg_q <t < tyqq

* For t; < tj < t;4, the basis functions N; ; ()
are C¥=2 at the knots t;

* The interval [t;, t; 4] is called support of N;



B-spline curves

* B-spline curves
e Given: n + 1 control points d, ..., d,, € R3
knot vector T = (tg, ..., ty, - tryr)

* Then, the B-spline curve x(t) of the order k is defined
as

n
x(t) = z N; i (t) - d;
i=0
* The points d; are called de Boor points

Carl R. de Boor
German-American mathematician
University of Wisconsin-Madison
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B-spline curves

* Multiple weighted knot vectors
e Sofar: T = (tg, ..., by, oo, tpyp) With g < t; < -+ <
tn+k

* Now: also multiple knots allowed, i.e. withty < t; <

o <tk

* The recursive definition of the B spline function N
(i =0, ...,n) works nonetheless, as long as no more
than k knots coincide



B-spline curves

* Effect of multiple knots:
* set: tO — tl — e = tk—l

*and tpyq = thez = 0 = tnyk

d, and d,, are interpolated



B-spline curves

* Example:k =4,n=5

dig

*
b - \

i )

o=n=nmn=i; 74 Is

le=171=I8=]9

do ' ' 1



B-spline curves

* Example:k =4,n=5

le=171=ts=K

]
L}

—o
\ds
L
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B-spline curves

* Further example




B-spline curves

* Interesting property:

* B-spline functions N;; (i = 0, ..., k — 1) of the order k
over the knot vector T = (tg,t1, ..., typ—1) =
0, ...,0,1,...,1)

{ J {

| |
k times k times

are Bernstein polynomials B{‘_l of degree k — 1



B-spline curves properties

e Given:
o T = (ty, -, to, tis s by g1y +oes tr 1)
l_I_l | l ]
k times k times

* de Boor polygon d,, ..., d,,

* Then, the following applies for the related B-spline
curve x(t):



B-spline curves properties

* x(ty) = dy, x(t,+1) = d,, (end point interpolation)

. k-1
* x(ty) = P—

similarind,,)

(d, — d,) (tangent direction at d,,

* x(t) consists of n — k + 2 polynomial curve
segments of degree k — 1 (assuming no multiple
inner knots)



B-spline curves properties

* Multiple inner knots = reduction of continuity of x(t).

[-times inner knot (1 < [ < k) means

C*=!=1_continuity

* Local impact of the de Boor points: moving of d; only
changes the curve in the region [t;, t; 1]

* The insertion of new de Boor points does not change the
polynomial degree of the curve segments



B-spline curves properties

* Locality of B-spline curves



B-spline curves

* Evaluation of B-spline curves
* Using B-spline functions

e Using the de Boor algorithm
Similar algorithm to the de Casteljau algorithm for Bezier curves;
consists of a number of linear interpolations on the de Boor polygon



The de Boor algorithm

e Given:

d,, ..., d,: de Boor points

(tO' ey tk—l = tO' tk' tk+1' ey tn' tn+1' Ll tn+k = t‘n+1):
Knot vector

e wanted:

Curve point x(t) of the B-spline curve of the order k



The de Boor algorithm

1. Search indexr witht,. <t < t, 1
2. fori=r—-k+1,..,r
d?:di
e forj=1,..,k—1
fori=r—k+1+j,..,7
dl =(1-al)-dl7} +a] -dl™
t—t;

with ai] =
Livk—j—Li

Then: d¥=1 = x(¢t)
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