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f:R1 — R1
y = f(x)
+ =(x, f(x)), x € [a, b]HIENIE ;
p:R' = R?
x = x(t)
y =y(t) ty
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- BT ExFIR T Eyﬂﬁaé%\ﬂﬁﬁaé%
EtEﬁaé? (REFE)
flx,y) =0

* tban:
ax+by+c—0
¢ x% +y?%=1
cyi=x3+ax+b
e xy% + In(x siny — eY™V¥) = cos(x —/x3 — 2y)
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Implicit Function Theorem:
* Given a differentiable function

fiR*2D > R, f(x@) = 0,-— f(x®) =
2 f (2, xD) % 0

0xn
* Within an e-neighborhood of x(9 we can represent the

zero level set of f completely as a heightfield function g
g:R™ 1 5 R such that for x — x(®) < & we have:
f(xl, ey Xp—1, 9 (X4, ...,xn_l)) = 0 and

f(xq,...,x,) # 0 everywhere else

* The heightfield is a differentiable (n — 1)-manifold and
its surface normal is the colinear to the gradient of f.
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« BERRRETF S — %, FBRExFy ZITREL
z=f(xy), x,y € |a,b] X [c,d]

s MAZFETNEZE A FiA TR EI0FELE (FLHz =
05z = f(x,y) 932 %)
flx,y) =0

* f(x,y) =0, HAZ% L,
* f(x,y) <0, BAZMAEM (AZB) ;
* f(x,y) >0, BHZp9AEM (9pEB) |
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* General case
* Non-zero gradient at zero crossings
e Otherwise arbitrary
 Signed implicit function:
* sign(f): negative inside and positive outside the object
(or the other way round, but we assume this orientation here)

 Signed distance field (SDF)

 |f| = distance to the surface A
* sign(f): negative inside, positive outside .
* Squared distance function |
* f = (distance to the surface)? < \




Differential Properties

Some useful differential properties:

* We look at a surface point x, i.e. f(x) = 0.
* We assume IVf(x) # 0.
* The unit normal of the implicit surface is given by:

Vf(x)
IVf )l

* For signed functions, the normal is pointing outward
* For signed distance functions, this simplifies to n(x) = Vf(x)

n(x) =



Differential Properties

Some useful differential properties:

 The mean curvature of the surface is proportional to the divergence
of the unit normal:

0 0 0
—2H(x) =V -n(x) = anx(x) + @ny(x) + Enz(x)
7. Vf(x)
IV ol

* For a signed distance function, the formula simplifies to:
2

9] 02 0?
—2H(x) =V - Vf(x) = —f(x) + 6_yzf(x) +o5f(x) =A%)
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TEx N T Eyﬂﬁaé%\flﬁﬁaé%
EtEﬁaé? (R&FE)
flx,y) =0

- tban:
ax+by+c—0
« x% +y?=1
cyi=x34+ax+b
e xy% + In(x siny — e¥Y™V¥) = cos(x — /x3 = 2y)
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AN — PRI EREz = f(x,y)
« I EAN0(FHa)FELZz=0 (Bz—a=0)
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« B48 (2D: Marching Squares)
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There is a (minor) technical problem remaining:
* The triangulation can be ambiguous

* In some cases, different topologies are possible which are all
locally plausible:

out in
L],
in out _

* This is an undersampling artifact. At a sufficiently high
resolution, this cannot occur.

* Problem: Inconsistent application can lead to holes in the
surface (non-manifold solutions)



Adaptive Grids

Adaptive / hierarchical grids:

* Perform a quadtree / octree
tessellation of the domain (or any
other partition into elements)

* Refine where more precision is
necessary (near surface, maybe
curvature dependent)

* Associate basis functions with each
cell (constant or higher order)
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* Blobby molecules
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* RBF based method
* Multi-level partition of unity implicits (MPU)

e Poisson reconstruction method
* Screened Poisson method
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