Comput. Methods Appl. Mech. Engrg. 213–216 (2012) 206–222

Contents lists available at SciVerse ScienceDirect

Comput. Methods Appl. Mech. Engrg.
journal homepage: www.elsevier.com/locate/cma

Local reﬁnement of analysis-suitable T-splines
M.A. Scott a,⇑, X. Li b, T.W. Sederberg c, T.J.R. Hughes a
a

Institute for Computational Engineering and Sciences, The University of Texas at Austin, Austin, TX 78712, USA
University of Science and Technology of China, Anhui Province, Hefei 230026, PR China
c
Department of Computer Science, Brigham Young University, Provo, UT 84602, USA
b

a r t i c l e

i n f o

Article history:
Received 1 April 2011
Received in revised form 18 November 2011
Accepted 22 November 2011
Available online 6 December 2011
Keywords:
Isogeometric analysis
T-splines
Local reﬁnement
Bézier extraction

a b s t r a c t
We develop a local reﬁnement algorithm for analysis-suitable T-splines which does not produce excessive propagation of control points. We then demonstrate its use as an adaptive framework for isogeometric analysis. Analysis-suitable T-splines are a class of T-splines which are linearly independent and form a
partition of unity. These properties, coupled with local reﬁnement, make this class of T-splines appealing
as a basis for isogeometric analysis.
Ó 2011 Elsevier B.V. All rights reserved.

1. Introduction
Isogeometric analysis has emerged as an important alternative
to traditional engineering design and analysis methodologies. Isogeometric analysis was introduced in [1] and later described in detail in [2]. In isogeometric analysis, the smooth geometric basis is
used as the basis for analysis. Most of the early developments in
isogeometric analysis focused on establishing the behavior of the
smooth NURBS basis in analysis. It was demonstrated that smoothness offers important computational advantages over standard
ﬁnite elements [3,4]. Areas of application of NURBS-based isogeometric analysis include turbulence [5–8], ﬂuid–structure interaction [9–12], incompressibility [13–15], structural analysis [16,3],
plates and shells [17–21], phase-ﬁeld analysis [22,23], large deformation with mesh distortion [24], shape optimization [25–28], and
electromagnetics [29]. This success has in turn stimulated efforts
within the Computer Aided Geometric Design (CAGD) community
to develop and integrate analysis-suitable geometric technologies
and isogeometric analysis [30–37].
While smoothness is an important consideration, NURBS are severely limited by their tensor product construction. In traditional
NURBS-based design, modeling a complicated engineering design
often requires hundreds, if not thousands, of tensor product NURBS
patches which are usually discontinuous across patch boundaries.
Also, almost all NURBS models use trimming curves. For these
reasons, a global geometric discretization, based on NURBS, is usually not suitable as a basis for analysis.
⇑ Corresponding author.
E-mail address: mscott@ices.utexas.edu (M.A. Scott).
0045-7825/$ - see front matter Ó 2011 Elsevier B.V. All rights reserved.
doi:10.1016/j.cma.2011.11.022

T-splines were introduced as a superior alternative to NURBS
[38]. T-splines can model complicated designs as a single, watertight geometry. Additionally, NURBS are T-splines so existing technology based on NURBS extends to T-splines. Any trimmed NURBS
model can be represented by a watertight trimless T-spline [39]
and multiple NURBS patches can be merged into a single watertight T-spline [38,40]. Unlike NURBS, T-splines can be locally reﬁned [41] without introducing a complex hierarchy of meshes
[42]. In other words, all local reﬁnement is done on one control
mesh on a single hierarchical ‘‘level’’ and all control points have
similar inﬂuence on the shape of the surface. These properties
make T-splines an ideal technology for isogeometric discretizations and integrated design-through-analysis applications.
Initial investigations using T-splines as a basis for isogeometric
analysis demonstrated that the T-spline basis possesses similar convergence properties to NURBS with far fewer degrees-of-freedom
[43–45]. Additionally, T-splines possess a natural ﬁnite element
structure which can be integrated seamlessly into existing ﬁnite
element frameworks via Bézier extraction [46,47]. T-splines have
since been applied to problems in fracture and damage [48,49],
and shells [19].
Analysis-suitable T-splines were introduced in [50]. Analysis-suitable T-splines are a mildly restricted subset of T-splines. Analysissuitable T-splines are linearly independent [50] and, if a minor
boundary condition constraint is honored, form a partition of unity
[51]. In this paper, we develop a highly localized reﬁnement algorithm for analysis-suitable T-splines which meets the demands of
both design and analysis.
This paper is organized as follows. Basic T-spline concepts are
reviewed in Section 2. Analysis-suitable T-splines are then de-
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scribed in Section 3. Section 4 presents a local reﬁnement algorithm
for analysis-suitable T-splines. The behavior and effectiveness of
this algorithm is then demonstrated in Section 5. For simplicity, this
paper focuses on bicubic T-spline surfaces, although the concepts
generalize to arbitrary odd degree. T-splines of arbitrary degree
are discussed in [43,52].
2. T-spline fundamentals
We present a brief overview of fundamental T-spline concepts
focusing on those ideas required to understand local reﬁnement.
A more detailed description of T-splines from an isogeometric
analysis perspective is presented in [47]. We base our developments on the physical domain X  R2 shown in Fig. 1. Throughout
this paper we use ds to indicate the number of spatial dimensions.
In all cases, the polynomial degree p is 3.
2.1. The T-mesh
The fundamental object of interest underlying T-spline technology is the T-mesh, denoted by T. For surfaces, the T-mesh is a mesh
of polygonal elements. Each polygonal element is either a quadrilateral or an element with quadrilateral shape where one or more
edges is split by T-junctions. A T-junction is analogous to a ‘‘hanging node’’ in ﬁnite elements. A control point, PA 2 Rds , and control
weight, wA 2 R, where the index A denotes a global control point
number, is assigned to every vertex1 in the T-mesh. A mesh for
the domain X in Fig. 1 is shown in Fig. 2a. The black and red circles
are T-mesh vertices, or, equivalently, control points. The T-junctions
in Fig. 2a are the red circles P16, P17, P28, and P29.
To deﬁne a basis, a valid knot interval conﬁguration must be assigned to the T-mesh. A knot interval [53] is a non-negative real
number assigned to an edge. A valid knot interval conﬁguration requires that the knot intervals on opposite sides of every element
sum to the same value. A valid knot interval conﬁguration for the
T-mesh in Fig. 2a is shown in Fig. 2b.
2.2. The T-spline basis
Once a valid knot interval conﬁguration has been assigned to a
T-mesh, a T-spline basis can be constructed. For every vertex in the
T-mesh, a T-spline basis function is constructed. To illustrate, we
construct the T-spline basis function associated with P16. We note
that a class of T-splines where the T-spline blending functions do,
in fact, constitute a basis is described in Section 3.
2.2.1. Local knot interval vectors
A T-spline basis function is constructed from knot interval sequences inferred from the T-mesh in the neighborhood of the associated vertex. These knot interval sequences are called local knot
interval vectors. A local knot interval vector is a sequence of knot
intervals, DN = {Dn1, Dn2, Dn3, Dn4}.
For every vertex, A, in the T-mesh, we construct a set of
n
o2
, where DNiA ¼
local knot interval vectors, DNA ¼ DNiA
i¼1
n
o
DniA;1 ; DniA;2 ; DniA;3 ; DniA;4 , by marching through the T-mesh in
each topological direction, starting at vertex A, until 2 vertices
or perpendicular edges are intersected. At each intersection, the
knot interval distance traversed since the last intersection is
placed in the local knot interval vector. If a T-mesh boundary is
crossed before 2 knot intervals are intersected it is common to

Fig. 1. The domain X  R2 for a bivariate, cubic (p = 3) T-spline.

set the remaining knot intervals to zero. This creates an open
knot vector structure along the boundary of the T-mesh. We note
that this same procedure is applied to construct the local knot
interval vectors for T-junctions.
n o2
A set of local knot vectors, NA ¼ NiA
, where NiA ¼
n
o
i¼1
i
i
i
nA;1 ; nA;2 ; . . . ; nA;5 , can be derived from DNA by selecting an origin
P
O 2 R and setting niA;j ¼ O þ jk¼2 DniA;k1 . Since a knot in a local knot
vector corresponds to T-mesh topology (vertices or edges) encountered during basis function inference the T-mesh topology and
knot interval conﬁguration determine the knot structure of the
underlying T-spline space. In the context of T-splines, the term
knot is often also used to refer to the underlying T-mesh vertex
or edge. In Fig. 3, the knot intervals used to construct the local knot
interval vectors for T-mesh vertex P16 are shown. The knot interval
vectors for P16 are given by


DN16 ¼

1; 1; 2; 0
0; 2; 2; 2


:

2.2.2. The local basis function domain
b A  R2 , as
Using DNA we deﬁne a local basis function domain, X
2

bA ¼  X
bi ;
X
A

ð1Þ

i¼1

h
i


b i ¼ 0; P4 Dni  R. A coordinate system, n ¼ n1 ; n2 ¼
where X
A
j¼1
A;j
A
A
A
ðnA ; gA Þ, called the basis coordinate system, is assigned to each local
basis function domain.
We note that in addition to the basis coordinate systems in a Tmesh, it is often desirable to establish larger knot coordinate systems for a subset of the knot structure of a T-mesh. Using a knot
coordinate system, multiple basis functions can be compared in a
common coordinate system. Knot coordinate systems are used
when computing the elements of the reﬁnement operator, M, as
described in Sections 2.4.2 and 4.3.
2.2.3. T-spline basis functions
b A we deﬁne a single TOver each local basis function domain X
þ
b
spline basis function, N A : X A ! R [ f0g. This is done by forming
the tensor product of the univariate B-spline basis functions
n

 o2
niA jNiA
as
N i;3
A
i¼1

NA ðnA jNA Þ 

2
Y



Ni;3
niA jNiA :
A

ð2Þ

i¼1
1

In this paper, we use the term ‘‘vertex’’ and ‘‘control point’’ interchangeably. It
should be noted, however, that a vertex usually only represents a topological mesh
entity while a control point is the location of a vertex in physical space.

þ
bi
The univariate B-spline basis function, N i;p
A : X A ! R [ f0g, is deﬁned using a recurrence relation, starting with the piecewise constant (p = 0) basis function
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Fig. 2. The T-mesh and knot interval conﬁguration deﬁning the bicubic T-spline geometry in Fig. 1. (a) The T-mesh deﬁning the bicubic T-spline geometry in Fig. 1. The red
circles (16, 17, 28, 29) are T-junctions. The indexing identiﬁes the T-mesh control points. (b) A valid knot interval conﬁguration for the bicubic T-mesh in (a). The triangles
correspond to a knot interval of 0, the squares correspond to a knot interval of 1, the pentagons correspond to a knot interval of 2, and the stars correspond to a knot interval of
4. Notice that the knot intervals along opposing sides of each T-mesh element sum to the same value. (For interpretation of the references to colour in this ﬁgure legend, the
reader is referred to the web version of this article.)

P16

=0
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Fig. 3. Constructing the local knot interval vectors corresponding to T-mesh vertex
P16.

N i;0
A



niA jniA;1 ; niA;2 ¼

(

1 if niA;1 6 niA < niA;2
0

otherwise;

ð3Þ

where niA;k is the kth knot value in the local knot vector NiA . For p > 0,
the basis function is deﬁned using the Cox–de Boor recursion
formula:





niA  niA;1
i;p1
i
i
i
i
i
i
i
Ni;p
N
n
jn
;
.
.
.
;
n
A
A;1
A;pþ1
A nA jnA;1 ; nA;2 ; . . . ; nA;pþ2 ¼ i
A
nA;pþ1  niA;1
þ

niA;pþ2  niA
niA;pþ2

 niA;2



Ni;p1
niA jniA;2 ; . . . ; niA;pþ2 :
A
ð4Þ

2.3. Bézier element construction
A Bézier element is a region of the T-spline surface in physical
space bounded by knot lines. Each knot line in physical space is
the image of a line of reduced continuity in at least one T-spline basis function. We call the collection of Bézier elements the Bézier
mesh. The existence of T-junctions and zero knot intervals usually
results in there not being a one-to-one correspondence between Tmesh elements and Bézier elements.

An elemental T-mesh, Telem, is formed by augmenting T with all
images of basis function knot lines that do not already correspond
to an edge in T, then eliminating all elements for which the knot
interval sum on any side is zero. The elements of Telem are in
one-to-one correspondence with the Bézier elements. Fig. 4a
shows Telem for the T-mesh in Fig. 2a. Dashed lines represent the
edges which have been added.
To construct appropriate ﬁnite element paraphernalia for Tsplines we use Telem and Bézier extraction [47,46]. Bézier extraction builds a linear operator for each Bézier element. The linear
transformation is deﬁned by a matrix referred to as the extraction
operator. The extraction operator maps a Bernstein polynomial basis deﬁned on Bézier elements to the global T-spline basis. The
transpose of the extraction operator maps the control points of
the global T-spline to the Bézier control points. The idea is illustrated in Fig. 5 for a B-spline curve. This element form can then
be integrated into existing ﬁnite element frameworks in a straightforward manner. See [47] for additional details.
The extracted Bézier mesh in physical space for the T-mesh in
Fig. 2a is shown in Fig. 4b. Notice the one-to-one correspondence
between elements in Telem in Fig. 4a and the Bézier elements in
Fig. 4b. On the other hand, a single T-mesh element may correspond to multiple Bézier elements, and other T-mesh elements
may not correspond to any Bézier element. To demonstrate, the
Bézier elements corresponding to the T-mesh in Fig. 2 are shown
in Fig. 4b. Notice that Bézier elements 3 and 6 correspond to the
same T-mesh element, as do Bézier elements 9 and 12. Each Bézier
element in Fig. 4b is the image of a unique element in Telem in
Fig. 4a under the T-spline geometric map.
2.4. T-spline local reﬁnement
The set of all T-splines with the same T-mesh topology, T, and
knot interval conﬁguration is called a T-spline space [41]. We denote a T-spline space by T , where the number of T-spline control
points in T is n. While the notation T 1 # T 2 will be used in the conventional set-theoretic sense, the notation T1 # T2 will indicate
that T2 can be created by adding vertices and edges to T1, and
appropriately modifying the knot intervals on any edges which
are split. In the context of ﬁnite element analysis, vertices and
edges are usually added by subdividing T-mesh elements.
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Fig. 4. The elemental T-mesh, Telem, and extracted Bézier mesh in physical space corresponding to the T-mesh in Fig. 2a. (a) The elemental T-mesh, Telem. The dashed lines are
edges which have been added to T. Only the non-zero parametric area elements (the shaded elements) are included in Telem. The indexing identiﬁes the elements in Telem. (b)
The extracted Bézier mesh in physical space. Each element in (a) corresponds to a Bézier element in physical space. The indexing identiﬁes the Bézier elements.

Q = CTP

N = CB
Fig. 5. Bézier extraction for a B-spline curve. B-spline basis functions and control points are denoted by N and P, respectively. Bernstein polynomials and control points are
denoted by B and Q, respectively. The curve T(n) = PTN(n) = QT B(n). The extraction operator can be localized to the individual elements. Note that the Bernstein basis is the
same for each element. Formation of element arrays can thus be standardized; see [47] for further details.

A central contribution of this paper (see Section 4.2) is to identify conditions under which

T1 # T2 ! T 1 # T 2 :
1

2

1

ð5Þ
2

2

If T # T ; T and T are said to be nested and T is a local reﬁnement of T 1 . In Fig. 6, a T-mesh, T1, (solid circles and lines) and corresponding T-spline space, T 1 , are locally reﬁned through the
addition of control points and edges (hollow circles and dashed
edges). In this case, T1 # T2 ! T 1 # T 2 .
2.4.1. Basis function reﬁnement
In basis function reﬁnement [41], knots are added to the local
knot vector of a cubic B-spline basis function, N(njN), where
N = {n1, n2, . . . , n5}, to form a knot vector, N, of length m. N can then
be written as a linear combination of the m  4 B-spline basis functions deﬁned over substrings of length 5 in N.
For the case m = 6,N(njN) is split by inserting a single knot 
n into
N where ni 6 n 6 niþ1 . This splits the basis function into two scaled
basis functions:

Fig. 6. A T-mesh, T1, (solid circles and lines) and T-spline space, T 1 , is locally
reﬁned through the addition of control points and edges (hollow circles and dashed
edges). In this case, T1 # T2 ! T 1 # T 2 :
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Nðnjn1 ; . . . ; n5 Þ ¼ aNðnjn1 ; . . . ; ni ; n; niþ1 ; . . . ; n4 Þ
þ bNðnjn2 ; . . . ; ni ; n; niþ1 ; . . . ; n5 Þ;

3.1. T-junction extensions

ð6Þ

where

(
a¼

nn1
n4 n1

1

for n < n4
for n P n4

ð7Þ

for n > n2
for n 6 n2 :

ð8Þ

and

(
b¼

n5 n
n5 n2

1

The reﬁnement equations for the case m > 6 can be derived through
repeated application of these equations.
A T-spline basis function, N(njN), can undergo knot insertion in
either parametric direction by inserting a knot into the corresponding local knot vector and then applying the reﬁnement equations. This results in two scaled T-spline basis functions which sum
to the original. Further knot insertion into these resultant scaled
basis functions yields a set of scaled basis functions which also
sum to the original.
2.4.2. The reﬁnement operator M
If T 1 # T 2 , each T-spline basis function, N 1A 2 T 1 , can be expressed uniquely as a linear combination of the T-spline basis functions, N 2B 2 T 2 , as

N1A ¼

n2
X

mA;B N 2B ;

ð9Þ

B¼1

where n2 is the number of control points in T 2 and the mA,B are
determined by knot insertion as described in Section 2.4.1. This
relationship can be written in matrix–vector notation as

N1 ¼ MN2 ;
1

where N ¼
functions,



N 1A

N11 ; N 12 ; . . . ; N1n1

T

ð10Þ

is the column vector of T-spline basis

T
2
2 T , N ¼ N 1 ; N22 ; . . . ; N 2n2
is the column vector of
1

2

T-spline basis functions, N 2B 2 T 2 , and M is an n1  n2 matrix with
elements mA,B. We call M the reﬁnement operator.
3. Analysis-suitable T-splines
Analysis-suitable T-splines form a practically useful subset of Tsplines. Analysis-suitable T-splines maintain the important mathematical properties of the NURBS basis while providing an efﬁcient
and highly localized reﬁnement capability. All T-splines possess
the following properties:
 The basis constitutes a partition of unity [51] (see Section 3.4.)
 Each basis function is non-negative.
 An afﬁne transformation of an analysis-suitable T-spline is
obtained by applying the transformation to the control points.
We refer to this as afﬁne covariance. This implies that all ‘‘patch
tests’’ (see [54]) are satisﬁed a priori.
 They obey the convex hull property.
 They can be locally reﬁned.
While most (but not all [55]) T-splines are also linearly independent, analysis-suitable T-splines are always linearly independent for any choice of knot intervals [50]. Analysis-suitable Tspline spaces are deﬁned over a mildly restricted set of allowable
T-mesh topologies. This topological restriction can be described
elegantly in terms of T-junction extensions.

A T-junction extension is normally composed of a face and edge
extension (if one exists.) We deﬁne face and edge extensions to be
closed, directed line segments which originate at a T-junction. An
extended T-mesh Text is formed by adding all T-junction extensions
to a T-mesh T. The extended T-mesh, Text, for the T-mesh in Fig. 7a
is shown in Fig. 7b and c, respectively. The dotted black arrows are
face extensions and the dashed red arrows are edge extensions.
The T-junctions are denoted by large circles.
Fig. 7b shows the T-junction extensions in the index space [43]
of the T-mesh. The index space is created by plotting the knots in
the T-mesh at equally spaced intervals, regardless of their actual
values. The index space point of view is useful for developing algorithms, as well as for building intuition. For example, in the index
space it is easy to identify the knot lines at which the support of
any given function will begin or end. Additionally, the direction
of traversal and orientation of a T-junction extension can be uniquely established in the index space of the T-mesh.
Fig. 7c shows the set of T-junction extensions drawn on the Tmesh in physical space. We often drop the distinction between
the index and physical space representation for T-junction extensions and use the physical space representation.
A T-junction extension is formed in a manner similar to what
was described for the construction of local knot interval vectors
in Section 2.2.1. A face extension is created by marching from the
T-junction, in the direction of a missing edge (thus spanning Tmesh faces), until two perpendicular edges or vertices are intersected. The direction of an extension is always away from its Tjunction. An edge extension is then formed only if an edge is attached to the T-junction in the opposite direction. If so, the extension is formed by marching in the opposite direction of the face
extension until the edge’s opposite vertex is encountered (thus
spanning a T-mesh edge). Since T-junction extensions are closed
line segments, a horizontal and vertical extension can intersect
either on the interior of both extensions or at the endpoint of
one extension or both extensions.
As an example, consider T-junction E in Fig. 7b. The face extension points to the right and intersects the two vertical edges corresponding to indices 5 and 6 along the bottom. Since T-junction E is
connected to an edge in the direction opposite the face extension,
we also form an edge extension along that edge. The edge extension points to the left and intersects the vertical edge corresponding to index 2 along the bottom. The T-junction extension for Tjunction E is composed of the face and edge extension.
3.2. The extension graph
Intersecting T-junction extensions in an extended T-mesh Text
can be visualized using an undirected graph. We call this graph
the extension graph and denote it by E(Text). Each node in E corresponds to a single T-junction extension in Text. If two extensions in
Text intersect then an edge is drawn between the corresponding
nodes in E. The extension graph for the extended T-mesh in
Fig. 7b is shown in Fig. 8a. In this case there are ﬁve intersections
represented by the ﬁve edges in the graph.
3.3. Analysis-suitable deﬁnition
An analysis-suitable T-spline is one whose extended T-mesh is
analysis-suitable. An analysis-suitable extended T-mesh is one
where no T-junction extensions intersect. In other words, E(Text)
is an empty graph (no edges in the graph). We denote an analysis-suitable T-spline space by T s and analysis-suitable T-mesh by
Ts. The T-mesh in Fig. 7a is not analysis-suitable. This can be seen
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Fig. 7. The extended T-mesh, Text, in the index and physical space. The dotted arrows (in black) represent face extensions and the dashed arrows (in red) represent edge
extensions. The T-junctions are denoted by large circles. (a) A T-mesh T with six T-junctions. (b) The extended T-mesh formed from T and the T-junction extensions in index
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Fig. 8. The extension graph, E (Text). (a) The extension graph E(Text) corresponding to Text in Fig. 7b and c. The ﬁve edges in the graph correspond to the ﬁve intersections
between T-junction extensions in Text. (b) The T-mesh in Fig. 7a can be made analysis-suitable by adding the bold dashed edges. The extension graph for this new T-mesh is
empty (no edges.)

212

M.A. Scott et al. / Comput. Methods Appl. Mech. Engrg. 213–216 (2012) 206–222

by inspecting the extension graph in Fig. 8a which has ﬁve edges.
By adding the dashed edges in Fig. 8b the T-mesh becomes analysis-suitable because its extension graph is empty.
3.4. Partition of unity
An analysis-suitable T-spline basis forms a partition of unity. In
P
other words, nA¼1 N A ¼ 1. The partition of unity property is important for both geometry and analysis because it assures afﬁne
covariance and exact satisfaction of all patch tests. In the context
of T-splines, the partition of unity property can be described in
two ways. The equation for any T-spline surface is

Pn
A¼1 PA wA N A
T¼ P
;
n
A¼1 wA N A

ð11Þ

where the PA are control points, wA are weights, and NA are blending
functions. This equation can also be written as

T¼

n
X
A¼1

n
X
wA N A
Pn
PA ¼
RA PA
B¼1 wB N B
A¼1

ð12Þ

in which case the RA may be rational T-spline blending functions. It
is clear that the RA always sum to one, regardless of the choice of wA.
In general, afﬁne covariance only requires that the RA form a partition of unity, not the NA. However, it is shown in [51] that for an
analysis-suitable T-spline with all wA = 1, RA  NA. Thus, when we
say that analysis-suitable T-splines form a partition of unity, we
mean that both the NA and RA sum to one. This stronger notion of
partition of unity is also a property of NURBS.
3.5. The analysis-suitable elemental T-mesh
For analysis-suitable T-splines, the elemental T-mesh, Telem (see
Section 2.3), can be formed by simply adding the face extensions to
T [51]. This greatly simpliﬁes the construction of Telem since it is
not necessary to inspect the knot lines in the T-spline basis.
4. Local reﬁnement of analysis-suitable T-splines
The T-spline local reﬁnement algorithm presented in [41] may
add many superﬂuous control points to a T-mesh during reﬁnement. Additionally, using this algorithm to locally reﬁne an analysis-suitable T-spline often results in a reﬁned T-spline which is not
analysis-suitable.
This behavior can be attributed to the generality of the algorithm, which is designed to operate on any T-spline. No assumptions are made about the topological characteristics of the
underlying T-mesh or space. By restricting ourselves to analysissuitable T-splines, however, we can leverage the structure of the
T-mesh to develop a simple local reﬁnement algorithm which only
introduces a minimal number of superﬂuous control points and
preserves the properties of an analysis-suitable space.
4.1. Analysis-suitable nesting theory
^ T2ext ) if
We say T2ext is a reﬁnement of T1ext (denoted T1ext #
2
2
T # T and no face extension endpoint in Text corresponds to a
1

point in the interior of a face extension in T1ext of the same directionality. Then, if T 1s and T 2s are analysis-suitable T-spline spaces,
^ T2ext ! T 1s # T 2s (A proof of this result should be forthcoming
T1ext #
in [56]). Note that we compare face extensions in the index space
of T2ext .
Nestedness between two T-spline spaces, T 1s and T 2 (not necessarily analysis-suitable), can be visualized using a simple modiﬁcation of the extension graph described in Section 3.2. We call this

 1!2  1!2
graph the coupled extension graph, E Text
. Text , called a coupled
extended T-mesh, is constructed by adding the face extensions of
T1ext to T2ext .




To construct E T1!2
we augment E T2ext by adding an addiext
tional edge to the graph if a T-junction face extension endpoint
in T2ext is in the interior of a face extension from T1ext of the same
directionality. In that
 case,
 a ‘‘loop edge’’ is drawn from the corresponding node in E T2ext to itself creating a small loop in the graph.
If T2ext is analysis-suitable
ðEðT2ext Þ is empty) then the only edges


which exist in E T1!2
are
‘‘loop
edges.’’ The non-existence of loop
ext


^ T2ext . If E T1!2
edges is a necessary condition that T1ext #
is an
ext
empty graph then T 2 is analysis-suitable and T 1s # T 2 . The weight
of a coupled extension graph is the number of edges in the graph
and is denoted by W(E). The weight of a node is the number of
edges touching the node.
Fig. 9 illustrates the construction of a coupled extension graph
and its use in determining nestedness. An analysis-suitable extended T-mesh T1ext is shown in Fig. 9a and T2ext is shown Fig. 9b.
We construct the coupled extended T-mesh T1!2
ext in Fig. 9c. Notice
that in this case the only face extension from T1ext which is visible (a
light gray dotted arrow in a box) corresponds to T-junction extension B in Fig. 9a. This indicates that the endpoint of T-junction
extension C in T2ext (see Fig. 9b) is in the interior of T-junction


extension B in T1ext (see Fig. 9a.) Fig. 9d shows E T1!2
. Since the
ext
graph is not empty, T 1s  T 2 . In fact, the edges between different


nodes means the underlying extension graph E T2ext is not empty
2
which implies that T is not analysis-suitable. The loop edge which
^ T2 .
begins and ends at node C indicates that T1ext 
ext
4.2. A local reﬁnement algorithm
The example in Fig. 9 motivates a simple approach to local
reﬁnement. First, create T2  T1s . As in standard ﬁnite element
analysis, this is usually done by subdividing a set of T-mesh elements in T1s . The T-mesh elements are often selected so as to re

duce error in the ﬁnite element solution. If E T1!2
is not empty,
ext
we must add some additional control points and edges to T2 to


cause E T1!2
to be empty.
ext
To illustrate, Fig. 10a shows the T-mesh T2 from Fig. 9b, where
T 1s  T 2 eventhough T1s # T2 . This can be seen by inspecting the
coupled extension graph in Fig. 9d. To ensure nestedness, additional reﬁnement of T2 must be performed. Fig. 10b–d shows three
possible analysis-suitable reﬁnements of T2 where the resulting


coupled extension graph E T1!2
is empty. The dashed edges and
ext
open circles in Fig. 10 are T-mesh edges and vertices, respectively,
added during local reﬁnement. The minimum of the three reﬁnements is shown in Fig. 10d, where only 6 vertices and 8 edges have
been added. We note that Fig. 10b is a NURBS reﬁnement.
This example raises the question of how to devise an algorithm
for automatically ﬁnding the fewest additional control points and
 1!2 
edges that will cause E Text
to be empty. Finding the minimal
number is an NP-hard problem, so for efﬁciency, our algorithm
uses the following greedy strategy that only provides an approximate minimum. The following steps constitute our analysis-suitable local reﬁnement algorithm:
1. Create T2  T1s .


2. Using T1s and T2, form E T1!2
.
ext
2
3. Of all possible insertion edges,

add one into T for which the
weight of the resulting E T1!2
is
smallest.
An
insertion edge
ext
has a vertex that is a T-junction in T2 and the corresponding
node in the coupled extension graph has non-zero weight (see
Fig. 11.)
 1!2 
4. Repeat Step 3 until the weight of E Text
is zero.
5. Compute the reﬁnement operator M, if desired. See Section 4.3.
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Fig. 9. Determining nestedness. (a) An analysis-suitable extended T-mesh T1ext . (b) An extended T-mesh T2ext (not analysis-suitable). (c) Superimposing the face extensions
1
from (a) on T2ext to form T1!2
ext . Notice that the only face extension from Text which is visible is in the light gray box. (d) The coupled extension graph for (c). The graph contains
edges which implies that T 1s  T 2 .

Only one insertion edge is inserted during each iteration of the
reﬁnement algorithm. Also, there are cases for which the weight
will stay the same or increase after the addition of the optimal
insertion edge. It should be noted that the algorithm will always
terminate, because in the limit, if all T-junctions are extended all
the way to a boundary edge, a NURBS is created.
We ﬁrst demonstrate Steps 1–4 of analysis-suitable local reﬁnement on a simple example. Step 5 is explained in detail in Section
4.3. We begin with the analysis-suitable T-mesh T1s shown in
Fig. 12a. In Fig. 12b, T1s is reﬁned by subdividing
 1!2  several T-mesh
elements. The coupled extension graph E Text
can then be constructed from the coupled extended T-mesh T1!2
as shown in
ext
Fig. 12d and c, respectively. Notice that the weight of the graph
is 4 so nesting is not assured between T 1s and T 2 .


We now begin to add insertion edges to T2 until E T1!2
is
ext
empty. The result of the ﬁrst iteration of the algorithm is shown
in Fig. 13. The input coupled extension graph is shown in
Fig. 13a. The corresponding set of insertion edges is shown in
Fig. 13b. Notice that insertion edges are only created
 forT-junctions
where the weight of the corresponding node in E T1!2
is nonzero.
ext
Each insertion edge is then added to T2 as a T-mesh edge and the
change in graph weight DW and total resulting graph weight W

are computed as shown in the Table of Fig. 13. The shaded cells
are the DWs which must be computed during this iteration. Since
this is the ﬁrst iteration all must be computed. The insertion edge
with the largest DW is then selected and inserted into the T-mesh.
For this iteration, insertion edge K (the bold dashed line in Fig. 13b)
is inserted into T2. Notice that in this case insertion edge E could
also have been selected. Both have a DW of 2.
The second and ﬁnal iteration of the algorithm is shown in
Fig. 14. The coupled extension graph is shown in Fig. 14a. Notice
the presence of the new T-mesh edge in T2 which corresponds to
insertion edge K from the previous step. The current insertion
edges are shown in Fig. 14b. There are now only three since the
previous iteration decoupled nodes A, J, and K. The current values
of DW and W are shown in the Table of Fig. 14. None of the DW
cells are shaded which indicates that the values are saved from a
previous iteration and not computed. In general, only a small number of DWs need to be computed during each step of local reﬁnement. The insertion edge with the largest DW is E which, when
inserted, drives the total weight of the graph to zero thus terminating the reﬁnement process. The ﬁnal reﬁned T-mesh is shown in
Fig. 15. The new edges are the dashed lines. If desired, the reﬁnement operator M can be computed as described in Section 4.3.
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Fig. 10. Several analysis-suitable local reﬁnements for the example in Fig. 9. The dashed edges and open circles are T-mesh edges and vertices, respectively, added during
local reﬁnement. (a) The T-mesh T2 from Fig. 9b. (b) 18 vertices and 19 edges have been added. (c) 7 vertices and 8 edges have been added. (d) 6 vertices and 8 edges have
been added.
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C

B

A

(a)

(b)

Fig. 11. T-mesh edges which may be inserted during Step 3 of the local reﬁnement algorithm. (a) The T-mesh T2. (b) The thick black dashed lines are edges which can be
inserted into T2. Notice that each of these edges has a vertex which is a T-junction in T2 and the corresponding node in the coupled extension graph has non-zero weight (see
Fig. 9d.) The thick black dashed lines are called insertion edges. The thin red dashed lines are examples of T-mesh edges which are not inserted to form a reﬁned T-mesh
because they do not satisfy the requirements of an insertion edge. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version
of this article.)
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Fig. 12. Initialization of a simple analysis-suitable local reﬁnement example. (a) The initial analysis-suitable T-mesh before reﬁnement. (b) Four T-mesh elements are
 1!2 
subdivided to form T2. (c) The coupled extended T-mesh T1!2
. The graph is not empty so nesting does
ext corresponding to (a) and (b). (d) The coupled extension graph E Text
not necessarily hold.

4.3. Computing the reﬁnement operator M

N1A ¼

We now describe how the elements, mA,B, of a reﬁnement operator, M, are computed. We recall that Steps 1–4 of the analysissuitable local reﬁnement algorithm in Section 4.2 guarantee that
T 1s # T 2s and the existence of M. We note that all knot comparisons
between basis functions are made in a common knot coordinate
system deﬁned in the index space of T2s (see Section 2.2.2).
Before proceeding, we deﬁne several important index space
concepts. For a basis function, N kA 2 T ks , we can construct the index
n
o2
n
o
k;i
k;i
and sk;i
, where CiA;k ¼ sk;i
vectors, CA;k ¼ CiA;k
A;1 ; sA;2 ; . . . ; sA;5
A;j is
i¼1

the index of niA;j in the index space of Tk. Using CA,k we can then deﬁne the index domain XIA;k  R2 as
2

XIA;k ¼  XI;i
A;k ;
i¼1

where XI;i
A;k ¼

ð13Þ

h

i

k;i
sk;i
A;1 ; sA;5  R.

We ﬁrst initialize all entries in M to zero. Then, for each N 1A 2 T 1s
and N 2B 2 T 2s such that XIB;2 # XIA;2 , we insert niB;j into NiA if
i
s2;i
1; 2; j ¼ 1; 2; . . . ; 5. This constructs reﬁned local knot
B;j R CA;2 ; i ¼ 
2
vectors, NA ¼ NiA i¼1 . We then apply basis function reﬁnement
(see Section 2.4.1) using NA to generate the linear combination

m
X

cA;k Nk :

ð14Þ

k¼1

If there exists an Nk such that N k  N 2B , then we set mA,B = cA,k. Note
that the index vectors and domains for N1A are constructed using the
index space of T2s . This is possible since T1s # T2s .
To illustrate, Fig. 16a shows a T-mesh, T1s , where additional vertices and edges (open circles and dashed lines) have been added
during the ﬁrst four steps of the local reﬁnement algorithm in
Section 4.2 to form T2s . As a result T 1s # T 2s . The knot intervals used
in this example are shown next to the corresponding edges. The index space representation is shown in Fig. 16b. For simplicity we
choose a global knot coordinate system with an origin at (1, 0) in
the index space of T2s . We note that, in practice, the knot coordinate system can be deﬁned by the subset of knots in T2 which
deﬁne N 1A and N 2B .
We now compute mA,B, where the basis functions N 1A 2 T 1s and
N 2B 2 T 2s are associated with the vertices labeled A and B in
Fig. 16. In this case, the index vectors, with respect to the index
space of T2s , are


CA;2 ¼

1; 2; 3; 5; 6
0; 1; 2; 4; 5


ð15Þ
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Fig. 13. The ﬁrst local reﬁnement iteration for the example in Fig. 12. (a) The input coupled extension graph. This graph has a weight of 4. (b) The corresponding insertion
edges. DW and W for each insertion edge are shown in the table. DW measures the change in graph weight after the edge is inserted into T2. W is the total graph weight after
the edge is inserted into T2. The shaded cells indicate DW values which were computed during this iteration. Insertion edge K minimizes the graph weight and is inserted into
the T-mesh as a T-mesh edge. Notice that in this case insertion edge E could also have been selected. Both have a DW of 2.

Fig. 14. The second and ﬁnal local reﬁnement iteration for the example in Fig. 12. (a) The input coupled extension graph. This graph has a weight of 2. (b) The corresponding
insertion edges. DW and W for each insertion edge are shown in the Table. DW measures the change in graph weight after the edge is inserted into T2. W is the total graph
weight after the edge is inserted into T2. Since no DW cells are shaded all values are saved from the previous reﬁnement step (see Fig. 13.) Insertion edge E drives the graph
weight to zero and is inserted into the T-mesh as a T-mesh edge to complete the reﬁnement process.

The index domain, XIA;2 ¼ ½1; 6  ½0; 5 , is the union of the dark and
lightly shaded rectangles in Fig. 16b and the index domain,

and


CB;2 ¼

2; 3; 4; 5; 6
0; 1; 2; 3; 4


:

ð16Þ

XIB;2 ¼ ½2; 6  ½0; 4 , is the lightly shaded rectangle.
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In this coordinate system, the local knot vectors for N 1A and N 2B
are


NA ¼

0; 1; 2; 4; 4


ð17Þ

0; 0; 2; 4; 4

and


NB ¼

1; 2; 3; 4; 4
0; 0; 2; 4; 4


ð18Þ

:

Obviously, XIB;2 # XIA;2 , and since
2
A;2

2;2
1
s2;1
B;3 ¼ 4 and sB;4 ¼ 3 are not in CA;2

we insert the corresponding knots n1B;3 ¼ 3 and n2B;4 ¼ 4 into

and C
1
A

N and N2A . This results in the reﬁned local knot vectors


0; 1; 2; 3; 4; 4
NA ¼
:
0; 0; 2; 4; 4; 4

Fig. 15. The ﬁnal reﬁned T-mesh for the example in Fig. 12. The new edges and
vertices are the dashed lines and open circles, respectively.

ð19Þ
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Fig. 16. Computing the reﬁnement coefﬁcient, mA,B. (a) The T-mesh, T1s , consists of the solid circles and lines. The topology (control points and edges) added during the
topology phase of analysis-suitable local reﬁnement (steps 1–4 in Section 4.2) are denoted by the open circles and dashed lines, respectively. The topology phase ensures that
T 1s # T 2s . (b) The index space of T2s . The index domain XIA;2 ¼ ½1; 6  ½0; 5 is the union of the dark and lightly shaded rectangles and the index domain XIB;2 ¼ ½2; 6  ½0; 4 is the
lightly shaded rectangle. The origin of the common knot coordinate system is (1, 0) in the index space. The knot intervals for the common knot coordinate system are shown in
(a) and (b).

Fig. 17. An analysis-suitable local reﬁnement framework.
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Applying the reﬁnement equations, (6)–(8), to NA , in each univariate
direction, and taking the tensor product of the resulting coefﬁcients
results in

N1A

¼ cA;1 N1 þ cA;2 N2 þ cA;3 N3 þ cA;4 N4 ;
3
1
¼ N1 þ N3 ;
4
4

ð20Þ

and


N3 ¼

1; 2; 3; 4; 4
0; 0; 2; 4; 4


:

ð23Þ

Since N 3  N 2B , we have that mA;B ¼ 14.

ð21Þ
5. Applying analysis-suitable local reﬁnement

where


N1 ¼

0; 1; 2; 3; 4
0; 0; 2; 4; 4


ð22Þ

We now explore the application and behavior of analysissuitable T-splines and local reﬁnement. In this example, we use
analysis-suitable local reﬁnement to transform an initial coarse

Fig. 18. A T-spline container ship hull. The surface is C2-continuous everywhere.

Fig. 19. The regions of the container ship hull where analysis-suitable local reﬁnement will be performed. First, reﬁnement will be performed in the rectangular region
followed by highly localized reﬁnement along the curve.

Fig. 20. The ﬁrst iteration of analysis-suitable local reﬁnement of the container ship hull in Fig. 18. The Bézier elements are shown on the top with those elements selected for
reﬁnement highlighted in red. The control points added during analysis-suitable local reﬁnement are shown in the middle. The reﬁned T-mesh is shown on the bottom. The
new control points are highlighted in red. (Note: Some of the T-mesh edges are hidden behind the ship hull.) (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)
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Fig. 21. The second iteration of analysis-suitable local reﬁnement of the container ship hull in Fig. 18. The Bézier elements are shown on the top with those elements selected
for reﬁnement highlighted in red. The control points added during analysis-suitable local reﬁnement are shown in the middle. The reﬁned T-mesh is shown on the bottom.
The new control points are highlighted in red. (Note: Some of the T-mesh edges are hidden behind the ship hull.) (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)

Fig. 22. The third iteration of analysis-suitable local reﬁnement of the container ship hull in Fig. 18. The Bézier elements are shown on the top with those elements selected
for reﬁnement highlighted in red. The control points added during analysis-suitable local reﬁnement are shown in the middle. The reﬁned T-mesh is shown on the bottom.
The new control points are highlighted in red. (Note: Some of the T-mesh edges are hidden behind the ship hull.) (For interpretation of the references to colour in this ﬁgure
legend, the reader is referred to the web version of this article.)

Fig. 23. The fourth iteration of analysis-suitable local reﬁnement of the container ship hull in Fig. 18. The Bézier elements are shown on the top with those elements selected
for reﬁnement highlighted in red. The control points added during analysis-suitable local reﬁnement are shown in the middle. The reﬁned T-mesh is shown on the bottom.
The new control points are highlighted in red. Notice that analysis-suitable local reﬁnement remains localized to the Bézier elements selected for reﬁnement. (Note: Some of
the T-mesh edges are hidden behind the ship hull.) (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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T-spline ship hull design into an analysis-suitable model. The analysis-suitable model can then be used directly in isogeometric analysis by way of Bézier extraction [47]. We note that this same
approach can also be used as an adaptive ﬁnite element solution
strategy. A demanding application of adaptive T-spline local reﬁnement in the context of a phase-ﬁeld fracture model is described in
[57].
In Fig. 17, we schematically illustrate the process used to perform analysis-suitable local reﬁnement. First, a set of Bézier elements, generated using Bézier extraction, is ﬂagged by the user
or ﬁnite element solver. Next, the Bézier elements are used to identify corresponding T-mesh elements. We recall that several Bézier
elements may correspond to a single T-mesh element as described

in Section 2.3 and shown in Fig. 17 on the left. The selected T-mesh
elements are then reﬁned to generate T2 as described in Section
4.2. In this case, the T-mesh elements are simply subdivided. Once
the selected T-mesh elements are subdivided, Steps 2–5 of the local reﬁnement algorithm presented in Section 4.2 are applied. This
generates the ﬁnal reﬁned analysis-suitable T-spline space. Bézier
extraction is then performed resulting in a new set of Bézier elements. This process is then repeated until the resolution of the Tspline is sufﬁcient for the application.
The T-spline container ship hull in Fig. 18 is ﬁrst designed using
the T-spline plugin for Rhino3d [58]. It is then transformed into an
analysis-suitable model using local reﬁnement. T-splines are a
popular technology in ship hull design because an entire hull can

Fig. 24. The ﬁfth iteration of analysis-suitable local reﬁnement of the container ship hull in Fig. 18. The Bézier elements are shown on the top with those elements selected for
reﬁnement highlighted in red. The control points added during analysis-suitable local reﬁnement are shown in the middle. The reﬁned T-mesh is shown on the bottom. The
new control points are highlighted in red. Notice that analysis-suitable local reﬁnement remains localized to the Bézier elements selected for reﬁnement. (Note: Some of the
T-mesh edges are hidden behind the ship hull.) (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version of this article.)

Fig. 25. The sixth and ﬁnal iteration of analysis-suitable local reﬁnement of the container ship hull in Fig. 18. The Bézier elements are shown on the top with those elements
selected for reﬁnement highlighted in red. The control points added during analysis-suitable local reﬁnement are shown below that. The reﬁned ﬁnal T-mesh is then shown.
The new control points are highlighted in red. (Note: Some of the T-mesh edges are hidden behind the ship hull.) The ﬁnal Bézier element mesh is shown on the bottom. The
reﬁnements form a nested sequence of C2-continuous spline spaces. The geometry of the hull is unchanged during the reﬁnements. (For interpretation of the references to
colour in this ﬁgure legend, the reader is referred to the web version of this article.)
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be modeled by a single watertight surface with a minimal number
of control points [59]. In analysis, however, far more degrees-offreedom are often required to capture the physical phenomenon
of interest. In other words, the initial T-mesh must undergo additional reﬁnements to create models that satisfy the needs of
analysis.
To demonstrate the pertinent ideas, we assume that the ﬁnal
analysis-suitable model of the hull must be sufﬁciently resolved
to capture the response of the ship in the two regions outlined in
Fig. 19. This will require reﬁnements in the region of the hull corresponding to the rectangle followed by highly localized reﬁnements along the region corresponding to the curve. Six iterations
of reﬁnement are performed as shown in Figs. 20–25. The initial
T-spline of the hull contains just 75 control points and 36 Bézier
elements.
The ﬁrst iteration of local reﬁnement of the ship hull is shown in
Fig. 20. A set of Bézier elements is selected for reﬁnement as shown
on the top of Fig. 20. The reﬁnement framework described in
Fig. 17 is then applied. First, the selected Bézier elements are used
to select corresponding T-mesh elements. These T-mesh elements
are subdivided and the local reﬁnement algorithm described in
Section 4.2 is applied to the resulting subdivided T-mesh. The control points added during local reﬁnement are shown in the middle
of Fig. 20. Notice that these control points remain localized to the
region of selected Bézier elements. The reﬁned control mesh is
shown on the bottom of Fig. 20 with the new control points highlighted. The reﬁned set of Bézier elements is then extracted from
the reﬁned T-mesh as shown in Fig. 21 on the top. We note that
the transpose of the reﬁnement operator, MT (see Sections 2.4.2
and 4.3), is used to update control point positions after each reﬁnement step. This ensures that the geometry and its parameterization
are preserved exactly.
The next ﬁve iterations of local reﬁnement are shown in Figs.
21–25. In Figs. 21 and 22 the rectangular region in Fig. 19 undergoes additional local reﬁnement. In Figs. 23–25 highly localized
reﬁnement is performed along the curve in Fig. 19. Notice that
the reﬁnement pattern follows the curve without excessive propagation of control points while preserving the C2-continuous analysis-suitable T-spline basis. The fully resolved analysis-suitable
model has 1722 control points and 1922 Bézier elements. The ﬁnal
Bézier mesh is shown in Fig. 25 on the bottom and the ﬁnal T-mesh
is shown immediately above it. The sequence of C2-continuous Tspline spaces is nested and the initial geometry is exactly preserved throughout.
6. Conclusion
Analysis-suitable T-splines address mathematical and practical
shortcomings observed when general T-spline spaces are used as a
basis for isogeometric analysis. Speciﬁcally, analysis-suitable Tsplines are linearly independent, form a partition of unity, and
can be locally reﬁned without excessive propagation. We have
developed an analysis-suitable local reﬁnement algorithm for this
class of T-splines, and implemented it for bicubic T-spline
surfaces.
We have also developed an efﬁcient adaptive framework which
combines analysis-suitable T-splines, Bézier extraction, and analysis-suitable local reﬁnement. The sequence of reﬁned spaces is
nested and exactly preserves the initial geometry. The basis of
the reﬁned T-spline spaces maintains the smoothness of the initial
basis. We have demonstrated its effectiveness on a real-world
example of a ship hull design. The procedures described provide
a powerful methodology for instantiating the vision of isogeometric analysis. In future work, we plan to describe the analysissuitable treatment of ‘‘extraordinary points.’’.
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