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6.1 Úó

Úó

3��d©Û¥~~I�O���©Ù�Ï"!��!© 

ê½¯ê�êiA�. XJk�©ÙØ´�Ýk�§@o�
�©Ù  Ø2´IO�©Ù. ÏdI�O����©Ùê
iA�  vkwªL�§ùÒI��
AÏ�O��{.

~ 6.1.1 b��ÅCþ X ∼ N(θ, σ2), Ù¥ σ2 ®�. eÀ
� θ �k�©Ù��Ü©Ù C (µ, τ), K θ ���©Ù�

π(θ|x) ∝ exp{−(θ − x)2/(2σ2)}(τ2 + (θ − µ)2)−1.

Ïd��Ï"Ú�����

Eπ(θ|x)=

∫∞
−∞ θexp{−(θ − x)2/(2σ2)}(τ2 + (θ − µ)2)−1dθ∫∞
−∞ exp{−(θ − x)2/(2σ2)}(τ2 + (θ − µ)2)−1dθ

V π(θ|x)=

∫∞
−∞ θ2exp{−(θ − x)2/(2σ2)}(τ2 + (θ − µ)2)−1dθ∫∞
−∞ exp{−(θ − x)2/(2σ2)}(τ2 + (θ − µ)2)−1dθ

− (Eπ(θ|x))2.
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6.1 Úó

O�þ�(J���~f

w,þ¡ùü�È©Ñvkwª)§�´�«ê�È©�{

�±�^5p�/%Cùü�È©. e¡�~f�Ñ
��
�(J�¯K.

~ 6.1.2 b� X1, . . . ,Xk �Õá�Ñt (poisson) �ÅC
þ§� Xi ∼ P(θi ), i = 1, . . . , k. XJ θi �k�©Ù�ÏL

Ùéê�éÜ©Ù�Ñ:

ν = (log(θ1), . . . , log(θk))′ ∼ N(µ1k , τ2{(1− ρ)Ik + ρJk}),

Ù¥ 1k ���´ 1 � k ���þ§Ik � k �ü 
§Jk

� k ����� 1 ��
§µ, τ2, ρ �®��~ê.

Kd��©Ù

f (x|ν) = exp
{
−

k∑
i=1

(eνi − νixi )
}/ k∏

i=1

xi !
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O�þ�(J���~f

±9k�©Ù

π(ν) ∝ exp
{
− 1

2τ2
(ν − µ1k)′[(1− ρ)Ik + ρJk ]−1(ν − µ1k)

}
�±����©Ù

π(ν|x)∝ g(ν|x) = exp

{
−

k∑
i=1

(eνi − νixi )

− 1

2τ2
(ν − µ1k)′[(1− ρ)Ik + ρJk ]−1(ν − µ1k)

}
.

ÏdXJa,��´ θj ���þ�§KI�O�

Eπ(θj |x) = Eπ(eνj |x) =

∫
Rk

exp(νj)g(ν|x)dν∫
Rk

g(ν|x)dν

,
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O�þ�(J���~f

ù´ü� k ­È©�'�. � k ���Ò�J?n§
ê�
È©�{3ù«|ÜeØ2´k���{§ù«¯K�Ò´

~¡��ê/J¯K. ê�%C¥�Ø��X�ê k ��g
O\§�ª���{��. Ïdê�È©�{3��Ú��
È©±	�|ÜeØ´`k¦^��{.

dþãü�~f§�±w�3��dÚOO�¯K¥§��

�©Ùk'��
È©´éJ^ê��{�O��§cÙ´

3p���/. �Ù�¡ò0��ê��Åó�Akâ�{
Jø
��k��å»�?nùa¯K.
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6.2.1 Úó

Úó

3��dÚO©Û¯K¥~~�O���©Ù��
êiA

�§X��Ï"!����!��¯êÚ��© ê�. ·
�Äkòù
êiA�Ú�3��È©L�ª¥§,�ïÄ

ù�È©N�O��¯K.

� p(x|θ) L«���VÇ¼ê (½¡�ëê θ �q,¼
ê )§π(θ) � θ �k�©Ù§K θ ���©Ù�

π(θ|x) =
p(x|θ)π(θ)∫
p(x|θ)π(θ)dθ
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6.2.1 Úó

Úó

·�a,��È©´¼ê h(θ) ���Ï"

E [h(θ)|x] =

∫
h(θ)π(θ|x)dθ =

∫
h(θ)p(x|θ)π(θ)dθ∫

p(x|θ)π(θ)dθ

. (6.2.1)

� h(θ) = θ ½ h(θ) = [θ− E (θ|x)]2 �, þª©OL«��Ï
"Ú����; � h(θ) ´��¼ê�§þªL«��ºx.
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6.2.2 �AkâÄ��{

�AkâÄ��{�½Â

XJª (6.2.1) ¤¦�Ï"vkwªL�§�AkâÄ��
{�´���À�k�O��{. �
�OoNþ�oN�
�ÚoN© ê�êiA�§�loN¥Ä�v
õ��

�§,�¦^��þ�!����Ú��© ê5�O�A

�oNêiA�. �ê½Æ�y
¤��Oþ´�Ü�O.

e�l��©Ù π(θ|x) ¥�) i .i .d . *ÿ� θ1, θ2, · · · , θm,
Kd�ê½Æ��

h̄m =
1

m

m∑
i=1

h(θi ) (6.2.2)

A�??Âñ�a,��þ E [h(θ)|x]. ù�(J�y
3�
�þ m v
���±¦^ h̄m �� E [h(θ)|x] ��O. 
�
Oþ (6.2.2) �¡�È© (6.2.1) ��Akâ%C. ù«^�
Oþ (6.2.2) �%C�AkâÈ© (6.2.1) ��{�¡��A
kâÄ��{.
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�AkâÄ��{

��Ñ�O�°Ý½ö%C�Ø�§Ý§·��±¦^a

q��{O� ĥm IO�. XJ���� V π[h(θ)|x] ´k�
�§K Var

(
h̄m

)
= V π[h(θ)|x]

/
m, ��IO�´

sm =

{
1

m − 1

m∑
i=1

(h(θi )− h̄m)2
}1/2

.

Ïd�±^ sm/
√

m �� h̄m IO�����O.

^�Akâ%C�{¦È© (6.2.1) �,�«�{Xeµd
u π(θ) ´VÇ�Ý¼ê§l π(θ) )¤ i .i .d . *ÿ� θ1, θ2,
· · · , θm, éª (6.2.1) �m>���©fÚ©1¥�ü�È
©

∫
h(θ)p(x|θ)π(θ)dθ Ú

∫
p(x|θ)π(θ)dθ,©O^§���A

kâ%C�O, �� E [h(θ)|x] ��OXeµ

h̃m =
m∑

i=1

h(θi )p(x|θi )
/ m∑

i=1

p(x|θi ).
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�AkâÄ��{

XJI�����Ï" E [h(θ)|x] ��&«m§Kd
√

m(h̄m − E [h(θ)|x])
sm

∣∣∣∣ x
L−−−−→ N(0, 1), � n →∞

N´����Ï" E [h(θ)|x] ��ìCY²Cq� 1 − α �
�&«m [

h̄m −
smuα/2√

m
, h̄m +

smuα/2√
m

]
.

ùp uα/2 L«IO��©Ù�þý α/2 © ê.

±þ�?ØL²§XJ·�I�O���þ�§K�±ÏL

l��©Ù£½�'©Ù¤¥�) i .i .d ��§,�O��
A���þ����O. �ù«�{é�U��¦^§Ï�
�õê�¹e��©ÙÑØ´IO©Ù
J±l¥Ä�.
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6.2.2 �Akâ­�5Ä��{

�Akâ­�5Ä��{�Ú\

~ 6.2.1 (Y~ 6.1.1) du

Eπ(θ|x) =

∫∞
0 θexp{−(θ − x)2/(2σ2)}(τ2 + (θ − µ)2)−1dθ∫∞
0 exp{−(θ − x)2/(2σ2)}(τ2 + (θ − µ)2)−1dθ

,

Ïd Eπ(θ|x) �3��©Ù N(x , σ2) e

h1(θ) = θ(τ2 + (θ − µ)2)−1 Ú h2(θ) = (τ2 + (θ − µ)2)−1

üö�Ï"�'. u´dc¡�?Ø��, XJ θ1, · · · , θm

�l��©Ù N(x , σ2) ¥�)� i .i .d ��§K Eπ(θ|x) �
�Oþ�

Êπ(θ|x) =

∑m
i=1 θi (τ

2 + (θi − µ)2)−1∑m
i=1(τ

2 + (θi − µ)2)−1
.

¯K¿vk��{)û. dul N(x , σ2) ¥Ä�� θ 8¥
3 x NC§¿vk¿©�AÑ�Ük�é��©Ù��z§

A�kwÍ���'~5gu��©Ù��Ü.
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�Oþ�

Êπ(θ|x) =
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i=1 θi (τ

2 + (θi − µ)2)−1∑m
i=1(τ

2 + (θi − µ)2)−1
.

¯K¿vk��{)û. dul N(x , σ2) ¥Ä�� θ 8¥
3 x NC§¿vk¿©�AÑ�Ük�é��©Ù��z§

A�kwÍ���'~5gu��©Ù��Ü.



��dÚO

6.2 �AkâÄ��{

6.2.2 �Akâ­�5Ä��{

�Akâ­�5Ä��{�Ú\

ÏdXJr Eπ(θ|x) À�

θexp{−(θ − x)2/(2σ2)} Ú exp{−(θ − x)2/(2σ2)}
3�Ü©Ùe�Ï"�'§K��Ü·��Oþ�
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ù���´vk-<÷¿�)û¯K. du��©Ù¿vk
��Ü©Ù@�§Ý��Ü§Ïd�éu��©Ù�¥%


ó§ù«�{l�ÜÄ�
Lõ���. ù�Ò��Âñ�
ÝCú�3�½ m �%CØ�O�. n�/§�
��÷¿
�%CAT��l��©Ù��Ä�. �d§þãÄ��{
���C«—�Akâ­�5Ä��{�JÑ.
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� g(θ) ´VÇ�Ý¼ê§§�| 8�¹ h(θ)p(x|θ)π(θ)
�| 8. el��©Ù��Ä�é(J, 
l���©Ù
�~�C�©Ù g ¥Ä�'�N´, K·��±òª (6.2.1)
�m>���©fÚ©1¥�È©L«�∫

h(θ)p(x|θ)π(θ)dθ =

∫ {
h(θ)p(x|θ)π(θ)

g(θ)

}
· g(θ)dθ

= Eg
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h(θ)p(x|θ)π(θ)

g(θ)

}
(6.2.4)

Ú ∫
p(x|θ)π(θ)dθ =

∫ {
p(x|θ)π(θ)

g(θ)

}
· g(θ)dθ

= Eg

{
p(x|θ)π(θ)

g(θ)

}
, (6.2.5)
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E [h(θ)|x] = Eg
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h(θ)p(x|θ)π(θ)

g(θ)
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Eg

{
p(x|θ)π(θ)

g(θ)

}
� θ1, θ2, · · · , θm �l©Ù g(·) ¥)¤� i .i .d . *ÿ�§K
d�ê½Æ��

1

m

m∑
i=1

h(θi )ω(θi ) Ú
1

m

m∑
i=1

ω(θi ) (6.2.6)

A�??Âñ�dª (6.2.4)Ú (6.2.5)�Ñ� Eg {h(θ)ω(θ)}
9 Eg {ω(θ)} , d? ω(θ) = p(x|θ)π(θ)/g(θ).
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Ïd§E [h(θ)|x] ,���O�

ĥm =
m∑

i=1

h(θi )ω(θi )
/ m∑

i=1

ω(θi )

d�ê½Æ�� ĥm A�??Âñ� E [h(θ)|x], l
� ĥm

´ E [h(θ)|x] ����Akâ%C.

ª (6.2.4) Úª (6.2.5) ¥�¼ê g(θ) ¡�­�5¼ê. ù
«Ú\­�5¼ê g(θ), ^ª (6.2.6) ¥�ü�þ©O�%
C Eg

{
h(θ)ω(θ)

}
Ú Eg {ω(θ)} ��{¡��Akâ­�5

Ä��{.

­�5¼ê g �AXÛÀº��`5§§�ÀJA�÷v
e�^�µÄkl©Ù g Ä��N´!�B, ¦�[N´¢
y. Ùg§±È© (6.2.1) �~§ÀJ g ¦�U�C��©
Ù§±BJp�Akâ%C��J.
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� ĥm

´ E [h(θ)|x] ����Akâ%C.

ª (6.2.4) Úª (6.2.5) ¥�¼ê g(θ) ¡�­�5¼ê. ù
«Ú\­�5¼ê g(θ), ^ª (6.2.6) ¥�ü�þ©O�%
C Eg

{
h(θ)ω(θ)

}
Ú Eg {ω(θ)} ��{¡��Akâ­�5

Ä��{.

­�5¼ê g �AXÛÀº��`5§§�ÀJA�÷v
e�^�µÄkl©Ù g Ä��N´!�B, ¦�[N´¢
y. Ùg§±È© (6.2.1) �~§ÀJ g ¦�U�C��©
Ù§±BJp�Akâ%C��J.



��dÚO

6.2 �AkâÄ��{

6.2.2 �Akâ­�5Ä��{

�Akâ­�5Ä��~f

~ 6.2.2 b� X1, · · · ,Xn �l N(θ, σ2) ¥Ä�� i .i .d �
�§Ù¥ θ, σ2 þ��. � θ Ú σ2 �k��Õák�§Ù

¥ θ ÑlV�êk�©Ù§�Ý� 1
2exp{−|θ|/2}§σ2 kk

��Ý (1 + σ2)−2. ùü�k�©ÙÑØ´IOk�§�Ñ
´l­è5�Ä
À��. θ ���þ��a,��þ§^
�Akâ­�5Ä��{¦È©

Eπ(θ|x) =

∫ ∞

−∞

∫ ∞

0
θπ(θ, σ2|x)dθdσ2.

) du π(θ, σ2|x) Ø´��IO©Ù§·�k5Ïé��

l§�C�©Ù. P x̄ =
n∑

i=1
xi

/
n, s2

n =
n∑

i=1
(xi − x̄)2/n.
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�Akâ­�5Ä��~f

Ïdk

π(θ, σ2 |x)∝(σ2)−n/2 exp
{
− n

2σ2

[
(θ − x̄)2+s2

n

]}
· exp{−|θ|}
(1 + σ2)2

=
[(θ − x̄)2 + s2

n ]n/2+1

(σ2)(n/2+2)
exp

{
− n

2σ2

[
(θ − x̄)2 + s2

n

]}
×

[
(θ − x̄)2 + s2

n

]−(n/2+1)
exp{−|θ|}

( σ2

1 + σ2

)2

∝ g1(σ
2|θ, x) · g2(θ|x) · exp{−|θ|}

( σ2

1 + σ2

)2
,

Ù¥ g1 �_³ç©Ù Γ−1(α, β),Ù¥ β = n[(θ− x̄)2+s2
n ]

/
2,

α = n/2 + 1; g2 �2Â t ©Ù T1(n + 1, x̄ , s2
n/(n + 1)).

5¿� exp (−|θ|)( σ2

1+σ2 )
2 ��Üé g1 · g2 vk��K�§

��ÀJ g(θ, σ2|x) = g1(σ
2|θ, x) · g2(θ|x) ��­�5¼ê.
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�Akâ­�5Ä��~f

ÏdÄ��I�kl g2 Ä��� θ, ,�3�½d θ �^
�e§2l g1 Ä��� σ2, Ü3�å|¤�gÄ� (θ, σ2).
3Ä�
 m é (θ, σ2) ��� Eπ(θ|x) ����O

Êπ(θ|x) =
m∑

i=1

θiw(θi , σ
2
i |x)

/ m∑
i=1

w(θi , σ
2
i |x),

Ù¥ w(θ, σ2|x) = f (x|θ, σ2)π(θ, σ2)/g(θ, σ2|x).

'u~ 6.2.1 ¥È©XÛ��÷¿�%C�J�¯K��
)û. éd¯K¦^�Akâ­�5Ä��{, éJé�l
8I��©Ù'��C�­�5¼ê. Ïd, Al��©Ù
��Ä�. du��©ÙØ´IO©Ù§J±l¥��Ä
�. ·�ò3~ 6.5.3 ¥ò|^ MCMC �{§±8I��©
Ù π(θ|x) ��ê¼ó�­½©Ù§)¤�Åê§¼�È©
��÷¿��[(J. 3~ 6.6.2 ¥�Ñ
,�«�{§=
|^ Gibbs Ä��{�¼�~ 6.2.1 ¥È©÷¿��[(J.
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6.3.1 Úó

Úó

þ�!0���AkâÄ��{Ì�¦^u��©Ù´�

�§�´IO©Ù��/§d�l¥Ä�'�N´.

§�3Xe":µ(1) X��©ÙØ´IO©Ù¦^�Ak
â�{¥�/­�5¼ê0§I�ÀJ��Ü·�ïÆ�

Ý (=/­�5¼ê0), XJ/­�5¼ê0ÀJØÜ·§
K�Akâ%C��J¬é�. AO3��©Ù´p� (�
ê�u2) ��/§éJé�Ü·�/­�5¼ê0.
(2) IO��Akâ�{��î­":´3¢�¥��©Ù
���/ª7L®�. é@
��©ÙØ���½½öØ�
��½�|ÜÒØU?n
.

3þãù
�/eXÛl��©Ù¼���ºd�ê��Å

ó (Markov Chain, {P MC) ò�^5)ûù�¯K. ±8
I��©Ù��Ù²­©Ù�ê��Åó)¤�Åê, |^
�Akâ (Monte Carlo, {P MC, = MCMC �{¥�1�
� MC) %C�{§¼��A�AkâÈ©��[(J.



��dÚO

6.3 ê��Åó�Akâ�{

6.3.1 Úó

Úó

þ�!0���AkâÄ��{Ì�¦^u��©Ù´�

�§�´IO©Ù��/§d�l¥Ä�'�N´.

§�3Xe":µ(1) X��©ÙØ´IO©Ù¦^�Ak
â�{¥�/­�5¼ê0§I�ÀJ��Ü·�ïÆ�

Ý (=/­�5¼ê0), XJ/­�5¼ê0ÀJØÜ·§
K�Akâ%C��J¬é�. AO3��©Ù´p� (�
ê�u2) ��/§éJé�Ü·�/­�5¼ê0.
(2) IO��Akâ�{��î­":´3¢�¥��©Ù
���/ª7L®�. é@
��©ÙØ���½½öØ�
��½�|ÜÒØU?n
.

3þãù
�/eXÛl��©Ù¼���ºd�ê��Å

ó (Markov Chain, {P MC) ò�^5)ûù�¯K. ±8
I��©Ù��Ù²­©Ù�ê��Åó)¤�Åê, |^
�Akâ (Monte Carlo, {P MC, = MCMC �{¥�1�
� MC) %C�{§¼��A�AkâÈ©��[(J.



��dÚO

6.3 ê��Åó�Akâ�{

6.3.1 Úó

Úó

þ�!0���AkâÄ��{Ì�¦^u��©Ù´�

�§�´IO©Ù��/§d�l¥Ä�'�N´.

§�3Xe":µ(1) X��©ÙØ´IO©Ù¦^�Ak
â�{¥�/­�5¼ê0§I�ÀJ��Ü·�ïÆ�

Ý (=/­�5¼ê0), XJ/­�5¼ê0ÀJØÜ·§
K�Akâ%C��J¬é�. AO3��©Ù´p� (�
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���/ª7L®�. é@
��©ÙØ���½½öØ�
��½�|ÜÒØU?n
.

3þãù
�/eXÛl��©Ù¼���ºd�ê��Å

ó (Markov Chain, {P MC) ò�^5)ûù�¯K. ±8
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6.3 ê��Åó�Akâ�{

6.3.2 ê��Åó�½Â95�

ê��Åó�½Â

½Â 6.3.1 � {Xn, n ≥ 0} ´�k��½������ÅL
§§e Xn = i ,L«L§3�� nG�?u i , S = {0, 1, · · · }
�G�8. eé�� n k

P
(
Xn+1 = j

∣∣ X0 = i0,X1 = i1, · · · ,Xn−1 = in−1,Xn = i
)

= P
(
Xn+1 = j

∣∣ Xn = i
)

K¡ {Xn, n ≥ 0} ´lÑ�mê��Åó§~{¡�ê¼ó.

d½Â��§éL§ {Xn, n ≥ 0}, ò5G� {Xn+1} ��y
3G� {Xn} k'§
�L�G� {Xk , k ≤ n − 1} Ã'.

^�VÇ P(Xn+1 = j |Xn = i) ¡�ê¼ó��Ú=£VÇ§
e=£VÇ� n Ã'§��½�§K¡ê¼ók²­=£
VÇ§P� pij . äk²­=£VÇ�ê¼ó§�¡��mà
5ê¼ó. P =

(
pij

)
∀ i , j ∈ S ¡�ê¼ó�=£VÇÝ
,

÷v^� pij ≥ 0, �
∑∞

i=0 pij = 1.
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6.3 ê��Åó�Akâ�{

6.3.2 ê��Åó�½Â95�

1. ê¼ó�²­5

½Â 6.3.2 �ê��Åók=£VÇ
 P = (pij), ��VÇ
©Ù π = {πi , i ≥ 0} XJ÷v πj =

∑
i

πipij , K¡��dê

��Åó�²­©Ù.

´wÑ§XJL§Ð©G� X0 k²­©Ù π = {πi , i ≥ 0},
= P(X0 = j) = πj . Kk

P(X1 = j)=
∑

i

P(X1 = j |X0 = i)P(X0 = i)=
∑

i

πipij = πj .

d8B{��

P(Xn = j)=
∑

i

P(Xn = j |Xn−1 = i)P(Xn−1 = i)=
∑

i

πipij .

u´é¤k� n, Xn k�Ó�©Ù π. = {Xn, n ≥ 0} ��
�ÅL§´²­�.
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6.3 ê��Åó�Akâ�{

6.3.2 ê��Åó�½Â95�

2. Ø��5

½Â 6.3.3 ��äk�êG��m S Ú=£VÇÝ
 P =
(pij) �ê¼ó {Xn} ¡�´Ø���, XJé?¿ü�G
� i , j ∈ S§dólG� i Ñu=£�G� j �VÇ���.

=é,� n ≥ 1 k

p
(n)
ij = P(Xn = j |X0 = i) > 0.

d½Â��§äk/Ø��50�ê¼ó¿�Xl?�G�

Ñuo���?�Ù§G�.
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6.3 ê��Åó�Akâ�{

6.3.2 ê��Åó�½Â95�

3. �±Ï5Ú�~�5

½Â 6.3.4 ��ê¼ó���G� i k±Ï k, XJ²L k
��êÚ��½�±�£�G� i , =

k(i) = gcd{n : P
(
Xn = i

∣∣ X0 = i) > 0
)
,

Ù¥ gcd L«/��ú�ê0. XJ�£?�G��gê�
��ú�ê´ 1, K¡dê¼ó´�±Ï�.

�±Ï�ê¼ó�±�yÙØ¬�\Ì��¥.

½Â 6.3.5 é~�G� i ,- Ti = inf
{
n ≥ 1 : Xn = i

∣∣X0 =
i
}
�Äg�£G� i ���§XJ

µi = E (Ti ) < ∞,

K¡G� i ´�~��¶e µi = ∞ �¡G� i ´"~��.



��dÚO

6.3 ê��Åó�Akâ�{

6.3.2 ê��Åó�½Â95�

3. �±Ï5Ú�~�5

½Â 6.3.4 ��ê¼ó���G� i k±Ï k, XJ²L k
��êÚ��½�±�£�G� i , =

k(i) = gcd{n : P
(
Xn = i

∣∣ X0 = i) > 0
)
,

Ù¥ gcd L«/��ú�ê0. XJ�£?�G��gê�
��ú�ê´ 1, K¡dê¼ó´�±Ï�.

�±Ï�ê¼ó�±�yÙØ¬�\Ì��¥.

½Â 6.3.5 é~�G� i ,- Ti = inf
{
n ≥ 1 : Xn = i

∣∣X0 =
i
}
�Äg�£G� i ���§XJ

µi = E (Ti ) < ∞,

K¡G� i ´�~��¶e µi = ∞ �¡G� i ´"~��.



��dÚO

6.3 ê��Åó�Akâ�{

6.3.2 ê��Åó�½Â95�

3. �±Ï5Ú�~�5

½Â 6.3.4 ��ê¼ó���G� i k±Ï k, XJ²L k
��êÚ��½�±�£�G� i , =

k(i) = gcd{n : P
(
Xn = i

∣∣ X0 = i) > 0
)
,

Ù¥ gcd L«/��ú�ê0. XJ�£?�G��gê�
��ú�ê´ 1, K¡dê¼ó´�±Ï�.

�±Ï�ê¼ó�±�yÙØ¬�\Ì��¥.

½Â 6.3.5 é~�G� i ,- Ti = inf
{
n ≥ 1 : Xn = i

∣∣X0 =
i
}
�Äg�£G� i ���§XJ

µi = E (Ti ) < ∞,

K¡G� i ´�~��¶e µi = ∞ �¡G� i ´"~��.



��dÚO

6.3 ê��Åó�Akâ�{

6.3.2 ê��Åó�½Â95�

4. H{5

½Â 6.3.6 ��ê¼ó�G�¡�H{�, XJ§´�±Ï
��~��. XJê¼ó�¤kG�Ñ´H{�§K¡dê
¼ó´H{�.

nþ¤ã§dê¼ó�Ä�nØ��§·�I��E�ê

¼ó7L´Ø��!�~�Ú�±Ï�. ÷vù
�K^�
�ê¼ó�3���²­©Ù.
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6.3 ê��Åó�Akâ�{

6.3.3 ê¼ó�4�½n

ê¼ó�4�½n

½n 6.3.1 � {Xn, n ≥ 0} ��äk�êG��m S �ê
¼ó§Ù=£VÇÝ
� P. ?�Úb�§´Ø��!�±
Ï§k²­©Ù π = (πi : i ∈ S}, Kk∑

j∈S

∣∣∣P(Xn = j)− πj

∣∣∣ → 0, n →∞,

é X0 �?¿Ð©©Ù π.

�ó�§é'��� n§Xn �©Ùò¬�C π. é���G
��m§aq�(J��3µ3Ü·�^�e§� n → ∞
� Xn �©ÙòÂñ� π.
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6.3.3 ê¼ó�4�½n

ê¼ó��ê½Æ

½n 6.3.2 (ê¼ó��ê½Æ) b� {Xn, n ≥ 0} ��ä
k�êG��m S �ê¼ó§Ù=£VÇÝ
� P. ?�Ú
b�§´Ø����k²­©Ù π = (πi : i ∈ S}. Ké?Û
k.¼ê h : S → R ±9Ð©� X0 �?¿Ð©©Ùk

1

n

n−1∑
i=0

h(Xi ) →
∑

j

h(j)πj , n →∞,

�VÇ¤á.

�G��m�Ø�ê§ê¼ó {Xn, n ≥ 0} �Ø���k²
­©Ù π �§�k

1

n

n−1∑
i=0

h(Xi ) →
∫

S
h(x)π(x)dx , n →∞,
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6.3 ê��Åó�Akâ�{

6.3.3 ê¼ó�4�½n

4�½n�A^

ù�½n(Ø´�~k^�. 'X�½8Ü S þ�VÇ©
Ù π, ±9 S þ�¢¼ê h(θ).

��O�È© µ =
∫
S h(θ)π(θ|x)dθ, �l��©Ù π(θ|x) ¥

J±��Ä��§K�±�E��ê¼ó§¦�ÙG��m

� S �Ù²­©Ù π Ò´8I��©Ù π(·|x), l�Ð©
� θ0 Ñu§òdó$1�ã�m§X 0, 1, 2, . . . , n − 1, )
¤�Åê(��) θ0, θ1, · · · , θn−1,

dê¼ó��ê½Æ��

µ̄n =
1

n

n−1∑
j=0

h(θj)

�¤�¦È© µ ���Ü�O. ù«Eâ¡�ê��Åó�
Akâ (MCMC) �{.
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6.4 MCMC �{{0

1 6.1 Úó
2 6.2 �AkâÄ��{

6.2.1 Úó

6.2.2 �AkâÄ��{

6.2.2 �Akâ­�5Ä��{
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6.3.1 Úó

6.3.2 ê��Åó�½Â95�

6.3.3 ê¼ó�4�½n
4 6.4 MCMC �{{0

6.4.1 MCMC ¢�¥�eZâ�

6.4.2 |^ MCMC �ÑÑ(J£ã8I��©Ù

6.4.3 MCMC �{Âñ5��ä
5 6.5 Metropolis-Hastings �{

6.5.1 Úó

6.5.2 M-H Ä��{

6.5.3 M-H Ä��{�A�C«
6 6.6 Gibbs Ä��{

6.6.1 Úó

6.6.2 Gibbs Ä��{
7 6.7 R � WinBUGS ^�{0
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6.4.1 MCMC ¢�¥�eZâ�

Ð©�

Ð©� Ð©��^5Ð©z��ê¼ó. XJÐ©��l
���Ý��p«�§��{�S�gê��Øv±�ØÐ

©��K�§K§é��íä�U¬E¤K�.

·��±ÏL�
�ªü$½ö;�Ð©��K�§'X�

Km©�ã�m�S��!½ölØÓ�Ð©�Ñu¼�Ä

���.

Ün�Ð©��±´�C��©Ù�¥% �½öq,¼ê

����:§�´�Cq,¼ê����:3�
|Üe®

²�y²Ø´��éÐ�ÀJ.

XJk�©Ù´k&E�§K��±ÀJk�©Ù�Ï"½

ö¯ê��Ð©�. ��/§ÀJõ�lØÓÐ©�m©�
óE,´�í���{.
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�{{üN´ö�§�´1�«�{�°(.
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θ1, θ2, · · · , θt , · · · , θT .

ù|���±w¤l8I��©Ù π(θ|x) ¥)¤���.

� g(θ) ´a,��ëê θ �¼ê§lù|��·��±?
1e�ó�µ

(1) ¼� g(θ) ��� Summary: ��þ�!��IO�!
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Ê
(
g(θ)
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g
(
θt
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(2) |^��© ê§~X 2.5% Ú 97.5% © ê§�E�
&Y² 95% ��&«m.

(3) O�Úiÿëêm��'5.

(4) �)>���©Ùã (��ã!�Ý¼êã�).
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ŜD
(
g(θ)

∣∣x) =

{
1

T − 1

T∑
t=1

[
g
(
θt

)
− Ê
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2. ��´»ã

,	�«i��ª´¦^��´»ã (trace plot)µê¼óS
�gêé)¤���ã. XJ¤k��Ñ3��«�p�v
k²w�±Ï5Úª³5§@o·��±b�Âñ5®²�

�.

�;�ó�\8I©Ù�,�ÛÜ«�§Ï~�A�²1�

ó§§��Ð©��~©Ñ. 3²L�ã�m�§XJ¦�
���´»ãÑ­½e5§
�·Ü3�åÃ{«O§ù�

�±�½Âñ5®²��.

ù��{�±ÏLòõ�ó���´»ãx3Ó��ã

þ5u�. ã 6.4.1 �Ñ
��²wvk��Âñ�~f.
ã 6.4.2 Kwå5�-<�&ó��
²­©Ù§ÅÄ'�
­½§vk²w�±Ï5Úª³5.
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3. H{þ�ã

�k�«ék^�ã�{´òê¼ó�\Èþ�éS�gê

�ãÒ��dó�H{þ�ã (ergodic mean plot).

ùp\Èþ�´�dþ���cS��²þ�.

XJ\Èþ�3²L�
S��Ä�­½§KL²�{®²

��Âñ (�ã 6.4.3).
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�äê¼óÂñ5ÏLiÀg�'¼êã (Autocorrelations
function plot) �´ék^�.

ó�S�gêé ACF �ã§Ï��$½ö�p�g�'5
©OL²
ê¼ó�¯½ú�Âñ5.

Gelman-Rubin �{´�«~^�Âñ5u��{.
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5. Gelman-Rubin�{

NõÚOu�óä��muÑ5^uÂñ�ä (Cowles and
Carlin, 1996; Brooks and Roberts, 1998). CODA (Best et al.,
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�·�F"l8I©Ù f (·) ¥Ä�§M-H �{lÐ©� x0

Ñu§�½��l�c� xt =£�e��� xt+1 �5K§

l
�)ê¼ó {xi , i = 0, 1, · · · }.

äN5`§3�½�c� xt , l��JÆ©Ù g(·|xt) �)
��ÿÀ: x ′, eÿÀ: x ′ ��É§KólG� x ′ =£
�ó�e��� t + 1, - xt+1 = x ′; ÄKóÊ33G� xt ,
- xt+1 = xt .
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�ê´ 1 �§�ÉVÇAÑ�u 0.5 ´�`�§��ê�
u 5 �§�ÉVÇAü� 0.25 �m.

�`² M-H Ä��{�)�ê¼óäk²­©Ù f§K�
±ÏL`²dó�=£Ø (½=£VÇ) Ú f �å÷v[
�²ï�§. d(Ø�y²� Robert Ú Casella (2004) ½
n 7.2, ½ëw�5)ÚÜ�² (2013).
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(3) JÆ©ÙA¦�ÉVÇN´O�.
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(5) #�ÿÀ:�áý�ªÇØp.
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M-H �{�~f

e~`²XÛ|^ M-H �{)¤ Rayleigh (a|) ©Ù��
�.

~ 6.5.1 ¦^ Metropolis-HastingsÄ��{la|©Ù¥Ä
�. a|©Ù��Ý�

f (x) =
x

σ2
e−x2/(2σ2), x ≥ 0, σ > 0.

a|©Ù·^u¦^Æ·É�¯�Pz�ï�.

) �gdÝ (df) � Xt � χ2 ©Ù�JÆ©Ù, K¦^ M-H
Ä��{�Ú½Xe:

(1) - g(·|X ) � χ2(df = X ).
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Y~ 6.5.1

(2) l χ2(1) ¥�) X0, ¿�3 x[1] ¥.

(3) é i = 2, · · · ,N, ­E

(a) l χ2(df =Xt) = χ2(df =x[i − 1]) ¥�) Y .

(b) �) U ∼ U(0, 1).

(c) d Xt = x[i − 1], O�

r(Xt ,Y ) =
f (Y )g(Xt |Y )

f (Xt)g(Y |Xt)
,

Ù¥ f �a|�Ý. g(Y |Xt) � χ2(df = Xt) ��Ý3 Y ?
��, g(Xt |Y ) � χ2(df = Y ) ��Ý3 Xt ?��. e U ≤
r(Xt ,Y ), K�É Y , - Xt+1 = Y ; ÄK- Xt+1 = Xt .
ò Xt+1 �3 x[i] p.

(d) O\ t, �£� (a).
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Y~ 6.5.1

3�Ý f ¥�~ê�±3O� r ¥-�, Ïd

r(xt , y)=
f (y)g(xt |y)

f (xt)g(y |xt)
=

ye−y2/2σ2

xte−x2
t /2σ2

×Γ(xt/2)2xt/2x
y/2−1
t e−xt/2

Γ(y/2)2y/2y xt/2−1e−y/2
.

3d~¥, ·��´ÏLO����Ý3,:��5O� r .
e¡��èO�a|�Ý3,:��:

e¡·��) σ = 4 �a|©Ù�Åê. ¦^�JÆ©Ù�
gdÝ´ xt = x[i − 1] � χ2(df = xt) ©Ù:

3O� r(Xt ,Y ) ¥, ©fÚ©1©O^Cþ num Ú den L
«.PêCþ k P¹
ÿÀ:�áý�gê k = 4070, �
� 40% �ÿÀ:�áý
. Ïdù��{�)ó��ÇØ
p. ·�¦^��é�m�ã (¡� trace plot), 5*ÿÙ�
�´»ã (ã 6.5.1). 5¿3ÿÀ:�áý��m:þóv
k£Ä, Ïdã¥kéõá�Y²²£.
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Y~ 6.5.1

�~¥·��8�´`² M-H Ä��{�A^§éa|©
Ù§k�p�Ç��)�Åê�{. 'Xa|©Ù�© ê
�±L«�

xq = F−1(q) = σ[−2 ln(1− q)]1/2, 0 < q < 1.

Ïd�±¦^_C��{)¤�Åê.

|^ R �è�¼�'� σ = 4 �a|©Ù�nØ© êÚ
)¤ó�© ê[Ü§Ý� QQ ã§Ú± σ = 4 �a|©
Ù�8I©Ù�ó)¤�����ã.

ã 6.5.2 ��>´�����ãÚ�Ý¼ê­�ã§m>
� QQã´�ädó�)���© êÚ8I©Ù�nØ©
 ê[ÜÐ���«�{. du QQ ãþ�:Ä�þ8¥3
�^��NC§ùw«��© êÚnØ© ê´pÝCq

���. )¤ã� R �è��á.
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1. Metropolis Ä��{

�âJÆ©Ù g �ØÓÀJ§M-H Ä��{û)Ñ
A�
ØÓ�C«µMetropolis Ä��{§�ÅiÄ Metropolis Ä
��{§ÕáÄ��{ÚÅ©þ M-H Ä��{�. e¡ò
©O0�ù
�{.

Metropolis Ä��{ 3 Metropolis Ä��{¥, JÆ©Ù
´é¡�. = g(·|Xn) ÷v

g(X |Y ) = g(Y |X ),

Ïd�ÉVÇ�

α(Xt ,Y ) = min

{
1,

f (Y )

f (Xt)

}
.
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2. �ÅiÄ Metropolis�{

�ÅiÄ Metropolis�{ �ÅiÄ Metropolis Ä��{
´ Metropolis �{���A~. b�ÿÀ: Y l��é¡
�JÆ©Ù g(Y |Xt) = g(|Xt − Y |) ¥�)�. K3z�g
S�¥§l g(·) ¥�)���ÅOþ Z , ,� Y = Xt + Z .
'X�ÅOþ Z �±lþ�� 0 ���©Ù¥�)§d�
ÿÀ: Y |Xt ∼ N(Xt , σ

2), σ2 > 0.

�ÅiÄ Metropolis �{e���ó§ÙÂñ5~~é�Ý
ëê�ÀJ'�¯a. �Oþ������§�Ü©�ÿÀ
:¬�áý§d��{��Çé$. XJOþ�����§
KÿÀ:ÒA�Ñ��É§Ïdd��ÅiÄ Metropolis �
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�ÅiÄ-Metropolis �{�~f

~ 6.5.2 (�ÅiÄ Metropolis) ¦^JÆ©Ù N(Xt , σ
2)

Ú�ÅiÄ Metropolis �{�)gdÝ� ν = 4 � t ©Ù�
Åê, ¿éIO� σ �A��ØÓ�­EdL§§l¥¿À
Ñ σ ����Z�§¦ó�Âñ5�Ð. ¿ïó�c 500 �
S� (ý�Ï) �, '� 4 �)¤ó*ÿ���© êÚgd
Ý� ν � t ©ÙnØþ��© ê�[ÜG¹§¿éÑ�
nØ©Ù�© ê[Ü�Ð�@�ó.

tν ��Ý�'u (1 + x2/ν)−(ν+1)/2, Ïd

α(xt , y) = min

{
1,

f (y)

f (xt)

}
= min

{
1,

(1 + y2/ν)−(ν+1)/2

(1 + x2
t /ν)−(ν+1)/2

}
.

e¡·�E,¦^ dt 5O� t �Ý3�½:?��.
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�ÅiÄ-Metropolis �{Ú½

(1) -JÆ©Ù g(·|θt) ���©Ù N(Xt , σ
2).

(2) lJÆ©Ù¥)¤Ð©� X0, ¿�\ X [1] ¥.

(3) é t = 2, 3, · · · ,N ­Ee�Ú½:

(a) lJÆ©Ù N(Xt , σ
2) ¥�)��ÿÀ� y .

(b) lþ!©Ù U(0, 1) ¥)¤�Åê U.

(c) d Xt = X [i−1],O��ÉVÇ α(xt , y) = min{1,A},
Ù¥

A =
f (y)

f (xt)
=

(1 + y2/ν)−(ν+1)/2

(1 + x2
t /ν)−(ν+1)/2

e U ≤ A K�É y �- Xt+1 = y , ÄK- Xt+1 = Xt .

(d) O\ t, �£� (a).
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Y~ 6.5.2

éJÆ©Ù���©O�� σ = 0.05, 0.5, 2, 16 o«�
¹§ÑÑ 4 �ØÓó�áýÇ§¿)¤ó�;,ã.

þão«���ÀJ, 4 �áýÇ� 0.0035, 0.1000, 0.4390,
0.9010 . �k1n�ó�áýÇ3«m [0.15,0.5] �m. ·�
�±3ØÓ�JÆ©Ù��e, u�¤�ó�Âñ5.

dã 6.5.3 �±wÑ: σ = 0.05 �, Oþ��, A�z�ÿÀ
:Ñ��É
, ó3 2000 gS���vkÂñ. σ2 = 0.5
�, ó�Âñ�ú. σ = 2 �, óé¯Âñ. 
� σ = 16 �,
�É�VÇ��, ó�,Âñ
, �´�Çé$.
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Y~ 6.5.2

��`53 MCMC ¯K¥§·�ØU¼�8I©Ù�nØ
© ê^u'��8�.

�3�~¥nØ© ê�±ÏLläk�½gdÝ� t ©Ù
¥��¼�, ��^u'�.

�Ñý�Ï� 500 ��§ÏLA^¼ê¼��[© ê�
�. 8I©Ù�nØ© êÚ 4 �ó rw1, rw2, rw3 Ú rw4
���© ê�L 6.5.1. dL�� rw3 ���© ê�n
Ø© ê'��C.
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Y~ 6.5.2

L 6.5.1 8I©Ù�nØ© êÚ 4 �ó���© 

Q rw1 rw2 rw3 rw4

5% -2.132 23.589 -1.474 -2.053 -2.929
10% -1.533 23.707 -1.108 -1.525 -2.045
20% -0.941 23.939 -0.402 -1.077 -0.927
30% -0.569 24.105 0.043 -0.625 -0.500
40% -0.271 24.211 0.513 -0.333 -0.187
50% 0.000 24.459 0.936 -0.045 -0.025
60% 0.271 24.704 1.766 0.261 0.300
70% 0.569 24.877 4.270 0.533 0.622
80% 0.941 24.992 13.652 0.936 1.051
90% 1.533 25.129 16.868 1.482 1.892
95% 2.132 25.210 19.250 1.860 2.495
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~ 6.5.3 (Y~ 6.1.1)

~ 6.5.3 (Y~ 6.1.1) ��ÅCþ X ∼ N(θ, σ2), Ù¥ σ2

®�, � θ �k�©Ù��Ü©Ù C (µ, τ), K θ ���©Ù

π(θ|x) ∝ exp
{
−(θ−x)2/(2σ2)

}(
τ2+(θ−µ)2

)−1
. (6.5.2)

�JÆ©Ù� θ ∼ N(Xt , η
2), ¦^�ÅiÄ Metropolis �{

�)±8I©Ù� π(θ|x) ��Åê§� η �A�ØÓ��
?Øó�Âñ5§�K·��ý�Ï§¦ó���þ�Ú�

���.

) du·�ØU��ld��©Ù¥�)�Åê§�¦^

�ÅiÄ� Metropolis �{�)±��©Ù (6.5.2) ��Ù
²­©Ù�ê¼ó§)¤�Åê. �{Xeµ

(1) -JÆ©Ù g(·) � N(Xt , η
2), Xt ���©Ù�þ�.
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Y~ 6.5.3

(2) lJÆ©Ù¥�)Ð©� X0, ¿�3 x[1] ¥.

(3) é i = 2, · · · ,N, ­E

(a) l N(Xt , η
2) ¥�)ÿÀ� Y .

(b) l U(0, 1) �)�Åê U.

(c) - Xt = x [i − 1], O��ÉVÇ

α(Xt ,Y ) = min{1, f (Y )/f (Xt)},
Ù¥8I©Ù f (·) Ò´ θ ���©Ù (6.5.2) (� θ Ã'�
~êÏf�Ñ), 


f (Y )

f (Xt)
=

exp
{
− (Y − x)2/(2σ2)

}(
τ2 + (Y − µ)2

)−1

exp
{
− (Xt − x)2/(2σ2)

}(
τ2 + (Xt − µ)2

)−1
.

e U ≤ α(Xt ,Y ),K�É Y ,- Xt+1 = Y ;ÄK- Xt+1 = Xt .
(d) O\ t, �£� (a).
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éJÆ©Ùo«ØÓIO� η �ÀJ, �k1��ó�á
ýÇ 0.3099 á3«m [0.15, 0.5] �m. 1n�ó�áýÇ
' 0.5 Ñ��:§�1��óÂñ5�Ð§1n�ó'1�
�óÑ�§1o�ó��, 1��ó��. dã 6.5.4 ��ê
¼ó�;,ãw«�Âñ5��þã�ä��. �JÆ©Ù
��� η = 1 )¤ó��J�Ð.

éJÆ©Ù��� η = 1 �ê¼ó (=c¡¤ã�1��ó)
�Km©� 500 �*ÿ� (ý�Ï) �§d�e�*ÿ�¼
�ó���þ�Ú��IO�.

±úª (6.5.2) ��8I©Ù�ê¼ó¼����þ�Ú�
�IO�©O� m = 0.6955276 Ú s = 0.9249807, ùÒ´
~ 6.1.1 ¥��©Ù���þ�ÚIO���Akâ%C.
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��{ü�Ý]�.

~ 6.5.4 (��díäµ��{ü�Ý]�.) ��§ØÓ�Ý
]¤��£�´ØÕá�. �
~�ºx§Ïd¦^Ý]|Ü±
�ykdy �£�´K�'�. ùpØ?Ø£���'5§

´ézU|Üp�z�y �ÂÃ?1üS. b�k 5 «�¦�
�lP¹
 250 �´FzU�Ly, 3z���´F§ÂÃ��
��¦�IPÑ5. ^ Xi L«�¦ i 3 250 ��´F¥�ÑU
ê§KP¹���ªê (x1, · · · , x5) � r.v. (X1, · · · ,X5) �*ÿ
�. Äu{¤êâ§b�ù 5 «�¦3?Û�½����´FU
�Ñ�k�Å¬'Ç�

1 : (1− β) : (1− 2β) : 2β : β,

ùp β ∈ (0, 0.5) ´�����ëê. 3k
�cù 250 ��´
F�êâ�§¦^��d�{éd'~?1�#.
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Y~ 6.5.4

) dc¤ã, X = (X1, · · · ,X5) 3�½ β �^�eÑlõ
�©Ù, VÇ�þ�

p = p(β) =

(
1

3
,
1− β

3
,
1− 2β

3
,
2β

3
,
β

3

)
.

- β �k�©Ù π(β) � (0, 0.5) þ�þ!©Ù§p �q,
¼ê (=�� x �©Ù) � l(p|x), Ïd��©Ù�

π(β|x1, · · · , x5)∝ l
(
p(β)|x

)
·π(β)∝(1−β)x2(1−2β)x3(2β)x4βx5 .

·�ØU��ld��©Ù¥�)�Åê. �«�O β ��
{´^�ÅiÄ Metropolis �{�)��ê¼ó§¦Ù²­
©Ù�d��©Ù§JÆ©Ù�é¡�þ!©Ù§,�ld

ó¥�)8I©Ù��Åê5�O β.
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d�§�É�VÇ�

α(Xt ,Y ) = min

{
1,

f (Y )

f (Xt)

}
.

Ù¥ f (·) = π(·|x1, · · · , x5) �8I©Ù§�

f (Y )

f (Xt)
=

(1− Y )x2(1− 2Y )x3(2Y )x4Y x5

(1− Xt)x2(1− 2Xt)x3(2Xt)x4X x5
t

. (1)

e¡¦^�ÅiÄ Metropolis �{)��Åê. ùpI�ü
�þ!©Ù��ÅCþ§Ù¥��é¡þ!©Ù^u�)J

Æ©Ù§
,��þ!©Ù^uû½�É�´áýÿÀ:.
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�ÅiÄ-Metropolis �{Ú½

(1) -JÆ©Ù�é¡þ!©Ù U(−w ,w).

(2) lJÆ©Ù¥)¤Ð©� X0, ¿�\ X [1] ¥.

(3) é t = 2, 3, · · · ,m ­Ee�Ú½:

(a) lJÆ©Ù U(−w ,w) ¥�) v , - y = Xt + v �
ÿÀ�.

(b) lþ!©Ù U(0, 1) ¥)¤�Åê U.

(c) d Xt = X [i−1],O��ÉVÇ α(xt , y) = min{1,A},
Ù¥

A =
f (y)

f (xt)

X (1) ¤«. e U ≤ A K�É y �- Xt+1 = y , ÄK
- Xt+1 = Xt .

(d) O\ t, �£� (a).
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Y~ 6.5.4

ã 6.5.5 ��ãL²µó�´»ãw«ó®²Cq/Âñ�
8I©Ù. �Kó�ý�Ï§)¤�ó�±^u�O β. d
ã 6.5.5 �m>���ãq��±wÑ β �þ��C 0.2 .

dó����)� 5 «�¦��Ñ�Uê!�ÑªÇ!±
9 MCMC�{�Oõ�©Ùk�VÇ'��LXeµ

�ÑUêµ 84, 64, 48, 39, 15

�ÑªÇµ 0.336, 0.256, 0.192, 0.156, 0.060

k�Å¬'µ 0.333, 0.267, 0.200, 0.133, 0.067

)¤ó�þ�µ 0.2164363

)¤ó�IO�µ 0.02319191
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3. ÕáÄ��{

Metropolis-Hastings Ä��{�,��AÏ�/´ÕáÄ�.

ÕáÄ�¥�JÆ©ÙØ�6uó�c�ÚG��. Ï
d g(Y |Xt) = g(Y ), �ÉVÇ�

α(Xt ,Y ) = min

{
1,

f (Y )g(Xt)

f (Xt)g(Y )

}
.

ÕáÄ��{N´¢�§
�3JÆ©ÙÚ8I©Ùé�C

��ªuLyéÐ§�´�JÆ©ÙÚ8I©Ù�Oé�

�§ÙLyÒ��.

Robert (1996) ?Ø
ÕáÄ��Âñ5§¿�`�:/Õá
Ä��{��üÕ��{é�´k^�0. �´Ø+No
�§·�E,^e~5`²ù«�{�A^. Ï�ÕáÄ�
�{3·Ü� MCMC �{¥´'�k^�.
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ÕáÄ��{�~f

~ 6.5.5 (ÕáÄ�) b�l����·Ü©Ù

p N(µ1, σ
2
1) + (1− p)N(µ2, σ

2
2)

¥*ÿ����� z = (z1, · · · , zn), ¦ p ��O.

) w,, ·Ü����Ý�

f (z |p) = pf1(z |p) + (1− p)f2(z |p),

Ù¥ f1, f2 ©O�ü�����Ý.

� p �k�©Ù π(p) � (0, 1) þ�þ!©Ù U(0, 1), K p
���©Ù

π(p|z) ∝ f (z|p)π(p) =
n∏

j=1

[
pf1(zj |p) + (1− p)f2(zj |p)

]
JÆ©Ù�| AÚ p ����� (0, 1) �Ó. 3vkk�
&E��¹e§ùp¦^�©©Ù Be(1, 1) ��JÆ©Ù.
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Y~ 6.5.5

ÿÀ: Y ��É�VÇ�

α(Xt ,Y ) = min

{
1,

π(Y |z)g(Xt)

π(Xt |z)g(Y )

}
.

Ù¥ g JÆ©Ù, Ù�Ý¼ê g(y) ∝ ya−1(1− y)b−1, π(·|z)
�8I©Ù. d?

π(y |z)g(xt)

π(xt |z)g(y)
=

n∏
j=1

[yf1(zj |y)+(1− y)f2(zj |y)] · xa−1
t (1− xt)

b−1

n∏
j=1

[xt f1(zj |xt)+(1− xt)f2(zj |xt)] · ya−1(1− y)b−1

.

e¡·�?1�[, JÆ©Ù�� Be(a, b),�� a = b = 1
�Ò´þ!©ÙU(0, 1). *ÿêâleã��·Ü¥�)

0.2N(0, 1) + 0.8N(5, 1)
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ÕáÄ���{Ú½

(1) -JÆ©Ù��©©Ù Be(a, b).

(2) lJÆ©Ù¥)¤Ð©� X0, ¿�\ X [1] ¥.

(3) é t = 2, 3, · · · ,N ­Ee�Ú½:

(a) lJÆ©Ù Be(a, b) ¥�)��ÿÀ� y .

(b) lþ!©Ù U(0, 1) ¥)¤�Åê U.

(c) d Xt = X [i−1],O��ÉVÇ α(xt , y) = min{1,A},
Ù¥

A =
π(y |z)g(xt)

π(xt |z)g(y)

Xc¤«. e U ≤ A�É y ,- Xt+1 = y ;ÄK- Xt+1 = Xt .

(d) O\ t, �£� (a).
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Y~ 6.5.5

¿K 100 �ý�Ï���§dã 6.5.6 �ã��ó��m
G�ãw«ó·Ü�éÐ, é¯Âñ�²­©Ù. ã 6.5.6
mã´)¤ó���ã§dã���3�����þ�

´ 0.2553, §Ò´ p ��O�.
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4. Å©þ� M-H Ä��{

�G��m�õ��, Ø�N�# Xn, 
´éÙ©þ?1Å
��#, =¡�Å©þ� M-H Ä��{. ù����BÚ�
k�Ç.

P

Xn = (Xn,1, . . . ,Xn,k),

Xn,−i = (Xn,1, . . . ,Xn,i−1,Xn,i+1, . . . ,Xn,k).

©OL«31 n Úó�G�§931 n ÚØ1 i �©þ	
Ù¦©þ�G�. f (x) = f (x1, · · · , xk) �8I©Ù§

f (xi |x−i ) = f (x)
/ ∫

f (x1, · · · , xk)dxi

L« Xi éÙ¦©þ�^��Ý.
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Å©þ� M-H Ä��{

Å©þ� M-H Ä��{d k Ú�¤µ- Xn,i L«31 n g
S�� Xn 1 i �©þ�G�§K31 n + 1 ÚS��1 i
Ú¥§¦^ M-H �{�# Xn,i . �{Xeµ

é i = 1, · · · , k, l1 i �JÆ©Ù qi (·|Xn,i ,X
∗
n,−i ) ¥�

) Yi , ùp

X∗
n,−i = (Xn+1,1, . . . ,Xn+1,i−1,Xn,i+1, . . . ,Xn,k).

,�±VÇ

α(X∗
n,−i ,Xn,i ,Yi ) = min

{
1,

f (Yi |X∗
n,−i )qi (Xn,i |Yi ,X

∗
n,−i )

f (Xn,i |X∗
n,−i )qi (Yi |Xn,i ,X∗

n,−i )

}
e Yi ��É§K- Xn+1,i = Yi¶ÄK- Xn+1,i = Xn,i .
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Ú¥§¦^ M-H �{�# Xn,i . �{Xeµ

é i = 1, · · · , k, l1 i �JÆ©Ù qi (·|Xn,i ,X
∗
n,−i ) ¥�

) Yi , ùp

X∗
n,−i = (Xn+1,1, . . . ,Xn+1,i−1,Xn,i+1, . . . ,Xn,k).

,�±VÇ

α(X∗
n,−i ,Xn,i ,Yi ) = min

{
1,

f (Yi |X∗
n,−i )qi (Xn,i |Yi ,X

∗
n,−i )

f (Xn,i |X∗
n,−i )qi (Yi |Xn,i ,X∗

n,−i )

}
e Yi ��É§K- Xn+1,i = Yi¶ÄK- Xn+1,i = Xn,i .
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6.5.3 M-H Ä��{�A�C«

Å©þ� M-H Ä��{�~f

~ 6.5.6 �Ä 54  Pc<��åÿÁ¤1 (Wechsler Adult
Intelligence Scale, WAIS, 0-20©). ïÄ�,�3uuyPc
°�w� WAIS ¤1�'X.

) ·�æ^Xe{ü� logistic £8�.:

Yi ∼ B(1, πi ), ln
πi

1− πi
= β0 + xiβ1, i = 1, . . . , 54.

Ù¥ Yi = 1 L«1 i �<Pc°�§xi L«1 i �<
� WAIS ¤1.

q,¼ê�

f (y|β0, β1)=
n∏

i=1

(
eβ0+xiβ1

1 + eβ0+xiβ1

)yi ( 1

1 + eβ0+xiβ1

)1−yi

= exp

{
nȳβ0 + β1

n∑
i=1

xiyi −
n∑

i=1

ln
(
1 + eβ0+xiβ1

)}
.
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6.5.3 M-H Ä��{�A�C«

Y~ 6.5.6

�Ä β0, β1 �k�©Ù π �Õá���©Ù,= π(β0, β1) =
π1(β0) π2(β1), 


βj ∼ N(µβj
, σ2

j ), j = 0, 1.

Ù¥� µβj
= 0, σ2

j é��, þãk�©Ù�CÃ&Ek�.

Ïd��©Ù�

π(β0, β1|y)∝ f (y|β0, β1)π(β0, β1)

∝ exp

{ n∑
i=1

[(
β0 + β1xi

)
yi − ln

(
1 + eβ0+xiβ1

)]
−

(β0 − µβ0)
2

2σ2
0

−
(β1 − µβ1)

2

2σ2
1

}
.
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Y~ 6.5.6

e¡·�^Å©þ� M-H �{ld©Ù¥�)�Åê. J
Æ©Ù��

β′∼N2

(
β, diag{s̄2

β0
, s̄2

β1
}
)
⇔ β′0∼N(β0, s̄

2
β0

), β′1∼N(β1, s̄
2
β1

).

d? β′ = (β′0, β
′
1)

τ , 
 β = (β0, β1)
τ .

3 M-H �{¥, U©þ?1Å��#, Ù`³3uA^�B,
ØI��ÄN!ëê. �{Xe:

é t = 1, · · · ,T :

(1) -β =
(
β

(t−1)
0 , β

(t−1)
1

)τ
.

(2) lJÆ©Ù N(β0, s̄
2
β0

) �)ÿÀ: β′0.



��dÚO

6.5 Metropolis-Hastings �{

6.5.3 M-H Ä��{�A�C«

Y~ 6.5.6

e¡·�^Å©þ� M-H �{ld©Ù¥�)�Åê. J
Æ©Ù��

β′∼N2

(
β, diag{s̄2

β0
, s̄2

β1
}
)
⇔ β′0∼N(β0, s̄

2
β0

), β′1∼N(β1, s̄
2
β1

).

d? β′ = (β′0, β
′
1)

τ , 
 β = (β0, β1)
τ .

3 M-H �{¥, U©þ?1Å��#, Ù`³3uA^�B,
ØI��ÄN!ëê. �{Xe:

é t = 1, · · · ,T :

(1) -β =
(
β

(t−1)
0 , β

(t−1)
1

)τ
.

(2) lJÆ©Ù N(β0, s̄
2
β0

) �)ÿÀ: β′0.



��dÚO

6.5 Metropolis-Hastings �{

6.5.3 M-H Ä��{�A�C«

Y~ 6.5.6

e¡·�^Å©þ� M-H �{ld©Ù¥�)�Åê. J
Æ©Ù��

β′∼N2

(
β, diag{s̄2

β0
, s̄2

β1
}
)
⇔ β′0∼N(β0, s̄

2
β0

), β′1∼N(β1, s̄
2
β1

).

d? β′ = (β′0, β
′
1)

τ , 
 β = (β0, β1)
τ .

3 M-H �{¥, U©þ?1Å��#, Ù`³3uA^�B,
ØI��ÄN!ëê. �{Xe:

é t = 1, · · · ,T :

(1) -β =
(
β

(t−1)
0 , β

(t−1)
1

)τ
.

(2) lJÆ©Ù N(β0, s̄
2
β0

) �)ÿÀ: β′0.



��dÚO

6.5 Metropolis-Hastings �{

6.5.3 M-H Ä��{�A�C«

Y~ 6.5.6

e¡·�^Å©þ� M-H �{ld©Ù¥�)�Åê. J
Æ©Ù��

β′∼N2

(
β, diag{s̄2

β0
, s̄2

β1
}
)
⇔ β′0∼N(β0, s̄

2
β0

), β′1∼N(β1, s̄
2
β1

).

d? β′ = (β′0, β
′
1)

τ , 
 β = (β0, β1)
τ .

3 M-H �{¥, U©þ?1Å��#, Ù`³3uA^�B,
ØI��ÄN!ëê. �{Xe:

é t = 1, · · · ,T :

(1) -β =
(
β

(t−1)
0 , β

(t−1)
1

)τ
.

(2) lJÆ©Ù N(β0, s̄
2
β0

) �)ÿÀ: β′0.



��dÚO

6.5 Metropolis-Hastings �{
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Y~ 6.5.6

(3) - β′ =
(
β′0, β

(t−1)
1

)τ
, �ÉVÇ α0(β,β′) = min {1,A} ,

Ù¥

A =
π(β′0, β1|y)

π(β0, β1|y)
=

f (y|β′0, β1)π(β′0, β1)

f (y|β0, β1)π(β0, β1)
.

(4) ±VÇ α0(β,β′) �É β = β′, =ò β �1��©þ β0

�#� β′0; ÄK β �±ØC.

(5) lJÆ©Ù N(β1, s̄
2
β1

) �)ÿÀ: β′1.

(6) -β′ = (β0, β
′
1)

τ ,�ÉVÇα1(β,β′) = min {1,B} ,Ù¥

B =
π(β0, β

′
1|y)

π(β0, β1|y)
=

f (y|β0, β
′
1)π(β0, β

′
1)

f (y|β0, β1)π(β0, β1)
.

(7) ±VÇ α1(β,β′) �É β = β′, =ò β �1��©þ β1

�#� β′1; ÄK β �±ØC.

(8) - β(t) = β.
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Y~ 6.5.6

Å©þ�ÅiÄ M-H �{ logistic £8ëê��äã§±9
�Ký�Ï�dó¼�� β �ü�©þ β0 Ú β1 ���þ

�Ú��IO�Xeµ

ã 6.5.8 �þ¡ü��ã§= β0 Ú β1 ��mG�ãw«ó

�·Ü�Ð. ¥mü��ã§= β0 Ú β1 �H{þ�ã§�

Kc 2000 gS� (=ý�Ï) �ªu²­§�L²ó�Âñ
5�Ð. �e¡ü��ã§=ó�g�'¼êã¥w«ê¼
ó�Ä�Ú� L = 20gS�§�Ò´zm� 20���Ä�
��§¼�����g�'5Òé$
§ùA«�ä�{Ñ

w«ó�Âñ5�Ð. ��§β0 Ú β1 �ó���þ�©O

´ 2.8793214, − 0.3737996. ��IO�©O´ 1.3479687,
0.1287645.
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6.6 Gibbs Ä��{

6.6.1 Úó

Úó

Gibbs Ä��@´d Geman Ú Geman (1984) JÑ¿�^
u Gibbs �f:©Ù§Ï
dd�¶�. §´ M-H Ä��
,�«AÏ�/.

Gibbs Ä��{AO·Üu8I©Ù´õ��|Ü§Ù�-
<a,���¡´�
�)Ø���!�±Ï!¿±p��

m�8I©Ù��Ù²­©Ù�ê¼ó§�I�l�
��

©Ù¥?1Ä�Ò�±
. =òlõ�8I©Ù¥Ä�=z
�l��8I©ÙÄ�§ù´ Gibbs Ä��­�5¤3.
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6.6 Gibbs Ä��{

6.6.2 Gibbs Ä��{

Gibbs Ä��{

- X = (X1, · · · ,Xk) � Rk ¥��ÅCþ§ÙéÜ©Ù f (x)
= f (x1, · · · , xk) �8IÄ�©Ù. ½Â k − 1 ���ÅCþ

X−j = (X1, · · · ,Xj−1,Xj+1, · · · ,Xk),

P Xj |X−j �÷^�©Ù�Ý� f
(
xj | x−j

)
, j = 1, · · · , k.

K Gibbs Ä��{´lù k �^�©Ù¥�)ÿÀ:§±
)û��l f ¥?1Ä��(J. �{Xe:

(1) 3 t = 0 �, Ð©z X(0);
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(2) é t = 1, 2, · · · , J ­Ee�Ú½

(a) - (x1, x2, · · · , xk) = X(t − 1).

(b) éz�©þ j = 1, . . . , k,

(i) l f (Xj |x−j) ¥�)ÿÀ: X ∗
j (t).

(ii) �# xj = X ∗
j (t).

(c) - X(t) = (X ∗
1 (t), . . . ,X ∗

k (t)) (z�ÿÀ:Ñ��É)

(d) O\ t �£� (a).
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5¿3þã�{ (b) ÚÄ�¥§��©þ�g��#µ

x1(t) ∼ f
(
x1 | x2(t − 1), x3(t − 1), · · · , xk(t − 1)

)
;

x2(t) ∼ f
(
x2 | x1(t), x3(t − 1), · · · , xk(t − 1)

)
...

xk(t) ∼ f
(
xk | x1(t), x2(t), · · · , xk−1(t)

)
.

l��©Ù

f
(
xj | x1(t), x2(t), · · · , xj−1(t), xj+1(t − 1), · · · , xk(t − 1)

)
¥Ä�´'�N´�§Ï� f

(
xj | x−j

)
∝ f (x), Ù¥Ø
C

þ xj 	,Ù¦CþÑ´~ê.
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5¿3þã�{ (b) ÚÄ�¥§��©þ�g��#µ
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(
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l��©Ù
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(
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C

þ xj 	,Ù¦CþÑ´~ê.
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Gibbs Ä��{�Ün5¿ØI�ÏL�yÙ´ M-H Ä
��{��«A~5y². Gibbs Ä��{���AO
�?Ò´÷^�©Ù�±��(½éÜ©Ù. ùÒ´Í
¶� Hammersley-Clifford ½n§���ÚÜ (2013). ½
n 5.5.2.

c¡¤ã� Gibbs Ä��{���3��dµee¢y.
- θ = (θ1, · · · , θk), 


θ−j = (θ1, · · · , θj−1, θj+1, · · · , θk).

ò x ^a,��ëê θ �O§ò8I©Ù f (x) ^��
©Ù π(θ|x) �O, ò÷^�©Ù f

(
xj | x−j

)
, j = 1, · · · , k

^ π
(
θj |θ−j , x

)
, j = 1, · · · , k �O.
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Ïd§3��d©Û¥§Gibbs Ä��{�)ê¼ó
{
θ(i),

i = 1, 2, · · ·
}
��{V)Xeµ

(1) ÀJëê���Ð©� θ(0);

(2) é t = 1, 2, · · · , J ­Ee�Ú½

(a) - (θ1, θ2, · · · , θk) = θ(t−1)

(b) éz�©þ j = 1, . . . , k

(i) l π
(
θj |θ−j , x

)
¥�)ÿÀ: θ

(t)
j .

(ii) �# θj = θ
(t)
j .

(c) - θ(t) = (θ
(t)
1 , . . . , θ

(t)
k ).

(d) O\ t �£� (a).
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5¿3þã�{ (b) ÚÄ�¥§��©þ�g��#µ

1) Ä�θ
(t)
1 ∼ π

(
θ1

∣∣ θ
(t−1)
2 , θ

(t−1)
3 , · · · , θ

(t−1)
k , x

)
;

2) Ä� θ
(t)
2 ∼ π

(
θ2

∣∣ θ
(t)
1 , θ

(t−1)
3 , · · · , θ

(t−1)
k , x

)
;

...

k) Ä� θ
(t)
k ∼ π

(
θk

∣∣ θ
(t)
1 , θ

(t)
2 , · · · , θ

(t)
k−1, x

)
.

e~`²XÛ|^ Gibbs Ä�)¤����©Ù���.
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~ 6.6.1 ¦^ Gibbs Ä��)����©Ù

N
(
µ1, µ2, σ

2
1, σ

2
2, ρ

)
��Åê.

) 3����|Ü§X1|X2 ±9 X2|X1 E,Ñl��©

Ù§�´�

E [X1|X2 = x2] = µ1 + ρ
σ1

σ2
(x2 − µ2),

Var [X1|X2 = x2] = (1− ρ2)σ2
1.

aq�� X2|X1 �©Ù. Ïd

f (x1|x2) ∼ N
(
µ1 + ρ

σ1

σ2
(x2 − µ2), (1− ρ2)σ2

1

)
,

f (x2|x1) ∼ N
(
µ2 + ρ

σ2

σ1
(x1 − µ1), (1− ρ2)σ2

2

)
.
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)
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Y~ 6.6.1

l
¦^ Gibbs �{Xe

(1) - (x1, x2) = x(t − 1);

(2) l f (x1|x2) ¥�)ÿÀ: X ∗
1 (t).

(3) �# x1 = X ∗
1 (t).

(4) l f (x2|x1) ¥�) X ∗
2 (t).

(5) �# x2 = X ∗
2 (t).

(6) - X (t) = (X ∗
1 (t),X ∗

2 (t)).
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6.6 Gibbs Ä��{

6.6.2 Gibbs Ä��{

Y~ 6.6.1

�)�óm©� 1000 �*ÿ��¿ïK§�e�*ÿ��
3 x ¥§dd*	�¼���þ�!�����Ý
Ú�
��'XêÝ
Xe¤«. �ëê����O�lý�é
C§Ñ:ã 6.5.7 �w«Ñ����¤äk�ý�é¡5Ú
K�'5A�.

�[��þ��−0.0735532, 2.0297997

�����Ý


0.9609837 − 0.3506705
−0.3506705 0.2327129

���'XêÝ


1.0000000 − 0.7415338
−0.7415338 1.0000000
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6.6 Gibbs Ä��{

6.6.2 Gibbs Ä��{

~ 6.6.2

~ 6.6.2 (Y~ 6.1.1) � X |θ ∼ N(θ, σ2),Ù¥ σ2 ®�. � θ
�k��Xe�©�k�µθ|λ ∼ N(µ, τ2/λ), λ ∼ Γ(1

2 , 1
2),

Ù¥ µ Ú τ ®�. ^ Gibbs Ä��{)¤ (θ, λ) ��Åê§
¿¦ θ ���Ï" µπ(x) Ú���� V π(x) ��[(J. ¿
�~ 6.1.1 ?1'�.

) (1)Äk, d?�©�k��~ 6.1.1¥ θ �k�©Ù,=
�Ü©Ù C (µ, λ) ��þ´�Ó�. `²Xeµ´� θ �©
�k��Ý©O�

π1(θ|λ) =

(
λ

2πτ2

)1/2

exp

{
− λ(θ − µ)2

2τ2

}
, θ ∈ R, (6.6.1)

π2(λ) = (2π)−1/2λ
1
2
−1 exp{−λ/2}, 0 < λ < ∞. (6.6.2)
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6.6 Gibbs Ä��{

6.6.2 Gibbs Ä��{

Y~ 6.6.2

Ïd§θ Ú λ�éÜk�� π(θ, λ) = π1(θ|λ)π2(λ),�d 2.6
!�� θ �5�k��

π (θ)=

∫ ∞

0
π(θ, λ)dλ=

∫ ∞

0
c · exp

{
− λ

[
τ2 + (θ − µ)2

2τ2

]}
dλ

=

∫ ∞

0
c · e−λBdλ =

c

B
=

τ

π[τ2 + (θ − µ)2]
, θ ∈ R. (6.6.3)

d? B = [τ2 + (θ − µ)2]/(2τ2), c = 1/(2πτ). ª (6.6.3) Ò
´�Ü©Ù C (µ, τ) ��Ý. Ïd©�éÜk�©Ù�Ñy
3~ 6.1.1 ¥ θ �k�©Ù–�Ü©Ù��´´���.
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6.6 Gibbs Ä��{

6.6.2 Gibbs Ä��{

Y~ 6.6.2

(2) Ùg§�
¦^ Gibbs Ä��{)¤ (θ, λ) ��Åê§
I��ÑXeü�÷^�©Ùµ

θ|λ, x ∼ N

(
τ2

τ2 + λσ2
x +

λσ2

τ2 + λσ2
µ,

τ2σ2

τ2 + λσ2

)
, (6.6.4)

λ|θ, x ∼ Exp

(
τ2 + (θ − µ)2

2τ2

)
. (6.6.5)

(3) ^ Gibbs Ä��{)¤ (θ, λ) ��Åê§�{Xeµ
(a) - (x1, x2) = X(t − 1).
(b) l π(θ|λ, x) ¥�)ÿÀ: X ∗

1 (t).
(c) �# x1 = X ∗

1 (t).
(d) l π2(λ|θ, x1) ¥�) X ∗

2 (t).
(e) �# x2 = X ∗

2 (t).
(f) - X(t) = (X ∗

1 (t),X ∗
2 (t)).
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�ã^�XÚ. õU�)µêâ�;Ú?nXÚ¶ê|$�
óä (Ù�þ!Ý
$�õUcÙr�)¶��ë0�ÚO
©Ûóä¶`D�ÚO�ãõU¶{B
r��?§�ó.

é��dO�5`§�±��¦^ Gibbs Ä�Ú Metroplis
�{?1?§§c¡Ñ´Xd��. éuprÝ�O�¯
K§�±¦^ Fortran ½ C �ó,�l R ¥ÏL��N^.

BUGS (Bayesian inference Using Gibbs Sampling) ´���¤
^�§Ù#N^r�½E,�õ��.¿¦^ MCMC �{
5�O�.¥���ëê. WinBUGS ´ BUGS 3 Windows
²�e���§
 openBUGS´ BUGS�m
��. �k�

Ù§���§�±�¯ http : //www .mrc − bsu.cam.ac.
uk/bugs/ �w�[0�.
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BUGS.SCÐWinBUGSÚd��§Ò�±3 Rp¦^Win-
BUGS ?1��d©Û
. 3 R p¦^ WinBUGS ?1��
d©Û�Ì�¼ê� bugs, 3$1d¼ê�§WinBUGS ¬
gÄ�m¿$1�A�L§§,�gÄ'4.

3 R p��±N^� coda 5��õ�©Û. X±�g�'
ã, �äÂñ5�. �ë� coda �`²©�.
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