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& ERSIEATM, e 'R ER LEEAR FA i Bk
h e LY(R) (1), NI R EAR AL, Bl

+too )
h(z) = / | £|2e“ .

2= 0/, B (|f ]l = 1/l




L*(R) _E£HY Fourier 2

W= 7T
EA LYR)N LY (R) £ L*(R) R, BIXEE f € L*(R), AJlA#K
2 LY(R) N LA(R) FEIRES {f,,n € Z} 15

i [1£u = fllzz =0

BHTF f, € L'(R), FTLAH Fourier ¥ f, BENX. FEENX f H
fon € Z T LX(R) HATHREE. M EN EFEEN?




Parseval Z 3\

& f,g € LA (R), M

(f, )2 = {f,9) 2.

EHIE
1112 = 111l =




IR EE

EIE & f,g € L*(R), W

frg=v2mFf g,

1
2

Flf g =—=f*g




Fourier T 5 &K 25

ZMHRNATEF XY oAAMNESEENHmEESEE.
MEFL: X - Y B&MERATH, R#HE

ZME: Llof + Bg] = aLf + BLg.

BIART: L{f(t —a)] = L[f](t — a).




Bl (EREF) B BEEEARIE. MEEES fL. EXET
—+00
Lm@w=U*ﬁ@w3[ I(t — 2)f(x)dz, t€R
N L BZLMHERATH. EANEERN e R

Llf(@ - a)l(t) = /w”u—wi—aMx

:/ [(t —a—x)f(x)dx

= (t —a).




IR L 2o RESRYESTENEERNATE T, NEFEEA
AR b, EEHEENES f B

L{f] = f *h.

JE AR
F—2 A ZEELY WEFEELHE

L[e™)(t) = V2rh(N)e™, t e R.




EMERE ) = Lie™|(t), t € R. BX L BRI, B AXTE
EMaeR
LeA@=D)(4) = B\t — a).
XEAA L 2248, A
L[eiA(x—a)](t) _ e—iAaL[eiAx] (t)
= e MRA(2),
MMAEER a € R

Pt — a) = e hA(1).




YERME, Ht=a B, B
h)\(o) _ e—i)\ahA< )
MWMAEER t € R

pA(t) = e 0).

LIe™|(8) = R () = R 0)e™,

S h(\) = h0)/v/2r BIATSHE.




E_5 mBHAMNRETETF L.
BEF L {EFA T Fourier TR ENAT

1 oo IAT
fla) = o= / e

L0 = L= [ i
~ L [\/LQTT EJ: Foperea]

= (f * h)(2).




h, h HIYIRE X
BRi% h &40 2/0HIER. ZEKHES

1 £
f5<t>—{25 hoostss

0 otherwise.

BEF LIERT f5, A=

LA® = (Grem@) = [ feh(e - ryr
= /_i fs(T)h(t — 7)dT
~ h(t) /6 fs(r)dT =
o h(t) mAKHESET L RAVEVANEL, FR 2 2 L BBk ifAE A &R

#.
-ﬂ?iﬁzm?&“M)ﬂmTEMF%FW*MtLM¥%




F RIE K =5

EX MANESEXRA =L nHES IR FRIR A ERIERRE,
=l

Ft)=0,t <ty = L[f(t)=0, t < t.
EIR % L 2EEhkh LR E h BEKSE. L 2RRMHEENS
XFEEt<0,8 h(t) =0.




*iEEE

REEIRIS S MBEESH O > 0, 18
FN) =0, A >Q

RiST, MIFR f SRR S, Stk
suppf C [—§2, €.

%0 BB ERBBNER, By = Nyquist SIE, 7

Q. o
2v = — A Nyquist SRHEEE.
T




EIE (Shannon-Whittaker £ EIE)

BRI fO) ROBRNABEMRERMN IEEEHQ > 0, F15
suppf C =, Q. M fRIREAE ¢, = jn/Q,j =0,£1,+2,--- LB
XFETEWE, FABE TIRARASFE

f&)y="> fim/Q)

j=—00

sin(Qt — jm)
Qt — g7




WFRR X8 [0, Q] L4% EEf(\) #1T Fourier REURFF

f()\): Z Ckeiﬂk‘)\/Q’

k=—o00

H
s / ’ FN)e ™My
20 ) 4

HF f(\) =0, |\ > Q, BT Fourier ZREAIRTA

Ccr. = %\/% /_Z f()\)e—zﬁrk)\/QdA
V2r

f()\) = Z %f(jﬂ/())emj)‘m,

j==00




BT f 24 ELEe, B kR —8 s, MH A Fourier 25
B RE AT X EE

o 1 < It
_ L ; z')\t
_%?/°f "

_ j;oo £f ]7T/Q \/_/ —ZWJA/Q—H)\td)\
M5
/Q o TIN QA 1y QQsin(tQ —J7)
_Q Q) —gm
AISEMAR

(©.¢)

fty= > fGn/Q)

j=—o0

sin(Qt — jm)
Ot — gm




A R 3
E1PAN
feL*R). X aacR
;2

[ - ofIf(fat

- [ P

[ o-artiwra
) [ isoopa

A f =




EIE (MAERIE)
B f € LXR). MXEE a,a c R B

Aaf-Aafzi.

IERR B 7R TERYF AL

(% —ia)(t — a)




ERAimEARE
() = {(G — i)t —a)}f(2), f(2))

—{t = a)(F — i)} f (1), F(1))

)

f(
={t — a)f(t), (—g + i) f(t

—((4 —ia) f(t), (¢ — ) f(1))
= —2Re((t — a)f(t), (L —ia) f(t)).

B Schwarz %3, AJ 15

1712 < 205, — i) )zt — @) 7o)



F| A Parseval 3\ & Fourier T

d

Fl(o; —ia)fIN) = i(A = a) f(N)

AJ #A
1 ia) f@)l = 1= @) F )z

dt
F =, #®1A

0= )Nzl = ) f Ol = 51171

Itk B 3= RH
AufALf > =



3 =& Fourier 947

1L+ & Fourier 24§

HR#BER S 2




=AZ I iEE

Bi% f WU 2r AR, HECH f ESHEE S, = 2, j =
0,1,---,n—1LEMMEy =f(2),0<j<n-1LKkK=AFWK

n

n—1
p(a:) _ Z Ckeikx
k=0

i EAERY
p(xj))=y;, 0<j<n-—1




Bl BAL L Ak et T i24E

n—1
2mijk

e =y, 0<j<n—-1
k=0

MESH0<p<n-—1,




Itk BN 3= AR




#1811 H Fourier L

B f 7E [a,b] 5P A0, 7E [0, b) L&ELE, HH f(b) = f(a). EF [ &
a+ 50 0<j<n-—1, LKA B{EITE Fourier Tk

¢ _ L —iMt
fA) = m/ fitje"dt.
RIS 0 = 2ri=0 A48

. 1 b—a [* (b—a)0\ _i\a+s20
f(A) = 7o om /0 f(a+ o )e do
— . 2m —
=22 / f (a—l— <b a>9) e~ M 4
(27T>§ 0 2T




Lo00), B v = k. TR

. ' 2m '
FOw) = b—\/Q_:e—Mka (% /0 g(@)e_’kecw).

MEEHWO0<j<n-1,%

yj=g<?) =f(a+jb;a>.

M, ARk




& 81 Fourier &1 (DFT)

EX LS, ZTR-Uhn ABPHMERIEEK B 8 ¢ =
{y;};2° €S, iHE

Yitn = Y5, J € L.
EX R y = {y;},=° o € S BX y BIBHEL Fourier Tk 4 Fr 5
Folyt = {9} 2200 B

n—1
& —ik 2mi
%IE Yt w=en,
J=0




DFT 8914 &

() F, 2N S, 8 S, B&IEE T
QEREy={y} €S, EDFT A F{yt =9 My=F Yyl BT
g

1 n—1
N
vi= kz%yk:w] :




JE B
DFT B9%EfE 37K
Folyt =9 =(F)(y)

;E\:EF Y= (3/0, T 7yn—1>T7 ﬁ - (QO) T 7gn_1)T’




1
_FnFn — [m
n

B %E FE L = B RE . PET 75 2 E PR

1 1f 1 =1
_szk—k] { /i |

0 otherwise.

AL 0<jk<n—1B, Buw 741 F2&

1 n—1
_E :’wlk@kj _ 2 :w
T

k=0

11— (I=g)n
n 1 —
= 0.

Hi=IB Aw =171

TR




QBRy={wyteS . BHz={z}mE 2z =y_r, M

(Frlz}); = (Fuly})-s-

@OBEy={y)cS, Bz={s) %L 2 =70

(Fafz}); = (Fuly})-;-
HEIR
oy c S, BIBFY (FFY) < F.ly) 2IBFEY (FFH).
oy c S, BEFY < (F.{y}), = (Flvh) .
oycS, EEXMEFY < F.{y 2LHBEFT.
oy €S, EXNFFY < F.{y} REEETFS.




OBy ={w} €Sw, p€Z B 2= {2} i#HE 21 = Yprp W

(Fulz}); = ij<]:n{y})j'

©) BRy={w} €S, peZ B z={z} R z = w Py, N

(Fulz}); = (Fuly})isp-




(7) BIREIE

BFIEAEMER Ry, 2 S, My F 2 IR yx2 € S, EXA

n—1 n—1
(y*2)k =) Yizkej = > Us-jZ
=0 =0
ENEE Ry, 2 S, N

Fulye} = Fulu} * Fulz)

n—1 n—1
@) iRy €S, Mn) |ul> = [(Fufuh)l*

k=0 =0




R1® Fourier ZL#-FFT (J.W.Cooley, J.W.Tukey, 1965)

RIZ n =2N. ZETHEFI y = {1} € S, BIE L Fourier £k
2N —1

=Yy, k=01 2N —1.
7=0

KB ieariBiEtra A

Ok = (Fn{ (o, y2, -+ s yanv—2) D + 0 (Fa{(y1,y3, - von—1)}i-




BTXER
(Fn{(yo, - yav—2) Prenv = (Fn{ (o, - - -, yon—2) } ks

(Fn{(yr, - svov—1) Peenv = (Fa{(yr, - 5 ¥ov—1) Prs

_ _j _2mi, _
DN e N = gt

aE, MEEBHO< kE< N —1,
Ok = (Fni{(yo, - yon—2) D + @ (Fn{(y1, - -+, vonv—1) Dr,

Ykt N = (ﬂv{(yo, T ay2N—2)}>k — Wk(fN{(yl, e 792N—1)})k-
A & 231+ 8 & 88 Fourier B 41, 7.y B2 BIREZXEZ
2(N —12+ N — 1, At it E2JLFFE. R n = 25, iz 32 A 4
2 F 2 M B EL Fourier .




TEERE
£ K, TZF A ERE X1 E B8 Fourier T F,{y}, n =25 Ff
ERFEXRE ATHE £y}, FEItE
FN{<y07y27 T ,y2N—2)} A FN{(ylay?n T ,y2N—1)}7
Hh N=2l"1 FRH

Kp=2K; +21—1, Ky =0.

BRI 1F
Kp =(L—2)21+1
1
= §n(log§ —2)+1
1 n
= —nlogy —n + 1.

2




FFT B9 F
o ITHEFHIEF
BiZy, 2 €S, BiZFitE v #1 2 B9EFH

n—1 n—1
(Y*2)k =) Yizkj= D> Us-jZ-
j=0 j=0
T=E o2 kL. B FFT REREIE
(Fody * 2}k = (FalyPe(Fulzbr, 0<k<n-—1,

AT E X n =28,
e I FFT it& F,.{y} & F.{z}.

o FI| HRIR Fourier &t HE FH{F, {y*z}}.
HEEZXER

1 3
(nlogy —2n +2) +n + (577, logy —n +1) = 771 log —2n + 3.




o itHIFRHER
Rix v, » AIEFEAFIRIES, Bl

y. =0 ifk<Oork > M,
2z =01fk<Oork > Q),
Hrh Q@ < M. ZEITEIERHER

Q-1
(y*z>/€:zyk—qzq7 k:O717 7M+Q_2
q=0

HHEERED MO Sn 2R n > M+ 0 — 1 B8/ 2 8
HORE, Iy T 2 BRE 0 BEEY. FRIEEBARNitE
54y 55 7B FFT i+ 8 F 4570, iJr%’E?HEj’q%n log? —2n + 3.




i MRBANES BV EAEIR, W _EiA FFT 5K

Bl ZEITHE )
(y* 2)p = Z Yk—q~q
q=0

Hi Q=5 M=1000. BE¥itHIEFHEFREZE 5000 X3k E, M
FIF FFT 7735118 (n = 1024) EEFRFRELAH 104




o ZINIANIHE
Chebyshev Z Nz

T, (cosf) = cosnf, 0 € [0, 7.




&P, BRRBNFETF n WRAKS TR LK NP, 2R L
s, 3 (1), MALZE R, 4550, EE
Pe P, AI—METH

n

P(z) = a;T(x).
7=0
Lap=cos(kL), k=0,--- ,n, AFREETS, M0 <k <n

n

ye = Plax) = a;Tj(xy)

J=0

= Z a; cos(jkz).
. n
7=0




B ERXHE

%a’ja O<]§’I’L,

ap, .7 — 07

\ %a_j, —n <7 <0.

%y = (yp) IEFERL 2n BIEARYB S, N

= e’ 0<j<m—1.

j=—n




MEBR0<p<n,

2n—1 2n—1 n

ry = Z yk,u—jpk; _ Z Z Cj’w(j_p)k
k=0

k=0 j=-n

— zn: Cj (2&1 w(jp)k>.
k=0

j=—n

ZItEAE




o & yor=uyp, k=1,--- ,n—1.
o 7|} FFT it&

(y(b U 7y2n—1) = (Yb, T 7}/271—1)-

1
55 Yn.

.-i'-l_ﬁa/n:lyn, n:1727"' 7n—1;a0:%Yb;an:

n




B HUIE K 25

EXBRE XY HAFRESTE. HEFF: X -V 2%t
B ZERY, ISR

ZE: Flaz + By) = aF'(z) + BF(y).

B F(Ty() = T(F(x)),

(Tp(@))r = Th—p.




T MR F 2BEHES T EMEERNAERE T, NWEFEERFT f,
E1s

Rz, MRFERFS [, E1] F(z) = f 2, W F EERATEF.
WERR < e R BRALEK IR RS, B

MEEFS
75 = Z Tpe”,
nez
Hm [ A




& fr= F(e"). BF F REREH, BUMERNp € 2, 5

Tp(f") = Tp(F(e"))
= F(Ty(e"))
— F(en?)
— e,

H»—AE, B T, NEXAI5

(Tp(f* )k = fip-

+
/? F= fg—p'




Hn=08, AIENEENpecZ

E3RAA

Hep f = fl




MR F(r) = f*o, WRA F ZL&ER. R F HERTER, X
=15y




E)‘L F%ﬁll r = ( ,$_1,£IJ0,$1,“') € l2 El"] Z g*ﬁiﬁ(?‘]@ﬁ

z:|—mm — C:

z(p) = Z ze”9?.

jez.
E S z=e% M ZTH iz A

z(z) = Z z277.

JEZ




7 T¥p 5 Fourier (%4

o % f € L?|—m, ], B Fourier REBF A

= Z L,e™?

— 5 | s o

H Parseval 3R #, o = (:Un € I?. F =2 Fourier R REF LIz =
BeRE f e L—7m, 7| BUAF 2 = (z,) € I IR,

HA




o Rz = (z,) € >, HZ TiA

z(p) = ane_m‘b.

nez

BT z=(z,) €’ FE f € L—nn#&RAE L) —m n] F

F(=¢) =) zne™™ = i(9),

nez

HH 2, 2 f B9% n 4 Fourier R¥[. T2, Z THWILFF| z c I* &%
wAhERE f(—) € L*—m, 7.




e FIBZTHWZE PP B L—mn WEERW IXEEN 2 =
( ,33_1,$0,$1,"°),y: ( 7y—17y07y17"°> S l27ﬁ

1
%@%7 ?)>L2[—7T»7T] - <CIZ, y>12'
WERR £ f(—) = 2, g(—) = 9. WA Parseval 3\ A] 15
1 1
2_< 7y>L2[—7r 7| - %OC(W_ )79(_ >>L2[—7T>7T]
=on | J(=9)9(=¢)do
1 [7 —
=57 | S0la(@)s
nez




EHRETE5 Z T

EBEBE f=(fu),z=(z,) €l N

(F*2)(9) = f(9)d(e).

1ERA -
Fra)(@) = S(f * )ue
nez
nGZ keZ

B R e ¢ = e~ ikde—iln—k)¢ T4
Fra)d) =3 (e ) S g, je oo

— (Z fke—z'kqb)(z xne—fmqs)

keZ kcZ

= f(9)i(9).




EREFRIFHE

EIE B F 2 f = (f,) AEMERNETF. N F OERBETF
F* BES| fr=f, tHXMENEF HEBmEEy f.
ERR FRBFAFN 12 E N AT

(F(z),y)e =(f*z,y)pe

nez

- Z Z Jn—kZrkUn

nel kez

= Y )

keZ nez

=) w(fxye = (x, [ xy)p

keZ
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