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o A way to describe behavior of functions in the limit. We’re studying
asymptotic efficiency. (ER#IRIATIABER, BPRRIER THERIT
A)

O Focus on what’s important by abstracting away low-order terms and
constant factors. CEHE ZE{EMTIFIEREF)

o How we indicate running times of algorithms. (A{A#IAEENEE
i)

O A way to compare “sizes” of funcitons (EEEEREIK/NRTIE)

2019/3/12 3 University of “cience and ' echnology of "hina



BV RBOEK

AR %,

O #ritid 5
v EN: O, Q0,0 0
v kB

O % H R

O KM

2019/3/12 4 niversity of “cience and 'echnology of (‘hina



) Asymptotic notation (BTLidS) =
I

o the asymptotic running time are defined in terms of functions
whose domains are the set of natural numbers N = {0,1,2,...}. (i&

1THHE) R B RYE M 9 B RS
o Abuse
just for convenient
for example, extended to the real numbers domain
o Not misused

We need understand the precise meaning of the notation when it
IS abused. It is not misused.
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@-notation: asymptotically tight bound CETE &)
E——
e What this notation T(n)=0(n?) means

For a given function g(n), we denote by ®(g(n)) the set of functions

O(g(n)) = {f(n): there exist positive constants c,, ¢, , and n, such
that

0<c,g(n)<f(n)<c,g(n) for all n>n}.

we could write “f(n) € ®(g(n))” to indicate that f(n) is a member of
®(g(n)).

Instead, we will usually write “f(n)=@(g(n))” to express the same
notion. The abuse may at first appear confusing, but it has advantages.
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@-notation: asymptotically tight bound CETE &)

For a given function g(n), we denote by ®(g(n)) the set of functions
®(g(n)) = {f(n): there exist positive constants c,, ¢, , and n, such that
0<c,g(n)=f(n)<c,g(n) for all n>n,}.
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We say that g(n) is an asymptotically tight bound for f(n).
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) ) ©-notation: asymptotically tight bound (#rir’Z&5H)

®(g(n)) = { f(n): there exist positive constants c,, ¢, , and n, such that
0<c,g(n)=f(n)<c,g(n) for all n>n, }.
e In this chapter, assume that every asymptotic notations are
asymptotically nonnegative. (A 1T 775 i JE 1)
e Example: How to show that n2/2-3n=0(n2) ?
We must determine positive constants c1, ¢c2, and nO such that

cn’ <n®/2-3n<c,n’
=> ,<1/2-3/n<c,

by choosing c1 =1/14, ¢c2=1/2, and n0=7, we can verify that n2/2-
3n=0(n2)
e Other choices for the constants may exist. The key is some choice

exists. (RJREH Z/ME, HEFFAEEAMEHAT L 1)
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7)) @-notation: asymptotically tight bound (i E5)
®(g(n)) = {f(n): there exist positive constants c,, ¢, , and n, such that
0<c,g(n)=f(n)<c,g(n) for all n>n, }.

o How verify that 6n® = ®(n*) ?

Suppose for the purpose of contradiction that c2 and n0 exist such
that 6n° <c,n” forall n>n, .Butthen n<c,/6 ,which cannot
possibly hold for arbitrarily large n, since c2 is constant.
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| @-notation: asymptotically tight bound (#ME'Z5)
®(g(n)) = { f(n): there exist positive constants c,, ¢, , and n, such that
0<c,g(n)=f(n)<c,g(n) for all n>n, }.

e The lower-order terms, the coefficient of the highest-order term can be
Ignored.

e Example: f(n)=an”+bn+c , where a>0, b, ¢ are constants.

Throwing away the lower-order terms and ignoring the constant
yields f(n)=®(n*). (Page44)

e Ingeneral, for any polynomial p(n) =Zi"=0aini , Where the ai are
constants and ad >0, we have p(n)=0©(n?) .

e \We can express any constant function as ®(n°) or®(1) .
®(1) often mean either a constant or a constant function.

2019/3/12 10 niversity of Science and !echnology of China



O-notation: asymptotic upper bound (#riz_E5F)
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e "f(n)=0(g(n))" indicates "f(n)eO(g(n))"
e f(n)=06(g(n)) = (n)=0(g(n))
o = 0(9(n) c0(g(n) niversity of Science and Technology of China




| O-notation: asymptotic upper bound
B

| O — notation:  For a given function g(n), we denote by
==& (g(n)) the set of functions O(g(n)) = {f(n): there exist positive
i onstants ¢ and n, such that 0<f(n)<c g(n) for all n>n}.
L
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Q-notation: asymptotic lower bound (HTiEF 5
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Q-notation: L N5+
|
e ( —notation: For a given function g(n), we denote by (g(n)) the

set of functions (g(n)) = {f(n): there exist positive constants ¢ and
n, such that

_J_d 0<c g(n)<f(n) for all n>n}.

-
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n? +2000n -
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Q-notation: BiL 5

= f(n)=0(g(n)), then 3c, >0,c, > 0,n,>0,
st. n>n,,0<cqg(n)< f(n)<c,g(n)
thenn>n,, 0< f(n)<c,g(n)= f(n)=0(g(n))
thenn>n,,0<cg(n) < f(n)= f(n)=Q(g(n))
< f(n)=0(g(n)), then 3c, > 0,n,,>0,
st.n>n,,0< f(n)<c,g(n)
f (n) =Q(g(n)), then 3c,, > 0,n,,>0,
st.n>n,, 0<c,g(n)< f(n)
let n, = max{n,,,n,,}, thenn=>n,,

0<c,g(n)< f(n)<c,g(n), thatisf(n)=06(g(n)).
15 niversity of Science and "echnology of China




Q-notation: #riL 5+

1 o0 Theorem 3.1

For any two functions f(n) and g(n), we have f(n)=0(g(n)) if and
only if f(n)=0(g(n)) and f(n) =Q(g(n)).

e In practice, rather than using the theorem to obtain
asymptotic upper and lower bounds from asymptotically
tight bounds, we usually use it to prove asymptotically
tight bounds from asymptotic upper and tower bounds.

(EIRMEH: SEBreh, BEMRMEANUEL LA FIEL T A RIE
fg;ﬁ{g%;ﬁ’ 1M AN AR AL 2R A SRS B AR _E A Fh
KR
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| Q-notation: @i T 5+
I
e The running time of insertion sort falls between Q(n) and O(n?), the
bounds are asymptotically tight.
e The running time of insertion sort is not (n?). Why?
e Itis not contradictory to say that the worst-case running time of
insertion sort is Q(n?%). Why?

e The running time of an algorithm is (g(n)), we mean that no matter
what particular input of size n is chosen for each value of n, the
running time on that input is at least a constant times g(n), for large

n.
( BEEMETRIEAQQN)ERET BB KN, JFTHRAMIEAR n B
EFEMAN EEZEREELR9NB—NERE. )
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SXMAZER F HHTLE S -

e How to interpret: “n=0(n?)”, “2n%+3n+1=2n*+O(n)”, ...
+ When the asymptotic notation on the right-hand side alone,
as n=0(n?), it means set membership: n€ O(n?).

« When in a formula, it stands for some anonymous function
that we do not care to name. For example,
“2n%+3n+1=2n%+@(n)” means that “2n2+ 3n+1=2n%+f(n)”,
where f(n) is some anonymous function in the set O(n). (4¢3
FERNERRYESHIERIL

o When on the left-hand side , as in “2n? +@(n)=0(n?)”, it can
be interpretted: No matter how the anonymous functions are
chosen on the left of the equal sign, there is a way to choose the
anonymous functions on the equal sign to make the equation

valid. (fE#&f(n) €0(n), F#E9(N) €EOMN?), FBHREMIL)
e From 2) and 3), we have “2n2+ 3n+1=2n2+@(n)=0(n2)”.
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o-notation: (FEWTIE E/_ L)

B
1« The bound provided by O-notation may or may not be
asymptotically tight.
e The bound 2n?=0(n?) is asymptotically tight, but the bound 2n=0(n?)
IS not.
The o-notation denotes an upper bound that is not asymptotically
tight. Formally, define o(g(n)) as the set
(AEEREF)

o(g(n)) = {f(n): for any positive constants c>0, there exits a
constant n;>0 such that 0<f(n)<c g(n) for all n=n}.

For example, 2n=0(n?), but 2n%£o0(n?).

"niversity of “cience and 'echnology of "hina



) o-notation — JEFTIT EZWH T

| e -notation is to Q-notation as o-notation is to O-notation.

e The w-notation denotes an lower bound that is not asymptotically
tight. Formally, define @(g(n)) as the set

@ (g(n)) ={ f(n): for any positive constants c>0, there exits a
constant n;>0 such that 0<c g(n)<f(n) for all n=n}.

One way to define it is by
f(n) € w(g(n)) if and only if g(n) €o(f(n))

For example, n?/2= @(n), but n?/2# @(n?).

Frs Bl ¢ The relation f(n)=e(g(n)) implies that

f (n)

lim——~ = oo, if the limit exists.
N—o0 g(n)

20 University of Science and 'echnology of “hina
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Comparison of functions (ERETHLE)

real number

(g5 M)

f(n) =©(g(n)) and g(n) = ©(h(n)) imply T (n) = ©(h(n)),
f(n) =0(g(n)) and g(n) = O(h(n)) iImply t (n) = O(h(n)),
f(n) =€(g(n)) and g(n) = (h(n)) imply T (n) = Q(h(n)),
f(n) =0(g(n)) and g(n) = o(h(n)) imply t (n) =o(h(n)),

f (n) = w(g(n)) and g(n) = @(h(n)) imply T (n) = o(h(n)).
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Comparison of functions (ERETHLE)

B

o (BRMH)
| f (n)=0O(f(n)),
f (n)=0(f (n)),
f(n) =Q(f (n)).

=R E (XFFRED
. f(n)=06(g(n)) ifand only if g(n) = O(f (n)).
° (R TR

f(n)=0(g(n)) if and only if g(n) =Q(f (n)),
f(n)=o0(g(n)) ifand only if g(n) = w( f (n)).

22 niversity of Science and 'echnology of "hina



Comparison of functions (ERETHLE)

=

o (RO L S SR L B 26 EE )
amall f(n)=o0(g(n)) ~ a<b,
fo  f(m=0(g(n) ~ as<b,
f(n)=0(g(n) = a=b,
f(n)=Q(g(n) ~ a=b,
f(n)=w(g(n) ~ a>h.

U
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Comparison of functions (EEEHLE:)

1 o One property of real numbers, does not carry over to asymptotic
notation

o Trichotomy (=43) : any two real numbers a and b, one of the
following must holds: a<b, a=b, or a>b.

+ Not all functions are asymptotically comparable. That is, for two

functions f(n) and g(n), it may be the case that neither f(n)=0(g(n),
nor f(n)=Q(g(n)) holds.

For example, the functions n and n**"" cannot be compared using
asymptotic notation.

—1<sinn<1=n° < n¥"" < n?

n1+sinn S n S n1+sinn r)r)r)
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Standard notation and common function

B

° CEAEMD

o x—1<|x|<x<[x|<x+1

o (FHBH)
amodn=a-|a/n|n

o (2T
p(n) - Zaini

o (F8E0O

o (0

o (Hrare)

26

nl=/2m (g] (1+ 9(%))

==>nl=0(n"),nl= w(2"),lg(n!) = &(nlgn)
niversity of “cience and ' echnology of “hina
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Standard notation and common function
[

. GERERED
N

fom " if i=0
(YY) ifi>0

f@(n) = f(f(n)) = f(2n) =2(2n) = 22n

fO(n)=2'n
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Standard notation and common function

g n=min{i>0:1g" n<1}

lg"2=1, g™ 4 =2, lg"16 =3,
Ig" 65536 =4, |g" 2°%% —5
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