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ÚóÚ½Â

3²;�ÚOÆ¥VÇ´^únz½Â�, =^�K5!�
K5Ú�\5n^ún½Â�. VÇ�(½kü«�{: �
´�;�{ (�)AÛ�{) ; ,�«´ªÇ�{. �²;Ú
OïÄ�é�´U�þ­E��Åy�, Ø´ùa�Åy�
ÒØU^ªÇ�{�(½k'¯��VÇ.

3Ãõ�¬y�!²L+�Úûü¯K¥, /¯�0~~´
ØU�þ­E�. Xí�ý�/²U´�U�VÇ� 0.80,
ÒØU^ªÇ�)º, ÏUí��mCz
Cz,Ø�­E.

ÏdÌ*VÇ�Má, ¦·�3ªÇ)ºØU·^��/�
U?ØVÇ. lù�¿Âþ`, Ì*VÇ��´(½VÇ�
ªÇ�{Ú�;�{�Ö¿.

½Â 7.2.1 Ì*VÇ´<��â²�é¯�u)Å¬��
<&g.
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2.1 Ì*VÇ

2.1.2 (½Ì*VÇ��{

(½Ì*VÇ��{

é�
¯�?1é', (½�éq,5´(½Ì*VÇ�{
ü��{. ~X, ,ó�®�OÐ�«#
ä, ûüö�µ�
#
ä���VÇ. �â#
ä�A:Ú²�@��� (A)

´Ø�� (A) ��U5� 2 �, =P(A) = 2/3, P(A) = 1/3.

|^;[¿�5(½Ì*VÇ��{´~^�. ~X, k�
��kºx�)¿, ��O¤õ�VÇ. �d�;[��ù
)¿¤õ��U5kõ�. ;[£��� 0.6, e¦��O 
�Å, �ò¤õVÇ?U� 0.7 (��±��A ;[µ�,
^¤õVÇ�²þ��O���).

|^{¤]�, ��
é'?�, (½Ì*VÇ. ~X, ,ú
i²E
ä, y�O�«#ª
äòÝ�½|, ��O�5
½|�È�¹. ²n��
�úi)�� 37 «
ä��È
P¹, ��ÈG�Xe: A1: ��, A2: ��, A3: ¢�, ©O
k 29, 6, 2 «, d{¤]����ÈG��VÇ. �â#

ä�A:§éþãVÇ�?�(½Ù�ÈG��Ì*VÇ.
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2.2 |^k�&E(½k�©Ù

2.2.1 ��ã{

��ã{

ù��{�����ã{aq, �±ÏLeãÚ½¢yµ
(1) �ëê�m Θ �¢¶þ�«m�, kr Θ ©¤�
�
«m, Ï~����f«m.

(2) 3z��«mþû½Ì*VÇ½U{¤êâ�ÑªÇ.

(3) ±���ã, p�I�Ì*VÇ½ “ªÇ/(�«m�)”

(4) 3��ãþx�1w­�, ¦e����ã¡È��.
d­�=�k��Ý π(θ) (¦­��î¶/¤�¡È� 1).

~ 2.2.1 ,��úi�È<ë, P¹
 102 ±��Èþ, z
±�È�õ 35kg, êâ�eL. �Ï¦z±²þ�Èþ θ �
VÇ©Ù.

L 2.2.1 z±²þ�ÈþÚOL
�Èþ(kg) [0,5] (5,10] (10,15] (15,20] (20,25] (25,30] (30,35]
U ê 5 27 34 22 10 3 1
ª Ç 0.05 0.26 0.33 0.22 0.10 0.03 0.01
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2.2 |^k�&E(½k�©Ù

2.2.2 �éq,{

�éq,{

d{�õ^u Θ � (−∞,∞) �k�f«m��/. �{X
e: é Θ ¥��«:��*/q,0?1'�, 2U(½

��xã, =���k��Ýúã, ^e~5�`².

~X, � Θ = (0, 1), l(½/���U0Ú/���U0�
ëê:�q,5\Ã. � θ = 3/4 ����U�:, θ = 0 �
���U�:, � θ = 3/4 � θ = 0 �q,5� 3 �. 2(
½ θ = 1/4 Ú θ = 1/2 9 θ = 1 ��éq,5. �{üO,
� θ = 0 ��U5'�, θ = 1/2 Ú θ = 1 ��U5 2 �
u θ = 0, θ = 1/4 ��U5� θ = 0 ��U5� 1.5 �. -
Ä�: θ = 0 �k��Ý� 1, ddxÑ π̃(θ).

�
∫ 1
0 π̃(θ)dθ 6=1.P π(θ)=cπ̃(θ),¦

∫ 1
0 π(θ)dθ=c

∫ 1
0 π̃(θ)dθ

= 1, K π(θ) =� θ �k��Ý.
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ã 2.2.2 �éq,5
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2.2 |^k�&E(½k�©Ù

2.2.3 À½k��Ý¼ê�/ª, 2�O�ëê

À½k��Ý¼ê�/ª, 2�O�ëê

½Â 2.2.1 k�©Ù¥�ëê¡��ëê.

~X,�âk�&E, À½ θ �k��Ý� π(θ) � N(µ, τ2),
Ù¥ µ Ú τ2 ¡��ëê�ëê.

���{µ��ëê� α, β, Pk��Ý� π(θ;α, β), é�
ëê α Ú β �Ñ�O, Ù�Oþ� α̂ Ú β̂, ¦ π(θ; α̂, β̂) é
�Cu π(θ;α, β), K π(θ; α̂, β̂) =�À½�k��Ý¼ê.

ù��{�'�´ π(θ) �/ª�À½. eÀJ�ØÜ·ò
���Ø.

~ 2.2.2 3~ 2.2.1 ¥�ëê θ ��Èþ, À^ N(µ, τ2) �
� θ �k�©Ù π(θ), Á(½ù�k�©Ù.
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2.2 |^k�&E(½k�©Ù

2.2.3 À½k��Ý¼ê�/ª, 2�O�ëê
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2.2 |^k�&E(½k�©Ù

2.2.3 À½k��Ý¼ê�/ª, 2�O�ëê

À½k��Ý¼ê�/ª, 2�O�ëê

3�½k�©Ù/ª�, û½�ëê�,��{´lk�&
E¥¼�A�© ê��O�, ,�ÏLù
© ê��(
½�ëê (=�ëê��O�), �we~.

~ 2.2.3 �ëê θ ������ (−∞,∞),k�©Ù���
©Ù, elk�&E��: (1) k��¥ ê� 0, (2) Ù 0.25
Ú 0.75 �© ê©O� −1 Ú +1, Á¦dk�©Ù.

qe3�~¥b½ θ Ø´��©Ù, 
´�Ü©Ù, Ù{^
�ØC, = θ ∼ π(θ;α, β) = β/{π[β2 + (θ−α)2]}, θ ∈ R1, (
½k�©Ù�¯KÒ=z�¦ α, β ��O.

Ïd,Ó��k�&Ek 2�k�©Ù�øÀJ.e 2�k�
©Ù�OØ�, �?ÀÙ�. �~¥ N(0, 1.4812) Ú C (0, 1)
�Ý¼ê/Gþ�q, ��Ü©Ù��ÜVÇ��. Ïd,
e θ �k�&E8¥3¥m, KÀJ��Ð
, ek�&E
�©Ñ, ÀJ�Ü©Ù�Ü·
.
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2.2 |^k�&E(½k�©Ù

2.2.4 �½ëê θ © ê§(½\O©Ù¼ê

u7 θ �© êL

~ 2.2.4 �,ó¥u7 θ 3«m [2, 2.4] ¥��§ÙA�© 
ê: (α, z(α)) �L 2.2.2§¦u7 θ � CDF ­�ÚVÇ��ã.

L 2.2.2 u7 θ �\ÈVÇL

© ê (α) \ÈVÇ (z(α))

2.00 0
2.10 0.125
2.20 0.500
2.30 0.875
2.40 1.000
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2.2 |^k�&E(½k�©Ù

2.2.4 �½ëê θ © ê§(½\O©Ù¼ê

u7 θ �© êL

~ 2.2.4 �,ó¥u7 θ 3«m [2, 2.4] ¥��§ÙA�© 
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2.2 |^k�&E(½k�©Ù

2.2.4 �½ëê θ © ê§(½\O©Ù¼ê

���{

ù��{´�âk�&E�Ñu7 θ �A�© ê α �\
ÈVÇ z(α), ��A�: (α, z(α));

3²¡þòùA�:^�^1w­�ë�å5��\È©Ù

¼ê§{P� CDF;

��±ÏLk�©Ù� CDF, ¼�k�©Ù�VÇ��ã§
l
¼�k�©Ù�VÇ�Ý¼ê.
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2.2 |^k�&E(½k�©Ù

2.2.4 �½ëê θ © ê§(½\O©Ù¼ê

���{

ù��{´�âk�&E�Ñu7 θ �A�© ê α �\
ÈVÇ z(α), ��A�: (α, z(α));

3²¡þòùA�:^�^1w­�ë�å5��\È©Ù

¼ê§{P� CDF;

��±ÏLk�©Ù� CDF, ¼�k�©Ù�VÇ��ã§
l
¼�k�©Ù�VÇ�Ý¼ê.



��dÚO

2.2 |^k�&E(½k�©Ù

2.2.4 �½ëê θ © ê§(½\O©Ù¼ê

���{

ù��{´�âk�&E�Ñu7 θ �A�© ê α �\
ÈVÇ z(α), ��A�: (α, z(α));
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2.2 |^k�&E(½k�©Ù

2.2.4 �½ëê θ © ê§(½\O©Ù¼ê

u7 θ \ÈVÇ­�ã

ã 2.2.4 u7 θ \ÈVÇ­�ã
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2.2 |^k�&E(½k�©Ù

2.2.4 �½ëê θ © ê§(½\O©Ù¼ê

u7 θ �VÇ©ÙL

L 2.2.3 u7 θ �VÇ©ÙL

u7«m ©ã¥: \ÈVÇ ©ãVÇ

2.00-2.05 2.025 0.0575 0.0575
2.05-2.10 2.075 0.125 0.0675
2.10-2.15 2.125 0.250 0.125
2.15-2.20 2.175 0.500 0.250
2.20-2.25 2.225 0.750 0.250
2.25-2.30 2.275 0.875 0.125
2.30-2.35 2.325 0.9375 0.085
2.35-2.40 2.375 1.000 0.040

dL 2.2.3 ¥©ã¥: xi Ú©ãVÇ pi O� µ Ú σ2 �O�

�µ

µ̂ =
8∑

i=1

xipi = 2.198, σ̂2 =
8∑

i=1

x2
i pi − µ̂2 ≈ 0.08242
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2.2 |^k�&E(½k�©Ù

2.2.4 �½ëê θ © ê§(½\O©Ù¼ê

u7 θ �VÇ��ã

ã 2.2.5 u7 θ �VÇ��ã
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2.3 |^>�©Ù m(x) (½k�©Ù

1 2.1 Ì*VÇ

2.1.1 Ì*VÇ�½Â

2.1.2 (½Ì*VÇ��{
2 2.2 |^k�&E(½k�©Ù

2.2.1 ��ã{

2.2.2 �éq,{

2.2.3 À½k��Ý¼ê�/ª, 2�O�ëê

2.2.4 �½ëê θ © ê§(½\O©Ù¼ê
3 2.3 |^>�©Ù m(x) (½k�©Ù

2.3.1 >�©Ù�½Â9~

2.3.2 ÀJk�©Ù� ML-II �{

2.3.3 ÀJk�©Ù�Ý�{
4 2.4 Ã&Ek�

2.4.1 Laplace k��2Âk�©Ù

2.4.2  �ëê�Ã&Ek�

2.4.3 �Ýëê�Ã&Ek�

2.4.4 ���/e�Ã&Ek�
5 2.5 �Ýk�©Ù

2.5.1 �Ýk�©Ù�Vg9~

2.5.2 ��©Ù�O�9~

2.5.3 �Ýk��`:
6 2.6 õ�k�£©�ãk�¤

2.6.1 õ�k�©Ù�Vg

2.6.2 (½õ�k���{ÚÚ½

2.6.3 5º
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.1 >�©Ù�½Â9~

�©Ù�½Â

½Â 2.3.1 � r.v. X kVÇ¼ê f (x |θ), θ kk�©Ù π(θ),
K½Â�ÅCþ X �>�©Ù�

m(x) =

∫
Θ

f (x |θ)dF π(θ)

=


∫

Θ
f (x |θ)π(θ)dθ, � θ �ëY�ÅCþ,∑

i
f (x |θi )π(θi ), � θ �lÑ�ÅCþ.

�k�©Ù¹k����ëê λ§X π(θ) = π(θ|λ), K>�
©Ù m(x) ��6 λ, d��P m(x) = m(x |λ). ù«>�©
Ù3�!�¡¦��©Ù�~^�.
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.1 >�©Ù�½Â9~

�©Ù�½Â
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.1 >�©Ù�½Â9~

·Ü©Ù95º

�
`²>�©Ù�ÚO¿Â§e¡Ú\·Ü©Ù�Vg.
��ÅCþ X ±VÇ π 3oN F1 ¥��§± (1− π) �V
Ç3oN F2 ¥��§e F (x |θ1)Ú F (x |θ2)©OPùü�o
N�©Ù¼ê§K X �·Ü©Ù¼ê� F (x) = π F (x |θ1)
+(1 − π)F (x |θ2). ^VÇ¼êL«§K·Ü©Ù� f (x) =
π f (x |θ1)+(1−π)f (x |θ2), K¡ F(x)� F (x |θ1)Ú F (x |θ2)�
·Ü©Ù. 
 π Ú 1 − π �±À��ÅCþ θ �©Ù§
= π(θ1) = π, π(θ2) = 1− π. l·Ü©Ù¥Ä�Nþ� n �
�� X1, · · · ,Xn, @o�k nπ(θ1) �ÄgoN F (x |θ1), �
k nπ(θ2) �ÄgoN F (x |θ2), ù����¡�·Ü��.

l·Ü©Ù�½Â��, >�©Ù m(x) ´·Ü©Ù�í2.
AO� θ �lÑ�ÅCþ�§>�©Ù m(x) ´k�½��
�VÇ¼ê·Ü
¤§� θ �ëY�ÅCþ�§m(x) �À
�Ã�Ø�ê��Ý¼ê·Ü
¤.
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2.3.1 >�©Ù�½Â9~

·Ü©Ù95º

�
`²>�©Ù�ÚO¿Â§e¡Ú\·Ü©Ù�Vg.
��ÅCþ X ±VÇ π 3oN F1 ¥��§± (1− π) �V
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·Ü©Ù. 
 π Ú 1 − π �±À��ÅCþ θ �©Ù§
= π(θ1) = π, π(θ2) = 1− π. l·Ü©Ù¥Ä�Nþ� n �
�� X1, · · · ,Xn, @o�k nπ(θ1) �ÄgoN F (x |θ1), �
k nπ(θ2) �ÄgoN F (x |θ2), ù����¡�·Ü��.

l·Ü©Ù�½Â��, >�©Ù m(x) ´·Ü©Ù�í2.
AO� θ �lÑ�ÅCþ�§>�©Ù m(x) ´k�½��
�VÇ¼ê·Ü
¤§� θ �ëY�ÅCþ�§m(x) �À
�Ã�Ø�ê��Ý¼ê·Ü
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.1 >�©Ù�½Â9~

��~f

~ 2.3.1 ��½ θ ��� X Ñl��©Ù N(θ, σ2), σ2 ®

�§� θ kk�©Ù N(µπ, σ2
π), ¦ X �>�©Ù m(x).

�{z m(x) O�, -

A =
1

σ2
+

1

σ2
π

, B =
x

σ2
+

µπ

σ2
π

, C =
x2

σ2
+

µ2
π

σ2
π

.

Ïdk

m(x) =

∫ ∞

−∞
f (x |θ)π(θ)dθ

=
1

2πσσπ

∫ ∞

−∞
exp

{
− 1

2

[(x − θ)2

σ2
+

(µπ − θ)2

σ2
π

]}
dθ

=
1

2πσσπ

∫ ∞

−∞
exp

{
− A

2

(
θ − B

A

)2}
· exp

{
− 1

2

(
C − B2

A

)}
dθ

=
1√

2π(σ2 + σ2
π)

exp
{
− (x − µπ)2

2(σ2 + σ2
π)

}
, (3.1)

=>�©Ù m(x) ´��©Ù N(µπ, σ2 + σ2
π).
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2.3.1 >�©Ù�½Â9~

��~f

~ 2.3.1 ��½ θ ��� X Ñl��©Ù N(θ, σ2), σ2 ®

�§� θ kk�©Ù N(µπ, σ2
π), ¦ X �>�©Ù m(x).

�{z m(x) O�, -

A =
1

σ2
+

1

σ2
π

, B =
x

σ2
+

µπ

σ2
π

, C =
x2

σ2
+

µ2
π

σ2
π

.

Ïdk

m(x) =

∫ ∞

−∞
f (x |θ)π(θ)dθ

=
1

2πσσπ

∫ ∞

−∞
exp
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− 1

2

[(x − θ)2

σ2
+

(µπ − θ)2

σ2
π

]}
dθ

=
1

2πσσπ

∫ ∞

−∞
exp

{
− A

2

(
θ − B

A

)2}
· exp

{
− 1

2

(
C − B2

A

)}
dθ

=
1√

2π(σ2 + σ2
π)

exp
{
− (x − µπ)2

2(σ2 + σ2
π)

}
, (3.1)

=>�©Ù m(x) ´��©Ù N(µπ, σ2 + σ2
π).
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.1 >�©Ù�½Â9~

��~f

~ 2.3.1 ��½ θ ��� X Ñl��©Ù N(θ, σ2), σ2 ®

�§� θ kk�©Ù N(µπ, σ2
π), ¦ X �>�©Ù m(x).

�{z m(x) O�, -

A =
1

σ2
+

1

σ2
π

, B =
x

σ2
+

µπ

σ2
π

, C =
x2

σ2
+

µ2
π

σ2
π

.

Ïdk

m(x) =

∫ ∞

−∞
f (x |θ)π(θ)dθ

=
1

2πσσπ

∫ ∞

−∞
exp

{
− 1

2

[(x − θ)2

σ2
+

(µπ − θ)2

σ2
π

]}
dθ

=
1

2πσσπ

∫ ∞

−∞
exp

{
− A

2

(
θ − B

A

)2}
· exp

{
− 1

2

(
C − B2

A

)}
dθ

=
1√

2π(σ2 + σ2
π)

exp
{
− (x − µπ)2

2(σ2 + σ2
π)

}
, (3.1)

=>�©Ù m(x) ´��©Ù N(µπ, σ2 + σ2
π).
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.2 ÀJk�©Ù� ML-II �{

ÀJk�©Ù� ML-II �{

�*ÿ��� X , ek 2 �k�©Ù π1 Ú π2, ¦�

m(x |π1) > m(x |π2)

K@��k�� π1 ��� X Ñy�q,5'k��� π2

��q,5��§=@��� X d©Ù m(x |π1) ¥�).
ù�g��²;ÚO�{¥�4�q,�n�aq§ù�

� π åq,¼ê¥ θ ��^, ùÒÚ\
 ML-II �{.

½Â 2.3.2 � Γ �¤�Ä�k�a§e�3 π̂ ∈ Γ, k
�
� x = (x1, · · · , xn) �,¦�

m(x|π̂) = sup
π∈Γ

m(x|π) = sup
π∈Γ

n∏
i=1

m(xi |π)

K¡ π̂ �a. II ¥��q,k�, ½{¡ ML-II k�.
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m(x |π1) > m(x |π2)

K@��k�� π1 ��� X Ñy�q,5'k��� π2

��q,5��§=@��� X d©Ù m(x |π1) ¥�).
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� π åq,¼ê¥ θ ��^, ùÒÚ\
 ML-II �{.

½Â 2.3.2 � Γ �¤�Ä�k�a§e�3 π̂ ∈ Γ, k
�
� x = (x1, · · · , xn) �,¦�

m(x|π̂) = sup
π∈Γ
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π∈Γ
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.2 ÀJk�©Ù� ML-II �{

ÀJk�©Ù� ML-II �{

e�� X = (X1, · · · ,Xn) ¤�9�k��Ý¼ê�/ª®
�, ���=´Ù¥��ëê, X θ ∼ N(µπ, σ2

π), µπ Ú σ2
π

¡��ëê, =k��Ý�a Γ �L�

Γ =
{
π(θ|λ), λ��ëê(½�ëê�þ), λ ∈ Λ

}
,

d? Λ � λ �ëê�m.

ù�Ï¦ML-II k���{ü. ��¦Ñù�� λ̂,¦�

m
(
x|λ̂

)
= sup

λ∈Λ
m

(
x|λ

)
= sup

λ∈Λ

n∏
i=1

m(xi |λ)

=ÏL¦q,¼ê4�z�{¦Ñ λ̂, Kk�©Ù π
(
θ|λ̂

)
=

�¤(½�k�©Ù. 
 λ̂ ¡� ML-II �ëê.

~ 2.3.2 ��ÅCþ X ∼ N(θ, σ2), Ù¥ σ2 ®�,q� θ ∼
N(µπ, σ2

π). � X = (X1, · · · ,Xn) �l>�©Ù m(x |λ) ¥Ä
�� iid ��§Á(½ θ �k�©Ù.
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λ∈Λ
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(
x|λ
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λ∈Λ

n∏
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=ÏL¦q,¼ê4�z�{¦Ñ λ̂, Kk�©Ù π
(
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=

�¤(½�k�©Ù. 
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.3 ÀJk�©Ù�Ý�{

ÀJk�©Ù�Ý�{

�k�©Ù π(θ|λ) �/ª®�,�¹k���ëê λ �§�
|^k�©Ù�Ý�>�©Ù�Ý�m�'XÏ¦�ëê λ
��Oþ λ̂, l
¼�k�©Ù π(θ|λ̂).

ù��{�g�XeµÄk§ò>�©Ù�
��ÝL¤�

ëê�¼ê§�����§|½�§¶ò�§|½�§¥�

>�©Ù�Ý^�A���Ý�O§��±�ëê�Cþ�

�§½�§|§)�§½)�§|¼��ëê��Oþ§l


(½k�©Ù.

e¡�ÑäN�Ú½

(1) O���©Ù f (x |θ) �Ï" µ(θ) Ú�� σ2(θ), =

µ(θ) = EX |θ(X ), σ2(θ) = EX |θ[X − µ(θ)]2

d? EX |θ L«3�½ θ �^�e'u^�©Ù f (x |θ) ¦Ï
", ±eaqÎÒ½�aq)º.
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ù��{�g�XeµÄk§ò>�©Ù�
��ÝL¤�
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µ(θ) = EX |θ(X ), σ2(θ) = EX |θ[X − µ(θ)]2

d? EX |θ L«3�½ θ �^�e'u^�©Ù f (x |θ) ¦Ï
", ±eaqÎÒ½�aq)º.



��dÚO

2.3 |^>�©Ù m(x) (½k�©Ù

2.3.3 ÀJk�©Ù�Ý�{

ÀJk�©Ù�Ý�{

�k�©Ù π(θ|λ) �/ª®�,�¹k���ëê λ �§�
|^k�©Ù�Ý�>�©Ù�Ý�m�'XÏ¦�ëê λ
��Oþ λ̂, l
¼�k�©Ù π(θ|λ̂).

ù��{�g�XeµÄk§ò>�©Ù�
��ÝL¤�

ëê�¼ê§�����§|½�§¶ò�§|½�§¥�

>�©Ù�Ý^�A���Ý�O§��±�ëê�Cþ�

�§½�§|§)�§½)�§|¼��ëê��Oþ§l


(½k�©Ù.

e¡�ÑäN�Ú½
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µ(θ) = EX |θ(X ), σ2(θ) = EX |θ[X − µ(θ)]2
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.3 ÀJk�©Ù�Ý�{

ÀJk�©Ù�Ý�{

(2) O�>��Ý m(x) = m(x |λ) �Ï" µm(λ) Ú�
� σ2

m(λ) :

µm(λ)= EX |λ(X )=

∫
X

x m(x |λ)dx =

∫
X

∫
Θ
xf (x |θ)π(θ|λ)dθdx

=

∫
Θ

[ ∫
X

xf (x |θ)dx
]
π(θ|λ)dθ =

∫
Θ

µ(θ)π(θ|λ)dθ

= E θ|λ[µ(θ)], (2.3.5)

±9

σ2
m(λ)= EX |λ[X − µm(λ)]2 =

∫
X

(x − µm(λ))2m(x |λ)dx

=

∫
X

∫
Θ
(x − µm(λ))2f (x |θ)π(θ|λ)dθdx

=

∫
Θ

EX |θ[x − µm(λ)
]2

π(θ|λ)dθ, (2.3.6)
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.3 ÀJk�©Ù�Ý�{

ÀJk�©Ù�Ý�{

(2) O�>��Ý m(x) = m(x |λ) �Ï" µm(λ) Ú�
� σ2

m(λ) :

µm(λ)= EX |λ(X )=

∫
X

x m(x |λ)dx =

∫
X

∫
Θ
xf (x |θ)π(θ|λ)dθdx

=

∫
Θ

[ ∫
X

xf (x |θ)dx
]
π(θ|λ)dθ =

∫
Θ

µ(θ)π(θ|λ)dθ

= E θ|λ[µ(θ)], (2.3.5)

±9

σ2
m(λ)= EX |λ[X − µm(λ)]2 =

∫
X

(x − µm(λ))2m(x |λ)dx

=

∫
X

∫
Θ
(x − µm(λ))2f (x |θ)π(θ|λ)dθdx

=

∫
Θ

EX |θ[x − µm(λ)
]2

π(θ|λ)dθ, (2.3.6)
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.3 ÀJk�©Ù�Ý�{

ÀJk�©Ù�Ý�{

Ù¥

EX |θ[x − µm(λ)
]2

= EX |θ[(x − µ(θ)) + (µ(θ)− µm(λ))
]2

= EX |θ[x − µ(θ)
]2

+ EX |θ[µθ − µm(λ)
]2

= σ2(θ) +
[
µ(θ)− µm(λ)

]2
(2.3.7)

ò (2.3.7) �\ (2.3.6) �

σ2
m(λ)=

∫
Θ

σ2(θ)π(θ|λ)dθ +

∫ [
µ(θ)− µm(λ)

]2
π(θ|λ)dθ

= E θ|λ[
σ2(θ)

]
+ E θ|λ[

µ(θ)− µm(λ)
]2

(2.3.8)

d (2.3.5)Ú (2.3.8)��>�©Ù�Ï" µm(λ)Ú�� σ2
m(λ)

�� E θ|λ[µ(θ)], E θ|λ[σ2(θ)], Ú E θ|λ[µ(θ)− µm(λ)]2 k'.
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.3 ÀJk�©Ù�Ý�{

ÀJk�©Ù�Ý�{

Ù¥

EX |θ[x − µm(λ)
]2

= EX |θ[(x − µ(θ)) + (µ(θ)− µm(λ))
]2

= EX |θ[x − µ(θ)
]2

+ EX |θ[µθ − µm(λ)
]2

= σ2(θ) +
[
µ(θ)− µm(λ)

]2
(2.3.7)

ò (2.3.7) �\ (2.3.6) �

σ2
m(λ)=

∫
Θ

σ2(θ)π(θ|λ)dθ +

∫ [
µ(θ)− µm(λ)

]2
π(θ|λ)dθ

= E θ|λ[
σ2(θ)

]
+ E θ|λ[

µ(θ)− µm(λ)
]2

(2.3.8)

d (2.3.5)Ú (2.3.8)��>�©Ù�Ï" µm(λ)Ú�� σ2
m(λ)

�� E θ|λ[µ(θ)], E θ|λ[σ2(θ)], Ú E θ|λ[µ(θ)− µm(λ)]2 k'.
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.3 ÀJk�©Ù�Ý�{

ÀJk�©Ù�Ý�{

Ù¥

EX |θ[x − µm(λ)
]2

= EX |θ[(x − µ(θ)) + (µ(θ)− µm(λ))
]2

= EX |θ[x − µ(θ)
]2

+ EX |θ[µθ − µm(λ)
]2

= σ2(θ) +
[
µ(θ)− µm(λ)

]2
(2.3.7)

ò (2.3.7) �\ (2.3.6) �

σ2
m(λ)=

∫
Θ

σ2(θ)π(θ|λ)dθ +

∫ [
µ(θ)− µm(λ)

]2
π(θ|λ)dθ

= E θ|λ[
σ2(θ)

]
+ E θ|λ[

µ(θ)− µm(λ)
]2

(2.3.8)

d (2.3.5)Ú (2.3.8)��>�©Ù�Ï" µm(λ)Ú�� σ2
m(λ)

�� E θ|λ[µ(θ)], E θ|λ[σ2(θ)], Ú E θ|λ[µ(θ)− µm(λ)]2 k'.
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.3 ÀJk�©Ù�Ý�{

ÀJk�©Ù�Ý�{

(3) �k�©Ù�¹k 2��ëêλ1, λ2, λ = (λ1, λ2)�, ^

µ̂m = X̄ =
1

n

n∑
i=1

Xi Ú σ̂2
m = S2 =

1

n − 1

n∑
i=1

(Xi − X̄ )2

©O�� µm(λ) Ú σ2
m(λ) ��O.

ò (2.3.5) Ú (2.3.8) �>� µm(λ) Ú σ2
m(λ) ©O^ùü�

�Oþ�O§��§|{
µ̂m = E θ|λ[

µ(θ)
]

σ̂2
m = E θ|λ[

σ2(θ)
]
+ E θ|λ[

µ(θ)− µm(λ)
]2

)d�§|§���ëê λ1 Ú λ2 ��Oþ λ̂1 Ú λ̂2 ±

9 λ̂ = (λ̂1, λ̂2). � π(θ|λ) �^ π(θ|λ̂) ��Ù�O
��.
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m = S2 =

1

n − 1
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©O�� µm(λ) Ú σ2
m(λ) ��O.

ò (2.3.5) Ú (2.3.8) �>� µm(λ) Ú σ2
m(λ) ©O^ùü�

�Oþ�O§��§|{
µ̂m = E θ|λ[

µ(θ)
]

σ̂2
m = E θ|λ[

σ2(θ)
]
+ E θ|λ[

µ(θ)− µm(λ)
]2

)d�§|§���ëê λ1 Ú λ2 ��Oþ λ̂1 Ú λ̂2 ±

9 λ̂ = (λ̂1, λ̂2). � π(θ|λ) �^ π(θ|λ̂) ��Ù�O
��.
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2.3 |^>�©Ù m(x) (½k�©Ù

2.3.3 ÀJk�©Ù�Ý�{

��~f

~ 2.3.3 � X ∼ N(θ, 1), ëê θ �k�©Ù���Ýk

� N(µπ, σ2
π), Ù¥ λ = (µπ, σ2

π) ��. � X = (X1, · · · ,Xn)

�l>�©Ù m(x |λ) ¥Ä�� iid ��§d���Ñ��

þ� X̄ = 10, S2 = 3. Á(½ θ �k�©Ù.
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2.4 Ã&Ek�

2.4.1 Laplace k��2Âk�©Ù

1. þ!©Ù�2Âk�©Ù

��d©Û���­�A:Ò´3ÚOíä��|^k�&E.
�~~¬Ñyù���¹: vkk�&E½ö�k4��k�&
E�|^, �E�^��d�{. d�¤I��´�«Ã&Ek
�, ¡� Laplace k�, =éëê�m Θ ¥�?Û�: θ vk 
O�k�&E.

e Θ �k�8, = θ ��U�k���, X θ = θi , i = 1, 2
· · · n, Ã&Ek�� Θ ¥�z���±VÇ 1/n, =

P(θ = θi ) = 1/n, i = 1, 2 · · · n .

e Θ� R1 þ�k�«m [a, b],K�Ã&Ek��«m [a, b]
þ�þ!©Ù U(a, b) (k��P� R(a, b)).

¯K´eëê�m Θ Ã., Ã&Ek�XÛÀ�? ~X��
©Ù� N(θ, σ2), σ2 ®�, d� Θ = (−∞,∞). eÃ&Ek
��� π(θ) ≡ 1, K π(θ) Ø´Ï~��Ý, Ï�

∫∞
−∞ π(θ)dθ

= ∞. ùÒÚÑ2Âk�©Ù�Vg.
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��� π(θ) ≡ 1, K π(θ) Ø´Ï~��Ý, Ï�

∫∞
−∞ π(θ)dθ

= ∞. ùÒÚÑ2Âk�©Ù�Vg.



��dÚO

2.4 Ã&Ek�

2.4.1 Laplace k��2Âk�©Ù

1. þ!©Ù�2Âk�©Ù

��d©Û���­�A:Ò´3ÚOíä��|^k�&E.
�~~¬Ñyù���¹: vkk�&E½ö�k4��k�&
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�, ¡� Laplace k�, =éëê�m Θ ¥�?Û�: θ vk 
O�k�&E.

e Θ �k�8, = θ ��U�k���, X θ = θi , i = 1, 2
· · · n, Ã&Ek�� Θ ¥�z���±VÇ 1/n, =

P(θ = θi ) = 1/n, i = 1, 2 · · · n .

e Θ� R1 þ�k�«m [a, b],K�Ã&Ek��«m [a, b]
þ�þ!©Ù U(a, b) (k��P� R(a, b)).

¯K´eëê�m Θ Ã., Ã&Ek�XÛÀ�? ~X��
©Ù� N(θ, σ2), σ2 ®�, d� Θ = (−∞,∞). eÃ&Ek
��� π(θ) ≡ 1, K π(θ) Ø´Ï~��Ý, Ï�

∫∞
−∞ π(θ)dθ

= ∞. ùÒÚÑ2Âk�©Ù�Vg.



��dÚO

2.4 Ã&Ek�

2.4.1 Laplace k��2Âk�©Ù

1. þ!©Ù�2Âk�©Ù

��d©Û���­�A:Ò´3ÚOíä��|^k�&E.
�~~¬Ñyù���¹: vkk�&E½ö�k4��k�&
E�|^, �E�^��d�{. d�¤I��´�«Ã&Ek
�, ¡� Laplace k�, =éëê�m Θ ¥�?Û�: θ vk 
O�k�&E.

e Θ �k�8, = θ ��U�k���, X θ = θi , i = 1, 2
· · · n, Ã&Ek�� Θ ¥�z���±VÇ 1/n, =

P(θ = θi ) = 1/n, i = 1, 2 · · · n .

e Θ� R1 þ�k�«m [a, b],K�Ã&Ek��«m [a, b]
þ�þ!©Ù U(a, b) (k��P� R(a, b)).

¯K´eëê�m Θ Ã., Ã&Ek�XÛÀ�? ~X��
©Ù� N(θ, σ2), σ2 ®�, d� Θ = (−∞,∞). eÃ&Ek
��� π(θ) ≡ 1, K π(θ) Ø´Ï~��Ý, Ï�

∫∞
−∞ π(θ)dθ

= ∞. ùÒÚÑ2Âk�©Ù�Vg.



��dÚO

2.4 Ã&Ek�

2.4.1 Laplace k��2Âk�©Ù

2. 2Âk��Ý½Â9~

½Â 2.4.1 ��ÅCþ X ∼ f (x |θ), θ ∈ Θ, e θ �k�©
Ù π(θ) ÷ve�^�: (i) π(θ) ≥ 0 �

∫
Θ π(θ)dθ = ∞, (ii)

���Ý π(θ|x) ´�~�Ý, K¡ π(θ) �2Âk��Ý.

~ 2.4.1 � X = (X1, · · · ,Xn) �l N(θ, 1) oN¥Ä���
Å��, � θ �k��Ý π(θ) ≡ 1, ¦ θ ����Ý.
) dúª (1.2.1) ��

π(θ|x) =
f (x|θ)π(θ)∫ ∞

−∞
f (x |θ)π(θ)dθ

=

exp
{
− 1

2

n∑
i=1

(xi − θ)2
}

∫ ∞

−∞
exp

{
− 1

2

n∑
i=1

(xi − θ)2
}

dθ

=

√
n

2π
exp

{
− n

2
(θ − x)2

}
.

ù´��©Ù N(x̄ , 1/n) ��Ý¼ê, ��©Ù π(θ|x) E�
�~��Ý¼ê, � π(θ) ≡ 1 �2ÂÃ&Ek��Ý.
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2.4 Ã&Ek�

2.4.2  �ëê�Ã&Ek�

1.  �ëêx

½Â 2.4.2 �oN X ��Ý¼êk/ª f (x − θ), Ù���
m X Úëê�m Θ ��¢¶ R, Kda�Ý¼ê�¤�©
Ùx¡� �ëêx, θ ∈ Θ ¡� �ëê.

~X§� X ∼ N(θ, σ2), Ù¥ σ2 ®�§K X ��Ý¼ê

1√
2πσ

exp
{
− 1

2σ2
(x − θ)2

}
= f (x − θ)

áu �ëêx§θ ´ �ëê.

qX§X Ñl�Ü©Ù C (µλ), λ ®�§K X ��Ý¼ê

1

π
· λ

λ2 + (x − µ)2
= f (x − µ)

�áu �ëêx§µ ´ �ëê.
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2.4 Ã&Ek�

2.4.2  �ëê�Ã&Ek�

2.  �ëê�Ã&Ek�

 �ëêxäk3²£C�+e�ØC5. é X �²£C
��� Y = X + c , Ó�é θ ��²£C��� η = θ + c .
w, Y ��Ý¼êk/ª f (y − η), η E� �ëê. ¤
± (X , θ) � (Y , η) �ÚO¯K(��Ó. ÏdÌÜ§�k�
Ó�Ã&Ek�´Ün�.

n)ù�:�,��{: X Ú Y �ÿþ�:ØÓ, duÿ
þ�:�ÀJ´�~?¿�, ¤±Ã&Ek�A��ù«À
JÃ'. XJÃ&Ek�Ø�6u�:�ÀJ, K§3��
«mS�k�VÇA���. =� θ �Ã&Ek��Ý π(θ)
≡ 1. §´��2Âk��Ý. �±y²� θ � �ëê�,
ÙÃ&Ek��Ý��~ê c ½ö 1.

~ 2.4.2 � X = (X1, · · · ,Xn) �loN N(θ, σ2) ¥Ä��
{ü��, σ2 ®�. θ �k��Ã&Ek�, ¦ θ ���©
Ù.
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2.4 Ã&Ek�

2.4.3 �Ýëê�Ã&Ek�

1. �Ýëêx

½Â 2.4.3 �oN X ��Ý¼êk/ª σ−1ϕ(x/σ), Ù¥
σ > 0 ��Ýëê§ëê�m� R+ = (0,∞), Kda�Ý¼
ê�¤�©Ùx¡��Ýëêx.

~X, X ∼ N(0, σ2), X ��Ý¼ê

f (x |σ)=
1√
2πσ

exp
{
− x2

2σ2

}
= σ−1

[
1√
2π

exp
{
− 1

2

(x

σ

)2}]
= σ−1ϕ

(x

σ

)
ÎÜþã½Â§�áu�Ýëêx§σ ��Ýëê.

qX, X Ñl³ç©Ù Γ(r , λ−1), Ù�Ý¼ê

f (x |λ)=
λ−r

Γ(r)
x r−1e−x/λ =λ−1

[ 1

Γ(r)

(x

λ

)r−1
e−x/λ

]
=λ−1ϕ

(x

λ

)
Ù¥ r > 0 ®�§§�ÎÜþã½Â§Ïd�áu�Ýë
ê§λ ��Ýëê.



��dÚO

2.4 Ã&Ek�

2.4.3 �Ýëê�Ã&Ek�

1. �Ýëêx

½Â 2.4.3 �oN X ��Ý¼êk/ª σ−1ϕ(x/σ), Ù¥
σ > 0 ��Ýëê§ëê�m� R+ = (0,∞), Kda�Ý¼
ê�¤�©Ùx¡��Ýëêx.

~X, X ∼ N(0, σ2), X ��Ý¼ê

f (x |σ)=
1√
2πσ

exp
{
− x2

2σ2

}
= σ−1

[
1√
2π

exp
{
− 1

2

(x

σ

)2}]
= σ−1ϕ

(x

σ

)
ÎÜþã½Â§�áu�Ýëêx§σ ��Ýëê.

qX, X Ñl³ç©Ù Γ(r , λ−1), Ù�Ý¼ê

f (x |λ)=
λ−r

Γ(r)
x r−1e−x/λ =λ−1

[ 1

Γ(r)

(x

λ

)r−1
e−x/λ

]
=λ−1ϕ

(x

λ

)
Ù¥ r > 0 ®�§§�ÎÜþã½Â§Ïd�áu�Ýë
ê§λ ��Ýëê.



��dÚO

2.4 Ã&Ek�

2.4.3 �Ýëê�Ã&Ek�

1. �Ýëêx

½Â 2.4.3 �oN X ��Ý¼êk/ª σ−1ϕ(x/σ), Ù¥
σ > 0 ��Ýëê§ëê�m� R+ = (0,∞), Kda�Ý¼
ê�¤�©Ùx¡��Ýëêx.

~X, X ∼ N(0, σ2), X ��Ý¼ê

f (x |σ)=
1√
2πσ

exp
{
− x2

2σ2

}
= σ−1

[
1√
2π

exp
{
− 1

2

(x

σ

)2}]
= σ−1ϕ

(x

σ

)
ÎÜþã½Â§�áu�Ýëêx§σ ��Ýëê.

qX, X Ñl³ç©Ù Γ(r , λ−1), Ù�Ý¼ê

f (x |λ)=
λ−r

Γ(r)
x r−1e−x/λ =λ−1

[ 1

Γ(r)

(x

λ

)r−1
e−x/λ

]
=λ−1ϕ

(x

λ

)
Ù¥ r > 0 ®�§§�ÎÜþã½Â§Ïd�áu�Ýë
ê§λ ��Ýëê.



��dÚO

2.4 Ã&Ek�

2.4.3 �Ýëê�Ã&Ek�

2. �Ýëê�Ã&Ek�

�Ýëêxäk3�ÝC�+e�ØC5. é X �C� Y =
cX , c > 0, Ó�é σ ��A�C� η = cσ. ØJ�Ñ Y �
�ÝE� η−1ϕ(y/η). �� (X , σ) Ú (Y , η) ÚO¯K�(
��Ó, �ÌÜ σ � η �Ã&Ek��Ó.

n)ù�:�,��{: X Ú Y �Ýþü ØÓ, k�©Ù
A�Ø�6uÝþü �ÀJ, Ké?Û a, b, 0 < a < b,
c > 0, σ á3 [a, b] S�k�VÇ, A��u η á3 [ca, cb]
S�k�VÇ, �±y², ù�k3k��Ý� 1/σ �â�
U, =� σ �Ã&Ek�� π(σ) = 1/σ, σ > 0.

~ 2.4.3 �oN X �Ý� f (x |λ) = λ−1 exp{−x/λ}I(0,∞)(x),
λ > 0 ��Ýëê. - X = (X1, · · · ,Xn) ´lþã©Ù¥Ä
��{ü��, λ �k��Ý�Ã&Ek�, ¦Ù���Ý.
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2.4 Ã&Ek�

2.4.4 ���/e�Ã&Ek�

���/e�Ã&Ek�∗–Jeffreys k�

é� �ëêxÚ�Ýëêx�Ã&Ek�XÛ¦, �2
�æ^�´ Jeffreys (1961) ��{, duí��9�C�+
Ú Harr ÿÝ, ùp��Ñ(J, Øí�(J´XÛ�5�.

� X = (X1, · · · ,Xn) ´5goN f (x |θ) �{ü��, ùp θ
= (θ1, · · · , θp) � p �ëê�þ. 3é θ Ãk�&E�^�,
Jeffreys ^ Fisher &E
1�ª�²���� θ �Ã&Ek
�, dk�¡� Jeffreys Ã&Ek�. Ù¦)Ú½Xeµ

�Ñ���éêq,¼ê

l(θ|x) = ln
[ n∏

i=1

f (xi |θ)
]

=
n∑

i=1

ln f (xi |θ).
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1�ª�²���� θ �Ã&Ek
�, dk�¡� Jeffreys Ã&Ek�. Ù¦)Ú½Xeµ

�Ñ���éêq,¼ê

l(θ|x) = ln
[ n∏

i=1

f (xi |θ)
]

=
n∑

i=1

ln f (xi |θ).
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Jeffreys Ã&Ek�
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I (θ) =
(
Iij(θ)

)
p×p

, Iij(θ) = EX|θ

{
− ∂2l

∂θi∂θj

}
i , j = 1, · · · , p.

´y3 C-R �K^�e

Iij(θ) = EX|θ

{
− ∂2l

∂θi∂θj

}
=EX|θ

{ ∂l

∂θi
· ∂l

∂θj

}
.

AOé p = 1, = θ �üëê��/ I (θ) = EX|θ

{
− ∂2l

∂θ2

}
.

θ �Ã&Ek���Ý�

π(θ) = [det I (θ)]1/2,

Ù¥ det I (θ) L« p ��
 I (θ) �1�ª.

AO p = 1, =üëê|Ük π(θ) = [I (θ)]1/2.
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2.4.4 ���/e�Ã&Ek�

Jeffreyes k�∗�~f

~ 2.4.4 � X = (X1, · · · ,Xn) ´loN N(µ, σ2) ¥Ä��
{ü��, P θ = (µ, σ), ¦ (µ, σ) �éÜÃ&Ek�.

UþãÚ½´¦ (µ, σ) �éÜÃ&Ek�� 1/σ2. §�A�
A~�:

(1)� σ ®��, I (µ)=E
{
− ∂2l(θ|x)

∂µ2

}
=n/σ2,�� π(µ) ≡ 1.

(2) � µ ®��, I (σ)=E
{
− ∂2l(θ|x)

∂σ2

}
=2n/σ2, �� π(σ)=

1/σ, σ ∈ (0,∞).

(3)� µÚ σ Õá�, π(µ, σ)=π(µ) ·π(σ)=1/σ, σ ∈ (0,∞).

dd��, � µ Ú σ �k�ØÕá�, ¦��éÜÃ&Ek
�� 1/σ2; 
� µ Ú σ �k�Õá�, ÙéÜÃ&Ek�
� 1/σ. Jeffreys �ªí�éÜÃ&Ek�^ π(µ, σ) = 1/σ.
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2.4.4 ���/e�Ã&Ek�

Jeffreyes k�∗�~f

~ 2.4.5 � θ � Benoulli Á�¥¤õVÇ, K3 n gÕá
� Benoulli Á�¥, ¤õgê X ∼ b(n, θ). =

P(X = x) =

(
n

x

)
θx(1− θ)n−x , x = 0, 1, · · · , n.

¦ θ � Jeffreys k�.

5 2.4.2 �~¥¦Ñ θ � Jeffreys k�´ Be(1/2, 1/2), ·
���±� θ �Ã&Ek�� (0,1) þ�þ!©Ù. ��`
5Ã&Ek�Ø��§§�é��díäK�Ñé�§¤±

?ÛÃ&Ek�Ñ�±�É. �8Ã&Ek�æ^�5�õ,
Òë²;ÚOÆö�@�Ã&Ek�´�*�§´�±�É

�. ù´CA�c¥��dÆ�ïÄ¥�¤õ�Ü©.



��dÚO

2.4 Ã&Ek�

2.4.4 ���/e�Ã&Ek�

Jeffreyes k�∗�~f

~ 2.4.5 � θ � Benoulli Á�¥¤õVÇ, K3 n gÕá
� Benoulli Á�¥, ¤õgê X ∼ b(n, θ). =

P(X = x) =

(
n

x

)
θx(1− θ)n−x , x = 0, 1, · · · , n.

¦ θ � Jeffreys k�.

5 2.4.2 �~¥¦Ñ θ � Jeffreys k�´ Be(1/2, 1/2), ·
���±� θ �Ã&Ek�� (0,1) þ�þ!©Ù. ��`
5Ã&Ek�Ø��§§�é��díäK�Ñé�§¤±

?ÛÃ&Ek�Ñ�±�É. �8Ã&Ek�æ^�5�õ,
Òë²;ÚOÆö�@�Ã&Ek�´�*�§´�±�É

�. ù´CA�c¥��dÆ�ïÄ¥�¤õ�Ü©.



��dÚO

2.5 �Ýk�©Ù

1 2.1 Ì*VÇ

2.1.1 Ì*VÇ�½Â

2.1.2 (½Ì*VÇ��{
2 2.2 |^k�&E(½k�©Ù

2.2.1 ��ã{

2.2.2 �éq,{

2.2.3 À½k��Ý¼ê�/ª, 2�O�ëê

2.2.4 �½ëê θ © ê§(½\O©Ù¼ê
3 2.3 |^>�©Ù m(x) (½k�©Ù

2.3.1 >�©Ù�½Â9~

2.3.2 ÀJk�©Ù� ML-II �{

2.3.3 ÀJk�©Ù�Ý�{
4 2.4 Ã&Ek�

2.4.1 Laplace k��2Âk�©Ù

2.4.2  �ëê�Ã&Ek�

2.4.3 �Ýëê�Ã&Ek�

2.4.4 ���/e�Ã&Ek�
5 2.5 �Ýk�©Ù

2.5.1 �Ýk�©Ù�Vg9~

2.5.2 ��©Ù�O�9~

2.5.3 �Ýk��`:
6 2.6 õ�k�£©�ãk�¤

2.6.1 õ�k�©Ù�Vg

2.6.2 (½õ�k���{ÚÚ½

2.6.3 5º



��dÚO

2.5 �Ýk�©Ù

2.5.1 �Ýk�©Ù�Vg9~

�Ýk�©Ù�½Â9~

,	�«ÀJk���{´3®���©Ù��/e, �

nØþ�I�~~Àëê�k�©Ù��Ýk�©Ù.

½Â 2.5.1 � F � θ �k�©Ù π �¤�©Ùx, �� X
�©Ù� f (x |θ), XJé?¿�� π ∈ F 9�� x , ��©
Ù π(θ|x) Eáu F , K¡ F ´���Ýk�©Ùx.

5 2.5.1 þã½Â¥���©Ù π(θ|x) �/ªØ=�6
k�©Ù π, ��6u��©Ùx�/ª. lm�½ëê9
Ù¤3���©Ùx�!Ø�Ýk�©Ù´vk¿Â�. Ï
d§�½�k�©Ùx´Ä´�Ý§�À��©Ùx
½.

~ 2.5.1 � X ∼ b(n, θ). (1) � θ ∼þ!©Ù U(0, 1), y
² θ ���©Ù��©©Ù; (2) e� θ �k�©Ù��©
©Ù Be(a, b), y² θ ���©ÙE��©©Ù. =��©Ù
XJ���©Ù, K�Ýk�©Ù��©©Ù.
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Ù π(θ|x) Eáu F , K¡ F ´���Ýk�©Ùx.

5 2.5.1 þã½Â¥���©Ù π(θ|x) �/ªØ=�6
k�©Ù π, ��6u��©Ùx�/ª. lm�½ëê9
Ù¤3���©Ùx�!Ø�Ýk�©Ù´vk¿Â�. Ï
d§�½�k�©Ùx´Ä´�Ý§�À��©Ùx
½.

~ 2.5.1 � X ∼ b(n, θ). (1) � θ ∼þ!©Ù U(0, 1), y
² θ ���©Ù��©©Ù; (2) e� θ �k�©Ù��©
©Ù Be(a, b), y² θ ���©ÙE��©©Ù. =��©Ù
XJ���©Ù, K�Ýk�©Ù��©©Ù.
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2.5 �Ýk�©Ù

2.5.2 ��©Ù�O�9~

��©Ù�O�

���Ý�O�úªd (1.2.1) ª�Ñ, Ù¥ f (x |θ) ´��
��Ý¼ê, §�±^q,¼ê l(θ|x) �O.

3úª (1.2.1)ª¥§m(x)´ X �>��Ý.du m(x)� θ
Ã', ��ò 1/m(x) w¤� θ Ã'�~ê, Ïdk

π(θ|x) = f (x |θ)π(θ)
/
m(x) ∝ f (x |θ)π(θ). (2.5.3)

é�Ýk�©Ù�/, ¦���Ý�Ue�Ú½:

(1) �Ñq,¼ê l(θ|x) �Ø, = l(θ|x) ¥� θ k'�Ïf.
2�Ñk��Ý π(θ) �Ø, = π(θ) ¥� θ k'�Ïf.

(2) aqúª (2.5.3), �Ñ���Ý�Ø, =

π(θ|x)∝ f (x |θ)π(θ)∝{l(θ|x) �Ø}·{π(θ) �Ø}. (2.5.4)

=/���ÝØ0´/q,¼êØ�k��ÝØ�È0.

(3) òúª (2.5.4) �m>V\���Kz~êÏf (�±
� x k'), =������Ý.
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5º9~f

5 2.5.2 þãO���©Ù�{z�{, �ék�©Ù��
Ý½Ã&Ek���/k�. �k�©Ù�þã�/, ¼�
��©Ù�Ø��, XJØU�ä��©Ù�a., ÒØ�
�XÛV\�Kz~êÏfò“���Ý�Ø”C¤“���
Ý”. d��kPP¢¢Uúª (1.2.1) O����Ý.

Y~ 2.5.1 � X ∼ b(n, θ), e� θ �k�©Ù� Be(a, b),
^þ¡0���{¦ θ ���©Ù.

~ 2.5.2 � X ∼ N(θ, σ2), σ2 ®�
 θ ��. - θ �k�
©Ù π(θ) ´ N(µ, τ2), Ù¥�ëê µ Ú τ2 ®�, ¦ θ ��
�©Ù π(θ|x).

3d~¥§e?�Úb½ X1, · · · ,Xn i.i.d. ∼ N(θ, σ2), σ2 ®

�, θ ∼ N(µ, τ2), ¦ θ ����Ý.
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2.5.2 ��©Ù�O�9~

_³ç©Ù�½Â9~

½Â 2.5.3 (_³ç©Ù) e�� X ��Ý¼ê�

f (x |λ) =
λα

Γ(α)
x−(α+1)e−

λ
x , x > 0,

K¡ r.v. X �©Ù�_³ç©Ù, P� X ∼ Γ−1(α, λ). w
�§e X ∼ Γ(α, λ), K Y = 1/X ∼ Γ−1(α, λ).

~ 2.5.5 � X = (X1, · · · ,Xn) ´l��©Ù N(θ, σ2) ¥Ä
��{ü��, Ù¥ θ ®�, ¦ σ2 ��Ýk�©Ù.
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�Ýk�©ÙL

��©Ù f (x |θ) k�©Ù π(θ) ��©Ù π(θ|x)

�� N(θ, σ2) �� N(µ, , τ2) �� N
(

σ2µ+τ2x
σ2+τ2 , σ2τ2

σ2+τ2

)
³ç Γ(r , θ) ³ç Γ(α, β) ³ç Γ(r + α, x + β)
(r =1 ��ê©Ù)

þ! U(0, θ) øX÷ Pa(θ0, α) øX÷ Pa(θ1, α + 1)
θ1 = max(x , θ0)

³ç Γ
(
r , 1/θ

)
_³çΓ−1(α, β) _³çΓ−1(r + α, x + β)

Ñt P(θ) ³ç Γ(α, β) ³ç Γ(x + α, 1 + β)

�� B(n, θ) �© Be(a, b) �© Be(x + a, n − x + b)
(n=1 �ü:©Ù)

K�� Nb(r , θ) �© Be(a, b) �© Be(r + a, x − r + b)
(r =1 �AÛ©Ù)

õ� M(n,θ) D(α1, · · · , αk) D(x1 + α1, · · · , xk + αk)
θ=(θ1, · · · , θk) )|�X©Ù x1 + · · · + xk = n
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�Ýk�©ÙL�5º

þª�Ýk�©ÙL¥��©Ù´é����� 1 ��/
5?Ø�.

�loN X ¥Ä���� n ��� X1, · · · ,Xn�§K��

©ÙA�^�� X1, · · · ,Xn �éÜ©Ù�O§��©ÙA

��A�N�.

e¿©ÚOþ�3§K��±^¿©ÚOþ�©Ù�O�

� X1, · · · ,Xn �éÜ©Ù§d���©Ù�A��AUÄ.
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2.5.3 �Ýk��`:

�Ýk��`:

�Ýk�©Ùäke�`:: (1) O��B; (2) ��©Ù�
,
ëê~�±��éÐ�)º.

X~ 2.5.2 ¥, ��©Ù� N(µn(x), η2
n), Ù¥

µn(x) =
σ2/n

σ2/n + τ2
µ +

τ2

σ2/n + τ2
x̄ ,

= rnµ + (1− rn)x̄ ,

d? rn = τ2

σ2/n+τ2 . ��þ� µn(x) ´��þ� x̄ Úk�þ

� µ �\�²þ. e σ2/n é�, =��&Eþ�éuk�
&Eþé�, K��þ�Ì�d x̄ û½, ��, K��þ�Ì
�dk�þ� µ 5û½. ���þ�´��þ�Úk�þ�
���ò©.
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2.6 õ�k�£©�ãk�¤

2.6.1 õ�k�©Ù�Vg

õ�k�©Ù�½Â

�¤�k�©Ù¥��ëêJu(½�§�±é�ëê2�

Ñ��k�§1��k�¡��k�; e�k�¥��ëê
�´J±(½�§��±2�Ñ1n�k�§��. dk�
Ú�k�û½���#k�Ò¡�õ�k�§ù´d Good
(1983) ·¶�§���©�ãk�. Ù�{��Xeµ

1�Úµ� Γ1 =
{
π1(θ|λ) : π1 �¼ê/ª®�, λ ∈ Λ

}
;Ù

¥ Λ ��ëê λ �����§� λ ��.

1�Úµ� λ ��ÅCþ

Γ2 =
{
π2(λ|δ) : π2 �¼ê/ª®�, δ ∈ ∆

}
;

Ù¥ ∆ � δ �����.

1nÚµ� δ �´�ÅCþ, §kk�©Ù π3(δ).
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2.6 õ�k�£©�ãk�¤

2.6.1 õ�k�©Ù�Vg

õ�k�©Ù�½Â

õ�(��Ù`´��#�SN,ØX`´k���«�B
Ly�{,?Û��õ�k�Ñ��¤����5��k�.

±��k��~§ù�5��k�´

π(θ) =

∫
Λ

π1(θ|λ)π2(λ)dλ =

∫
Λ

π(θ, λ)dλ, (2.7.1)

d? θ ∼ π1(θ|λ), λ ∼ π2(λ), θÚ λ�éÜ�Ý� π(θ, λ) =
π1(θ|λ)π2(λ), � π(θ) ��éÜ�Ý π(θ, λ) �>��ÝÒ
´ θ �k��Ý.

éun��k�§ù�5��k�´

π(θ)=

∫
Λ

∫
∆

π1(θ|λ)π2(λ|δ)π3(δ)dλdδ

=

∫
Λ

π1(θ|λ)

[ ∫
∆

π(λ, δ)dδ

]
dλ. (2.7.2)

Ù¥ π(λ, δ) = π2(λ|δ)π3(δ). éu�õ��k�§�^aq
�{¦�5��k� π(θ).
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2.6 õ�k�£©�ãk�¤

2.6.1 õ�k�©Ù�Vg

��~f

dõ�k�Uþã�{¼�5��k� π(θ) �§À π(θ)
� θ �k�©Ù?1��d©Û§ùÒ�Ï~k�©Ùe
���d©ÛÃ���O.

~ 2.6.1 �é,�¬�ØÜ�Ç θ 
)��§��� θ �
�. yI(½ θ �k�©Ù. ûü<²�Eg�§û½�Ä
^õ�k�. ¦�g´´ù��µ

(1) m©�Ä^ (0, 1) þ�þ!©Ù�� θ �k�©Ù.

(2) �5¦ú�Øþ§Ï��¬�ØÜ�Ç θ ��, Ø¬�
L 0.5, u´¦U^«m (0, 0.5) þþ!©Ù��k�©Ù.

(3) k<éþ� 0.5 JÑ¿�§¯��oØ�±rþ�U
¤ 0.4 Qº�k<ïÆþ�^ 0.1 ¦�Ãrº. ù
r¦¦
�Ä^©�k�.

��JÑXe�{´: (i) θ �k�©Ù π1(θ|λ) � U(0, λ),
(ii) λ �k�©Ù� π2(λ) � U(0.1, 0.5).
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¤ 0.4 Qº�k<ïÆþ�^ 0.1 ¦�Ãrº. ù
r¦¦
�Ä^©�k�.

��JÑXe�{´: (i) θ �k�©Ù π1(θ|λ) � U(0, λ),
(ii) λ �k�©Ù� π2(λ) � U(0.1, 0.5).
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2.6.3 5º
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Qº
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Ú π2(λ) Ñ�±´{ü�¼ê/ª (�Ýk�½Ã&Ek�
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©�k��.�,��­�A:§´BuO�. ±ü�k�
�~§XJ^Ï~���d�.O� θ ���©Ù π(θ|x)
Ú§�,
êiA�§du θ �éÜ���ÝvkwªL
�
ÏLÈ©L«§O��~(J. �
�ÑO�þ�J
K§ÄkI�ïáN´¦^���©Ù�L�ª. =dõ�
(���ã���5L� θ �éÜ��§ù
��ã��
��õkwªL�§�N´O�.
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