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Scenario (1§%) : hire the best office assistant in a month
e You are using an employment agency to hire a new office assistant.

(JELAHB RN AEREEAN)
e The agency sends you one candidate each day.
e You interview the candidate and must immediately decide whether

or not to hire that person. But if you hire, you must also fire your
current office assistant.

e Costtointerview is 1K per candidate (interview fee paid to agency).
(ER—MERIZEAZFHIESLLA 1K)

e Cost to hire is 1W per candidate (includes cost to fire current office
assistant + hiring fee paid to agency).

Goal: Determine what the price of this strategy will be?

6 "niversity of “cience and 'echnology of "hina
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Pseudocode to model this scenario: Assumes that the
candidates are numbered 1 to n. Uses a dummy
candidate O that i1s worse than all others, so that the

first candidate is always hired.

Wfﬂ

HIRE-ASSISTANT(n) cost times
best < 0 // candidate 0 is a least-qualified dummy candidate
fori<—1ton
do interview candidate i ci n
If candidate 1 is better than candidate best
then best « i
hire candidate | C, M

Cost: n candidates, we hire m of them, cost is O(nc;+mc,)

7 "niversity of “cience and 'echnology of "hina



5.1.1 Worst-case analysis

HIRE-ASSISTANT(n)

cost times
best < 0 // candidate 0 is a least-qualified dummy candidate
fori—1ton
do interview candidate i Ci n
If candidate 1 is better than candidate best
then best « |
hire candidate i C, M

' Cost: n candidates, we hire m of them, cost is O(nc;+mc,,)
. o \We focus on analyzing the hiring cost mc,,? (c,>>c;)

4 e mc, varies with each run: it depends on the order in which we
Interview the candidates.

e \Worst-case analysis
+ We hire all n candidates. O(nc;+mc,)=0(nc,)? When?
+ The candidates appear in increasing order of qulity.

8 "niversity of “cience and 'echnology of "hina




2 @ ¢

5.1.2 Propbabilistic analysis

HIRE-ASSISTANT(n) cost times
best < 0 // candidate 0 is a least-qualified dummy candidate
fori<1ton

do interview candidate i c, n
If candidate 1 is better than candidate best
then best « i
hire candidate | C, M

Assume that candidates come Iin a random order:
e Assign a rank to each candidate: rank(i) is a unique integer in the

range 1 to n. (E—MEEA DB —F)

e The list <rank(1), ..., rank(n)> is a permutation of the candidate
numbers <1, ..., N>, such as <§, 2, 16, 28,9, ..., 11>

e The ranks form a uniform random permutation: each of the
possible n! permutations appears with equal probability.

9 "niversity of “cience and 'echnology of "hina



5.1.2 Propbabilistic analysis

HIRE-ASSISTANT(n) cost times
best < 0 // candidate 0 is a least-qualified dummy candidate
fori—1ton

do interview candidate i Ci n
If candidate i is better than candidate best
then best « i
hire candidate i C, M

Essential idea of probabilistic analysis: We must use knowledge of,
or make assumptions about, the distribution of inputs.

(BERSHNER: FEADBREMANEERS M)

e The expectation is taken over this distribution.

(RIBR RS ARKAE, FARERZE T hire BIAED

e Section 5.2 contains a probabilistic analysis of the hiring problem.

10 University of Science and "echnology of China



5.1.3 Randomized algorithms

e Idea

+ We might not know the distribution of inputs, or
we might not be able to model it computationally.

(FEANPFHEMARN T, EAATEABMARS
HHITAITREEER)

+ Instead, we use randomization within the
algorithm in order to impose a distribution on the
Inputs.

(EFEZDBIEMAEITREIALIE, WA
M EIN—f 59 7%)

11 University of Science and 'echnology of China
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5.1.3 Randomized algorithms |

I
e For the hiring problem, change the scenario:

*

L 2

The employment agency sends us a list of all n candidates in
advance.

GESk A TR n MEiEAZIR)

On each day, we randomly choose a candidate from the list
to interview.

(BX, BHABEHIEN—AHITEIR)
Instead of relying on the candidates being presented to us in

a random order, we take control of the process and enforce a
random order. (Chap 5.3)

(BRI AN BT HRFEYIR S, RITBIREIERER
sz RV E L 1 3N I e )

12 University of Science and 'echnology of China
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5.1.3 Randomized algorithms
I
e \What makes an algorithms randomized: An algorithm is
randomized If its behavior is determined in part by values
produced by a random-number generator.

(BOERENAL : BB B AR E A BIE......)

RANDOM(a, b) returns an integer r, where a<r<b and
each of the b-a+1 possible values of r is equally likely.

In practice, RANDOM is implemented by a
pseudorandom-number generator, which is a
deterministic method returning numbers that “look”
random and pass statistical tests. (RANDOMSEFR_EFH—

MAEESE ((ABEH=ESR) =%, HERRE L
B LR GRMENZD

13 University of Science and 'echnology of China



5.1.3 Randomized algorithms
: I

1« Random number generator (FEH =% 2E)

+ Most random number generators generate a
seguence of integers by the following recurrence

+ X,= agiven integer (seed), X;,; = aX; mod M

+ For example, for X,=1, a=5, M=13, we have
X,=5%13=5, X,=25%13=12, X,;= 60%13=8. Each
Integer in the sequence lies in the range [0, M - 1].

14 University of Science and "echnology of China
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Indicator random variables (38 REEHTE)
[ .

(RERMZESHNELS A, HERFENZE..D

1 1f A occur,
I{A}= .
0 1f A does not occur.

16 niversity of “cience and 'echnology of (‘hina



—) ] Indicator random variables (}§7~BEHZEE)
B

O Lemma
For an event A, let X, = I{A}. Then E[X,]=Pr{A}.

e Simple example: Determine the expected number of
heads when we flip a fair coin one time.
(—R®EhH, E@mELEMEE (FH%))
o Sample spaceis{H, T}
o Pr{H} =Pr{T} =1/2
o Define indicator random variable X, = I{H}.
Xy, counts the number of heads in one flip.

o Since Pr{H} =1/2, lemma says that E[X,,] = 1/2 .

17 University of Science and 'echnology of “hina



)] Indicator random variables (¥RFEHIEE)
I
O Lemma

For an event A, let X, = I{A}. Then E[X,]=Pr{A}.

e Slightly more complicated example: Determine the
expected number of heads when in n coin flips.

(& n XM, IEEmELERHAE (FH%H) )

+ Let X be a random variable for the number of heads
In N flips. ($PEHEE X RRE n XEHERE LA

o Then, E[X]=) k-Pr{X =k}
a slightly more complicated? Yes!

o Instead, we’ll use indicator random variables......

18 "niversity of “cience and 'echnology of "hina



Indicator random variables (3§ REEHITE)
N

o Lemma
m For an event A, let X, = I{A}. Then E[X,]=Pr{A}.

i

.Ju e Slightly more complicated example

(# n XM, IEEFERHAE (FH%) )

* X :Zrzlxi

........
e YT

E[X]=E| XX, |= 2 E[X,]= X 1/2=n/2

19 niversity of “cience and 'echnology of (‘hina



_):) m Analysis of the hiring problem
B
1 Assume that the candidates arrive in a random order.

M| Let X be arandom variable that equals the number of times
A e we hire new office assistant.

(SR X RRFRNEBFEIFHARD
AW ¢ Use a probabilistic analysis

Then E[X]= Zinzlxi Pr{X =x}

The calculation would be cumbersome (GFE5E))

20 University of Science and "echnology of China



m Analysis of the hiring problem

Assume that the candidates arrive in a random order.

random variable X = the number of times we hire new office

assistant (FEHNEE X JR-FBNEAFTEIFHIAZD

e Use indicator random variables

+ Define indicator random variables X,, X, ... , X, , where
X; = I{ candidate 1 is hired}
o Useful properties:
X = X+ X+ X,
Lemma => E[X;] = Pr{ candidate i is hired}.

We need to compute Pr{ candidate i is hired}?

21 "niversity of “cience and 'echnology of "hina



m Analysis of the hiring problem
B

HIRE-ASSISTANT(n) cost  times
best <— 0 // candidate 0 is a least-qualified dummy candidate
fori<1ton

do interview candidate i Ci n
if candidate i is better than candidate best
then best « i
hire candidate i Ch m

We need to compute Pr{ candidate i is hired}?
o lishired < Iiis better than each of candidates 1, 2, ..., i-1.

+ Assumption that the candidates arrive in random order => any one of
these candidates is equally likely to be the best one.

(EREABEHREIR, NE—MEEADFENEVEREF)
o Thus, E{X;} = Pr{ candidate i is the best so far} = 1/i ?




m Analysis of the hiring problem

E[XT=E| X1 X, |[= 20 E[X,]= X1 1/ = Inn+0@)
O(cyInn) better than

the worst-case cost of O(nc,,)
23 niversity of Science and 'echnology of “hina
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5.3 Randomized algorithms
g 5.3.1 The hiring problem

K For the hiring problem, the algorithm is deterministic.

Emm. , any given input, the number of times we hire a new office

assistant will always be the same. (44N, NWEBHASKTE)

ma ® [henumber of timeswe hire a new office assistant depends only on
the input. (RABAY (FIFHSE) KBITHEN)

o Some rank orderings will always produce a high hiring cost.
Example: <1,2,3,4,5,6>, where each is hired.

o Some will always produce a low hiring cost. Example:
<6,*,*,*,* *> where only the first is hired.

+ Some may be in between.

25 University of Science and "echnology of China
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5.3.1 The hiring problem

Instead of always interviewing the candidates in the order
presented, what if we first randomly permuted this order.

The randomization is now in the algorithm, not in the input
distribution. (FEHLCEREERZED, MAREBAPEID)

Given a particular input, we can no longer say what its hiring cost
will be. Each time we run the algorithm, we can get a different

hiring cost. (BZEREITHIBEISHEATLX)
No particular input always elicits worst-case behavior.
(REN SR EHN B BURTHFERIHA)

Bad behavior occurs only if we get “unlucky” numbers from the

random-number generator. (R BHBENB LB/ ERIEE
T, BEREERERIR)

26 University of Science and "echnology of China



(-)) ) 5.3.1 The hiring problem
I
Algorithm for randimized hiring problem

RANDOMIZED-HIRE-ASSISTANT(n)
Randomly permute the list of candidates
HIRE-ASSISTANT(n)

O Lemma

The expected hiring cost of RANDOMIZED-HIRE-ASSISTANT
Is O(c,Inn).
Proof

After permuting the input array, we have a situation identical to the
probabilistic analysis of deterministic HIRE-ASSISTANT.

(XN FEREFHITHENER G, BRBIHIRE-ASSISTANTHERED

27 "niversity of “cience and 'echnology of "hina



f":\/ 5.3.2 Randomly permuting an array

Produce a uniform random permutation (each of the
n! permutations is equally likely to be produced),

that Is

A=<1,2,3,...,n>
The numbers of permutation of Ais P,"=n! , each of
that is equally likely to be produced.

28 University of Science and 'echnology of China



1 (1) Permute-by-sorting % The method is not very good

e Assume the given array A contains the element 1 through n.
GEBEA=<1,2,...,n>)
e Assign each element Ali] a random priority P[i] , then sort the
elements of A according to these priorities. Example
(AEANTTE Al SE—BENE P[I] ERRNEN, RREKEXERTRTHA
A FEITHEFF. )
o Ifinitial array is A=<1,2,3,4>, choose random priorities
P=<36,3,97,19>, then produce an array B=<2,4,1,3>

5.3.2 Randomly permuting an array

PERMUTE-BY-SORTING(A)
n = length[A]
for(i=1; i<=n; i++)

P[i] = RANDOM(1, n3)
sort A, using P as sort keys
return A

We use a range of 1 to ndin
RANDOM to make it likely that all
the priorities in P are

unique.( Exercise 5.3-5)

29 University of Science and "echnology of China



5.3.2 Randomly permuting an array
| _[/ The method is better
1 (2) RANDOMIZE-IN-PLAC

1 2 3 n

AQ) | AQ) | AB) A(n)
RANDOMIZE-IN-PLACE(A, n)

for(i=1; i<=n; i++) 12 s . i . |n
swap(A[t], AIRANDOM(1, n)]) | Ad) | A2 |A®) | ... |AD)|... [Am

1 2 3 i, . |n
w Al) Al |AG) | ... [A@ | ... |A®N

) Idea:
! o Initeration i, choose A[i] randomly from A[i .. n].

I Will never alter A[i] after iteration I. (B i IEREABHZE AlD
e (Vlerit:
B ¢ It runsin linear time without requiring sorting ( O(n) ).

d o It needs fewer random bits ( n random numbers in the range 1 to
n rather than the range 1 to n®) ((XEF/NEERIBEH B LSS

e No auxiliary array is required. (FEEHEIZE)
30 University of Science and |echnology of China




_);) 5.3.2 Randomly permuting an array
I

(2) RANDOMIZE-IN-PLACE S R |
AQ) | AQ) | A@B) - A(n)
RANDOMIZE-IN-PLACE(A, n) B . e - :
for(i=1; i<=n; '++? _ aiy 2o Tae . Taw ] Ao
swap(A[i], AIRANDOM(i, n)]
1 2 3 Iy n

Al ¢ Given aset of n elements, a k-permutation is a sequence
containing k of the n elements. There are n!/(n-k)! possible k-

permutations ?  (#E n Pk, NEPER K MRETHS, ME
nl/(n-k)! FAERY k-HEFY, = k-Ei# ?)
" ni ni

. Pk =Ck -P = . !:

o Lemma T R KI(n=k)! (n—k)!
| RANDOMIZE-IN-PLACE computes a uniform random
permutation.

Proof Use a loop invariant:
31 University of Science and |echnology of China




)} 5.3.2 Randomly permuting an array
B

(2) RANDOMIZE-IN-PLACE S ’
AQ) | AQ) | AB) A(n)
RANDOMIZE-IN-PLACE(A, n) T . -
for(i=1; i<=n; i++) | 1
swap(A[i], AIRANDOM(i, n)] Al) | AQ [ AG) | ... [AQ | ... | AN
1 2 3 Iy n
Al) Al |AG) | ... [A@ | ... |A®N
o Lemma
RANDOMIZE-IN-PLACE computes a uniform random
permutation. | Ry
1P* =1/ nt _ (n-k)!
(n—k)! n!

Proof Use a loop invariant:
Loop invariant: Just prior to the ith iteration of the for loop, for
each possible (i-1)-permutation, subarray A[1l .. i-1] contains this
(I-1)-permutation with probability (n-i1+1)!/n! ?

(B i RENRZHE, X (i-1)-B#, EE—N0-1)-BRAL .. i-1JRERA0-i+1)!/n! ?)

32 University of Science and "echnology of China



5.3.2 Randomly permuting an érray
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1 2 3 n
(2) RANDOMIZE-IN-PLACE AD | 22 | A0 A
1 2 3 Iy n
RANDOMIZE-IN-PLACE(A, n) ai) 2@ 12 | 120 | .. | Am)
for(i=1; i<=n; i++)
swap(A[i], AIRANDOM(i, n)] 12 8 [ |k [ |,
Al) Al |AG) | ... JAQ@ | ... | AN

O Lemma RANDOMIZE-IN-PLACE computes a uniform random permutation.

Proof Use a loop invariant:
Loop invariant: A[1 .. i-1] contains each (i-1)-permutation with probability (n-i+1)!/n! .

e Initialization: Just before first iteration, i=1. Loop invariant says for each
possible 0-permutation, subarray A[1 .. 0] contains this 0-permutation
with probability n!/n!=1. A[1 .. 0] is an empty subarray, and a O-
permutation has no elements. So, A[1 .. 0] contains any 0-permutation
with probability 1.

(§$@.ﬁ§i}ﬁﬂgiﬁ$%1)

University of Science and !echnology of "hina
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5.3.2 Randomly permuting an array - )

RANDOMIZE-IN-PLACE(A, n)
(2) RANDOMIZE-IN-PLACE for(i=1; i<=n; i++)

swap(A[i], AIRANDOM(I, n)]

O Lemma RANDOMIZE-IN-PLACE computes a uniform random permutation.
Proof Loop invariant: Pr{A[1 .. i-1] contains each (i-1)-permutation} = (n-i+1)!/n! .

e Maintenance: Assume that prior to the ith iteration, Pr{A[1l .. I-
1] contains each (i-1)-permutation} = (n-i+1)!/n! , we will show
that after the ith iteration, Pr(A[1 .. i] contains each I-
permutation) = (n-)!/n! .

(5 i WOERET, &3G-1)-BH AL . i-1] th, F—BEHRLENERS

(n-i+1)tn!, MEERESI KRG, £— i-BH BEER(0-i)/n!)
Consider a particular i-permutation R=<X;, Xy, ... , X;>. It
consists of an (i-1)-permutation R’=<Xxy, X, ... , X; >, followed
Dy X; . (EE—IMEH Bk R, HATi-1 P RAR (-)-B# R, RE—

TTEAX) . ...
34 University of Science and 'echnology of China



5.3.2 Randomly permuting an array ——

(2) RANDOMIZE-IN-PLACE RANDOMIZE-IN-PLACE(A, n)
for(i=1; i<=n; i++)
swap(A[i], AIRANDOM(i, n)]

O Lemma RANDOMIZE-IN-PLACE computes a uniform random permutation.

Proof Loop invariant: Pr{A[1l .. i-1] contains each (i-1)-permutation} = (n-i+1)!/n! .

Maintenance: ... ...

I-permutation R=<X;, X5y «e0 s X;i> = <X, Xpy oo » Xi> U X; = R U X;.

Let E; be the event that the algorithm actually puts R’ into A[1 .. I-1] .
By the loop invariant, Pr{E,}=(n-i+1)!/n! .

Let E, be the event that the ith iteration puts x; into A[i].

We get the i-Permutation R in A[1 .. i] if and only if both E, and E,
occur => the probability that the algorithm produces R in A[1 .. 1] is

Pr{E,NE.} = 2. ... (SBHERTEEIIRAE (-1)-BIRR BA[L .. i-1], RIEME
MAEE, Pr{E}=(n-i+1)Vn!, SEHEHHEFRRE i XERKEBHE Al] Ax,, MZLENR
HE, M E,FINZERENSE i-ER R RAL .. 1], HBERAPH{ENE}=?) ...

35 University of “cience and 'echnology of "hina
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5.3.2 Randomly permuting an‘array

(2) RANDOMIZE-IN-PLACE RANDOMIZE-IN-PLACE(A, n)
for(i=1; i<=n; i++)
swap(A[i], AIRANDOM(i, n)]

O Lemma RANDOMIZE-IN-PLACE computes a uniform random permutation.
Proof Loop invariant: Pr{A[1 .. i-1] contains each (i-1)-permutation} = (n-i+1)!/n! .
e Maintenance:

i i+1 n

...... AG) | AGisy) AQn)

Pr{E,NE,} = Pr{E,|E;} Pr{E,}.
The algorithm choose x; randomly from the n-i+1
possibilities in Afi .. n] => Pr{E,|E,} = 1/(n-i+1)? Thus,
Pr{E, NE}=PrH{E, | E}Pr{E}
1 (h=i+D)! (n-i)!
n—it1 n! _ nl

36 University of Science and 'echnology of China



/) 5.3.2 Randomly permuting an array
I

for(i=1; i<=n; i++)

" (2) RANDOMIZE-IN-PLACE RANDOMIZE-IN-PLACE(A, n)
% swap(A[i], AIRANDOM(i, n)]

O Lemma
Proof Loop invariant:
e Termination:
At termination, i=n+1, it is true prior to the ith iteration, so we

conclude that Afi .. n] is a given n-permutation with probability
(n-n)!/n! =1/n! . H (lemma)

37 "niversity of “cience and 'echnology of "hina
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