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�õ©E©Û�E���Å�Ä�L§

φ(→ φ∗) → h→ g → ψ

Haar, Shannon, Battle-Lemarie

��E�Å�,�«g´

h→ φ→ ψ

¯K:S� h = {hk, k ∈ Z}÷v�o^��,VºÝ�§

φ(t) =
∑
k∈Z

hkφ(2t− k),

�3) φ ∈ L2(R),¿�§´ L2(R)¥���ºÝ¼ê.
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�;| ���Å��E (Daubechies, Mallat, Choen, Lawton)

;| ��ºÝ¼ê φ→k�S� h→;| ���Å ψ

¯K:S� h = {h0, h1, · · · , hL}÷v�o^��,VºÝ�§

φ(t) =

L∑
k=0

hkφ(2t− k),

�3) φ ∈ L2(R), φäk;| �´ L2(R)¥���ºÝ¼ê.
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•S�{

?�äk;| �¼ê φ0,-

φ1(t) =

L∑
k=0

hkφ0(2t− k),

φ2(t) =

L∑
k=0

hkφ1(2t− k),

· · · ,

φn(t) =

L∑
k=0

hkφn−1(2t− k),

· · · .

XJ� n→ +∞�, φnÂñ� φ,Kdþª��

φ(t) =

L∑
k=0

hkφ(2t− k),

= φ´VºÝ�§�). d�,¡VºÝ�§S��).
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•¿©^� (Daubechies, 1988)

�k�¢S� h = {h0, h1, · · · , hL}÷v

(1)
∑
k∈Z

hkhk−2n = 2δ0n;

(2)
∑
k∈Z

hk = 2;

(3)�3��ê N ,¦�

H(ω) =

(
1 + e−iω

2

)N
QN(e−iω),

Ù¥ QN(z)´ L−N g¢Xêõ�ª,�÷v

QN(−1) 6= 0, sup
|z|≤1

|QN(z)| < 2N−1.

KVºÝ�§S��).3^� φ̂(0) =
1√
2π
e,Ù)ëY���

´äk;| ���ºÝ¼ê.
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Daubechies�Å��E

¯K�E¢Xêõ�ª QN(z),¦�

(1) H(ω) =
(

1+e−iω

2

)N
QN(e−iω)÷v |H(ω)|2 + |H(ω + π)|2 = 1;

H(0) = 1.

(2) QN(−1) 6= 0, sup|z|≤1 |QN(z)| < 2N−1.



Home Page

Title Page

JJ II

J I

Page 7 of 47

Go Back

Full Screen

Close

Quit

äN�E

• |QN(eiω)|2�L«� cosω�õ�ª,l
�L«�

sin2 ω

2
=

1

2
(1− cosω)

�õ�ª,=�3�êõ�ª P ,¦�

|QN(eiω)|2 = P
(
sin2 ω

2

)
.

ò H(ω) = (1+e−iω

2 )NQN(e−iω)�\^�

|H(ω)|2 + |H(ω + π)|2 = 1

� (
cos2

ω

2

)N
P
(
sin2 ω

2

)
+
(
sin2 ω

2

)N
P
(
cos2

ω

2

)
= 1.

- y = sin2 ω
2 ,Kk

(1− y)NP (y) + yNP (1− y) = 1, y ∈ [0, 1]. (∗)
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•¦÷v (∗)ª�õ�ª P .

Bezout½n� p1, p2 ´ü�vkú��,�gê©O� n1, n2 �

õ�ª. K�3���gê©OØ�L n2 − 1, n1 − 1�õ�ªé

q1, q2,¦�

p1(y)q1(y) + p2(y)q2(y) = 1.
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|^ Bezout½n,���3���gêØ�L N − 1�õ�ªé

q1, q2,¦�

(1− y)Nq1(y) + yNq2(y) = 1.

ò yO�¤ 1− y,Kk

yNq1(1− y) + (1− y)Nq2(1− y) = 1.

d q1, q2���5��

q2(y) = q1(1− y).

l
k

(1− y)Nq1(y) + yNq1(1− y) = 1. (∗∗)
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d (∗∗)ª��

q1(y) = (1− y)−N(1− yNq1(1− y)).

|^ (1− y)−N 3 y = 0?� TaylorÐmª,¿5¿�õ�ª q1(y)

�gêØ�L N − 1,u´k

q1(y) =

N−1∑
k=0

 N + k − 1

k

 yk.

l
 (∗)ª����äk�$gê�)�

PN(y) =

N−1∑
k=0

 N + k − 1

k

 yk.
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éu (∗)ª��pgõ�ª�) P (y)k

(1− y)N(P (y)− PN(y)) + yN(P (1− y)− PN(1− y)) = 0.

l
�3õ�ª U(y),¦�

P (y)− PN(y) = yNU(y).

�\þª��

U(y) + U(1− y) = 0.

- R(y) = U(1
2 − y),K R(−y) = −R(y),= R´��Ûõ�ª. l


k
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½n/X H(ω) = (1+e−iω

2 )NQN(e−iω)�¢Xên�õ�ª÷v

|H(ω)|2 + |H(ω + π)|2 = 1

�¿�^�´

|QN(eiω)|2 = P
(
sin2 ω

2

)
,

Ù¥õ�ª P ÷v

P (y) = PN(y) + yNR

(
1

2
− y

)
,

PN(y) =

N−1∑
k=0

 N + k − 1

k

 yk,

R´���ÀJ�Ûõ�ª,¦� P (y) ≥ 0, ∀y ∈ [0, 1].
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•� R(y) = 0,= P (y) = PN(y).

½né?¿�g,ê N ≥ 2Ú�� ω ∈ Rk

PN

(
sin2 ω

2

)
≤

 2N − 1

N

 < 22N−2.

y²d PN �½Â��

PN

(
sin2 ω

2

)
=

N−1∑
k=0

 N + k − 1

k

 (sin2 ω

2
)k ≤

N−1∑
k=0

 N + k − 1

k

 .
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|^|Üúª  n

k

 +

 n

k + 1

 =

 n + 1

k + 1


��

N−1∑
k=0

 N + k − 1

k

 =

 2N − 1

N − 1


=

1

2

 2N − 1

N − 1

 +

 2N − 1

N


<

1

2

2N−1∑
k=0

 2N − 1

k

 = 22N−2.
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•¦ QN(eiω).

½n (RieszÚn)� A´��¢Xê{uõ�ª,

A(ω) =

N∑
k=0

ak cos kω,

Ù¥, aN 6= 0,�÷vé?¿� ω ∈ Rk, A(ω) ≥ 0.K�3 N g¢

Xê�êõ�ª

B(z) =

N∑
k=0

bkz
k,

÷v |B(eiω)|2 = A(ω),� B(1) > 0.
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�E Daubechies�Å�Ì�Ú½

(1)À���ê N ≥ 2;l
(½

PN(y) =

N−1∑
k=0

 N + k − 1

k

 yk.

(2)|^

|QN(eiω)|2 = PN

(
sin2 ω

2

)
)�QN(z)�Xê q0, · · · , qN−1 ,?
¦�QN(z),÷vQN(1) = 1.

(3)|^

H(ω) =

(
1 + e−iω

2

)N
QN(e−iω)

¦Ñ {hk}2N−1
k=0 .

(4)¦ÑVºÝ�§�S�) φ.

(5)|^ {hk}2N−1
k=0 Ú φ�E���Å ψ.
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Daubechies�Å¢~

• D4�Å

� N = 2,K

P2(y) =

1∑
k=0

 k + 1

k

 yk = 1 + 2y.

b�

Q2(e
iω) =

1∑
k=0

qke
ikω = q0 + q1e

iω.

u´k

|Q2(e
iω)|2 = (q0 + q1e

iω)(q0 + q1e
−iω)

= q2
0 + q2

1 + q0q1(e
iω + e−iω)

= q2
0 + q2

1 + 2q0q1 cosω

= (q0 + q1)
2 − 4q0q1 sin2 ω

2 .
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d

|Q2(e
iω)|2 = P2

(
sin2 ω

2

)
9é'Xê��

(q0 + q1)
2 = 1, q0q1 = −1

2
.

dd)�  q0 = 1+
√

3
2 ,

q1 = 1−
√

3
2 ,

 q0 = −1+
√

3
2 ,

q1 = −1−
√

3
2 , q0 = 1−

√
3

2 ,

q1 = 1+
√

3
2 ,

 q0 = −1−
√

3
2 ,

q1 = −1+
√

3
2 .
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� q0 = 1+
√

3
2 , q1 = 1−

√
3

2 ,K

H(ω) =

(
1 + e−iω

2

)2
(

1 +
√

3

2
+

1−
√

3

2
e−iω

)

=
1

4
(1 + 2e−iω + e−2iω)

(
1 +

√
3

2
+

1−
√

3

2
e−iω

)
=

1 +
√

3

8
+

3 +
√

3

8
e−iω +

3−
√

3

8
e−2iω +

1−
√

3

8
e−3iω.

l


h0 =
1 +

√
3

4
, h1 =

3 +
√

3

4
, h2 =

3−
√

3

4
, h3 =

1−
√

3

4
.
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• D6�Å

� N = 3,K

P3(y) =

2∑
k=0

 k + 2

k

 yk = 1 + 3y + 6y2.

b�

Q3(e
iω) = q0 + q1e

iω + q2e
2iω.

u´

|Q3(e
iω)|2

= (q0 + q1e
iω + q2e

2iω)(q0 + q1e
−iω + q2e

−2iω)

= q2
0 + q2

1 + q2
2 + (q0q1 + q1q2)(e

iω + e−iω) + q0q2(e
2iω + e−2iω)

= (q0 + q1 + q2)
2 − 4(q0q1 + 4q0q2 + q1q2) sin2 ω

2 + 16q0q2 sin4 ω
2 .
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d

|Q3(e
iω)|2 = P3

(
sin2 ω

2

)
9é'Xê��

(q0 + q1 + q2)
2 = 1, −4(q0q1 + 4q0q2 + q1q2) = 3, 8q0q2 = 3.

dd)��|)�
q0 = 1

4(1 +
√

10 +
√

5 + 2
√

10),

q1 = 1
2(1−

√
10),

q2 = 1
4(1 +

√
10−

√
5 + 2

√
10).
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u´k

H(ω) =

(
1 + e−iω

2

)3

Q3(e
−iω)

=
1

8
(1 + 3e−iω + 3e−2iω + e−3iω)(q0 + q1e

−iω + q2e
−2iω)

=
1

8
[q0 + (3q0 + q1)e

−iω + (3q0 + 3q1 + q2)e
−2iω]

+
1

8
[(q0 + 3q1 + 3q2)e

−3iω + (q1 + 3q2)e
−4iω + q2e

−5iω].

l
 

h0 = 1
16(1 +

√
10 +

√
5 + 2

√
10),

h1 = 1
16(5 +

√
10 + 3

√
5 + 2

√
10),

h2 = 1
16(10− 2

√
10 + 2

√
5 + 2

√
10),

h3 = 1
16(10− 2

√
10− 2

√
5 + 2

√
10)

h4 = 1
16(5 +

√
10− 3

√
5 + 2

√
10)

h5 = 1
16(1 +

√
10−

√
5 + 2

√
10).
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Daubechies�Å�5�

• Daubechies�Å�|8

�

φ0(t) =


t, 0 ≤ t < 1,

2− t, 1 ≤ t < 2,

0, Ù¦.

dS�L§

φn(t) =

2N−1∑
k=0

hkφn−1(2t− k)

¦)ºÝ¼ê φ.
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suppφ0 ⊆ [0, 2],

suppφ1 ⊆
[
0,

2N− 1 + 2

2

]
,

suppφ2 ⊆
[
0,

3(2N− 1) + 2

22

]
,

· · ·

suppφn ⊆
[
0,

(2n − 1)(2N− 1) + 2

2n

]
.
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Ïdk

suppφn ⊆ [0, 2N− 1] ,

l


suppφ ⊆ [0, 2N− 1] ,

éu�Å

ψ(t) =

1∑
k=2−2N

(−1)kh1−kφ(2t− k),

k

suppψ ⊆ [−(N− 1),N].
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• Daubechies�Å���ÝA5

��Å��Ý

∫ +∞

−∞
tkψ(t)dt −→ ψ�Ý


∫ +∞

−∞
tkψ(t)dt = 0, k = 0, 1, · · · ,m− 1∫ +∞

−∞
tmψ(t)dt 6= 0

 −→ ψkm���Ý

ψkm���Ý⇒ 〈ψ, p〉 = 0, ∀ p(t) = a0 + a1t+ · · ·+ am−1t
m−1.
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��Å��Ý��^

f ´ mgëY���¼ê, ψ ´äk m���Ý�¢���Å,

Ù| � [c, d].

〈f, ψj,k〉 = 2j/2
∫

R
f (t)ψ(2jt− k)dt

= 2j/2
∫

R
f (t + 2−jk)ψ(2jt)dt

= 2j/2
∫ 2−jd

2−jc

f (t + 2−jk)ψ(2jt)dt
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TaylorÐmCq

f (t+2−jk) ≈ f (2−jk)+tf
′
(2−jk)+

1

2!
t2f

′′
(2−jk)+· · ·+ 1

m!
tmf (m)(2−jk).

é¿©�� j,

〈f, ψj,k〉 ≈ 2j/2
∫ 2−jd

2−jc

(f (2−jk) + tf
′
(2−jk) +

1

2!
t2f

′′
(2−jk)

+ · · · + 1

m!
tmf (m)(2−jk))ψ(2jt)dt

=
2j/2

m!
f (m)(2−jk)

∫ 2−jd

2−jc

tmψ(2jt)dt

=
2−j/2

m!
2−jmf (m)(2−jk)

∫
R
tmψ(t)dt

⇒ 〈f, ψj,k〉 → 0, j → +∞
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êâØ 

f (t) = sin(2πt) + sin(4πt) + sin(10πt).
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Haar(29.30%) D4(17.97%) D8(11.72%)
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&ÒÛÉ5uÿ

f (t) =

 1 + t, 0 ≤ t < 1,

3− t, 1 ≤ t ≤ 2

D4
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��Å��Ý��d^�

φ, ψ →��ºÝ¼ê����Å; φ̂, ψ̂ →mgëY��.

ψäkm���Ý

⇐⇒ ψ̂(k)(0) = 0, k = 0, 1, · · · ,m− 1.

⇐⇒ Ĥ(k)(π) = 0, k = 0, 1, · · · ,m− 1.

⇐⇒ Ĝ(k)(0) = 0, k = 0, 1, · · · ,m− 1.

⇐⇒

 h0 − h1 + h2 + · · · + (−1)LhL = 0

(−1)h1 + 2k(−1)2h2 + · · · + Lk(−1)LhL = 0, 1 ≤ k ≤ m− 1.
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ψ̂(ω) =
1√
2π

∫ +∞

−∞
ψ(t)e−iωtdt

ψ̂(k)(0) =
1√
2π

∫ +∞

−∞
(−it)kψ(t)dt

ψ̂(ω) = G(ω/2)φ̂(ω/2)

G(ω) = −e−iωH(ω + π)

H(ω) =
1

2

L∑
k=0

hke
−ikω.
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� Daubechies�Å���Ý

Daubechies�Å ψN äk N ���Ý

∫
R
tkψN(t)dt =


0, k = 0, 1, · · · , N − 1,

−N !

4N
QN(−1), k = N.
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ψ̂N(ω) = −
(

1− eiω/2

2

)N
QN(−eiω/2)e−iω/2φ̂N(ω/2)

⇓

ψ̂
(k)
N (0) = 0, k = 0, · · ·, N − 1

ψ̂
(N)
N (0) = −N !(−i/4)NQN(−1)

1√
2π

6= 0
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F [tnψN(t)](ω) = in
dn

dωn
F [ψN(t)](ω),

⇓∫
R
tkψN(t)dt = 0, k = 0, 1, · · · , N − 1.∫

R
tNψN(t)dt =

√
2πiN ψ̂

(N)
N (0) = −N !

4N
QN(−1)
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• Daubechies�Å�1w5

1wÝ�ê α

∫ +∞

−∞

|f̂ (ω)|
1 + |ω|α

dω < +∞

1wÝ�ê α� N �'X

N 2 3 4 5 6 7 8 9 10

α 0.5 0.915 1.275 1.596 1.888 2.158 2.415 2.611 2.902
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f (t) = sin(8πt) + sin(12πt) + sin(58πt)

l f ¥ÈK 29Hz�¤©,=¦ g(t) = sin(8πt) + sin(12πt).

f g
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Haar D4 D8



Home Page

Title Page

JJ II

J I

Page 40 of 47

Go Back

Full Screen

Close

Quit

• Daubechies�Å�é¡5

f (a + t) = f (a− t) →é¡5

f (a + t) = −f (a− t) →�é¡5

� Daubechies�Å´pÝ�é¡�.

�äk;| Úé¡5����Å=k Haar�Å (Daubechies).

� DaubechiesÏLé QN �`zÀJ,�EÑäkCqé¡5�;

| �Å-Symmlet�Å.
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Daubechies�Å�O�

step1: O� φ(1), φ(2), · · · , φ(2N − 2).

φ(j) =

2N−1∑
k=0

hkφ(2j − k)

=

2j∑
l=2j−(2N−1)

h2j−lφ(l)

⇒
m = Mm

m := [φ(1), φ(2), · · · , φ(2N − 2)]T

M := [h2j−l]
2N−2
j,l=1

m = Mm

φ(1) + φ(2) + · · · + φ(2N − 2) = 1
⇒m
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step2: O� φ
( n

2j

)
.

φ
(n

2

)
=

2N−1∑
k=0

hkφ(n− k), n ∈ Z

φ
( n

22

)
=

2N−1∑
k=0

hkφ
(n

2
− k
)
, n ∈ Z

· · · · · · · · ·

φ
( n

2j

)
=

2N−1∑
k=0

hkφ
( n

2j−1
− k
)
, n ∈ Z

· · · · · · · · ·
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step3: O� ψ
( n

2j

)
.

ψ(t) =

2N−1∑
k=0

(−1)k−1hkφ(2t + k − 1)

ψ
( n

2j

)
=

2N−1∑
k=0

(−1)k−1hkφ
( n

2j−1
+ k − 1

)
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~ D4�Å

φ(1) = h1φ(1) + h0φ(2)

φ(2) = h3φ(1) + h2φ(2)

Ù¥

h0 =
1 +

√
3

4
, h1 =

3 +
√

3

4
, h2 =

3−
√

3

4
, h3 =

1−
√

3

4
.

 φ(1) = h1φ(1) + h0φ(2)

φ(1) + φ(2) = 1
⇒


φ(1) =

1 +
√

3

2

φ(2) =
1−

√
3

2
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•
∑
n∈Z

φ(n) = 1⇒
∑
n∈Z

φ(n/2j) = 2j⇒
∑
n∈Z

ψ(n/2j) = 0

Ï� ∑
n∈Z

φ(n/2j) =
∑
n∈Z

∑
k∈Z

hkφ(n/2j−1 − k)

=
∑
k∈Z

hk
∑
n∈Z

φ(n/2j−1 − k)

=
∑
k∈Z

hk
∑
n∈Z

φ

(
n− 2j−1k

2j−1

)
=
∑
k∈Z

hk
∑
n∈Z

φ(n/2j−1).
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∑
n∈Z

ψ(n/2j) =
∑
n∈Z

∑
k∈Z

gkφ(n/2j−1 − k)

=
∑
k∈Z

gk
∑
n∈Z

φ(n/2j−1 − k)

=
∑
k∈Z

gk
∑
n∈Z

φ

(
n− 2j−1k

2j−1

)
=
∑
k∈Z

gk
∑
n∈Z

φ(n/2j−1)

= 2j−1
∑
k∈Z

gk

= 0
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•
∑
n∈Z

φ(n) = 1⇒
∫ +∞

−∞
φ(t)dt = 1

Ï� ∫ ∞

−∞
φ(t)dt = lim

j→∞

∑
n∈Z

φ(n/2j)(
1

2j
)

= lim
j→∞

1

2j

∑
n∈Z

φ(n/2j)

= lim
j→∞

1

2j
· 2j

= 1.


