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1 Fourier?ê

XJ f ´?¿± 2π�±Ï�¼ê,´ÄUòÙÐm¤Xen�¼

êÚª�/ª

f (x) = a0 +

∞∑
k=1

ak cos(kx) + bk sin(kx) ?
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n�¼êX���5

¼ê8 {
1√
2π

,
cos(nx)√

π
,
sin(nx)√

π
, n = 1, 2, · · ·

}
´ L2([−π, π])¥�IO��8.

1

π

∫ π

−π

cos(nx) cos(kx)dx =


1, n = k ≥ 1.

2, n = k = 0.

0, otherwise.

1

π

∫ π

−π

sin(nx) sin(kx)dx =

 1, n = k ≥ 1.

0, otherwise.

1

π

∫ π

−π

cos(nx) sin(kx)dx = 0, ∀n, k.
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½nXJ f �Ðm¤n�¼êÚª�/ª,=

f (x) = a0 +

∞∑
k=1

ak cos(kx) + bk sin(kx),

Kk

a0 =
1

2π

∫ π

−π

f (x)dx, (1)

ak =
1

π

∫ π

−π

f (x) cos(kx)dx, (2)

bk =
1

π

∫ π

−π

f (x) sin(kx)dx. (3)
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Fourier?ê

½Âb� f ´± 2π�±Ï�¼ê. XJn�?ê

a0 +

∞∑
k=1

ak cos(kx) + bk sin(kx)

�Xêd(1), (2)Ú(3)�Ñ,K¡Tn�?ê� f � Fourier?ê,

ÙXê ak, bk ¡� f � FourierXê.
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��±Ï¼ê� Fourier?ê

½nXJ f �Ðm¤Xen�¼êÚª�/ª

f (x) = a0 +

∞∑
k=1

ak cos(kπx/a) + bk sin(kπx/a),

Kk

a0 =
1

2a

∫ a

−a

f (x)dt,

ak =
1

a

∫ a

−a

f (x) cos(kπx/a)dt,

bk =
1

a

∫ a

−a

f (x) sin(kπx/a)dt.
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½Âb� f ´± 2a�±Ï�¼ê. Ù Fourier?ê½Â�Xe�

n�?ê

a0 +

∞∑
k=1

ak cos(kπx/a) + bk sin(kπx/a),

Ù¥ FourierXê ak, bk d±eúª�Ñ

a0 =
1

2a

∫ a

−a

f (x)dt,

ak =
1

a

∫ a

−a

f (x) cos(kπx/a)dt,

bk =
1

a

∫ a

−a

f (x) sin(kπx/a)dt.
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{uÚ�uÐm

•XJ f ´± 2a�±Ï�ó¼ê,KÙ Fourier?êL«�

a0 +

∞∑
k=1

ak cos(kπx/a),

Ù¥

a0 =
1

a

∫ a

0

f (x)dx, ak =
2

a

∫ a

0

f (x) cos(kπx/a)dx.

•XJ f ´± 2a�±Ï�Û¼ê,KÙ Fourier?êL«�
∞∑

k=1

bk sin(kπx/a)

Ù¥

bk =
2

a

∫ a

0

f (x) sin(kπx/a)dx.
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?¿«mþ¼ê� Fourier?ê

•b� f ½Â3«m (a, b)þ. �òÙòÿ¤� Rþ± b − a�±

Ï�¼ê,l
��Ù Fourier?ê.

•b� f ½Â3«m (0, a)þ. ÄkòÙ?1óòÿ

fe(x) =

 f (x), 0 < x < a,

f (−x), −a < x < 0.

Ùgò feòÿ¤� Rþ± 2a�±Ï�¼ê,l
�� f �{u

?ê

f (x) = a0 +

∞∑
k=1

ak cos(kπx/a),

a0 =
1

a

∫ a

0

f (x)dx, ak =
2

a

∫ a

0

f (x) cos(kπx/a)dx.
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•b� f ½Â3«m (0, a)þ. ÄkòÙ?1Ûòÿ

fo(x) =

 f (x), 0 < x < a,

−f (−x), −a < x < 0.

Ùgò foòÿ¤� Rþ± 2a�±Ï�¼ê,l
�� f ��u

?ê

f (x) =

∞∑
k=1

bk sin(kπx/a),

bk =
2

a

∫ a

0

f (x) sin(kπx/a)dx.
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~1�Ä¼ê

f (x) = x, −π ≤ x < π.

òÙ±Ïòÿ�± 2π�±Ï�¼ê. (Xã)
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T¼ê´Û¼ê,Ïd FourierXê ak = 0,

bk =
1

π

∫ π

−π

x sin(kx)dx

= − 1

πk
x cos(kx)

∣∣∣π
−π

+
1

πk

∫ π

−π

cos(kx)dx

=
2(−1)k+1

k
.

u´Ù Fourier?ê�

F (x) =

∞∑
k=1

2(−1)k+1

k
sin(kx).
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~2�Ä¼ê

f (x) =

 x, 0 ≤ x ≤ π
2

π − x, π
2 < x ≤ π

òÙ±Ïòÿ�± 2π�±Ï�ó¼ê. (Xã)
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O�Ù FourierXê

a0 = 1
π

∫ π

0 f (x)dx = π
4 .

aj =
2

π

∫ π

0

f (x) cos(jx)dx

=
2

π

∫ π
2

0

x cos(jx)dx +
2

π

∫ π

π
2

(π − x) cos(jx)dx

=
4 cos(jπ/2)− 2 cos(jπ)− 2

πj2
.

Ï�3 FourierXê¥�k a4k+2�",¤± FourierXê{z�

a4k+2 = − 2

π(2k + 1)2
.

u´ Fourier?êL«�

F (x) =
π

4
− 2

π

∞∑
k=0

1

(2k + 1)2
cos((4k + 2)x).
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E. Fourier?ê

¼êX {
eint

√
2π

, n = · · · ,−2,−1, 0, 1, 2, · · ·
}

3 L2([−π, π])¥´IO���.∫ π

−π

einteimtdt =

 2π, n = m,

0, n 6= m.
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½nXJ f �Ðm¤E.n�?ê�/ª,=

f (t) =

∞∑
n=−∞

αne
int,

Kk

αn =
1

2π

∫ π

−π

f (t)e−intdt. (∗)

½Âb� f ´± 2π�±Ï�¼ê. XJE.n�?ê
∞∑

n=−∞
αne

int

�Xêd(∗)ª�Ñ,KT?ê¡� f �E. Fourier?ê,Xê αn

¡� f �E. FourierXê.



Home Page

Title Page

JJ II

J I

Page 17 of 143

Go Back

Full Screen

Close

Quit

¢. Fourier?ê�E. Fourier?ê�'X

FourierXê

α0 = a0 αn = 1
2(an − ibn), n ≥ 1

α−n = 1
2(an + ibn), n ≥ 1 an = αn + α−n, n ≥ 1

bn = i(αn − α−n), n ≥ 1
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Fourier?ê

−1∑
n=−∞

αne
int + α0 +

∞∑
n=1

αne
int

=

∞∑
n=1

1

2
(an + ibn)(cos nx− i sin nx) + a0

+

∞∑
n=1

1

2
(an − ibn)(cos nx + i sin nx)

= a0 +

∞∑
n=1

an cos(nx) + bn sin(nx)
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�4�Úm4�

• f 3 x:��4�:

f (x− 0) = lim
h→0+

f (x− h)

• f 3 x:�m4�:

f (x + 0) = lim
h→0+

f (x + h)

•©ãëY¼ê: ¡ f 3 [a, b]þ©ãëY,XJÙ3 [a, b]þ�k

k��mä:,¿�3k��mä:þ�m4��3�k�.
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Riemann-LebesgueÚn

b� f ´«m [a, b]þ�©ãëY¼ê,Kk

lim
k→∞

∫ b

a

f (x) cos(kx)dx = lim
k→∞

∫ b

a

f (x) sin(kx)dx = 0.
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Fourier?ê�Âñ5

½Â¡ f � Fourier?ê3 x:?Âñ� f ,XJ

f (x) = lim
N→∞

SN(x),

Ù¥

SN(x) = a0 +

N∑
k=1

ak cos(kx) + bk sin(kx).
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ëY:?�Âñ5

½nb� f ´± 2π�±Ï�ëY¼ê. XJ f 3 x:��,K f

� Fourier?ê3 x:?Âñ� f .

5: ¢Sþ,éuëY¼ê,Ù Fourier?ê´A�??Âñ�Ùg

��.
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y²

11Ú:U� Fourier?ê�Ü©Ú SN .

ò FourierXêúª�\Ü©Ú,��

SN(x) = a0 +

N∑
k=1

ak cos(kx) + bk sin(kx)

=
1

2π

∫ π

−π

f (t)dt +

N∑
k=1

(1

π

∫ π

−π

f (t) cos(kt) cos(kx)dt

+
1

π

∫ π

−π

f (t) sin(kt) sin(kx)dt
)

=
1

π

∫ π

−π

f (t)
(1

2
+

N∑
k=1

cos(kt) cos(kx) + sin(kt) sin(kx)
)
dt

=
1

π

∫ π

−π

f (t)
(1

2
+

N∑
k=1

cos(k(t− x))
)
dt.
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Ú\ DirichletØ

PN(u) =
1

π

(
1

2
+

N∑
k=1

cos(ku)

)
,

K Fourier?ê�Ü©Ú�L«�

SN(x) =

∫ π

−π

f (t)PN(t− x)dt

=

∫ π−x

−π−x

f (u + x)PN(u)du

=

∫ π

−π

f (u + x)PN(u)du.
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12Ú:O� DirichletØ

PN(u) =
1

π

(
1

2
+ cos(u) + cos(2u) + · · · + cos(Nu)

)
=

1

π

(
−1

2
+ 1 + cos(u) + cos(2u) + · · · + cos(Nu)

)
=

1

π

(
−1

2
+ Re

{
N∑

k=0

eiku

})

=


1

π

(
−1

2
+ Re

{
1− ei(N+1)u

1− eiu

})
, u 6= 2jπ

1

π

(
N +

1

2

)
, u = 2jπ

=


1

2π

sin((N + 1/2)u)

sin(u/2)
, u 6= 2jπ

1

2π
(2N + 1), u = 2jπ
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13Ú:é DirichletØÈ©

�â

PN(u) =
1

π

(
1

2
+ cos(u) + cos(2u) + · · · + cos(Nu)

)
,

�� ∫ π

−π

PN(u)du =

∫ π

−π

1

2π
du +

1

π

∫ π

−π

cos(u)

+cos(2u) + · · · + cos(Nu)du

= 1.
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14Ú:½n�y²

SN(x)− f (x)

=

∫ π

−π

f (u + x)PN(u)du−
∫ π

−π

f (x)PN(u)du

=

∫ π

−π

(f (u + x)− f (x))PN(u)du

=
1

2π

∫ π

−π

(
f (u + x)− f (x)

sin(u/2)

)
sin((N + 1/2)u)du.

Ú\¼ê

g(u) =


f (u + x)− f (x)

sin(u/2)
, u ∈ [−π, π] \ {0},

2f
′
(x), u = 0.



Home Page

Title Page

JJ II

J I

Page 29 of 143

Go Back

Full Screen

Close

Quit

Kk

SN(x)− f (x) =
1

2π

∫ π

−π

g(u) sin((N + 1/2)u)du.

Ï� f 3 x:��,= f
′
(x) = lim

u→0

f (u + x)− f (x)

u
�3,·�k

lim
u→0

g(u) = lim
u→0

f (u + x)− f (x)

sin(u/2)

= lim
u→0

f (u + x)− f (x)

u

u/2

sin(u/2)
· 2

= f
′
(x) · 1 · 2

= 2f
′
(x).

u´�� g3 [−π, π]þëY.|^ Riemann-LebesgueÚn=�

SN(x) → f (x), N →∞.
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��êÚm�ê

• XJ f 3 x:?��4� f (x− 0)�3,K f 3 x:?���

ê½Â�

f
′
(x− 0) = lim

h→0−

f (x + h)− f (x− 0)

h
.

• XJ f 3 x:?�m4� f (x + 0)�3,K f 3 x:?�m�

ê½Â�

f
′
(x + 0) = lim

h→0+

f (x + h)− f (x + 0)

h
.
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~1- f ´ y = x, −π ≤ x < π�±Ïòÿ(Xã). f 3 x = π ?

ØëY,�m4��3, f (π − 0) = π, f (π + 0) = −π.�m�ê�

3,

f
′
(π − 0) = lim

h→0−

(π + h)− π

h
= 1

f
′
(π + 0) = lim

h→0+

(π + h− 2π)− (−π)

h
= 1.
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~2- f ´ç¸Å¼ê(Xã). K f 3 x = π/2?ëY�Ø��,

Ù�m�ê�

f
′
(π/2− 0) = 1, f

′
(π/2 + 0) = −1.
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mä:?�Âñ5

½nb� f (x)´± 2π�±Ï�©ãëY¼ê. XJ f 3 x:?

�m��,K f � Fourier?ê3 x:Âñ�

f (x + 0) + f (x− 0)

2
.



Home Page

Title Page

JJ II

J I

Page 34 of 143

Go Back

Full Screen

Close

Quit

y²: dc¡�?Ø�� Fourier?ê�Ü©Ú�L«�

SN(x) =

∫ π

−π

f (u + x)PN(u)du,

Ù¥ DirichletØ

PN(u) =


1

2π

sin((N + 1/2)u)

sin(u/2)
, u 6= 2jπ

1

2π
(2N + 1), u = 2jπ

÷v ∫ π

0

PN(u)du =

∫ 0

−π

PN(u)du =
1

2
.
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u´·�k

SN(x)− f (x + 0) + f (x− 0)

2

=

∫ π

0

f (u + x)PN(u)du− f (x + 0)

2

+

∫ 0

−π

f (u + x)PN(u)du− f (x− 0)

2

=

∫ π

0

(f (u + x)− f (x + 0))PN(u)du

+

∫ 0

−π

(f (u + x)− f (x− 0))PN(u)du
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Ú\¼ê

g1(u) =
f (u + x)− f (x + 0)

sin(u/2)
, u ∈ (0, π].

u´1���L«�∫ π

0

(f (u + x)− f (x + 0))PN(u)du =
1

2π

∫ π

0

g1(u) sin((N + 1/2)u)du.

Ï� f 3 x:?m��,= f
′
(x + 0) = lim

u→0+

f (u + x)− f (x + 0)

u
�

3,¤±·�k

lim
u→0+

g1(u) = lim
u→0+

f (u + x)− f (x + 0)

sin(u/2)

= lim
u→0+

f (u + x)− f (x + 0)

u

u/2

sin(u/2)
· 2

= f
′
(x + 0) · 1 · 2

= 2f
′
(x + 0).

þª`² g1 3 [0, π]þ©ãëY.|^ Riemann-LebesgueÚn=

�1��Âñu 0.
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aq/,�
�O1��,Ú\¼ê

g2(u) =
f (u + x)− f (x− 0)

sin(u/2)
, u ∈ [−π, 0).

�â f 3 x:?���,��

lim
u→0−

g2(u) = lim
u→0−

f (u + x)− f (x− 0)

sin(u/2)

= lim
u→0−

f (u + x)− f (x− 0)

u

u/2

sin(u/2)
· 2

= f
′
(x− 0) · 1 · 2

= 2f
′
(x− 0).

d=`² g23 [−π, 0]þ©ãëY.2g|^ Riemann-LebesgueÚ

n,���N → +∞�∫ 0

−π

(f (u+x)−f (x−0))PN(u)du =
1

2π

∫ 0

−π

g2(u) sin((N+1/2)u)du → 0.
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~- f ´ y = x, −π ≤ x < π�±Ïòÿ(Xã). f 3 x = π?Ø

ëY��m��,u´Ù Fourier?ê

F (x) =

∞∑
k=1

2(−1)k+1

k
sin(kx)

3 x = π:Âñu�m4��²þ�.du f (π−0) = π, f (π+0) =

−π,·�k F (π) = 0. ù�d Fourier?êúªO�����.
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Fourier?ê���Âñ

½Â¡ f � Fourier?ê��Âñu f ,XJÜ©ÚS�

SN(x) = a0 +

N∑
k=1

ak cos(kx) + bk sin(kx).

��Âñu f .
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½nb� f ´± 2π�±Ï�©ã1w¼ê. KÙ Fourier?ê3

[−π, π]þ��Âñu f .

©ã1w¼êXJ f 3 [a, b]þëY,3k��:	��� f
′
©

ãëY,K¡ f 3 [a, b]þ©ã1w.
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~1�Äç¸Å¼ê(Xã) Fourier?ê���Âñ5.
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s2

s10
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~2�Ä y = x, −π ≤ x < π�±Ïòÿ(Xã).
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Gibbsy�

s10
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s50
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~3�Ä¼ê

f (x) =


1, 0 < x < π

0, x = 0, ±π

−1, −π < x < 0.

O� FourierXê

bn =
1

π

∫ π

−π

f (x) sin(nx)dx

=
1

π

∫ π

0

sin(nx)dx− 1

π

∫ 0

−π

sin(nx)dx

=
2

π

(
1− cos(nπ)

n

)
=

 4
(2k−1)π , n = 2k − 1

0, n = 2k
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Ù Fourier?ê

F (x) =
4

π

∞∑
k=1

sin(2k − 1)x

2k − 1

Å:Âñ� f . Ï� S2n(x) = S2n−1(x),·��I�ÄÜ©Ú

S2n−1(x) =
4

π

n∑
k=1

sin(2k − 1)x

2k − 1

3mä: x = 0NC�5�.
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Å��û�

S
′

2n−1(x) =
4

π

n∑
k=1

cos(2k − 1)x

=
4

π

n∑
k=1

sin 2kx− sin 2(k − 1)x

2 sin x

=
2

π

sin 2nx

sin x
, x 6= 0.

dd��, S2n−13 x = 0�m>�1��4��:´ xn = π
2n.
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Ù4���

S2n−1(xn) =
2

π

∫ xn

0

sin 2nt

sin t
dt

=
2

π

∫ π

0

sin t

2n sin t
2n

dt

=
2

π

∫ π

0

sin t

t

t
2n

sin t
2n

dt.

dd��

lim
n→∞

S2n−1(xn) =
2

π

∫ π

0

sin t

t
dt = 1.17898 · · · .

dª`²,ØØ nõ�,Ñk��: xn = π
2n ,¦ S2n−1(x)3ù:�

���¸�,Ù�' f (xn) = 1�����Ñ 0.17898. � n → ∞

�,��¸��:ªCu 0.
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Fourier?ê��êÂñ

½nXJ f ∈ L2([−π, π]),KÙ Fourier?ê3 L2([−π, π])¥��

êÂñu f ,=Ù Fourier?ê�Ü©Ú

SN(x) = a0 +

N∑
k=1

ak cos(kx) + bk sin(kx)

÷v

‖f − SN‖L2 → 0 as N →∞.
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½nXJ f ∈ L2([−π, π]),KÙE. Fourier?ê3 L2([−π, π])¥

��êÂñu f ,=Ù Fourier?ê�Ü©Ú

SN(t) =

N∑
k=−N

αke
ikt

÷v

‖f − SN‖L2 → 0 as N →∞.
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y²

1�Ú:Ü©Ú SN �AÛ)º.

- V = L2([−π, π]), VN ´d {1, cos(kx), sin(kx), 1 ≤ k ≤ N}Ü¤

��m. K VN ´ V � 2N + 1�f�m,¿�{
1√
2π

,
cos(kx)√

π
,
sin(kx)√

π
, 1 ≤ k ≤ N

}
´ VN �IO��Ä.
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b� f ∈ L2([−π, π]). Ù Fourier?êÜ©ÚL«�

SN(x) = a0 +

N∑
k=1

ak cos(kx) + bk sin(kx)

=
1

2π

∫ π

−π

f (t)dt

+

N∑
k=1

(
1

π

∫ π

−π

f (t) cos(kt)dt

)
cos(kx)

+

N∑
k=1

(
1

π

∫ π

−π

f (t) sin(kt)dt

)
sin(kx)
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=

〈
f,

1√
2π

〉
1√
2π

+

N∑
k=1

〈
f,

cos(kt)√
π

〉
cos(kt)√

π

+

N∑
k=1

〈
f,

sin(kt)√
π

〉
sin(kt)√

π
,

dªL² SN ´ f � VN ���ÝK,= SN ´ f � VN ��Z%

C.

‖f − SN‖L2 = min
g∈VN

‖f − g‖L2.
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1�Ú:é f ∈ L2([−π, π])%C.

L2([−π, π])¥�¼ê�d± 2π�±Ï�1w¼ê?¿%C,=é

?¿ ε > 0,�3± 2π�±Ï�1w¼ê g,÷v

‖f − g‖L2 ≤ ε/2.
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1nÚ:½n�y²

-

gN(x) = c0 +

N∑
k=1

ck cos(kx) + dk sin(kx)

� g� Fourier?êÜ©Ú.du g´± 2π�±Ï�1w¼ê,Ï

d gN 3 [−π, π]þ��Âñu g,l
��êÂñu g. =é?¿

ε > 0,�3 N0 > 0,¦�� N > N0�,k

‖g − gN‖L2 ≤ ε/2.
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dn�Ø�ª��

‖f − gN‖L2 = ‖f − g + g − gN‖L2

≤ ‖f − g‖L2 + ‖g − gN‖L2

≤ ε.

Ï� gN ∈ VN ,¿� SN ´ f � VN ��Z%C,¤±·�k

‖f − SN‖L2 ≤ ‖f − gN‖L2 ≤ ε.
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Parseval�ª

½n-¢. Parseval�ªb� f ∈ L2([−π, π]),Ù FourierXê� ak,

bk. Keã�ª¤á

1

π

∫ π

−π

|f (x)|2dx = 2|a0|2 +

∞∑
k=1

|ak|2 + |bk|2.

?�Ú,� g ∈ L2([−π, π]),Ù FourierXê� ck, dk,Kk

1

π
〈f, g〉 = 2a0c0 +

∞∑
k=1

akck + bkdk.
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½n-E. Parseval�ªb� f ∈ L2([−π, π]),ÙE. FourierXê

� αk. Keã�ª¤á

1

2π
‖f‖2 =

1

2π

∫ π

−π

|f (x)|2dx =

∞∑
k=−∞

|αk|2.

?�Ú,� g ∈ L2([−π, π]),ÙE. FourierXê� βk,Kk

1

2π
〈f, g〉 =

1

2π

∫ π

−π

f (t)g(t)dt =

∞∑
k=−∞

αkβk.
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y²-

fN(x) =

N∑
k=−N

αke
ikx

gN(x) =

N∑
k=−N

βke
ikx

©O´ f Ú g� Fourier?êÜ©Ú.Kk fN → f , gN → g, N →

∞.
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O�SÈ��

〈fN , gN〉 =

〈
N∑

k=−N

αke
ikx,

N∑
n=−N

βne
inx

〉

=

N∑
k=−N

N∑
n=−N

αkβn〈eikx, einx〉

=

N∑
k=−N

αkβk〈eikx, eikx〉

= 2π

N∑
k=−N

αkβk.
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e¡y²

〈fN , gN〉 → 〈f, g〉, N →∞.

|^ SchwarzØ�ªÚn�Ø�ª��

|〈f, g〉 − 〈fN , gN〉|

= |(〈f, g〉 − 〈f, gN〉) + (〈f, gN〉 − 〈fN , gN〉)|

≤ |〈f, g − gN〉| + |〈f − fN , gN〉|

≤ ‖f‖L2‖g − gN‖L2 + ‖f − fN‖L2‖gN‖L2.

d

‖gN‖L2 = ‖gN − g + g‖L2 ≤ ‖gN − g‖L2 + ‖g‖L2,

�� ‖gN‖L2 → ‖g‖L2. (Ü ‖fN − f‖L2 → 09 ‖g − gN‖L2 → 0,=

��

〈fN , gN〉 → 〈f, g〉, N →∞.
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~1� f (x) = x, −π ≤ x < π. Ù Fourier?ê�

F (x) =

∞∑
k=1

2(−1)k+1

k
sin(kx).

|^ Parseval�ª��

1

π

∫ π

−π

x2dx =

∞∑
k=1

4

k2
.

2d
1

π

∫ π

−π

x2dx =
2

3
π2.

��ª
∞∑

k=1

1

k2
=

π2

6
.
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~2� f �ç¸Å¼ê. Ù Fourier?ê�

F (x) =
π

4
− 2

π

∞∑
k=0

1

(2k + 1)2
cos((4k + 2)x).

du f 3 x = 0ëY��m��, F (0)Âñu f (0),l
��ª
∞∑

k=0

1

(2k + 1)2
=

π2

8
.

|^ Parseval�ª

1

π

∫ π

−π

|f (x)|2dx =
π2

8
+

4

π2

∞∑
k=1

1

(2k + 1)4
.

9
1

π

∫ π

−π

|f (x)|2dx =
π2

6
,

���ª
∞∑

k=1

1

(2k + 1)4
=

π4

96
.
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2 FourierC�

b� f ´½Â3 R þ��±Ï¼ê. �Ä f 3«m [−l, l] þ�

Fourier?êÐm

f (x) =

∞∑
n=−∞

αne
inπx/l,

Ù¥

αn =
1

2l

∫ l

−l

f (t)e−inπt/ldt.
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ò FourierXêúª�\�,

f (x) =

∞∑
n=−∞

1

2l

∫ l

−l

f (t)einπ(x−t)/ldt, −l < x < l.

- λn = nπ
l , 4λn = λn+1 − λn = π

l ,±9

Fl(λ) =
1

2π

∫ l

−l

f (t)eiλ(x−t)dt.

KÐmªL«�

f (x) =

∞∑
n=−∞

Fl(λn)4 λn, −l < x < l.
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- l →∞,K�� f 3 Rþ�Ðm

f (x) = lim
l→+∞

+∞∑
n=−∞

Fl(λn)4 λn, x ∈ R.

¬� l →∞�,
∑+∞

n=−∞ Fl(λn)4 λn�w¤È©
∫ +∞
−∞ Fl(λ)dλ.

­� l →∞�, Fl(λ)=�È© 1
2π

∫ +∞
−∞ f (t)eiλ(x−t)dt.

u´��

f (x) =

∫ +∞

−∞

[
1

2π

∫ +∞

−∞
f (t)eiλ(x−t)dt

]
dλ.

ÏLÚ\

c(λ) =
1√
2π

∫ +∞

−∞
f (t)e−iλtdt,

�� f 3 Rþ�Ðm

f (x) =
1√
2π

∫ +∞

−∞
c(λ)eiλxdλ.
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|^ f �E.Ðm��

f(x) =
1

2π

∫ +∞

−∞

∫ +∞

−∞
f(t)

[
cos λ(x− t) + i sin λ(x− t)

]
dtdλ

=
1

2π

∫ +∞

−∞

(∫ +∞

−∞
f(t) cos λ(x− t)dt

)
+ i

(∫ +∞

−∞
f(t) sin λ(x− t)dt

)
dλ

=
1

π

∫ +∞

0

(∫ +∞

−∞
f(t) cos λtdt

)
cos λx +

(∫ +∞

−∞
f(t) sin λt

)
sin λxdλ,
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u´ f �¢.Ðm�

f (x) =

∫ +∞

0

(a(λ) cos λx + b(λ) sin λx) dλ,

Ù¥

a(λ) =
1

π

∫ +∞

−∞
f (t) cos λtdt,

b(λ) =
1

π

∫ +∞

−∞
f (t) sin λtdt.
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L1(R)þ� FourierC�

• L1(R)L« Rþ�È¼ê�N,=

L1(R) =

{
f : R → C; ‖f‖1 =

∫ +∞

−∞
|f (t)|dt < +∞

}
.

•� f ∈ L1(R). Ù FourierC�½Â�

F [f ](λ) = f̂ (λ) =
1√
2π

∫ +∞

−∞
f (t)e−iλtdt.

Ù Fourier_C�½Â�

F−1[f ](x) = f̌ (x) =
1√
2π

∫ +∞

−∞
f (λ)eiλxdλ.
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~�ÄÝ/Å

f (t) =

 1 if − π ≤ t ≤ π

0 otherwise.

Ù FourierC��

F [f ](λ) = f̂ (λ) =
1√
2π

∫ ∞

−∞
f (t)e−iλtdt

=
1√
2π

∫ ∞

−∞
f (t) cos(λt)dt

=
1√
2π

∫ π

−π

cos(λt)dt

=

√
2

π

sin λπ

λ
.
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FourierC��5�

•b�f ∈ L1(R),KÙ FourierC�÷v

(1) lim
|λ|→+∞

F [f ](λ) = 0.

(2) F [f ]3 RþëY.

(3) |F [f ](λ)| ≤ 1√
2π
‖f‖1;?�Ú, F [f ]´ L1(R)� L∞(R)þ�

k.�5�f.
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y²

(1) Riemann-LebesgueÚnb� f ∈ L1(R)� λ ∈ R,K∫ +∞

−∞
f (x)eiλxdx → 0, |λ| → +∞.

(2)é?¿� λ ∈ R,

|F [f ](λ + h)−F [f ](λ)|

=
∣∣∣ 1√

2π

∫ +∞

−∞
f (t)(e−i(λ+h)t − e−iλt)dt

∣∣∣
=
∣∣∣ 1√

2π

∫ +∞

−∞
f (t)e−iλt(e−iht − 1)dt

∣∣∣
≤ 1√

2π

∫ +∞

−∞
|f (t)||e−iht − 1|dt → 0, h → 0.

(3)é?¿� λ ∈ R,

|F [f ](λ)| =
∣∣∣ 1√

2π

∫ +∞

−∞
f (t)e−iλtdt

∣∣∣
≤ 1√

2π

∫ +∞

−∞
|f (t)|dt =

1√
2π
‖f‖1.
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•b� f ∈ L1(R),Ké?¿� a, b ∈ Rk

(1)²£5: F [f (t− a)](λ) = e−iλaF [f ](λ)

(2)N�5: F [eiatf (t)](λ) = F [f ](λ− a)

(3)� 5: F [f (bt)](λ) =
1

|b|
F [f ](

λ

b
), b 6= 0
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• FourierC���!ª�¦�

(1) b�é?¿� k = 0, 1, 2, · · · , n, tkf (t) ∈ L1(R), K F [f ] ∈

Cn(R),�é?¿� k = 1, 2, · · · , n,k

F [tkf (t)](λ) = ik
dk

dλk
{F [f ](λ)}.

(2) b� f ∈ Cn(R) ∩ L1(R), �é?¿� k = 1, 2, · · · , n, f (k) ∈

L1(R),K

F [f (k)](λ) = (iλ)kF [f ](λ).
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•òÈ½n

½Â� f Ú g´ Rþ�ü�¼ê,XJÈ©

(f ∗ g)(x) =

∫ ∞

−∞
f (x− t)g(t)dt =

∫ ∞

−∞
f (t)g(x− t)dt

�3,¡Ù� f Ú g�òÈ.
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½n� f, g ∈ L1(R),K f ∗ g ∈ L1(R),÷v

‖f ∗ g‖L1 ≤ ‖f‖L1‖g‖L1,

¿�

F [f ∗ g](λ) =
√

2πf̂ (λ)ĝ(λ).
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y²

F [f ∗ g](λ) =
1√
2π

∫ +∞

−∞
(f ∗ g)(t)e−iλtdt

=
1√
2π

∫ +∞

−∞

(∫ +∞

−∞
f (t− x)g(x)dx

)
e−iλtdt

=
1√
2π

∫ +∞

−∞

(∫ +∞

−∞
f (t− x)e−iλ(t−x)dt

)
g(x)e−iλxdx.

�CþO� u = t− x, v = x,��

F [f ∗ g](λ) =
1√
2π

∫ +∞

−∞

(∫ +∞

−∞
f (u)e−iλudu

)
g(v)e−iλvdv

=
√

2π

(
1√
2π

∫ +∞

−∞
f (u)e−iλudu

)(
1√
2π

∫ +∞

−∞
g(v)e−iλvdv

)
=
√

2πf̂ (λ)ĝ(λ).
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~pd.¼ê f (t) = e−at2 � FourierC�.

f
′
(t) = −2ate−at2 = −2atf(t).

þªüà� FourierC��

(iλ)F [f ](λ) = (−2ai)
d

dλ
{F [f ](λ)}.

l
���©�§

d

dλ
{F [f ](λ)} +

λ

2a
F [f ](λ) = 0,

ÙÏ)�

F [f ](λ) = Ce−
λ2

4a .
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(½~ê C

C = F [f ](0) =
1√
2π

∫ +∞

−∞
f (t)dt

=
1√
2π

∫ +∞

−∞
e−at2dt

=
1√
2a

.

l
pd.¼ê f (t) = e−at2 � FourierC��pd.¼ê

F [f ](λ) =
1√
2a

e−
λ2

4a .
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Fourier�üúª

½nXJ f ∈ L1(R), f̂ ∈ L1(R),K3 f �ëY: xk

f (x) =
1√
2π

∫ +∞

−∞
f̂ (λ)eiλxdλ.

5é f ∈ L1(R),Ù FourierC�Ø�½÷v f̂ ∈ L1(R).
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íØXJ f, f̂ ∈ L1(R),¿� f ´ëY�,Ké?¿� x ∈ Rk

F ◦ F [f ](x) = f (−x).

y²- g = F [f ],u´

F [g](−x) =
1√
2π

∫ +∞

−∞
F [f ](λ)eiλxdλ

= F−1 ◦ F [f ](x)

= f (x).
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~pd.¼ê f (x) = e−ax2 ∈ L1(R),¿�3 RþëY.Ù Fourier

C�

g(λ) = F [f ](λ) =
1√
2a

e−
λ2

4a

�3 L1(R)¥. Ïd��

F [g](x) = f (−x) = e−ax2

.
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L1(R)
⋂

L2(R)þ� FourierC�

Parseval�ª� f ∈ L1(R)
⋂

L2(R),K

‖f‖L2 = ‖f̂‖L2.

y²- g(x) = f (−x)�

h(x) = (f ∗ g)(x) =

∫ +∞

−∞
f (t)f (t− x)dt.

u´dòÈ½n��, h ∈ L1(R)÷v

ĥ =
√

2πf̂ ĝ =
√

2π|f̂ |2.
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Ún� f, g ∈ L2(R),K f ∗ g3 RþëYk.,=

|(f ∗ g)(x)| ≤ ‖f‖L2‖g‖L2, x ∈ R.

(ÜþãÚn��, h ∈ L1(R) 3 R þëYk., ¿� ĥ �K. Ïd

ĥ ∈ L1(R) (?),l
�üúª¤á,=

h(x) =

∫ +∞

−∞
|f̂ |2eixλdλ.

� x = 0�,=� ‖f‖L2 = ‖f̂‖L2.
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L2(R)þ� FourierC�

È�*¿

Ï� L1(R)
⋂

L2(R)3 L2(R)¥È�,=é?¿ f ∈ L2(R) ,�±é

� L1(R)
⋂

L2(R)¥�¼ê� {fn, n ∈ Z}¦�

lim
n→∞

‖fn − f‖L2 = 0.

du fn ∈ L1(R) , ¤±Ù FourierC� f̂n k½Â. u´½Â f̂ �

f̂n, n ∈ Z3 L2(R)¥�4�.ù��½Â´Äk¿Âº
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Parseval�ª

½n� f, g ∈ L2(R),K

〈f̂ , ĝ〉L2 = 〈f, g〉L2.

AO/,

‖f̂‖L2 = ‖f‖L2.
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òÈ½n

½n� f, g ∈ L2(R),K

f ∗ g =
√

2πF−1[f̂ · ĝ],

F [f · g] =
1√
2π

f̂ ∗ ĝ.
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FourierC��ÈÅì

�5�ØC�f� X, Y ©O�Ñ\&Ò�mÚÑÑ&Ò�m.

¡�f L : X → Y ´�5�ØC�,XJ÷v

�5: L[αf + βg] = αLf + βLg.

�ØC: L[f (t− a)] = L[f ](t− a).
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~ (òÈ�f)¼ê läkk�| . é?¿&Ò f ,½Â�f

L[f ](t) = (l ∗ f )(t) =

∫ +∞

−∞
l(t− x)f (x)dx, t ∈ R.

K L´�5�ØC�. Ï�é?¿� a ∈ R

L[f (x− a)](t) =

∫ +∞

−∞
l(t− x)f (x− a)dx

=

∫ +∞

−∞
l(t− a− x)f (x)dx

= L[f ](t− a).
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½n� L´©¡ëY¼ê&Ò�m��5�ØC�f,K�3�

È¼ê h,¦�é?¿�&Ò f k

L[f ] = f ∗ h.

y²

1�Ú:� λ´?¿¢ê. K�3 h÷v

L[eiλx](t) =
√

2πĥ(λ)eiλt, t ∈ R.
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½Â¼ê hλ(t) = L[eiλx](t), t ∈ R. Ï� L´�ØC�,¤±é?

¿� a ∈ R

L[eiλ(x−a)](t) = hλ(t− a).

qÏ� L´�5�,·�k

L[eiλ(x−a)](t) = e−iλaL[eiλx](t)

= e−iλahλ(t).

l
é?¿� a ∈ R

hλ(t− a) = e−iλahλ(t).
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AO/,� t = a�,k

hλ(0) = e−iλahλ(a).

l
é?¿� t ∈ R

hλ(t) = eiλthλ(0).

u´

L[eiλx](t) = hλ(t) = hλ(0)eiλt.

- ĥ(λ) = hλ(0)/
√

2π=��y.
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1�Ú:¼ê ĥ(λ)(½
�f L.

ò�f L�^u FourierC��üúª

f (x) =
1√
2π

∫ +∞

−∞
f̂ (λ)eiλxdλ.

ü>�

L[f ](t) = L
[ 1√

2π

∫ +∞

−∞
f̂ (λ)eiλxdλ

]
(t)

≈ L
[ 1√

2π

∑
j

f̂ (λj)e
iλjx∆λ

]
(t)

=
1√
2π

∑
j

f̂ (λj)L[eiλjx](t)∆λ.

=
1√
2π

∫ +∞

−∞
f̂ (λ)L[eiλx](t)dλ

=
1√
2π

∫ +∞

−∞
f̂ (λ)

(√
2πĥ(λ)eiλt

)
dλ

= (f ∗ h)(t).
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h, ĥ�Ôn¿Â

b� hëY,δ´���ê. �ÄóÀ&Ò

fδ(t) =

 1
2δ if − δ ≤ t ≤ δ

0 otherwise.

ò�f L�^ufδ,��

L[fδ](t) = (fδ ∗ h)(t) =

∫ +∞

−∞
fδ(τ )h(t− τ )dτ

=

∫ δ

−δ

fδ(τ )h(t− τ )dτ

≈ h(t)

∫ δ

−δ

fδ(τ )dτ = h(t).

• h(t)´óÀ&ÒÏL L��Cq�A,¡ h´ L�óÀ�A¼

ê.

•éuüªÇ&Ò eiλt, ĥ(λ)�¤
Ù�AÌÝ.¡ ĥ� L�XÚ

¼ê.
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ÏJÈÅì

½ÂÑ\&Ò���â�)ÑÑ&Ò�ÈÅì¡�ÏJÈÅì,

=

f (t) = 0, t < t0 ⇒ L[f ](t) = 0, t < t0.

½n� L´äkóÀ�A¼ê h�ÈÅì. L´ÏJ���=�

éu?¿ t < 0,k h(t) = 0.
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æ�½n

ªÇ��&ÒXJ�3~ê Ω > 0,¦�

f̂ (λ) = 0, |λ| > Ω

¤á,K¡ f �ªÇ��&Ò.½P�

suppf̂ ⊂ [−Ω, Ω].

� Ω �÷vþª���ªÇ�, ¡ ν :=
Ω

2π
� Nyquist ªÇ, ¡

2ν :=
Ω

π
� Nyquistæ�Ç.
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½n (Shannon-Whittakeræ�½n)

b� f̂ (λ) ´©ã1w�ªÇ���, =�3~ê Ω > 0, ¦�

suppf̂ ⊂ [−Ω, Ω]. K f �dÙ3 tj = jπ/Ω, j = 0,±1,±2, · · ·þ�

æ����(½,¿�ÏLe�?êÐm��

f (t) =

∞∑
j=−∞

f (jπ/Ω)
sin(Ωt− jπ)

Ωt− jπ
.
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y²3«m [−Ω, Ω]þò¼êf̂ (λ) ?1 Fourier?êÐm

f̂ (λ) =

∞∑
k=−∞

cke
iπkλ/Ω,

Ù¥

ck =
1

2Ω

∫ Ω

−Ω

f̂ (λ)e−iπkλ/Ωdλ.

du f̂ (λ) = 0, |λ| > Ω,¤± FourierXê�L«�

ck =

√
2π

2Ω

1√
2π

∫ ∞

−∞
f̂ (λ)e−iπkλ/Ωdλ

=

√
2π

2Ω
f (−kπ/Ω).

u´k

f̂ (λ) =

∞∑
j=−∞

√
2π

2Ω
f (jπ/Ω)e−iπjλ/Ω.
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du f̂ ´©ã1w�,Ïdþã?ê��Âñ,
|^ FourierC

���üúªq��

f (t) =
1√
2π

∫ ∞

−∞
f̂ (λ)eiλtdλ

=
1√
2π

∫ Ω

−Ω

f̂ (λ)eiλtdλ

=

∞∑
j=−∞

√
2π

2Ω
f (jπ/Ω)

1√
2π

∫ Ω

−Ω

e−iπjλ/Ω+iλtdλ.

l
dÈ© ∫ Ω

−Ω

e−iπjλ/Ω+iλtdλ = 2
Ω sin(tΩ− jπ)

tΩ− jπ
,

��­�úª

f (t) =

∞∑
j=−∞

f (jπ/Ω)
sin(Ωt− jπ)

Ωt− jπ
.
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ÿØO�n

� f ∈ L2(R). é a, α ∈ RÚ\

∆af =

∫ +∞

−∞
(t− a)2|f (t)|2dt∫ +∞

−∞
|f (t)|2dt

.

∆af̂ =

∫ +∞

−∞
(λ− α)2|f̂ (λ)|2dλ∫ +∞

−∞
|f̂ (λ)|2dλ

.



Home Page

Title Page

JJ II

J I

Page 105 of 143

Go Back

Full Screen

Close

Quit

½n (ÿØO�n)

b� f ∈ L2(R). Ké?¿� a, α ∈ Rk

∆af ·∆αf̂ ≥
1

4
.

y²Äke¡��ª¤á{
(
d

dt
− iα)(t− a)

}
f −

{
(t− a)(

d

dt
− iα)

}
f

= f + (t− a)f
′ − iα(t− a)f − (t− a)(f

′ − iαf )

= f.
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þªüà�SÈ�

〈f, f〉 = 〈{( d
dt − iα)(t− a)}f (t), f(t)〉

−〈{(t− a)( d
dt − iα)}f (t), f(t)〉

= 〈(t− a)f (t), (− d
dt + iα)f (t)〉

−〈( d
dt − iα)f (t), (t− a)f (t)〉

= −2 Re 〈(t− a)f (t), ( d
dt − iα)f (t)〉.

d SchwarzØ�ª,��

‖f‖2
L2 ≤ 2‖( d

dt
− iα)f (t)‖L2‖(t− a)f (t)‖L2.
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|^ Parseval�ª9 FourierC�

F [(
d

dt
− iα)f ](λ) = i(λ− α)f̂ (λ)

��

‖( d

dt
− iα)f (t)‖L2 = ‖(λ− α)f̂ (λ)‖L2.

u´,·�k

‖(λ− α)f̂ (λ)‖L2‖(t− a)f (t)‖L2 ≥ 1

2
‖f‖2

L2.

d=L²

∆af̂∆af ≥
1

4
.
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3 lÑ Fourier©Û
CqO� FourierXê

αk =
1

2π

∫ 2π

0
f(t)e−iktdt.

|^F/È©úª

αk ≈ 1

2π

2π

n

n−1∑
j=0

f

(
2πj

n

)
e−

2πijk
n

=
1

n

n−1∑
j=0

f

(
2πj

n

)
e−

2πijk
n .

=

αk ≈
1

n

n−1∑
j=0

yjw
jk,

Ù¥

yj = f

(
2πj

n

)
, w = e

2πi
n .
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n�õ�ª��

b� f ± 2π �±Ï, ¿�®� f 3�å(: xj = 2πj
n , j =

0, 1, · · · , n− 1þ��, yj = f
(

2πj
n

)
, 0 ≤ j ≤ n− 1.¦n�õ�ª

p(x) =

n−1∑
k=0

cke
ikx

÷v��^�

p(xj) = yj, 0 ≤ j ≤ n− 1.



Home Page

Title Page

JJ II

J I

Page 110 of 143

Go Back

Full Screen

Close

Quit

¯K=z�¦�5�§|

n−1∑
k=0

cke
2πijk

n = yj, 0 ≤ j ≤ n− 1.

é?¿� 0 ≤ p ≤ n− 1,

n−1∑
j=0

yje
−2πijp

n =

n−1∑
j=0

n−1∑
k=0

cke
2πij(k−p)

n

=

n−1∑
k=0

ck

n−1∑
j=0

e
2πij(k−p)

n .
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d
n−1∑
j=0

e
2πij(k−p)

n =

 n, k = p,

0, k 6= p

��
n−1∑
j=0

yje
−2πijp

n = ncp,

d=L²

ck =
1

n

n−1∑
j=0

yje
−2πijk

n .
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ê�O� FourierC�

b� f 3 [a, b]	�0,3 [a, b)þëY,¿� f (b) = f (a). ®� f 3

a + j b−a
n , 0 ≤ j ≤ n− 1,?�æ��.ê�O� FourierC�

f̂ (λ) =
1√
2π

∫ b

a

f (t)e−iλtdt.

dCþO� θ = 2π t−a
b−a,��

f̂ (λ) =
1√
2π

b− a

2π

∫ 2π

0

f

(
a +

(b− a)θ

2π

)
e−iλ(a+ (b−a)θ

2π )dθ

=
b− a

(2π)
3
2

e−iλa

∫ 2π

0

f

(
a +

(b− a)θ

2π

)
e−iλ (b−a)θ

2π dθ.
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- g(θ) = f
(
a + (b−a)θ

2π

)
,� λk = 2π

b−ak.u´��

f̂ (λk) =
b− a√

2π
e−iλka

(
1

2π

∫ 2π

0

g(θ)e−ikθdθ

)
.

é?¿� 0 ≤ j ≤ n− 1,-

yj = g

(
2πj

n

)
= f

(
a + j

b− a

n

)
.

l
,Cq¦�

f̂ (λk) ≈
b− a

n
√

2π
e−iλka

n−1∑
j=0

yje
−2πijk

n .
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lÑ FourierC� (DFT)

½Â - Sn L«± n �±Ï�ES��N, =, ?¿ y =

{yj}+∞
j=−∞ ∈ Sn÷v

yj+n = yj, j ∈ Z.

½Âb� y = {yj}+∞
j=−∞ ∈ Sn. ½Â y �lÑ FourierC��S�

Fn{y} := {ŷk}+∞
j=−∞,Ù¥

ŷk =

n−1∑
j=0

yjw
jk, w = e

2πi
n .
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DFT�5�

(1) Fn´l Sn� Sn��5�f.

(2)b� y = {yk} ∈ Sn,Ù DFT� Fn{y} = ŷ. K y = F−1
n {ŷ}de

ª�Ñ

yj =
1

n

n−1∑
k=0

ŷkw
jk.
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y²

DFT�Ý
L«

Fn{y} = ŷ = (F̄n)(y)

Ù¥ y = (y0, · · · , yn−1)
T , ŷ = (ŷ0, · · · , ŷn−1)

T ,

Fn =



1 1 1 · · · 1

1 w w2 · · · wn−1

1 w2 w4 · · · w2(n−1)

· · · · · · · · · · · · · · ·

1 wn−1 w2(n−1) · · · w(n−1)2


.
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�Iy²
1

n
FnFn = In,

=Ý

Fn√
n
´jÝ
. ?
I�y²

1

n

n−1∑
k=0

wlkwkj =

 1 if j = l

0 otherwise.

� j 6= l, 0 ≤ j, k ≤ n− 1�,k wl−j 6= 1. u´

1

n

n−1∑
k=0

wlkwkj =
1

n

n−1∑
k=0

wk(l−j)

=
1

n

1− w(l−j)n

1− wl−j

= 0.

� j = l�,d wl−j = 1��

1

n

n−1∑
k=0

wlkwkj =
1

n
· n = 1.
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(3)b� y = {yk} ∈ Sn� z = {zk}÷v zk = y−k,K

(Fn{z})j = (Fn{y})−j.

(4)b� y = {yk} ∈ Sn� z = {zk}÷v zk = yk,K

(Fn{z})j = (Fn{y})−j.

íØ

• y ∈ Sn´óS� (ÛS�) ⇔Fn{y}´óS� (ÛS�).

• y ∈ Sn´¢S�⇔ (Fn{y})j = (Fn{y})−j.

• y ∈ Sn´¢�óS�⇔Fn{y}´¢�óS�.

• y ∈ Sn´¢�ÛS�⇔Fn{y}´XJ�ÛS�.
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(5)b� y = {yk} ∈ Sn, p ∈ Z,� z = {zk}÷v zk = yk+p,K

(Fn{z})j = wpj(Fn{y})j.

(6)b� y = {yk} ∈ Sn, p ∈ Z,� z = {zk}÷v zk = w−pkyk,K

(Fn{z})j = (Fn{y})j+p.
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(7)òÈ½n

±ÏlÑòÈb� y, z ∈ Sn,K yÚ z�òÈ y ∗ z ∈ Sn½Â�

(y ∗ z)k =

n−1∑
j=0

yjzk−j =

n−1∑
j=0

yk−jzj.

òÈ½nb� y, z ∈ Sn,K

Fn{y ∗ z} = Fn{y}Fn{z},

Fn{yz} =
1

n
Fn{y} ∗ Fn{z}.

(8)b� y ∈ Sn,K n
n−1∑
k=0

|yk|2 =

n−1∑
j=0

|(Fn{y})j|2.
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¯� FourierC�-FFT (J.W.Cooley, J.W.Tukey, 1965)

b� n = 2N . �ÄO�S� y = {yk} ∈ Sn�lÑ FourierC�

ŷk =

2N−1∑
j=0

yjw
jk, k = 0, 1, · · · , 2N − 1.

òÚªUÛó�I©|

ŷk =

N−1∑
j=0

y2jw
2jk +

N−1∑
j=0

y2j+1w
(2j+1)k

=

N−1∑
j=0

y2jw
2jk + wk

N−1∑
j=0

y2j+1w
2jk.

u´��

ŷk = (FN{(y0, y2, · · · , y2N−2)})k + wk(FN{(y1, y3, · · · , y2N−1)})k.
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de�'X

(FN{(y0, · · · , y2N−2)})k+N = (FN{(y0, · · · , y2N−2)})k,

(FN{(y1, · · · , y2N−1)})k+N = (FN{(y1, · · · , y2N−1)})k,

wk+N = wke−
2πi
2N ·N = −wk,

��,é?¿� 0 ≤ k ≤ N − 1,

ŷk = (FN{(y0, · · · , y2N−2)})k + wk(FN{(y1, · · · , y2N−1)})k,

ŷk+N = (FN{(y0, · · · , y2N−2)})k − wk(FN{(y1, · · · , y2N−1)})k.

dþãúªO�lÑ Fourier C� ŷk, ŷk+N I��¦{gê´

2(N − 1)2 + N − 1,ÏdO�þA�~�.XJ n = 2L,TL§�U

Y� 2�lÑ FourierC�.
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O�E,Ý

- KLL«|^þã�{O�lÑ FourierC� Fn{y}, n = 2L,¤

I�¦{gê. �
O� Fn{y},I�O�

FN{(y0, y2, · · · , y2N−2)}Ú FN{(y1, y3, · · · , y2N−1)},

Ù¥ N = 2L−1. u´k

KL = 2KL−1 + 2L−1 − 1, K1 = 0.

4í��

KL = (L− 2)2L−1 + 1

=
1

2
n(logn

2 −2) + 1

=
1

2
n logn

2 −n + 1.
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FFT�A^

•O�±ÏòÈ

b� y, z ∈ Sn. ��O� yÚ z�òÈ

(y ∗ z)k =

n−1∑
j=0

yjzk−j =

n−1∑
j=0

yk−jzj.

I� n2g¦{. d FFT9òÈ½n

(Fn{y ∗ z})k = (Fn{y})k(Fn{z})k, 0 ≤ k ≤ n− 1,

��Xe�{: n = 2L,

•|^ FFTO� Fn{y}9 Fn{z}.

•O� Fn{y}Fn{z}.

•|^¯� Fourier_C�O� F−1
n {Fn{y ∗ z}}.

O�E,Ý�

(n logn
2 −2n + 2) + n + (

1

2
n logn

2 −n + 1) =
3n

2
logn

2 −2n + 3.
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•O��±ÏòÈ

b� y, z��±Ïk�&Ò,=

yk = 0 if k < 0 or k ≥ M,

zk = 0 if k < 0 or k ≥ Q,

Ù¥ Q ≤ M . �ÄO��±ÏòÈ

(y ∗ z)k =

Q−1∑
q=0

yk−qzq, k = 0, 1, · · · , M + Q− 2.

ÙO�E,Ý�MQ. - n´÷v n ≥ M + Q − 1���� 2�

�êg�,¿ò yÚ zw¤´ n±ÏS�. u´�±ÏòÈ�O�

=z�|^ FFTO�±ÏòÈ.O�E,Ý�
3n

2
logn

2 −2n + 3.
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5XJü�&Ò��ÝØ�¡,Kþã FFT�{��.

~�ÄO�

(y ∗ z)k =

4∑
q=0

yk−qzq

Ù¥ Q = 5, M = 1000. ��O��±ÏòÈI� 5000g¦{,


|^ FFT�{O� (n = 1024)I�¦{gê�� 104.
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•õ�ª��

Chebyshevõ�ª

Tn(cos θ) = cos nθ, θ ∈ [0, π].

T0(x) = 1,

T1(x) = x,

T2(x) = 2x2 − 1,

T3(x) = 4x3 − 3x,

T4(x) = 8x4 − 8x2 + 1,

· · · .
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- Pn L«gê�u�u n�¢Xêõ�ª�N. K Pn ´ Rþ

��5�m, ¿� {Tj}n
j=0 �¤T�m�Ä.. AO/, é?¿�

P ∈ Pn,����L«�

P (x) =

n∑
j=0

ajTj(x).

- xk = cos(kπ
n), k = 0, · · · , n,���!:,Ké 0 ≤ k ≤ n

yk = P (xk) =

n∑
j=0

ajTj(xk)

=

n∑
j=0

aj cos(jk
π

n
).
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òþªU�

yk =
1

2

n∑
j=0

ajw
jk +

1

2

0∑
j=−n

a−jw
jk

=

n∑
j=−n

cjw
jk,

Ù¥ w = eiπ/n,

cj =


1
2aj, 0 < j ≤ n,

a0, j = 0,

1
2a−j, −n ≤ j < 0.

ò y = (yk)òÿ¤ 2n±Ï�óS�,Kk

yk =

n∑
j=−n

cjw
jk, 0 ≤ j ≤ 2n− 1.
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é?¿� 0 ≤ p ≤ n,

rp =

2n−1∑
k=0

ykw̄
pk =

2n−1∑
k=0

n∑
j=−n

cjw
(j−p)k

=

n∑
j=−n

cj

(
2n−1∑
k=0

w(j−p)k

)
.

²O���

rp = 2ncp, p = 0, · · · , n− 1,

rn = 2n(cn + c−n) = 4ncn.

Ïd

aj =
1

nεj

2n−1∑
k=0

ykw̄
jk, j = 0, 1, · · · , n

Ù¥

ε0 = εn = 2; ε1 = · · · = εn−1 = 1.
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�{

•O� y2n−k = yk, k = 1, · · · , n− 1.

•|^ FFTO�

(y0, · · · , y2n−1) 7→ (Y0, · · · , Y2n−1).

•O� an = 1
nYn, n = 1, 2, · · · , n− 1; a0 = 1

2nY0; an = 1
2nYn.
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lÑÈÅì

½Âb� X Ú Y þ�lÑ&Ò�m. ¡�f F : X → Y ´�5

�ØC�,XJ÷v

�5: F (αx + βy) = αF (x) + βF (y).

�ØC: F (Tp(x)) = Tp(F (x)),

Ù¥

(Tp(x))k = xk−p.
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½nXJ F ´lÑ&Ò�mþ��5�ØC�f,K�3S� f ,

¦�

F (x) = f ∗ x.

��,XJ�3S� f ,¦� F (x) = f ∗ x,K F �5�ØC�f.

y²- enL«ü óÀS�,=

en
k =

 0 k 6= n

1 k = n.

é?¿S�

x =
∑
n∈Z

xne
n,

Ù�A�

F (x) =
∑
n∈Z

F (xne
n) =

∑
n∈Z

xnF (en).
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- fn = F (en). du F ´�ØC�,Ïdé?¿� p ∈ Z,k

Tp(f
n) = Tp(F (en))

= F (Tp(e
n))

= F (en+p)

= fn+p.

,��¡,d Tp�½Â��

(Tp(f
n))k = fn

k−p.

u´k

fn+p
k = fn

k−p.



Home Page

Title Page

JJ II

J I

Page 135 of 143

Go Back

Full Screen

Close

Quit

� n = 0�,��é?¿� p ∈ Z

f p
k = f 0

k−p.

u´

(F (x))k =
∑
n∈Z

xn(F (en))k

=
∑
n∈Z

xnf
n
k

=
∑
n∈Z

xnf
0
k−n.

þªL²

F (x) = f ∗ x,

Ù¥ f := f 0.
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XJ F (x) = f ∗ x,Kw, F ´�5�. Ó� F �´�ØC�,ù

´Ï�

(F (Tp(x)))k = (f ∗ Tp(x))k

=
∑
n∈Z

(Tp(x))nfk−n

=
∑
n∈Z

xn−pfk−n

=
∑
n∈Z

xnfk−p−n

= (f ∗ x)k−p

= (Tp(F (x)))k.
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ZC�

½Â S� x = (· · · , x−1, x0, x1, · · · ) ∈ l2 � Z C�½Â�¼ê

x̂ : [−π, π] → C :

x̂(φ) =
∑
j∈Z

xje
−ijφ.

5- z = eiφ,K ZC� x̂¤�

x̂(z) =
∑
j∈Z

xjz
−j.
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ZC�� Fourier?ê

•b� f ∈ L2[−π, π],Ù Fourier?êÐm�

f (φ) =
∑
n∈Z

xne
inφ

Ù¥

xn =
1

2π

∫ π

−π

f (φ)e−inφdφ.

d Parseval�ª��, x = (xn) ∈ l2. u´ Fourier?êÐmL§´

ò¼ê f ∈ L2[−π, π]=z�S� x = (xn) ∈ l2�L§.
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•b� x = (xn) ∈ l2,Ù ZC��

x̂(φ) =
∑
n∈Z

xne
−inφ.

du x = (xn) ∈ l2,�3 f ∈ L2[−π, π]÷v3 L2[−π, π]¥

f (−φ) =
∑
n∈Z

xne
−inφ = x̂(φ),

¿� xn´ f �1 n� FourierXê. u´, ZC�rS� x ∈ l2=

z�¼ê f (−·) ∈ L2[−π, π].
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• ½n Z C�´ l2 � L2[−π, π] ��åÓ�, =é?¿� x =

(· · · , x−1, x0, x1, · · · ), y = (· · · , y−1, y0, y1, · · · ) ∈ l2,k

1

2π
〈x̂, ŷ〉L2[−π,π] = 〈x, y〉l2.

y²- f (−·) = x̂, g(−·) = ŷ. Kd Parseval�ª��

1

2π
〈x̂, ŷ〉

L2[−π,π]
=

1

2π
〈f (−·), g(−·)〉

L2[−π,π]

=
1

2π

∫ π

−π

f (−φ)g(−φ)dφ

=
1

2π

∫ π

−π

f (φ)g(φ)dφ

=
∑
n∈Z

xnyn

= 〈x, y〉l2.
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òÈ�f� ZC�

½nb� f = (fn), x = (xn) ∈ l2. K

(f̂ ∗ x)(φ) = f̂ (φ)x̂(φ).

y²

(̂f ∗ x)(φ) =
∑
n∈Z

(f ∗ x)ne
−inφ

=
∑
n∈Z

(
∑
k∈Z

fkxn−k)e
−inφ.

d©) e−inφ = e−ikφe−i(n−k)φ��

(̂f ∗ x)(φ) =
∑
k∈Z

(fke
−ikφ)

∑
n∈Z

xn−ke
−i(n−k)φ

= (
∑
k∈Z

fke
−ikφ)(

∑
k∈Z

xne
−inφ)

= f̂ (φ)x̂(φ).
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òÈ�f���

½nb� F ´S� f = (fn)�'�òÈ�f. K F ����f

F ∗´S� f ∗n = f−n�'�òÈ�f,Ù=£¼ê� f̂ .

y²dòÈÚ l2½Â��

〈F (x), y〉l2 = 〈f ∗ x, y〉l2

=
∑
n∈Z

(f ∗ x)nyn

=
∑
n∈Z

∑
k∈Z

fn−kxkyn

=
∑
k∈Z

xk

∑
n∈Z

f−(k−n)yn

=
∑
k∈Z

xk(f ∗ ∗ y)k = 〈x, f ∗ ∗ y〉l2.
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d	, F ∗�=£¼ê�

f̂ ∗(φ) =
∑
n∈Z

f ∗ne−inφ

=
∑
n∈Z

f−ne
−inφ

=
∑
n∈Z

f−neinφ

=
∑
m∈Z

fme−imφ

= f̂ (φ).
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