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Multiplication of two numbers
Multiplication of two matrices
Finding Minimum and Maximum

Mayjority problem (% #o)f})
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BR={r, 1,, ..., 1} ZBRATHF| 090/~ T&E, R=R-{r}}.
EAXP L E 2T T A perm (X) .

(r.) perm (X) &= &4 HF perm (X) 898 —AHe5| 77 v _L AT
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R IH:
long TailRescuvie(long n, long a)
{
return(n == 1) ? a : TailRescuvie(n - 1, a * n);
)
long TailRescuvie(long n)
‘ {15
£ ikigIe: _ return(n == 0) ? 1 : TailRescuvie(n, 1);
long Rescuvie(long n) )
{
return (n == 1) ? 1 : n * Rescuvie(n - 1),
il
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. Rescuvie(5) TailRescuvie(5)
{5 * Rescuvie(4)} TailRescuvie(5, 1)
{5*{4 * Rescuvie(3)}} TailRescuvie(4, 5)
{5*{4* {3 * Rescuvie(2)}}} TailRescuvie(3, 20)
s 57 {47{37{2*Rescuvie(1)}}}} TailRescuvie(2, 60)
{5*{4*{3*{2*1}}}} TailRescuvie(1, 120)
: {5*{4*{3*2}}} 120
{5*{4~6}}
(5 * 24}
120
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divide P into smaller subinstances P1,P2,....Pk; //4f& 4] &
for (i=1,i<=k,i++)
yi=divide-and-conquer(Pi); / /i )3t fi# &1 5] A
return merge(yl,...,yK); //¥&F 5] R 65 O JR 5] 7T A A

% divide-and-conquer(P)

A {

. if (1P| <=n0) adhoc(P); //# ¥/ HLHE b 7]
amall
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I
~ two n-digit numbers X and Y, Complexity(X X Y) ="?

e Naive (JRI5H)) pencil-and-paper algorithm

31415962
1 X 27182818
251327696
X23 31415962
6 251327696
.3 62831924
4 251327696
2 31415962
976 219911734
62831924
853974377340916

+ Complexity analysis: n? multiplications and at most n2-1
additions (J¥%). So, T(n)=0(n?2).
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Exam1 Multiplication of two numbers CKEE¥HIFREE)
~two n-digit numbers X and Y, Complexity(X X Y) =?
e Divide and Conquer algorithm
Let X=ab
Y=cd
where a, b, ¢c and d are n/2 digit numbers, e.g.
1364=13x10%+64.
Let m=n/2. Then
XY = (10Ma+b)(10™mc+d)
=10°Mac+10™(bc+ad)+bd

o)
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Exam1 Multiplication of two numbers (CREEE RS

two n-digit numbers X and Y, Complexity(X X Y) =7
e Divide and Conquer algorithm

Let X=ab, Y=cd
then XY = (10Ma+b)(10™c+d) = 10°mac+10™(bc+ad)+bd
Multiply(X; Y; n):
ifn=1
return XxY Complexity analysis:
else T(1)=1,
m=[n/2] T(n)=4T( n/2T)+O(n).
a=|x/10m}; b=X mod 10 Applying Master Theorem, we
¢ =LY/10m]; d=Y mod 10m have
e = Multiply(a; c; m) - 2
f = Multiply(b; d; m) =0

g = Multiply(b; c; m)

h = Multiply(a; d; m)

return 10°™e + 10™(g + h) + f
z3 University of Science and Technology of China
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Exam1 Multiplication of two numbers (CKEE$KIFEE:)

two n-digit numbers X and Y, Complexity(X X Y) =7
e Divide and Conquer (Karatsuba’s algorithm)
et X=ab, Y=cd
then XY = (10ma+b)(10mc+d) = 10°mac+10™(bc+ad)+bd
Note that bc +ad =ac + bd —(a —b)(c —d). So, we have

FastMultiply(X; Y; n):

ifn=1 Complexity analysis:
return XxY T(1)=1,
else - T(n)=3T( n/2])+O(n).
m=in -
2= | X/10" |: b=X mod 10" Applying Master Theorem, we have
¢ =Ly/10m]; d=Y mod 10m T(n) =0(n"%%) = O(n**)
e = FastMultiply(a; c; m)

f = FastMultiply(b; d; m)
g = FastMultiply(a—b; c—d; m)

return 10°me + 10™(e +f —g ) + f
= University of Science and Technology of China
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Exam2 Multiplication of two matrices (%EfEFE7E)

two nXn matrices A and B, Complexity(C=AXB) = ?

o
n llllllllllllllllllllllllllll *ll
¢ =Yadby | S P
k:1 I *ll
ssnsnnnnnn J \ memmmma *ll

T(n)=0O(n3).

26 niversity of Science and 'echnology of "hina



Exam?2 Multiplication of two matrices (¥EP%E+E3E)
B

two n X n matrices A and B, Complexity(C=AXB) =?

@,

|:C11 12:|
C21 C22

Y )= o).
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two nX n matrices A and B, Complexity(C=AXB) =?
e Divide and conquer (Strassen Algorithm, Hr4ehr #r 46 FE i)

An n X n matrix can be divided into four n/2 X n/2 matrices,
A= {An A12j| B = |:Bll Blz} C= {Cn C12j|
A21 A22 BZl B22 C:21 C22

T (n) _ O(n|0927) _ O(n2.81)

University of Science and !echnology of "hina



\—// Exam2 Multiplication of two matrices (4EP&E+H5k)
I

& %5k O(nd)

&® 5% O(n28l)

& F ey E?

>Hopcroftf=Kerr &2 £81(1971), ++H2/~2 x 2 469/, 7R K%
ZsbEty, Ak, RS —FEGHEERF IR M, R ELT
TFH2 x 2AEME 7R FEZIAN 72T . RIFEL LR 3 x 35 x 548
[t BT k.

> fEStrassen g A % FE Bt T AR RGR 6T St iR B4k, B AT
R A4t EoAt e _E RS2 O(n2-376)

> 2 T H R E|O(n)4Y Sk ?
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) Examé4 Finding Minimum and Maximum (MaxMin)

Background

Find the lightest and heaviest of n elements using a
balance that allows you to compare the weight of 2
elements. (F—1TEBn A TEBEKE, A—1XFE, B3kt
BW2ARENEE, KEEEMREN—)

Goal
Minimize the number of comparisons. (Ef#RHEEHNT
=, PRIEEBORE? )

30 University of Science and 'echnology of China



Exam4 Finding Minimum and Maximum (MaxMin)

Max element
Find element with max weight (&2 &) from w[0, n-1]

maxElement=0
for (inti=1;1<n;I++)
If (w[maxElement] < w[i]) maxElement = i;
Number of comparisons (EL& &%) is n—1.

BN Obvious method (EIER)
B + Find the max of n elements making n—1 comparisons.

+ Find the min of the remaining n—1 elements making
n—2 comparisons.

o Total number of comparisons is 2n-3.
University of Science and |echnology of China




Exam4 Finding Minimum and Maximum (MaxMin)
1 ¢ Divide and conquer

Example
+ Find the min and max of {3,5,6,2,4,9,3,1}.
« A={356,2} and B ={4,9,3,1}.
= min(A) =2, min(B) = 1.
= max(A) =6, max(B) = 9.
« min{min(A),min(B)} = 1.
« max{max(A), max(B)} = 9.

o IEER; HhBIIRA; ...

32 University of Science and "echnology of China
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Exam4 Finding Minimum and Maximum (MaxMin)

Divide and conquer
Example
o Dividing Into Smaller Problems

O
{8,2,6,3,9/

{6,3,9} {1,7,5} {4,2,8}

{6¥ 39} m f {75y {4}
© © O
33
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{8,2,6,3,9,1,7,5,4,2,8}

{1,7,5,4,2,8}

18,2}

2,8}
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Exam4 Finding Minimum and Maximum_ (MaxMin)

e Divide and conquer
Example
+ Solve Small Problems and Combine

‘{1,9}
2.0 /

{3.9} {1,7} /

{39} {11} / \{5,7} {44} {2,8}

{6} MES {1} {7.5} {4} {2,8}

"niversity of “cience and 'echnology of "hina
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Exam4 Finding Minimum and Maximum (MaxMin)

e Divide and conquer

MaxMin(L)
if length(L)=1 or 2, we use at most one comparison.
else
{ split (%) L into lists L1 and L2, each of n/2 elements
(minl, max1) = MaxMin(L1)
(min2, max2) = MaxMin(L2)
return (Min(minl, min2), Max(max1, max2))

}

Complexity analysis (Number of Comparisons):
T(1)=0, T(2)=1,
T(n) =2T(n/2)+2

= 4T(n/4)+22+2 = 25T(n/2%) +23+224+2 = ...
= 21T (n/2k )42k 1+, 42 = 2k 14214 [ 42
= 2k14+2k-2 = 3nf2 — 2 (there, assume n=2%)

35 "niversity of “cience and 'echnology of "hina




) Exam4 Finding Minimum and Maximum (MaxMin)
- I

| e Comparison between Obvious method (2n-3) and
Divide-and-Conquer method (3n/2-2)

Assume that one comparison takes one second.

Time 2n—3 3n/2-2
1 minute n=31 n=41

1 hour n=1801 n=2401

1 day n=43201 n=57601

36 University of Science and "echnology of China
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Exam5 Majority Problem (% #q|a]Rk)

I
e Problem

Given an array A of n elements, only use “=" test to find
the majority element (which appears more than n/2 times)
In A.

e Forexample, given (2, 3, 2,1, 3, 2, 2), then 2 is the
majority element because 4>7/2.

a
d

<

Wy O ST e

L1 G

g o i
Bew and T

e Trivial solution: Majority(A[1, n])
counting (31&) is O(n?). fo':\(/'l _ ?O ")
for(j=1ton)
If (I '=j and A[i]==A[j]) M++

end

if (M>n/2) return “A[i] is the majortiy”
end
return “No majortity”
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Exam5 Majority Problem (%i&l‘ﬂ&ﬁ)

B

e Divide and conquer

Complexity analysis (Counting):
T(n) = 2T(n/2)+0(n) = O(nlogn)

Majority(A[1, n])

If n=1, then
return A[1]

else
ml1l=Majority(A[l, n/2])
m2=Majority(A[n/2+1, n])

test if m1 or m2 is the majority for A[1, n]

return majority or no majority.

A=(2,1,3,2,1,5,4,2,5,2)
f[1] =2
f[2] = 4
f[3] =1
f[4] =1
f[5] = 2

However, there is a linear time
algorithm for the problem.

e Moral (B &) of the story?

38

-

for(i=1to n) ++frequency[ A[i] ]

M = Max(frequency[ A[i] ])

if (M >n/2)
check( M = = frequency[ A[j]]1)
return “A[j] is the majority”

"niversity of “cience and 'echnology of "hina




Exam5 Majority Problem (% %§[a]%5)

e Divide and conquer

P 0B ol
800 ) TEET

Majority(A[1, n]) Complexity analysis
If n=1, then (Counting):
return A[1] T(n) = 2T(n/2)+0(n)
else = O(nlogn)
ml1l=Majority(A[1, n/2])
m2=Majority(A[n/2+1, n]) However, there is a linear
test if m1 or m2 is the majority for A[1, n] time algorithm for the
return majority or no majority. problem.

e Moral (BR) of the story: Divide and conquer may not
always give you the best solution!
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