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1 �ªÛÜz

1.1. FourierCCC������ÛÛÛ���555

FourierC�

F(f )(λ) =
1√
2π

∫ ∞

−∞
f (x)e−iλxdx

f (x) =
1√
2π

∫ ∞

−∞
F(f )(λ)eiλxdλ

FourierC�"y&Ò�ÛÜz©ÛUå,ù´Ï�

• FourierC��¦Jø&Ò3����þ��Ü&E,=?ÛÛ

Ü�ªÌA�Ñ�6u&Ò3�����5�;

•�m&Ò�ÛÜUC¬K���ªÌ;ª��ÛÜUC�¬K

�������A5.
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1.2. III¼¼¼êêê

½Â:�²�¼ê w ∈ L2(R)¡�I¼ê,XJ÷v tw ∈ L2(R).

¥%Ú�»é?¿I¼ê w,Ù¥% t∗Ú�»4w©O½Â�

t∗ =
1

‖w‖2
L2

∫
R
t|w(t)|2dt,

4w =
1

‖w‖L2

(

∫
R
(t− t∗)2|w(t)|2dt)1/2.

~: pd.¼ê gα(t) = 1
2
√
πα
e−

t2

4α ´I¼ê,Ù¥%Ú�»©O�

t∗ = 0, 4gα
=
√
α.
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I¼ê5�

• w(at)�¥%Ú�»©O� t∗/aÚ4w/|a|;

• aw(t)�¥%Ú�»©O� t∗Ú4w;

• w(t− t0)�¥%Ú�»©O� t∗ + t0Ú4w;

• w(t)eiωt�¥%Ú�»©O� t∗Ú4w;
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1.3. ááá��� FourierCCC��� (STFT)

½Â:� g, ĝþ�I¼ê,K f ∈ L2(R)�á� FourierC�½Â�

Sf (ω, b) =

∫
R
f (t)g(t− b)e−iωtdt.

AO/,�I¼ê��pd.¼ê

gα(t) =
1

2
√
πα

e−
t2

4α .

�,�A�á� FourierC�

Gαf (ω, b) =

∫
R
f (t)gα(t− b)e−iωtdt

¡� GaborC�.
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�ªI

b� g, ĝ�¥%Ú�»©O� t∗,4g Ú ω∗,4ĝ.

•-Wω,b(t) = g(t− b)eiωt,Kd STFT½Â��

Sf (ω, b) =

∫
R
f (t)Wω,b(t)dt.

duWω,b´��I¼ê,�¥%Ú�»©O� t∗ + bÚ 4g,u´

Sf (ω, b)�Ñ
 f 3�mI

[t∗ + b−4g, t
∗ + b +4g]

S�ÛÜz&E.
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•- Vω,b(η) = Ŵω,b(η) = eiωbe−iηbĝ(η − ω),K Vω,b´��äk¥%

ω∗ + ωÚ�»4ĝ �I¼ê. du

Sf (ω, b) = 〈f,Wω,b〉 = 〈f̂ , Vω,b〉,

u´ Sf (ω, b)��Ñ
 f 3ªÇI

[ω∗ + ω −4ĝ, ω
∗ + ω +4ĝ]

S�ÛÜz&E.
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nþ¤ã,á� FourierC� Sf (ω, b)�Ñ
&Ò3�ªI

[t∗ + b−4g, t
∗ + b +4g]×

[ω∗ + ω −4ĝ, ω
∗ + ω +4ĝ],

¥�ÛÜz&E. �X�©Û��mÚªÇ (b, ω) �²£, ��

�X��ªI. ù
�ªIäkØC�°Ý 24g Ú�½�¡È

44g4ĝ. d	,d STFT��üúª

f (t) =
1

2π

∫
R

∫
R
eiωtg(t− b)Sf (ω, b)dωdb

�� STFT(¢�¹
 f ��Ü&E.
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STFT�Û�5

• STFT�I�/G����±ØC,�ªÇÃ'.

• STFTØØN�lÑz,ÑØ�U¡��|��Ä.



�ªÛÜz

ëY�ÅC�

�?�ÅC�

�Åµe

���Å

Home Page

Title Page

JJ II

J I

Page 11 of 62

Go Back

Full Screen

Close

Quit

2 ëY�ÅC�

2.1. ÄÄÄ���ÅÅÅ

½Â:XJ ψ ∈ L2(R)÷vNN5^�

Cψ := 2π

∫ ∞

−∞

|ψ̂(λ)|2

|λ|
dλ < +∞,

K¡ ψ�Ä�Å.
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~^Ä�Å

Haar�Å

ψ(t) =


1, 0 ≤ t < 1

2,

−1, 1
2 ≤ t < 1,

0, Ù¦.

ψ̂(λ) =
4i√
2π
e−i

λ
2
sin2 λ

4

λ

Marr�Å ($Üxlf�Å)

ψ(t) =
1√
2π

(1− t2)e−t
2/2

ψ̂(λ) =
1√
2π
λ2e−

λ2

2
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�5�^�Å

ψ(t) = (h ∗ χ[0,1])(t),

Ù¥ h´Haar�Å.

ψ(t) =



t, 0 ≤ t < 1
2,

1− t, 1
2 ≤ t < 3

2,

t− 2, 3
2 ≤ t < 2,

0, Ù¦.
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NN5^�

�*¿Âb� ψ ∈ L1(R),K ψ̂´ëYk.¼ê. u´dNN5^

� ∫ ∞

−∞

|ψ̂(λ)|2

|λ|
dλ < +∞,

�� ψ̂(0) = 0,=
∫∞
−∞ ψ(t)dt = 0. dd�� ψäkÅÄ5. qÏ�

ψ ∈ L2(R), ��`5äkP~5. Ïd, Ä�Å ψ �½´��.

�,¿�3k�«m	�u"½é¯/ªu". ù�´“�Å”ù�

¶¡�d5.
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��¿©^�

b� ψ ∈ L2(R)
⋂
L1(R),�÷vXe^�

1.
∫ ∞

−∞
ψ(t)dt = 0;

2. |ψ(t)| ≤ C

(1 + |t|)1+ε
, C > 0, ε > 0;

K ψ÷vNN5^�,? ψ´Ä�Å.
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2.2. ëëëYYY���ÅÅÅCCC���

½Â:b� ψ´�Ä�Å,òÄ�Å� Ú²£���ÅS�

ψa,b(t) = |a|−1/2ψ(
t− b

a
),

Ù¥ a, b ∈ R, a 6= 0. éu f ∈ L2(R),ÙëY�ÅC�½Â�

(Wψf )(a, b) = 〈f, ψa,b〉

= |a|−1/2

∫ ∞

−∞
f (t)ψ(

t− b

a
)dt.
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Ä�5�

b� ψ, φ´Ä�Å, f, g ∈ L2(R),K

• (Wψ(αf + βg))(a, b) = α(Wψf )(a, b) + β(Wψg)(a, b);

• (Wψ(Tcf ))(a, b) = (Wψf )(a, b− c),Ù¥ Tcf (t) = f (t− c);

• (Wψ(Dcf ))(a, b) = 1√
c
(Wψf )(ac ,

b
c),Ù¥ Dcf (t) = 1

cf ( tc), c > 0;

• (Wαψ+βφf )(a, b) = α(Wψf )(a, b) + β(Wφf )(a, b);

• (WTcψ(f ))(a, b) = (Wψf )(a, b + ca);

• (WDcψ(f ))(a, b) = 1√
c
(Wψf )(ac, b).
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Parseval�ª

b� f, g ∈ L2(R), ψ��Ä�Å,K

1

Cψ

∫ +∞

−∞

∫ +∞

−∞
(Wψf )(a, b)(Wψg)(a, b)

1

a2
dadb = 〈f, g〉.

AO/,

1

Cψ

∫ +∞

−∞

∫ +∞

−∞
|(Wψf )(a, b)|2 1

a2
dadb = ‖f‖2

L2.
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y²d FourierC�

ψ̂a,b(λ) =
1√
2π

∫
R
|a|−1/2ψ(

t− b

a
)e−itλdt = |a|1/2e−ibλψ̂(aλ)

��

(Wψf )(a, b) = 〈f, ψa,b〉

= 〈f̂ , ψ̂a,b〉

= |a|1/2
∫

R
f̂ (λ)ψ̂(aλ)eibλdλ.

� Fa(λ) = f̂ (λ)ψ̂(aλ), Ga(λ) = ĝ(λ)ψ̂(aλ),u´

(Wψf )(a, b) = |a|1/2F̂a(b),

(Wψg)(a, b) = |a|1/2Ĝa(b).
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dþª�� ∫
R
(

∫
R
(Wψf )(a, b)(Wψg)(a, b)db)

1

a2
da

=

∫
R
(

∫
R
F̂a(b)Ĝa(b)db)

1

|a|
da

=

∫
R
(

∫
R
Fa(λ)Ga(λ)dλ)

1

|a|
da

=

∫
R
(

∫
R
f̂ (λ)ĝ(λ)|ψ̂(aλ)|2dλ)

1

|a|
da

=

∫
R
f̂ (λ)ĝ(λ)(

∫
R

|ψ̂(aλ)|2

|a|
da)dλ

= Cψ〈f, g〉.
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�üúª

d (Wψf )(a, b), a, b ∈ R,� f

b� ψ´Ä�Å, f ∈ L2(R),K3 f �ëY:k�üúª

f (t) =
1

Cψ

∫ ∞

−∞

∫ ∞

−∞
|a|−1/2ψ(

t− b

a
)(Wψf )(a, b)

dbda

a2
.



�ªÛÜz

ëY�ÅC�

�?�ÅC�

�Åµe

���Å

Home Page

Title Page

JJ II

J I

Page 22 of 62

Go Back

Full Screen

Close

Quit

d (Wψf )(a, b), a > 0, b ∈ R,� f

b� ψ´Ä�Å,¿�÷v

2π

∫ +∞

0

|ψ̂(λ)|2

λ
dλ = 2π

∫ +∞

0

|ψ̂(−λ)|2

λ
dλ =

1

2
Cψ <∞,

Ké?¿� f, g ∈ L2(R),k

2

Cψ

∫ +∞

0

∫ +∞

−∞
(Wψf )(a, b)(Wψg)(a, b)

1

a2
dadb = 〈f, g〉.

¿�é?¿� f ∈ L2(R),3 f �ëY:k�üúª

f (t) =
2

Cψ

∫ +∞

0

∫ +∞

−∞
|a|−1/2ψ(

t− b

a
)(Wψf )(a, b)

dbda

a2
.
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2.3. ���ÅÅÅ���ªªª©©©ÛÛÛ-êêêÆÆÆwww���ººº

b� ψ´��Ä�Å,¿� ψ9Ù FourierC� ψ̂Ñ´I¼ê,Ù

¥%Ú�»©O�

t∗ =
1

‖ψ‖2
L2

∫
R
t|ψ(t)|2dt,

4ψ =
1

‖ψ‖L2

(

∫
R
(t− t∗)2|ψ(t)|2dt)1/2,

ω∗ =
1

‖ψ̂‖2
L2

∫
R
ω|ψ̂(ω)|2dω,

4ψ̂ =
1

‖ψ̂‖L2

(

∫
R
(ω − ω∗)2|ψ̂(ω)|2dω)1/2.

b½¢SÀJ�Ä�ÅU¦ ω∗��ê,�3�ÅS� ψa,b¥ëê

a > 0.
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•d ψ´��I¼ê��, ψa,b(t) = |a|−1/2ψ(t−ba )�´��I¼ê,

Ù¥%Ú�»©O� at∗ + b, a4ψ. dëY�ÅC��½Â

(Wψf )(a, b) =

∫ ∞

−∞
f (x)ψa,b(t)dt

��, (Wψf )(a, b)�Ñ
&Ò3�mI

[b + at∗ − a4ψ, b + at∗ + a4ψ]

S�ÛÜz&E.
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•d ψ̂a,b(ω) = |a|1/2e−ibωψ̂(aω)��´ ψ̂a,b ´��I¼ê,Ù¥%

Ú�»©O� ω∗/aÚ4ψ̂/a. u´d�ÅC��ª�L«

(Wψf )(a, b) = 〈f̂ , ψ̂a,b〉

��,�ÅC�äkL�&Òª�þÛÜ5��Uå,§�Ñ
&

Ò3ªÇI

[
ω∗

a
−
4ψ̂

a
,
ω∗

a
+
4ψ̂

a
]

S�ÛÜ&E.
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(¹�C��ªI

•ëY�ÅC�äk�ªÛÜzA�, (Wψf )(a, b)�Ñ
&Ò3

�m-ªÇ²¡¥��Ý/�ªI

[b + at∗ − a4ψ, b + at∗ + a4ψ]×

[
ω∗

a
−
4ψ̂

a
,
ω∗

a
+
4ψ̂

a
]

S�ÛÜ&E.

•�ªI�°Ý� 2a4ψ,¡È� 44ψ4ψ̂. �uÿpª&E� (é

u�� a > 0 ), �mIgÄCÄ; �uÿ$ª&E� (éu��

a > 0 ),�mIgÄC°.
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3 �?�ÅC�

3.1. ºººÝÝÝëëëêêêlllÑÑÑzzz

3ëY�ÅC� (Wψf )(a, b)�ªÇI

[
ω∗

a
−
4ψ̂

a
,
ω∗

a
+
4ψ̂

a
]

¥,� aj =
1

2j
,¿�b� ω∗ = 34ψ̂,KªÇI�

[2j+14ψ̂, 2
j+24ψ̂].
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u´,�ÅC� (Wψf )(
1

2j
, b)�Ñ
&Ò3ª�

[2j+14ψ̂, 2
j+24ψ̂]

¥�ÛÜ&E.Ó�,

(0,∞) =
⋃
j∈Z

[2j+14ψ̂, 2
j+24ψ̂]

�Ñ
�ªÇ� (0,∞)����?y©. Ïd,d�ÅC��

(Wψf )(
1

2j
, b), j ∈ Z,

�±��&Ò3¤kª�þ�&E.
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5^� ω∗ = 34ψ̂ ´éN´÷v�.

b� ψ ´��Ä�Å.- ψ̃(t) = eiαtψ(t),K ̂̃
ψ(ω) = ψ̂(ω − α). u

´, ̂̃
ψ�¥%Ú�»©O�

ω̃∗ = ω∗ + α,

4̂̃
ψ

= 4ψ̂.

À� α = 34ψ̂ − ω∗,=�� ω̃∗ = 34̂̃
ψ
.
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3.2. ���???���ÅÅÅCCC���

?�&Ò f ∈ L2(R)´ÄUdëY�ÅC� (Wψf )(a, b)3lÑz

ºÝëê aj = 1/2j, j ∈ Ze�?

½Â��¼ê ψ ∈ L2(R)¡��?�Å,XJ�3ü��~ê A

Ú B,÷v 0 < A ≤ B < +∞,¦�½5^�

A ≤
+∞∑
j=−∞

|ψ̂(2−jω)|2 ≤ B

¤á. é f ∈ L2(R),Ù�?�ÅC�½Â�

(W j
ψf )(b) = 2j/2(Wψf )(

1

2j
, b), b ∈ R, j ∈ Z.
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½5^�)º

½5^�

A ≤
+∞∑
j=−∞

|ψ̂(2−jω)|2 ≤ B

�duéu?¿� f ∈ L2(R)

A‖f‖2
2 ≤

1

2π

∑
j∈Z

‖W j
ψf‖

2
2 ≤ B‖f‖2

2.
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�?�Å7´Ä�Å

½nb� ψ´�?�Å,K§´÷v

A ln 2 ≤
∫ +∞

0

|ψ̂(ω)|2

ω
dω ≤ B ln 2,

A ln 2 ≤
∫ +∞

0

|ψ̂(−ω)|2

ω
dω ≤ B ln 2,

�Ä�Å.AO/,XJ A = B,Kk

Cψ = 2π

∫ +∞

−∞

|ψ̂(ω)|2

|ω|
dω = 4πA ln 2.
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y²dCþO���∫ 2

1

|ψ̂(2−jω)|2

ω
dω =

∫ 2−j+1

2−j

|ψ̂(ω)|2

ω
dω.

u´,d½5^��∫ 2

1

A

ω
dω ≤

∑
j∈Z

∫ 2−j+1

2−j

|ψ̂(ω)|2

ω
dω ≤

∫ 2

1

B

ω
dω.

lk

A ln 2 ≤
∫ +∞

0

|ψ̂(ω)|2

ω
dω ≤ B ln 2.
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aq/,|^∫ −1

−2

|ψ̂(2−jω)|2

−ω
dω =

∫ 2−j+1

2−j

|ψ̂(−ω)|2

ω
dω.

9½5^���∫ −1

−2

A

−ω
dω ≤

∑
j∈Z

∫ 2−j+1

2−j

|ψ̂(−ω)|2

ω
dω ≤

∫ −1

−2

B

−ω
dω.

lk

A ln 2 ≤
∫ +∞

0

|ψ̂(−ω)|2

ω
dω ≤ B ln 2.
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3.3. ���???éééóóó

½Âb� ψ´���?�Å.¡

ψ̂∗(ω) =
ψ̂(ω)

+∞∑
k=−∞

|ψ̂(2−kω)|2

� Fourier_C� ψ∗ ∈ L2(R)� ψ��?éó.
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½nb� ψ ´���?�Å.KÙ�?éó ψ∗ �´���?�

Å,¿�÷v
1

B
≤

+∞∑
j=−∞

|ψ̂∗(2−jω)|2 ≤ 1

A
.

d	,é?¿� f ∈ L2(R)k�üúª

f (t) =
1

2π

+∞∑
j=−∞

∫ +∞

−∞
(W j

ψf )(b)2jψ∗(2j(t− b))db.
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y²d ψ∗� FourierC���

ψ̂∗(2−jω) =
ψ̂(2−jω)∑

k∈Z |ψ̂(2−kω)|2
.

lk ∑
j∈Z

|ψ̂∗(2−jω)|2 =

∑
j∈Z |ψ̂(2−jω)|2

(
∑

k∈Z |ψ̂(2−kω)|2)2

=
1∑

k∈Z |ψ̂(2−kω)|2
.

Ïd, ψ∗´�?�Å,�÷v

1

B
≤

+∞∑
j=−∞

|ψ̂∗(2−jω)|2 ≤ 1

A
.
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- gj(t) = 2jψ(−2jt),Kk

(W j
ψf )(b) = 2j/2(Wψf )( 1

2j , b)

= 2j
∫

R f (t)ψ(2j(t− b))dt

= (f ∗ gj)(b).

d ĝj(ω) = ψ̂(2−jω)��

1

2π

+∞∑
j=−∞

∫ +∞

−∞
(W j

ψf )(b)2jψ∗(2j(t− b))db

=
1

2π

+∞∑
j=−∞

√
2π

∫ +∞

−∞
f̂ (ω)ψ̂(2−jω)ψ̂∗(2−jω)eitωdω

=
1√
2π

∫ +∞

−∞
f̂ (ω)eitωdω

= f (t).
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4 �Åµe

4.1. ���mmmëëëêêêlllÑÑÑzzz

�
O��k�5,ò�mëê blÑz

bj,k =
k

2j
b0, j, k ∈ Z,

Ù¥ b0 > 0´���½~ê,¡�Ä��Ç.?�ÚÚ\

ψb0;j,k(t) = 2j/2ψ(2jt− kb0), j, k ∈ Z,

�Äé?¿� f ∈ L2(R),|^ëY�ÅC��lÑ&E

(Wψf)(
1

2j
, bj,k) = 〈f, ψb0;j,k〉

� f .
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4.2. µµµeeennnØØØ (Duffin, Schaeffer, 1952)

4.2.1. µµµeee

½Â:� {φj, j ∈ Z}´ Hilbert�m H ¥�S�, XJ�3~ê

A,B,÷v 0 < A ≤ B < +∞,¦�é?¿� f ∈ H ,k

A‖f‖2 ≤
∑
j∈Z

|〈f, φj〉|2 ≤ B‖f‖2,

K¡ {φj, j ∈ Z}´ H ¥���µe, A,B ¡�µe�þ!e..

XJ A = B,K¡ {φj, j ∈ Z}´ H ¥�;µe.
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~� H = R2, e1 = (0, 1), e2 = (−
√

3/2,−1/2), e3 = (
√

3/2,−1/2).

é?¿� x = (x1, x2) ∈ R2,k

3∑
j=1

|〈x, ej〉|2 =
3

2
(x2

1 + x2
2) =

3

2
‖x‖2.

u´, {e1, e2, e3} ´ R2 ¥�;µe, Ù¥ A = B = 3/2. w,,

{e1, e2, e3}´�5�'�,l�Ø¤ R2�Ä.
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µe�IO��Ä

½n Hilbert �m H ¥�S� {φj, j ∈ Z} ´IO��Ä�¿

©7�^�´ {φj, j ∈ Z} �¤ H �;µe, � A = B = 1,

‖φj‖ = 1, j ∈ Z.

y² (¿©5)d {φj, j ∈ Z}�¤H � A = B = 1�;µe��,

é?¿� f ∈ H ,k ∑
j∈Z

|〈f, φj〉|2 = ‖f‖2.

AO� f = φk,Kk

‖φk‖2 =
∑
j∈Z

|〈φk, φj〉|2.

Ï� ‖φk‖ = 1, ¤±
∑

j 6=k |〈φk, φj〉|2 = 0. l 〈φk, φj〉 = δjk, =

{φj, j ∈ Z}´ H ¥�IO��8.
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4.2.2. µµµeee���fff���éééóóóµµµeee

½Â� {φj, j ∈ Z}´ Hilbert�m H ���µe. ¡�5�f

F : H → l2, Ff = {〈f, φj〉}j∈Z, ∀ f ∈ H,

�µe {φj, j ∈ Z}�©Û�f. ¡ F ����f

F ∗ : l2 → H, F ∗c =
∑
j∈Z

cjφj, ∀ c = {cj}j∈Z ∈ l2,

�µe {φj, j ∈ Z}�nÜ�f. - T = F ∗F ,K

T : H → H,Tf =
∑
j∈Z

〈f, φj〉φj, ∀ f ∈ H.

¡ T �µe {φj, j ∈ Z}�µe�f.
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µe�f�5�

�âµe�f T �½Â,´�

〈Tf, f〉 =
∑
j∈Z

|〈f, φj〉|2.

Ïd,µe^��du,éu?¿� f ∈ H

A〈f, f〉 ≤ 〈Tf, f〉 ≤ B〈f, f〉,

=

AI ≤ T ≤ BI,

Ù¥ I �ð��f.
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��

• T ∗ = T ,¿�

A‖f‖ ≤ ‖Tf‖ ≤ B‖f‖, f ∈ H.

• T �_,¿� T−1÷v

(T−1)∗ = T−1,

1

B
‖f‖ ≤ ‖T−1f‖ ≤ 1

A
‖f‖, f ∈ H,

1

B
I ≤ T−1 ≤ 1

A
I.
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½nb� {φj, j ∈ Z}´ Hilbert�m H ���±A,B �µe.

�µe, T ��A�µe�f. -

φ̃j = T−1φj, j ∈ Z.

K {φ̃j, j ∈ Z}´ H �± B−1, A−1 �µe.�µe. ¡ {φ̃j, j ∈

Z}� {φj, j ∈ Z}�éóµe.
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y²: é?¿� f ∈ H ,k

〈f, φ̃j〉 = 〈f, T−1φj〉 = 〈T−1f, φj〉.

l ∑
j∈Z |〈f, φ̃j〉|2 =

∑
j∈Z |〈T−1f, φj〉|2

= ‖F (T−1f )‖2

= 〈T−1f, f〉.

2d
1

B
I ≤ T−1 ≤ 1

A
I

��
1

B
‖f‖2 ≤

∑
j∈Z

|〈f, φ̃j〉|2 ≤
1

A
‖f‖2.
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4.2.3. µµµeeeÐÐÐmmm

½nb� {φj, j ∈ Z}´ Hilbert�m H ���µe,¿�{φ̃j, j ∈

Z}´Ùéóµe. Ké?¿� f ∈ H ,k

f =
∑
j∈Z

〈f, φj〉φ̃j

½

f =
∑
j∈Z

〈f, φ̃j〉φj.
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y²é?¿� f ∈ H ,k

f = T−1Tf = T−1(
∑
j∈Z

〈f, φj〉φj)

=
∑
j∈Z

〈f, φj〉(T−1φj)

=
∑
j∈Z

〈f, φj〉φ̃j.

éu1���úª,·�k∑
j∈Z

〈f, φ̃j〉φj =
∑
j∈Z

〈f, T−1φj〉φj

=
∑
j∈Z

〈T−1f, φj〉φj

= T (T−1f ) = f.
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µeÐm�AÏ5

•XJ f =
∑

j∈Z cjφj,Ù¥ {cj}j∈Z ∈ l2 ÷v cj Ø��u 〈f, φ̃j〉.

K ∑
j∈Z

|cj|2 >
∑
j∈Z

|〈f, φ̃j〉|2.

ù`²,

f =
∑
j∈Z

〈f, φ̃j〉φj.

´|^µe {φj, j ∈ Z}Ðm�,�“!�”�Ðm�ª.
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•XJé?¿� f ∈ H , f =
∑

j∈Z〈f, φj〉uj. Ké?¿� f ∈ H ,∑
j∈Z

|〈uj, f〉|2 ≥
∑
j∈Z

|〈φ̃j, f〉|2.

ù`²,

f =
∑
j∈Z

〈f, φj〉φ̃j

´�ÓXê�ØÓÐm¥�“!�”�.
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4.3. ���ÅÅÅµµµeee

½Âéu¼ê ψ ∈ L2(R),XJS�

ψb0;j,k(t) = 2j/2ψ(2jt− kb0), j, k ∈ Z,

�¤ L2(R) ���µe, K¡ ψ )¤ L2(R) ����Åµe

{ψb0;j,k, j, k ∈ Z}kÄ��Ç b0.

½nb� ψ ∈ L2(R))¤L2(R)����Åµe {ψb0;j,k, j, k ∈ Z}

kÄ��Ç b0,�µe.� A,B. K ψ´���?�Å,�

b0A ≤ 2π
∑
j∈Z

|ψ̂(2−jξ)|2 ≤ b0B.
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�Åµe�

µe�f

Tf =
∑
j,k

〈f, ψb0;j,k〉ψb0;j,k, f ∈ L2(R)

éóµe

ψ̃b0;j,k = T−1(ψb0;j,k), j, k ∈ Z.

�úª

f =
∑
j,k

〈f, ψb0;j,k〉ψ̃b0;j,k

f =
∑
j,k

〈f, ψ̃b0;j,k〉ψb0;j,k.
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�O�

•;µe,= A = B.

µe�f

T = AI

éóµe

ψ̃b0;j,k = T−1(ψb0;j,k) =
1

A
ψb0;j,k, j, k ∈ Z.

�úª

f =
1

A

∑
j,k

〈f, ψb0;j,k〉ψb0;j,k =
2

A +B

∑
j,k

〈f, ψb0;j,k〉ψb0;j,k.
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•�;µe, A ≈ B.

µe�f

T ≈ A+B

2
I

T−1 ≈ 2

A+B
I

éóµe

ψ̃b0;j,k ≈
2

A+B
ψb0;j,k, j, k ∈ Z.

�úª

f =
∑
j,k

〈f, ψb0;j,k〉ψ̃b0;j,k ≈
2

A+B

∑
j,k

〈f, ψb0;j,k〉ψb0;j,k.
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äN/,

- R = I − 2
A+BT ,Kk

A−B

A +B
I ≤ R ≤ B − A

A +B
I.

u´�� ‖R‖ ≤ B−A
A+B < 1,l

T−1 =
2

A +B
(I −R)−1 =

2

A +B

+∞∑
n=0

Rn.

?�Ú,éóµe�L«�

ψ̃b0;j,k = T−1(ψb0;j,k) =
2

A +B

+∞∑
n=0

Rnψb0;j,k, j, k ∈ Z. (∗)
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3 (∗)ª¥,�Cq

ψ̃b0;j,k ≈
2

A +B
ψb0;j,k, j, k ∈ Z,

KÙ{��

rj,k =
2

A +B

+∞∑
n=1

Rnψb0;j,k.

l

‖rj,k‖ ≤ 2

A +B

+∞∑
n=1

‖R‖n‖ψb0;j,k‖

=
2

A +B
‖ψb0;j,k‖

‖R‖
1− ‖R‖

=
B − A

A(A +B)
‖ψb0;j,k‖.
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f �Ðm�

f =
∑
j,k

〈f, ψb0;j,k〉ψ̃b0;j,k

=
2

A +B

∑
j,k

〈f, ψb0;j,k〉ψb0;j,k +
2

A +B

+∞∑
n=1

Rn(
∑
j,k

〈f, ψb0;j,k〉ψb0;j,k)

=
2

A +B

∑
j,k

〈f, ψb0;j,k〉ψb0;j,k + (T−1 − 2

A +B
I)Tf

=
2

A +B

∑
j,k

〈f, ψb0;j,k〉ψb0;j,k +Rf,

¿�

‖Rf‖ ≤ ‖R‖‖f‖ ≤ B − A

A +B
‖f‖.

��,XJ A ≈ B,K ‖Rf‖é�,u´��é f �°(Cq.
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•�;µe,Ø÷v A ≈ B.

3 (∗)ª¥,�c N + 1���Cq

ψ̃Nb0;j,k =
2

A+B

N∑
n=0

Rnψb0;j,k.

KÙ{��

rNj,k =
2

A+B

+∞∑
n=N+1

Rnψb0;j,k

=
2

A+B
RN+1

+∞∑
n=0

Rnψb0;j,k

= RN+1ψ̃b0;j,k.
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f �CqÐm�

fN =
∑
j,k

〈f, ψb0;j,k〉ψ̃Nb0;j,k.

¿�Ø��O�

‖f − fN‖ ≤ ‖RN+1‖ ≤ ‖R‖N+1‖f‖ ≤ (
B − A

A +B
)N+1‖f‖.

��,�X N �O\,Ø��ê~�.
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5 ���Å

½Â¼ê ψ ∈ L2(R)¡����Å,XJ

ψj,k(t) = 2j/2ψ(2jt− k), j, k ∈ Z,

�¤ L2(R)�IO��Ä.¡ {ψj,k}j,k∈Z� L2(R)����ÅÄ.
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e {ψj,k}j,k∈Z�¤ L2(R)����ÅÄ,Ké?¿� f ∈ L2(R),k

Ðmª

f (t) =
∑
j,k∈Z

cj,kψj,k(t),

Ù¥

cj,k = 〈f, ψj,k〉.

¯K:ù�����Å ψ´Ä�3ºN��Eº
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