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Abstract: We propose a novel representation of triangular mesh surface using a set of scale-invariant measures.
The measures consist of angles of the triangles (triangle angles) and dihedral angles along the edges (edge angles)
which are scale and rigidity independent. We can reconstruct the vertex coordinates for a mesh given its scale-
invariant measures, unique up to scaling, rotation and translation. Based on the representation of mesh using
scale-invariant measures, we propose a two-step iterative deformation algorithm which can arbitrarily editing the
mesh through simple handles interaction. The algorithm can explicitly preserve the local geometric details as much
as possible in different scales even under severe editing operations including rotation, scaling and shearing. We
demonstrate efficiency and robustness of our algorithm by examples.
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1 Introduction

Shape manipulation has wide applications in
computer graphics and animation. A variety of tech-
niques have been developed to transform an original
shape into a new one under a certain number of con-
straints. These techniques can be used to develop
efficient deformation tool to provide physically plau-
sible and aesthetically pleasing surface deformation
results, which in particular requires its local geomet-
ric details to be preserved as much as possible. Any
smooth deformation can be decomposed into three
modes, namely, rotation, scaling and shearing. We
want to find an efficient local encoding of geometric
details which can facilitate intuitive surface manipu-
lation and deformation in the three modes above.

In this paper, we introduce a novel differential
representation of the 3D triangular mesh surface us-
ing a set of angle measures (triangle angles and edge
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angles) which are invariant to rigid and isotropic s-
cale transformations. And the representation deter-
mines a unique surface up to global similarity if the
measurements are from existing mesh. The represen-
tation is designed especially to be shape preserving
in different scales for arbitrarily deformation.

As we have known, the differential representa-
tions used in existing works are often absolute length
measures, such as edge lengths (Sorkine and Alexa,
2007), local frames (Kircher and Garland, 2008; Lip-
man et al., 2005; Paries et al., 2007; Wang et al.,
2012), differential coordinates (Sheffer and Kraevoy,
2004; Sorkine et al., 2004; Yu et al., 2004), which
cannot efficiently handle the scaling deformations
furthermore some cannot preserve geometric details
in shearing deformations. The reason is that, the
absolute length measures can hardly be preserved
under such deformation operations. In contrast our
scale-invariant measures only encode the relative an-
gles, due to the scale invariance our method aims
to find a discrete approximation for a conformal im-
mersion of the source mesh with additional edge an-
gle constraints. We believe that scale variation and



2 author et.al. / J Zhejiang Univ-Sci C (Comput & Electron)

conformal deformation are desirable in digital geom-
etry processing, because they do not exhibit shear
and therefore preserve texture fidelity as well as the
quality of the mesh itself (Crane et al., 2011; Paries
et al., 2007).

The angle measurements (triangle angles and
edge angles) are then used for a two-step itera-
tive deformation algorithm which can efficiently p-
reserve geometric details in arbitrarily deformation
operations through some point and orientation con-
straints. The basic idea is to minimize the deviation
of each vertex 1-ring neighborhoods in the ℓ2-sense,
ignoring rotation, translation, and scaling. The ver-
tex and its 1-ring neighborhoods are encoded using
triangle angles and edge angles between consecutive
edges. The energy is minimized using an alternating
scheme, fixing either face normals or vertex coordi-
nates during each iteration.

Our work endeavors to preserve the local ge-
ometric details under the large-scale editing oper-
ations using our scale-invariant measures. We can
easily note the characteristics of our algorithm in
Fig. 9 and Fig. 11, and find that our algorithm is
more effective than the other algorithms (Lipman
et al., 2005; Paries et al., 2007; Sorkine and Alexa,
2007; Sorkine et al., 2004) to preserve the local fea-
tures. We can get an optimal rigidity approximation
of the deformed shape by rescaling the scale factors
to the same one, which provide an option to rescale
the local shapes. We can also use the scale factors to
magnify the interesting regions to different degrees
without losing the detail features.

2 Related work

Deformation is an important part in shape ma-
nipulation. The deformation approaches can be clas-
sified as surface based methods, space based method-
s, volumetric deformation, point cloud deformation,
etc. It is beyond our scope to review all existing
categories of methods, and we will restrict ourselves
to surface based and space based methods which are
mainly two types of the methods. As our contribu-
tion fits squarely in the surface based category, here
we concentrate on surface based methods, although
we mention some relevant space based approaches as
well.

Early work of shape deformation approaches fo-
cus on space based methods, some surveys are well

summarized in the literatures (Gain and Bechmann,
2008; Milliron et al., 2002), some recent space meth-
ods are Jacobson et al. (2011) and Levi and Levin
(2014), etc. Recently the high-resolution meshes
which produced by 3D scanning devices of real-world
objects become a prominent representation for 3D
models. Having abundant local geometric details at
various scales is one distinct property of these mesh.
The surface based methods are particularly suited
for this type representation of models and attrac-
t widespread attention of researchers. A common
interactive mode is to specify a number of original
and target vertices and compute the remaining ver-
tex positions by a variational approach. The details
preserving is the central goal of these approaches.
Multiresolution methods. Multiresolution meth-
ods preserve the geometric details by decomposing
the mesh into a series of hierarchical simplified levels
with different detail coefficients. The details are de-
fined by differences successive levels and encoded to
local frames of the lower level (Botsch and Kobbelt,
2004; Kobbelt et al., 1998; Zorin et al., 1997). These
methods often apply deformation on low levels of the
model then reconstruct the high level details.
Physics-based methods. An alternative approach
is to develop algorithms based on some physics-based
energies, e.g., by using continuum mechanics and e-
lasticity theory (Bao et al., 2005; Chao et al., 2010;
Hu et al., 2004). For example, Chao et al. (2010) de-
fined an elastic energy based on the distance between
the deformation gradient and the rotation group, in-
cluding an additional thin-shell bending term if nec-
essary, and gave a nice analysis of the relationship
between the as-rigid-as-possible methods and stan-
dard elastic energy minimization.
Differential representation methods. Using the
differential representation based methods to preserve
the details have gained significant popularity in re-
cent years. Commonly used differential representa-
tions often extract different local geometric proper-
ties, such as Laplacian coordinates (Sorkine et al.,
2004), pyramid coordinates (Sheffer and Kraevoy,
2004), gradient fields (Yu et al., 2004), local frames
(Kircher and Garland, 2008; Lipman et al., 2005;
Paries et al., 2007; Wang et al., 2012), dual Lapla-
cian coordinates (Au et al., 2006), etc, see (Botsch
and Sorkine, 2008) for a survey on these method-
s. The deformation technique that we derive from
our discrete surface representation can be seen as d-
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ifferential coordinates methods. These methods are
characterized by applying the change of local geo-
metric properties to reconstruct the whole mesh by
inputting some handle constraints.
Comment on metric. Our approach uses iteration
to solve the main optimization problem, which is
similar to local frames (Paries et al., 2007), pyramid
coordinates (Sheffer and Kraevoy, 2004) and dual
Laplacian coordinates (Au et al., 2006), but with a
completely different differential representation which
only consist of the angular metrics.

The edge lengths and edge angles have been
used as the local shape descriptor in some literatures.
Grinspun et al. (2003) used edge angles on some cloth
energies in physically based simulation. Frohlich and
Botsch (2011) and Winkler et al. (2010) proposed
methods based on interpolating the edge lengths and
edge angles, in some physics-based energies coupled
with a non-linear reconstruction method. Recent-
ly, Wang et al. (2012) used edge lengths and edge
angles to reconstruct the mesh only through a s-
parse linear solve, Zhang et al. (2012) used metric
design through Ricci flow to deform surface, Cao
et al. (2012) used Lp norms to shape deformation.
We note that the absolute quantities such as edge
lengths can hardly be preserved under the large-scale
editing operations, in contrast we encode the relative
values of angular measures and strive to preserve the
local details in different scales.
Comment on deformation constraints. Lipman
et al. (2005) and Wang et al. (2012) proposed linear
and rotation-invariant method to handle rotational
deformations, which based on fundamental theorem
of surfaces in the continuous setting. However, linear
method cannot avoid artifacts when rotational con-
strains are required, due to the fact that deformation
energies should be invariant to rotation is a non-
linear function of the shape geometry (Botsch and
Sorkine, 2008). Attempts to linearize the rotation-
al constraints show some problems, for example, the
method is insensitive to translational constraints, the
local frames may degenerate and become inconsis-
tent with the reconstructed geometry (Paries et al.,
2007). The non-linear iterative method (Au et al.,
2006; Paries et al., 2007; Sheffer and Kraevoy, 2004)
can efficient cope of above problems, comparing to
these methods our method generates less edge angles
distortion.

Deformations with large shearing constraints

may result in severe artifacts, here our method can
efficient reduce angular distortion and preserve the
local details as much as possible.

Conformal deformations permit efficient manip-
ulate of surface with scaling constraints. The goal of
our method is allowing scale invariance of each vertex
1-ring in the ℓ2-sense. In 2D, our idea equals to the
as-similar-as-possible method (Igarashi et al., 2005)
and relates to the conformal shape editing method-
s (Chen et al., 2013; Lipman et al., 2008; Weber and
Gotsman, 2010). In 3D, the quasi-conformal shape
editing methods (Crane et al., 2011; Lipman, 2012;
Paries et al., 2007) can permit efficient manipula-
tion of surface geometry up to scale. Our method
strives to achieve the same goal, but in sharp con-
trast, we provide additional edge angles constraints.
(Crane et al., 2011) produced conformal deformed re-
sults by manipulating mean curvature and boundary
data which can introduce less conformal distortion
than our method, however changing the mean curva-
ture will introduce significant edge angles distortion.
(Paries et al., 2007) is similar to our method, it seek-
s conformal deformations and encode local frames
as quaternions at vertices to preserve geometric de-
tails, it restricts local frames to be orthogonal not
orthonormal which can isotropic scale the shape,
however they have not considered the edge angles
constraints which can preserve the mean curvature
of the surface and produces larger angular distortion
than our method.

Essentially, our method preserves edge angles
between adjacent triangles which corresponds to an
implicit preservation of mean curvature (Grinspun
et al., 2003), preserves corner angles which corre-
sponds to an implicit preservation of gauss curvature.
And our differential representation based method is
conceptually simple, which leads to an efficient algo-
rithm.

3 Scale-invariant measures

Scale-invariant measures are designed to cap-
ture the shape of the mesh around each vertex and
measure the set of angles uniquely relating a vertex
to its 1-ring neighborhoods.

3.1 Notations and definitions

Denote a 2-manifold triangular mesh as M =

{V,E, F}, where V denotes the set of its vertices, E
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Fig. 2 Overview of our iterative algorithm. Given a Dragon model, the user fixes two points (in blue) on its
legs and drags one point (in red) upwards. Starting from a severe distorted initial guess, our algorithm runs a
two-step processing to update the mesh in an iterative manner. The final result is explicitly preserve the local
geometric details as much as possible in different scales shown in the right.

Fig. 1 The scale-invariant measures defined at the
1-ring cell of vertex v in a 3D triangular mesh.

denotes the set of its edges, and F denotes the set of
its triangles. Let v ∈ V (with v denoting its coordi-
nates throughout the paper) be a vertex of M with
valence k and v1,v2, · · · ,vk be its 1-ring neighbor-
hood vertices (Fig. 1). Cv = {v,v1,v2, · · · ,vk} is
called the 1-ring cell of v. Denote the edges ei = vvi

and triangles fi = ∆vvivi+1, i = 1, 2, · · · , k (here
vk+1 = v1). We define the triangle angles θi =

∠(ei, ei+1), and the edge angles ϕi = ∠(fi−1, fi).
Then Ωv = {Θi, Φi}, where Θi = {θi, i =

1, · · · , k}, and Φi = {ϕi, i = 1, · · · , k}, are defined
as the scale-invariant measure of v. We can see that
the measures are invariant under rigid and isotropic
scaling transformation.

We define the scale-invariant measures of the
mesh M as Ω = {Ωv, v ∈ V }. On one hand, Ω is
uniquely defined for a given mesh M . On the other
hand, given the scale-invariant measures Ω, if we fix
one of the edges and one of the orientation of the
triangle containing this edge, all the edges can be
obtained from Ω. Then a mesh can be uniquely de-
termined by edge lengths and edge angles as shown

in (Wang et al., 2012). It is thus seen that a trian-
gular mesh M has its shape (and size) completely
determined by its scale-invariant measures Ω up to
a rigid transformation (and a specific scale). If the
user inputs more handle constraints, the system is
overconstrainted we solve it in least squares sense to
reconstruct a deformed mesh according to the pre-
scribed handle constraints.

3.2 Scale-aware equations

Let us discuss about how we can reconstruct
the mesh M from Ω. Consider the triangle fi of the
cell Cv. Denote Ni as the normal of fi. Then edge
ei+1 can be obtained by rotating edge ei by angle θi
around the axis Ni. That is, we have

ei+1 = liRiei, (1)

where Ri represents the rotation matrix of rotating
around Ni by angle θi which encodes rotation and
li encodes the scaling from ei to ei+1. In order to
preserve the connectivity of the mesh, we define the
the length ratios li = ∥ei+1∥/∥ei∥ = sinα/ sinβ,
where α is the opposite triangle angle of edge ei+1

and β is the opposite triangle angle of edge ei due to
the law of sines.

If Ni is known, we can have a linear equation on
v,vi,vi+1 from (1) as

(liRi − I)v − liRivi + vi+1 = 0, (2)

where I is the identity matrix. Apply this to all ver-
tex angles θ ∈ Θ yields a large sparse linear system

G(Θ,N (V))V = 0, (3)

where N denotes all the triangle normals of M . We
call Equation (3) the scale-aware equations of M .
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Moreover, as ∠(Ni−1,Ni) = ϕi, apply this to
all edges yields the following constraint equations on
N :

H(Φ,N (V)) = {∠(Nl
e,N

r
e) = ϕe, e ∈ E}, (4)

where Nl
e and Nr

e denote the normals of the two
triangles sharing e and ϕe is the edge angle between
two triangles. We call Equation (4) the scale-aware
constraints of M .

Given Ω, the vertices V of M can be recon-
structed by solving the scale-aware equations (3) un-
der the scale-aware constraints (4). Note that V also
appears in the coefficient matrix G in (3). Thus it
is nontrivial to solve such a non-linear system with
nonlinear constraints. We will propose a two-step
method to reconstruct M from Ω in the next sec-
tion.

4 Scale-Aware Shape Manipulation

Solving V from the scale-aware equations (3) is
essentially a chicken-and-egg problem: on one hand,
the reconstruction of the mesh requires the triangle
normals; on the other hand, the computation of tri-
angle normals depends on the mesh vertices. In order
to solve this problem, we present a two-step iterative
solution by separating the vertices V and the triangle
normals N to compute V and N alternatively.
Vertex constraints. To accurately reconstruct the
mesh we need to fix some vertices (at least three) so
as to eliminate the extra degrees of freedom of the
intrinsic equations. In the application of shape de-
formation, the user fixes some vertices of the mesh
and manipulates some other vertices (called han-
dles). The deformed mesh has to be reconstructed
according to the user’s inputs. We denote the input
constraints of the user as

vj = vj
∗, j ∈ C, (5)

where C is the set of fixed vertices and handles spec-
ified by the user.

4.1 Energy function

We solve the following minimization problem

min
V

E(V) = ∥G(Θ,N (V))V∥2

s.t.{(4), (5)} (6)

Starting from an initial guess of the vertices, our
algorithm alternatively updates the triangle normals
N and the vertex positions V in two steps in an
iterative manner (see Fig. 2).

Step one. In this step, we are given an intermediate
V. The normals N are computed accordingly. We
then update N such that it satisfied the scale-aware
constraints (4).

Step two. In this step, we fix the normals N . Then
the vertices V is solved by solving the sparse linear
system (3) under constraints (5).

4.2 Step one: Updating normals

Suppose we have an initial guess which is gener-
ated by any available algorithm. Then we can com-
pute its normal N̄ explicitly. However, N̄ may not
satisfy the constraints (4). Thus we need to update
N̄ to satisfy (4).

Consider the Gaussian map G̃, a graph on the
unit sphere with each node representing the normal
of a triangle, of M . Actually, G̃ is a dual mesh on
the unit sphere of M (Fig. 3(a), (b)).

Now the problem is how to adjust the normals
under the constraints (4). That is, given a set of n-
odes on the unit sphere, how to adjust the positions
of the nodes such that the angles (distances) between
each node and its adjacent nodes are equal to the giv-
en edge angles Φ. We develop an iterative scheme to
update the normals in an as-rigid-as-possible man-
ner (Sorkine and Alexa, 2007).

Denote Nv = {N1,N2, · · · ,Nk} as the trian-
gle normals of the 1-ring neighbors of vertex v. The
pyramid consists of Nv and the sphere origin O (with
edges ẽi = ONi, i = 1, 2, · · · , k) is denoted by P̃v.
Denote M ′ as the deformed mesh of M . The coun-
terpart X of M in M ′ are denoted by X ′ in this
section.

Local phase. For each pyramid P̃v, the optimal ro-
tation R̃v from P̃v to P̃ ′

v is computed by minimizing
the following energy function

EP̃v
=

k∑
i=1

wi∥ẽ′i − R̃vẽi∥2, (7)

where wi are the cotangent weights for spatially con-
sistent on non-uniform meshes. This is solved as
R̃v = VvU

T
v by the signed SVD factorization of the
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Fig. 3 Illustration of the triangular mesh (a) and its dual mesh on the unit sphere (b). (c) shows a pyramid
consisting of nodes of a face in (b) and the origin of the sphere. The pyramid is deformed into another pyramid
(d) with a rotation transformation which can be computed in the local phase of updating the normals in our
algorithm.

cross-covariance matrix (Sorkine and Alexa, 2007).

Sv =

k∑
i=1

wiẽiẽ
′T
i = UvDvV

T
v . (8)

Global phase. After we apply the rotation R̃v to
each pyramid P̃v individually, the corresponding n-
odes of G̃ may not coincide as shown in Fig. 4 (left).
We then stitch them by minimizing the following en-
ergy function

EG̃ =
∑
v∈V

EP̃v
. (9)

Its derivative is

∂EG̃

∂ẽ′i
=∥ẽ′i − R̃v1 ẽi∥2+

∥ẽ′i − R̃v2 ẽi∥2 + ∥ẽ′i − R̃v3 ẽi∥2, (10)

where v1, v2, v3 are the adjacent nodes of node Ni

(i.e., ei) in G̃. By setting ∂EG

∂ẽ′
i
= 0 we have

N′
i =

1

3
(R̃v1Ni + R̃v2Ni + R̃v3Ni). (11)

N′
i is then normalized on the unit sphere.

Fig. 4 Stitching the separate pyramids into a coherent
mesh on the unit sphere.

4.3 Step two: Recovering vertices from nor-
mals

After N is updated, we fix N and recover V

by solving the linear system G(L, Θ,N )V = 0 with
constraints (5). The constraints are regarded as soft
constraints and we solve V by the following mini-
mization problem

min
V

E(V) = ∥GV∥2 + λ
∑
j∈C

∥vj − vj
∗∥2, (12)

where λ is a weight (we set λ = 100.0 in our imple-
mentation).

4.4 Algorithm

Our algorithm is summarized in Algorithm 1.
As the deformed mesh is constructed by preserving
the scale-invariant measures. That is, the result p-
reserves the local similarity with the input mesh as
much as possible. The optimal local scales are auto-
matically obtained in different parts of the mesh.
Advantages over previous methods. Our scale-
aware approach can preserve the shape of local de-
tails efficiently and automatically determine the s-
cale factors of the local details everywhere. When
users stretch or squash the object in large scales,
previous methods cannot preserve the local shape
because those methods try to preserve the absolute
measure of the length (rigidity) whereas our method
try to preserve the relative length similarity. Com-
paring the previous surface based conformal defor-
mation method (Paries et al., 2007) our method has
a smaller angular distortion and better details pre-
served results (see Section 6), comparing the frame
based methods (Kircher and Garland, 2008; Lipman
et al., 2005; Paries et al., 2007; Wang et al., 2012)
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Algorithm 1 Mesh reconstruction from the scale-
aware variables
Require: The scale-aware variables Ω
Ensure: The mesh vertices V

Initialization: Generate an initial guess V.
Repeat until convergence {

Step one:
Repeat until convergence {
N ←− V;
Update N under constraints (4) (Sec-

tion 4.2) }
Step two:
V←− Solve (3) under constraints (5) (Sec-

tion 4.3) }

Fig. 5 The results of the iterations using our al-
gorithm. From left to right: the input model; the
intermediate result; the intermediate result; the fi-
nal result. Carefully observe the difference in the
branches, the latter ones better keep the similarity of
the local shapes in the original model.

which require manual scaling some discrete frames
our scale factors are obtained automatically and our
method has a smaller distortion.

5 Discussion

We discuss about some issues of our algorithm
in this section.

5.1 Convergence of the iterative algorithm

Fig. 5 shows the results of the iterations using
our algorithm. We can see that the local details
are better preserved as the algorithm is applied in
more iterations. Furthermore, we also quantitatively
evaluate the convergence of our algorithm.
Error metric. Our algorithm tries to preserve the
scale-invariant measures Ω. To quantitatively eval-
uate our algorithm we respectively analyze the error
metric on the angles as follows.

Eθ =

√∑
θ∈Θ

(θorg − θres)2/|Θ|,

Eϕ =

√∑
ϕ∈Φ

(ϕorg − ϕres)2/|Φ|,

where θorg and ϕorg denote the original angles re-
spectively, and θres and ϕres denote the result angles
respectively.
Quantitative evaluation. We show the error
curves of the example in Fig. 11(f). Fig. 6(a) shows
the error curve of the triangle angles Eθ. It is seen
that the curve of Eθ decreases quickly and thus con-
verges. Fig. 6(b) shows the error curve of the edge
angles Eϕ. In Fig. 6(b), we can see that error curve of
Eϕ always decreasing in step one (normal updating
step), and it might lift up in step two (vertex up-
dating step), finally the curve converges to a stable
status.

The convergence of the algorithm seriously im-
pact the final deformed result. In Fig. 5, we find that
the final convergence result better preserve the local
shapes in the branches of the tree model than the
intermediate results. Although it is difficult to for-
mally proof convergence of the above proposed algo-
rithm, we observed in our experiments (Fig. 6) that
the reconstruction converges after only a few itera-
tions even for large handle transformations. Thus we
prove the convergence of the algorithm via numerical
experiment.

5.2 Initialization

Our algorithm is insensitive to the choose of
initialization. In our implementation, we all adopt
the original Laplacian editing method Sorkine et al.
(2004) as the initialization which should produce
severe distortion in rotation, shearing and scaling
transformations. However, our algorithm can pro-
duce visually pleasing results from the highly dis-
torted initialization even for large handle transfor-
mations.

5.3 Optimal rigidity approximation

Our scale-aware approach can well preserve the
local shape by scaling the local details in an opti-
mal manner. However in some applications, the user
want to keep the rigidity of the local detail. Starting
from the result obtained by Algorithm 1, where the
shapes of the triangles are well preserved, the rigidi-
ty of the triangles as well as its 1-ring neighbors can
be easily estimated.

We extend our algorithm, called optimal rigidity
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Fig. 6 The curves of angle errors of the example in Fig. 11(f). (a) shows the error curve of triangle angles
(corner angles of triangles); (b) shows the error curve of edge angles (dihedral angles of edges).

approximation (ORA), to satisfy the requirements of
preserving the rigidity in the results. Specifically, we
scale each individual triangle to make it have the
same size with the original one. Then we stitch all
the scaled triangles into one coherent mesh (Igarashi
et al., 2005).

Note that the ORA results will increase some
distortion of the edge angles and triangle angles, but
producing a global rigidity results.

Fig. 7 The results of shape manipulation using our
scale-aware manipulation method (left) and our opti-
mal rigidity approximation method (right).

Scale factor. We denote the area of triangle t ∈ F

as Areat. The scale factor of t is defined as

σt =
Area′t
Areat

. (13)

Scaling each triangle. We scale each triangle t′ =

{v′t
0,v

′t
1,v

′t
2} according to its center c′t = 1

3 (v
′t
0 +

v′t
1 + v′t

2) to a new triangle t̂t = {v̂t
0, v̂

t
1, v̂

t
2} as (see

Fig. 8)
v̂t
j = c′t + τtc

′
tv

′t
j , j = 0, 1, 2, (14)

where τt =
√

1/σt =
√
Areat/Area′t.

Stitching the triangles. We stitch all the triangles
into a coherent mesh by minimizing the following

Fig. 8 Construction of an adjusted triangle from a
deformed triangle by a scale factor to make the area
of adjusted triangle equal to the original triangle.

energy

Estitch =
∑
t∈F

2∑
j=0

∥v̌t
jv̌

t
j+1 − v̂t

jv̂
t
j+1∥2. (15)

The above stitching scheme is actually an exten-
sion of that presented in (Igarashi et al., 2005) from
2D mesh to 3D mesh. As Algorithm 1 obtains simi-
lar shapes of the triangles with the input mesh, the
above scaling and stitching scheme reveals the rigidi-
ties of all triangles very well, as shown in Fig. 7.

6 Experimental results

Illustration of 2D curve editing. Fig. 9 compares
the editing results of a 2D Koch curve using var-
ious deformation approaches, including the original
Laplacian editing approach (Sorkine et al., 2004), the
optimized Laplacian editing approach (Sorkine et al.,
2004), the LRI approach (Lipman et al., 2005), the
ARAP approach (Sorkine and Alexa, 2007) and our
approach. Large distortions in the local details ap-
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Fig. 9 Results of editing the 2D Koch curve (a) (the two ends in green are fixed and the middle point in red is
pulled upwards) using different approaches: (b) the original Laplacian-based approach (Sorkine et al., 2004);
(c) the implicit optimization Laplacian-based approach (Sorkine et al., 2004); (d) the linear rotation-invariant
(LRI) approach (Lipman et al., 2005); (e) the as-rigid-as-possible (ARAP) approach (Sorkine and Alexa, 2007);
(f) our scale-aware approach.

pear in the results as shown in Fig. 9(b-e). On the
contrary, our method faithfully preserves the details
as much as possible to the original ones with different
scales even including the sharp features (Fig. 9(f)),
which showing the characteristic of our algorithm.
Mesh deformation. We compare our algorithm
with other deformation methods in 3D deformation.
To demonstrate the quality of the deformed result-
s by our approach, we applied the test examples
from (Botsch and Sorkine, 2008). The extreme ex-
amples were chosen to reveal limitations of linear
approaches, i.e. existing linear methods show gross
artifacts on at least one of these examples.

From the Fig. 10, we can see that our approach
produces plausible results for all these examples and
does not suffer linearization artifacts. The quali-
ty of our results can compare to any non-linear ap-
proaches, such as Primo (Botsch et al., 2006), ARA-
P (Sorkine and Alexa, 2007) and Consistent Local
Frames (Paries et al., 2007), etc.

Fig. 11 shows the deformation results when we
stretch the Xmas tree model using different ap-
proaches. From the results, we find that our algo-
rithm appropriately scales the local features to sat-
isfy the input constraints of user without obvious
distortion. There are abundant of methods focus on
rotation invariance only, but there are couple meth-
ods that address the similar problem as ours. In
order to demonstrate the advantage of our repre-
sentation, we compare with the conformal deforma-
tion method (Paries et al., 2007) which is quater-
nion based. Comparing Fig. 11(e) and Fig. 11(f) we
can find that our method produced a better shape
preservation and a less distortion of edge angles re-
sult than the conformal deformation method (Paries
et al., 2007).

As is evident in Fig. 10 and Fig. 11, our scale-

Fig. 10 Our results (right) compare to the results
of Primo (Botsch et al., 2006) (middle) for a pure
translation, a 120◦ bend, a 135◦ twist and a 70◦ bend of
different objects, which are some extreme examples
shown in (Botsch and Sorkine, 2008). Numbers in
brackets denote triangle angle distortion and edge
angle distortion.

aware method consistently gives the best value of
edge angle distortion (Eϕ), at a very small even in-
significant penalty in triangle angle distortion (Eθ).

Our algorithm can be used to expand the focal
region and reconstruct the deformed result. Fig. 12
shows the results of magnifying the local region by
different scales. Fig. 13 shows the results of magni-
fying different local regions of the same scale.

The results show that the details of the local
shapes can be well preserved in different scales.

Fig. 14 shows more results of deforming a Di-
nosaur model using our method.
Implementation details. We have implement-
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Fig. 11 Results of manipulating the Xmas tree model (a) (the three points in blue are fixed and the point in
red is pulled upwards) using different approaches: (b) the Laplacian editing approach (Sorkine et al., 2004);
(c) the linear rotation-invariant (LRI) approach (Lipman et al., 2005); (d) the as-rigid-as-possible (ARAP)
approach (Sorkine and Alexa, 2007); (e) the consistent local frames approach (Paries et al., 2007); (f) our
scale-aware approach. Numbers in brackets denote triangle angle distortion and edge angle distortion. Our
algorithm is more effective to preserve the local features in different scales than the other algorithms under
large-scale edit operation.

Fig. 13 Results of magnify the different parts of the Dragon model with the same scale. From left to right:
original dragon model; scaling(×3) the head; scaling(×3) the body; scaling(×3) the tail.

Fig. 12 Results of magnify the same part of the El-
der model with different scales. Left: original model;
middle: scaling the head by a scale of 1.5; right: scal-
ing the head by a scale of 2.

ed our algorithm using C++ on an Intel dual core
2.10/2.10 GHZ processor notebook with 4GB RAM.
In step one, we use a iterative local/global method to
update the normals, it usually takes 5-20 iterations
to converge, thus it is very fast and the runtime is
comparable to the ARAP (Sorkine and Alexa, 2007)

method. The most time-consuming part of our algo-
rithm is solving the sparse linear system (3) in step
two. The factorization of the normal equation may
take a longer time, but it is precomputed only once.
At each iteration step, only back-substitutions are
performed to solve the system. We used the sparse
Cholesky linear solver for matrix computation. In all
our experiments, our algorithm usually takes 10-20
iterations to converge. Due to the two-step iterative
process, our algorithm need more running time than
the linear variational deformation methods such as
Laplacian editing method (Sorkine et al., 2004), lin-
ear rotation-invariant method (Lipman et al., 2005),
etc. However the angular measure errors are very
low in all the case of this paper, which demonstrates
the efficiency and accuracy of our algorithm. Ta-
ble 1 gives the model statistic, the time required and
the error estimation of the deformed results which
measured when iteration converge in this paper.
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Fig. 14 Results of editing the Dino model (a). (b-e) are results produced by our algorithm.

Table 1 Model statistic and performance

Model n Runtime(s) Eθ Eϕ

Bumpy plane 40401 76 0.021 0.113
Cylinder 4802 8 0.013 0.238

Bar 2602 6 0.086 1.289
Cactus 5261 11 0.036 0.140

Xmas tree 8582 24 0.007 0.048
Dragon 19974 42(a) 0.022(a) 0.113(a)
Dino 5420 13(a) 0.033(a) 0.311(a)
Elder 12500 37(a) 0.004(a) 0.032(a)

n the number of vertices; s the convergence time in seconds;
a the average of all the examples

7 Conclusion

In this paper, we introduce a new set of scale-
invariant measures for representing the 3D triangu-
lar mesh. The measures are invariant to rigid and
isotropic scale transformations. Then we present a
robust and efficient approach to edit the shape based
the measures. The shape of the local details are well
preserved in the deformed results. The experimental
results show that our algorithm is an effective tool
for manipulating shapes and can generate visually
pleasing results even under severe editing operations.

As a future work, we will speed up the algorithm
using GPU implementation. It is also worthwhile to
apply our scale-invariant measures in other applica-
tions such as surface morphing, detail enhancement,
coating, etc.
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