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A Method of Data Expansim} Based
on Wavelet Transform

SHAO Limin SHAO Xueguang
( Department o Chemistry , USTC)

Abstract A method of data expansion is established in this paper based on wavelet transform.

Numerical experiments are carried out to test the performance of the method. In comparison
with the result of cubic spline interpolation, it shown that the expanding error of this method is
much smaller than that of cubic spline interpolation. It is also found that, with the increase of
the original data length, the expanding error of this method decreases more sharply than that of
cubic spline interpolation. As an application, a signal of High Performance Liquid Chromatog
raphy (HPLC) is processed by the method, of which the result is satisfactory.
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1 Introduction
Wavelet transform is a new mathematical technique, which is widely applied in several fields such
as signal analysis, image processing and pattern matching, etc. Applications of wavelet transform in
analytical chemistry are being explored in recent years, results of which show advantages of the
o [L2,34]
technique

portant algorithm in DWT is Mallat Pyramid. By Mallat Pyramid algorithm a discrete signal will be de-

composed into a series of contributions, and each contribution has half data length of the previous one.

. Discrete wavelet transform (DWT) is generally used in practice, and the most i

In the reconstruction of the original signal from these contributions, the data length afier each calcula
tion will be doubled until the original signal is restored.

In this paper, a method of data expansion is established based on the reconstruction algorithm of
the Mallat Pyramid. The recorstruction was employed to treat a signal rather than the decomposed cont

ributions. Its result means data expansion.

Theory
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.1 Theory of Discrete Wavelet Transform
Let A% f and D% f denote the ¢ discrete approximation’ and ¢ discrete detail’ of function (or sie
nal) f(x) € (Vy)jezat the resolution 2‘f(( V3 )jez is a multiresolution approximation of the Hilbert
space). h(n) and g(n) are used to denote the low pass filter and high pass filter. Mallat proved[s]

that there existed recurrence formulae.

I

ASf(n) = Y h(k= 2n) A if (k) (1

T
—_— O

Dif(n) = Dig(k- 2n)A¥'f(k) (2)

k=

=

where— J <j <- 1(j € Z,j> 0). J is a preset scale parameter, and it is also the maximum de-
composing time. N is the data length. Whenj = — 1, the discrete approximation Aé’“f = A‘é“f is the
original signal.

Decomposition of a signal by formulae (1) and (2) is the Mallat Pyramid algorithm. By this alge-
rithm the original signal will be decomposed into discrete approximation A J and discrete detail
Ddz'f(— J =j == 1) withj decreasing from — 1 to— J. What is important is that the data length of
A(iff (or D%/f ) is 2 * N while the data length of the original signal is N'. Thus a discrete signal can
be compressed by the Mallat Pyramid. Furthemare, because H( = {h( n)} ) is a low pass filter and
G(=1\g(n)amn is a high pass one, Aé’f and Ddz/f respectively represent the low-frequency and high
frequency information contained in the original signal.

The original signal can be reconstructed from A% /f and D f, and the data length of the original
signal can also be restored by the following process:

M- M-
A% f (n) = kZ;,h(n- 2k)AS (k) + kz(;g(n— 2k) DY f( k) (3)
This process will be repedaed with j increasing from — J to — 1 until A% f, the original signal, is
reached.
Theory of the Data Expansion Based on Wavwelet Transform
From the introduction above, we can see that A% f has double data length afier being recom
structed from A% f and A% /. Therefore, if the reconstruction algorithm is used to process a signal, the
result is that the data length of the signal will be doubled. The data length can be increased o 4, 8§,
..., 2" times of the original one merely when the reconstruction is repeated 2, 3, ..., N times. Fur
thermore, in decomposition by wavelet transform, it had been pmved[ﬂ tha in comparison with the
other kinds of discrete approximations at resolution 2, AY f is the most similar to the original signal
f(x). So, letf(n) be adiscrete sample of function f( x) with data length being V. Then at resolution
7, equation (4) can be derived
AYf = f(n)+ o(N) (l=n =N) (4)
At resolution 2" ', the data length of the discrete samplef'( n) will be doubled. From (4), there will
be:
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A%if= f(n)+ o(2%xN) (1 =n <2xN) (5)
Formula ( 5) means that of all the discrete approximations at resolution 2" with data length being
2x N, A% / is the most similar to the original signal, which ensures the accuracy of the data expan-
sion. In the implementation of the data expansion, DY f, the discrete detail, is set zero in order to

avoid the introduction of high frequency noise. Thus the formula of data expansion based on wavelet

transform can be written as

Ay if(n) = Zh (n— 2k)ASf (k) (6)
The data expansion algorithm can be illustrated by the following scheme:
ASif SATmif SAYf s SATf AN
/ / /... /
d d d 4
fof D271+1f D271+2f szlf
Data length: N 2'N 2N 2"'N 2N

Where A% / f denotes the original signal to be expanded and A% f derotes the result of the expansion.

It is obvious that after J times calculation, data length was expanded to be 2 times of the original one
(J€Z > 0.

3 Numerical experiments
In this section, the performance of the data expansion method is tested with numerical experin+
ents. Because many signals have some characteristics of the Gaussian curve, the original signal chosen
for the test is the Gaussian peak. Function of the signal is given as:
eq y = expl- (x - 50)%/100, 30 < x <70 (7)
The expanding performance is judged by Root Mean Square Difference( RMSD) that is calculated
by

P T 2
B 2(X; ]; Xi) (8)

Where X! is the calculated value by the data expansion, X | is the theoretical value, and N is the data
length of the expanded signal.

For comparison, the same data expansions were also performed with cubic spline interpolation.

3.1 Determination of wavelet

Several wavelets have already been found since the establishment of wavelet tranform theory, and
each has some peculiar properties. In order to determine the most suitable wavelet for data expansion of
Gaussian curve, discrete signal of function (7) is prepared. The original data length is set 100, and
will be expanded to 200.

Five wavelets were used to perform data expansion. They are Daubechies ( Filter length: 4, 6, 8,
10,12, .14, 16, 18, 20), Beylkin ( Filter length: 18) ,, Coiflet.( Filter length;, 6, 12, 18, 24, 30),
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Symmlet ( Filter length: 8, 10, 12, 14, 16, 18, 20) and Vaidyanathan ( Filter length: 24) . Accord
ing to values of RMSD, it is found that the Coiflet wavelet with filter length 18 can obtain the most ae-
curate expanded signal in the case of the original signal being Gaussian.

3. Test 1

The data ]eng[h of the Origina] Sig— Tab.1 Comparison of performance between wavelet transform and
nal ohtained from function ( 7) is prese cubic spline interpolation with different expanding multiples
100. After the data expansion, the da- Length of the Expanding Error ( RMSD)
ta length is increased to 200, 400, 800 expanded signal Wavelet transform Cubic Spline
and 1600. The errors of data expansion 200 3.53141x 10" © 1. 78485% 10~ ?
with either wavelet tramsform or cubic 400 3.83199% 10~ ¢ 1.78841x 1073
spline are tabulated in Table 1. 800 4.04293x 107 © 1. 66889 % 1072

From Table 1, it can be found 1600 4.16600x 107 ° 1.78849% 103

that the expanding errors generated by
wavelet transform are much smaller than those by cubic spline at every expanding multiple. Even when
the data length is increased to 1600, which means the expanded signal has 8 times data length of the
original one, the expanding error of wavelet transform is as small as 4. 166 x 10°°, whereas the ex
panding error of cubic spline is 1. 788 x 10 .

The results show that data expansion with wavelet transform can perform high multiple expansions
with little loss of accuracy.

3. Test

The performance of the data expansion method based on wavelet transform is tested in the original

signals have ditterent data lengths.

Tab.  The comparison of the expanding erors generated by wavelet The original signals are also ob-

transform and cubic spline wih different original data length tained from function (7) , and the data

Origiral data longth Expanding Enor ( RMSD) length varies from 50 to 350 with step
Wavelet transfom Cubic Spline 50. For simplicity, the signal is ex
50 2.0352% 1073 2.4590% 1073 panded to double data length of the
100 3.53141% 107 ¢ 1. 78485 107° original one. The expanding errors that
130 1.27382x 107 1. 4692 x 1073 are also calculated by formula (8) are
200 6.18676x 10-7 1. 27828x% 10-3 tabulaed in Table 2.
250 3.53517% 10-7 1. 4647 % 10- 3 From Table 2, it can be found
300 2.23841% 1077 1. 04838 107 that at every data length, the expand-
350 1.52126% 1077 9.71809x 10~ * ing error of wavelet transform is much

smaller than that of cubic spline inter
polation, which is consistent with the results of test 1. In order to make the comparison more clear,
Figure 1 is drawn according to values of Table 2. From the figure we can see that with the increase of
the data length of the original signal, the expanding error of wavelet transform (or cubic spline interpe-

lation) .decreases.  This is because increase, of the original data length means the. discrete signal con-



%28 A Method of Data Expansion based on wavelet transform 139

tains more information of the prototype function. However, the expanding error of wavelet transform de-
creases more sharply than that of cubic spline interpolation. This means tha the longer the data length
of the original signal is, the more accurate the expanded signal will be obtained by the data expansion
with wavelet transform rather than with cubic spline interpolation. In otherwords, if a discrete signal is
measured with a few more data points than before at some cost, with wavelet transform a more accurate

expanded signal will be obtained.
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Fig. 1 Logarithmic values of expanding errors via Fig.  Comparison of expanded signal and
different data length of original signal the experimental chromatogram

(“° wavelet transform, ‘¢’ cubic spline interpolation)

4 An application

As an application, a signal of High Performance Liquid Chromatography (HPLC) without a per
fect Gaussian shape is processed by the data expansion based on wavelet transform.

A sample for HPLC is the solution of Yb and Tm of which the concentrations are 20. 01Hg® ml.” :
and 19. 99Hg* mL . The chromatogram of the sample is measured by a Spectrasystem FL 2000 ( Spee-
tra- Physics Inc. , U.S. A) with sampling interval being 0. 012 min, and its data length is 480. In ox
der to test the performance of the method, three signals are obtained by keeping one out of 2, 4 and 8
points of the chromatogram, which simula e signals measured with sanpling interval being 0. 024, 0.
048 and 0. 096 min. The data lengths of the signals are 240, 120 and 60. The data expansion based
on wavelet transform is employed to expand the signals to data length of 480. The results are illustrated
in Fig 2.

From Figure 2, we can see that both peak height and peak position of the three expanded signals
are consistent with those of the experimental chromatogram. This means that there is almost no loss of
chromatographic information after the data expansion with wavelet transform. However, there is some
difference between the expanded signal (7) and the experimental chromatogran in Figure 2. This
might be a result from the faer that the original signal (6) was obtained by keeping one out of 8 points
of the clhromatogran, which results in some loss of chromatographic information, especially of the
noise. However, the main characteristics are maintained. So it is possible that wavelet transform can
expand a signal sampled in a short span of time to meet the purpose of scientific research, which can

surely save time and energy with least detriment to accuracy.
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S Conclusion

From test 1, test 2 and the application, we can conclude that wavelet transform shows advantages
over cubic spline in data expansion. Further more, unlike the cubic spline interpolation the method
needs no initial wnditions, which is very cnvenient for calculation. If a signal obtained from an i
strument has insufficient data because of some limitations or for the purpose of quick sampling, wavelet
transform can be employed to expand the signal.

It should be pointed out that the expansion of the method is * inter’ which mears tha the expan

sion does not change the original sampling range.
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